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Abstract
Sand waves form a prominent regular pattern in the offshore seabeds of sandy shallow seas and pose a threat to a range of offshore activities. A
two-dimensional vertical (2DV) flow and morphological simulation model describing the behaviour of these sand waves has been developed. The
simulation model contains the 2DV shallow water equations, with a free water surface and a general bed load formula. The water movement is
coupled to the sediment transport equation with a seabed evolution equation. The domain is non-periodic in both directions. The spatial
discretisation is performed by a spectral method based on Chebyshev polynomials. A fully implicit method is chosen for the discretisation in time.
Firstly, we validate the simulation model mathematically by reproducing the results obtained using a linear stability analysis for infinitely small
sand waves. Hereby, we investigate a steady current situation induced by a wind stress applied at the sea surface. The bed forms we find have
wavelengths in the order of hundreds of metres when the resistance at the seabed is relatively large. The results show that it is possible to model
the initial evolution of sand waves with a numerical simulation model. This paper forms the necessary first step to investigate the intermediate
term behaviour of sand waves.
D 2005 Elsevier B.V. All rights reserved.
Keywords: Stability analysis; Numerical analysis; Spectral method; Sand waves; Generation; Shelf seas; 2DV

1. Introduction
Large parts of shallow seas—such as the North Sea—are
covered with bed features having a variety of spatial dimensions (Fig. 1). Sand waves form a prominent bed pattern with a
crest to crest spacing of hundreds of metres. Sand waves are
observed at water depths in the order of 30 m and their heights
can reach up to several metres. The crests are often assumed
oriented perpendicularly to the principal current (Johnson et al.,
1981; Langhorne, 1981). Based on a theoretical analysis,
Hulscher (1996) showed that sand wave crests may deviate up
to 10- anti-clockwise perpendicularly from the principal
direction of the current on the northern hemisphere.
An analysis of the sand market Peters et al. (2001) showed
that a shortage of sand is expected in the future in the
Netherlands. The crests of sand waves are assumed to have the
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best composition for use in concrete. Knaapen and Hulscher
(2002) showed that when a sand wave is dredged, it is able to
recover in only a matter of years. This implies that small scale
sand mining can be of a temporary nature only. Moreover, the
behaviour of sand waves plays an important role in the
selection of areas for large-scale sand extraction pits and their
design. The influence of a pit or artificial island on its
surrounding bed topography (including sand waves) is still
unclear. Besides, the presence of sand waves changes the
hydrodynamics and therefore the recolonization possibilities of
benthic fauna (Stolk, 2000). Observations suggest that sand
waves are dynamic (see for instance Allen, 1980b; Lanckneus
and De Moor, 1991; Morelissen et al., 2003) and may migrate
with speeds of up to several metres per year, which may cause
buried pipelines to become exposed (Fig. 1). Therefore, insight
into the behaviour of these sand waves is crucial to enable costeffective management practices.
Huthnance (1982) was the first to look at a system
consisting of depth-averaged tidal flow and an erodible seabed
using a linear stability analysis. Within this framework, it is
possible to investigate whether certain regular patterns develop
as free instabilities of the system. Unstable modes comparable
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Fig. 1. Sand wave migration and pipelines. The solid line denotes the position of the seabed. The dotted line shows the position of the estimated pipeline. The
measurements for two years (1995 and 2000) are shown. We can see that the sand wave is migrating to the left here, thereby exposing the buried pipeline (Courtesy
Holland Offshore Consulting and State Supervision of Mines).

to tidal sandbanks were found, whereas smaller modes
corresponding to sand waves were not initiated. This work
was extended by Hulscher (1996) using a model allowing for
vertical circulations and found formation of sand waves based
on a horizontally averaged symmetrical tidal motion. The work
showed that net convergence of sand can occur at the top of the
sand waves over an entire tidal cycle (M2 tidal motion) (see
also Gerkema, 2000; Komarova and Hulscher, 2000). Németh
et al. (2002) extended the previous work by including an
asymmetric basic flow (M0), inducing sand wave migration.
Furthermore, Besio et al. (2003, 2004) discussed the effect
using a stability analysis of an M4 tidal constituent on top of
the M0 and M2 components.
A consequence of linear stability analyses is that their
validity is limited to small-amplitude sand waves. However,
this is far from the final aim, which is understanding the entire
evolutionary process of sand wave formation. Komarova and
Newell (2000) have extended the linear analysis by Komarova
and Hulscher (2000) into the weakly non-linear regime for
investigation of the behaviour of finite-amplitude idealised
sand waves. However, migration is not considered. Fredsøe
and Deigaard (1992) describe the behaviour of existing finiteamplitude dunes under a steady current. They assume the time
dependence of the flow to be negligible when modelling sand
waves in a tidal environment. Johns et al. (1990) discuss the
finite amplitude behaviour of bed forms similar to sand waves
under a steady current.
Numerical methods are a tool to overcome the limitations of a
linear analysis and enable the study of the non-linear behaviour
of these bed sand waves. This enables the description of the
entire evolutionary process of sand waves and might give a clue
to the most important mechanisms, determining the growth and
stabilisation of sand waves. Furthermore, migration and
irregular sand wave shapes can be further investigated (See
Németh, 2003).
Software packages like Delft3D-MOR and Telemac form
promising tools for future research. However, they are

complex making it difficult to interpret the results and modify
the model set up if necessary. Furthermore, a fully 3D
morphological version of Delft3D-MOR (not depth-integrated) has only become available recently. Therefore, we
developed a new simulation model, with the specific purpose
of simulating offshore sand waves. Herein, we only incorporated the essential processes and focussed on the required
accuracy to describe the vertical circulation cells responsible
for the formation and long term evolution of offshore sand
waves.
Within this paper, we focus on the first step, which is to
reproduce the results obtained using a linear stability analysis
for small amplitude sand waves Németh et al. (2002) (from
here on referred to as ‘‘stability analysis’’) with the new
numerical simulation model (from here on referred to as
‘‘simulation model’’). Hereby, we will focus on sand waves in a
unidirectional steady current.
Firstly, we present the mathematical formulation of the
sand wave simulation model. It is based on the twodimensional vertical shallow water equations combined with
a simple sediment transport equation, describing bed load
transport. Next, the numerical set-up pursued in this work is
discussed. We present the coordinate transformation method,
the spatial and temporal discretisation. Subsequently, we
validate the simulation model mathematically by comparing
it with the linear stability analysis discussed in Németh et al.
(2002). In the final section, we present the discussion and
conclusions.
2. 2DV morphological model
2.1. Flow model
The simulation model presented in this paper is based on
Németh et al. (2002). It is known that the Coriolis force only
slightly affects sand waves Hulscher (1996). Therefore, the
behaviour of sand waves can be described with the help of the
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two-dimensional vertical (2DV) model. We start from the 2DV
shallow water equations:


Bu
Bu
Bu
Bf
B
Bu
þu
þw
¼ g
þ
Av
;
ð1Þ
Bt
Bx
Bz
Bx Bz
Bz
Bu Bw
þ
¼ 0:
Bx
Bz

ð2Þ
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The sediment balance, which couples the flow model Eqs.
(1) and (2) with the sediment transport model Eq. (3),
calculates the position of the seabed based on the principle of
conservation of mass as a function of time:
Bh
BSb
¼ 
:
Bt
Bx

ð5Þ

The bed level will hardly vary on a tidal timescale.

The symbols g and A r indicate the acceleration due to
gravity and the vertical eddy viscosity, respectively. Time is
represented by t. The velocities in the x- and z- directions are u
and w, respectively. The water level is denoted by f and
H represents the mean water depth. The level of the seabed is
represented by  H + h (see Fig. 2).

2.3. Boundary conditions and assumptions

2.2. Sediment transport and seabed behaviour

Bf
Bf
þu
¼ w;
Bt
Bx

ð6Þ

Bu
sw
¼
:
Bz
Av

ð7Þ

The sediment transport model in this paper describes bed
load transport. This mode of transport is assumed to be
dominant in offshore tidal regimes (See also Besio and
Blondeaux, 2003). As the velocity distribution over the water
column is calculated explicitly, bed load transport can be
modelled as a function of the shear stress at the seabed. This is
in contrast with depth-averaged models, which calculate the
sediment transport as a function of the depth-averaged velocity.
The following general volumetric bed load formula for S b is
used, following Komarova and Hulscher (2000):


Bh
Bh
 k2 jsb j
Sb ¼ ajsb jb sb  k1
;
ð3Þ
Bx
Bx
with s b the shear stress at the seabed:
Bu
sb ¼ Av
Bz

j

z¼Hþh

:

ð4Þ

The power of transport (b) is set at 1 / 2. The proportionality
constant a is set at a value of 0.3 s m 2 following Van Rijn
(1993) and incorporates the density difference between water
and sediment. The first scale factor for the bed slope
mechanism (k 1) and the second scale factor k 2 take directly
into account that sand is transported more easily downhill than
uphill. The default values of k 1 and k 2 are set at 0.002 m2 s 2
and 3.33, respectively. In the stability analysis Németh et al.
(2002), k 1 and k 2 were taken together (i.e. k = k 1 + k 2|s b|z= H )
since both terms in that case contribute in the same manner
since h b H. In this study, a threshold of sediment motion is
not taken into account explicitly.

The boundary conditions at the water surface (z = f) are
given as follows:

in which s w describes the wind induced shear stress at the sea
surface. The vertical velocity component at the seabed
(z =  H + h) is described by the kinematic condition:
Bh
Bh
þu
¼ w:
Bt
Bx

ð8Þ

The horizontal flow components at the seabed are modelled
with the help of a partial slip condition (S is the resistance
parameter controlling the resistance at the seabed). The
boundary condition couples the resistance at the seabed with
the water movement across the seabed:
Av

Bu
¼ Su:
Bz

ð9Þ

A comprehensive discussion on the parameter S and its
relation to observed bed forms can be found in Hulscher and
Van den Brink (2001) and Besio et al. (2004).
Furthermore, we use non-periodic boundary conditions in
the horizontal and vertical direction. This set up also gives
more freedom to the system with respect to the selection of the
fastest growing mode. In a periodic set up, the amount of
modes which can be unstable is limited by the horizontal length
of the grid, since we pose a limitation on the wavelength the
simulation model is allowed to select. Since we are also
interested in the behaviour of the wavelength of a sand wave
during its evolution, we keep the simulation model set up as
generic as possible.

Fig. 2. Definition sketch of the non-periodic dimensional model geometry of the physical domain. The horizontal and vertical direction are denoted by x and z. The
water surface is defined by f relative to z = 0. The seabed is defined as h and is relative to the average seabed position,  H.
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At the inflow boundary, a discharge is prescribed, with a
certain velocity profile in the vertical plane. In case of a steady
flow, two possible origins are investigated in Németh et al.
(2002). These are (I) a wind driven current (s w) and (II) a
current induced by a pressure gradient. The vertical structure
for each of these cases is:


sw
Av
I : ur ¼
þz ;
ð10Þ
Hþ
Av
S


II :


1 2 Av
1 2
ur ¼ P
z 
H H ;
2
2
S

ð11Þ

with P a parameter determining the magnitude of the pressure
gradient and thereby the depth-averaged velocity. These
profiles are equivalent to the analytical expressions of the
basic state situation over a flat seabed used in the stability
analysis with the seabed positioned at z =  H + h. In this paper
we will only focus on the effect of a wind driven current.
The outflow boundary is physically an open boundary.
However, the simulation model requires a boundary condition.
Therefore, an estimate of the water level is supplied to the
simulation model at the outflow boundary. Furthermore, the
derivatives in the horizontal direction for the horizontal and
vertical velocities are set to zero at the outflow boundary.
2.4. Discussion boundary conditions
Even though we are setting up the simulation model in a
non-periodic way, we investigate the possibility of applying
periodic conditions. Periodic boundary conditions provide the
main benefit of simplifying the system, decreasing calculation
time. Since the outflow and inflow boundary are then the same,
no extra physical space needs to be reserved near the
boundaries, avoiding the problem of physical disturbances
reaching the boundaries and reflecting.
A wind stress applied at the sea surface (Eqs. (10) and (7)) is
balancing the resistance in the system equally over the entire
domain. This forcing mechanism induces water movement
without a gradient in the water level for a flat seabed. The water
level and velocity profile at the outflow boundary are therefore
the same as the inflow boundary (when the position and
gradient of the seabed are the same at both boundaries).
Therefore, it is also possible to use periodic boundary
conditions in the horizontal direction. Obviously, the vertical
direction always has to remain non-periodic.
When we apply a pressure gradient at the inflow boundary
Eq. (11), the water level decreases moving away from the
inflow boundary, due to resistance in the domain. Due to
continuity (Eq. (2)), the depth-averaged velocity increases
along the reducing water level. Therefore, the velocity
profiles, water and seabed levels at the in and outflow
boundary can never coincide. Tidal motion can be approached
as a time-dependent pressure gradient at the inflow boundary.
Therefore, in the set up of applying periodic boundary
conditions, the entire tidal wave needs to be described. In
practice, this is not feasible, since we require accurate results

for a relative small length scale (sand waves with a
wavelength of hundreds of metres compared to the wavelength
of a tidal wave of hundreds of kilometres). However, periodic
boundary conditions are also here possible in the case of a
pressure gradient if we incorporate the pressure gradient
directly in the momentum equation Eq. (1). Then, the
simulation model still contains a free surface, which responds
to variations in the seabed. However, no gradient is present in
the case of a flat seabed, making periodic boundary conditions
possible.
3. Numerical approximation
3.1. Spatial discretisation
A spectral collocation method is used to obtain a discrete
approximation of the equations of the solution, on a set of
discrete grid points (Canuto et al., 1988; Fornberg, 1996). This
method is applied in both coordinate directions. The discrete
grid points are specified by collocation points. The grid points
are given by the most commonly used Chebyshev Gauss–
Lobatto points:
 
pj
nk ¼ cos
ð12Þ
; with j ¼ 0; 1; . . . ; N k and
N
k ¼ 1; 3:
The collocation method implies that the residual function is
forced to zero at these points. N k defines the number of intervals
in the n k -direction. The solution is represented at each grid point
using one-dimensional basis functions. The basis functions
consist of the Chebyshev polynomials (T p ) defined by:


Tp ðZ Þ ¼ cos p cos1 ðZ Þ ;

with p ¼ 1; 2; . . .

ð13Þ

For the grid points, the Chebyshev collocation derivative
can be obtained in two different ways. The first method is to
calculate the derivatives in spectral space (transform method).
This method involves three steps. Firstly, a Discrete Chebyshev
Transform has to be applied, after which differentiation can
take place in spectral space. The solution then has to be
transformed back to physical space using the Inverse Discrete
Chebyshev Transform.
The second method—differentiation in physical space—
combines the three steps of the transform method. This results
in a matrix D given by Canuto et al. (1988), which can be used
to calculate the first derivative at the grid points:
8 ciþj
i
>
;
imj
>
i xj
>
> cj xx
<
j
;
0<i¼j<N
2ð1x2j Þ
Dij ¼
ð14Þ
>
2N 2 þ1
>

;
i
¼
j
¼
0
>
>
: 2N 2þ16
i ¼ j ¼ N:
6 ;
where
cj ¼

2; j ¼ 0 or j ¼ N
1; 1 V j V N  1:

ð15Þ
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The matrix necessary to calculate a second derivative at the
grid points can be calculated by taking the square of matrix D
given in Eq. (14). The vector containing the function values U
at the collocation points is multiplied with this first or second
derivative matrix to obtain a vector containing the values for
the first or second derivative values at the collocation points,
respectively. The two-dimensional version of Eq. (14) in the
horizontal and vertical direction can be found in the Appendix
in Eqs. (40) and (41).
3.2. Coordinate transformation
Fig. 3. Computational grid and indices used in the code.

A coordinate transformation is required allowing for a
smooth description of the seabed topography together with a
varying water surface on the computational grid. This transformation will allow the total number of collocation points to
remain the same irrespective of the local water depth.
The coordinate system used for the computational space is
represented by n 1 for the horizontal direction and n 3 for the
vertical direction (see also Fig. 3). Both directions of the
computational coordinate system have a domain of [ 1,1]
to coincide with the Gauss – Lobatto grid. This system is
obtained by mapping the physical space, represented by the
Cartesian coordinates x and z, with the following analytical
transformations:
n1 ¼ 1 

2x
;
Nsw Lsw

ð16Þ

n3 ¼ 1 

2ð z  f Þ
;
fþH h

ð17Þ

with L sw the initial wavelength of the sand wave chosen to be
investigated with the simulation model and N sw the number of
sand waves in the domain. The total length of the domain is
therefore N sw times the wavelength L sw.
3.3. Partial derivatives
Next, we compute the necessary partial derivatives for (f, h,
u, w), to compensate for the changes in physical space
projected on the fixed computational grid and g the computational time:


Bu
Bu
2
Bu fx  12 n3  1 ðfx  hx Þ
;
ð18Þ
¼ 1
þ2 3
fþH h
Bx
Bn Nsw Lsw
Bn

2
fþH h

3.4. Temporal discretisation flow model and grid
The spatial approximation using a Chebyshev grid is the
best in the interior of the domain. Therefore, an increased
density of grid points is required near the boundaries. The
numerical convergence rate of the method decreases significantly if this is not the case. This aspect has an effect on the
choice of the time scheme. An explicit scheme is desirable,
with respect to the computational effort necessary per time
step. However, the size of the time step, is determined by the
smallest distance between grid points in the domain. Therefore,
a higher density of grid points near the boundaries—as with the
Gauss –Lobatto grid—poses a problem. If we increase the total
number of grid points, the smallest distance between grid
points will decrease more than the relative increase in points.
The time step will become too small to be efficient.
The most practical approach is therefore to use a fully
implicit formulation. In this case the time step does not
depend anymore on the spatial discretisation for stability
reasons. All the properties of u, w, f and h are calculated
simultaneously at each time step. The calculation cost per time
step is higher than for an explicit formulation. However, the
time steps that can be taken are much larger (See also Stelling
et al. (1998)).
The system is solved with the routine D02NGF from the
Nag libraries. It is a general-purpose routine, which can
integrate initial value problems, for a stiff system of ordinary
differential equations, with coupled algebraic equations. The
system is written in the form:
Aðt; Y Þ

Bu
Bu
2
¼ 3
;
Bz
Bn f þ H  h
B2 u
B2 u
¼
2
Bz2
Bn3

The necessary partial derivatives for the other variables w,
h and f can be derived in a similar manner.

ð19Þ

2

;



Bu
Bu Bf 1  12 n3  1
Bu
¼2 3
:
þ
Bt
Bg
Bn Bt f þ H  h

ð20Þ

ð21Þ

dY
¼ rðt; Y Þ;
dt

ð22Þ

with Y = (u, w, f, h) the solution vector. On the left hand side,
we find the derivatives of the solution vector Y. Matrix A can
be found in the Appendix Eq. (42).
On the right hand side, their dependency on time can be
found. Here, the differential equations and boundary conditions, which do not have a time-dependent term, appear as the
residuals of the continuity equation (Eq. (2)). When the right
hand side is zero, we are looking at a steady state solution. If it
is non-zero, the solution is changing in time.
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The momentum balance Eq. (1) containing the temporal
discretisation in the form of Eq. (22) can be written as
follows:


du
Bf 1  12 n3  1 3
2
D1 u 
¼ 2
uD1 u
dt
Bt f þ H  h
Nsw Lsw 1


fx  12 n3  1 ðfx  hx Þ 3
2
uD1 u þ
wD31 u
2
fþH h
fþH h

2
2
2
g
D11 f þ Av
D32 u:
ð23Þ
Nsw Lsw
fþH h
Here Dki is the k-th derivative in the i-th direction. The
partial derivatives h x and f x are of the form of Eq. (18).
The continuity equation (Eq. (2)) is an instantaneous
constraint that applies at each time level and can be found
on the right hand side of Eq. (22) as a time independent
equation:


fx  12 n3  1 ðfx  hx Þ 1
2
D3 u
D11 u þ 2
fþH h
Nsw Lsw
2
D3 w ¼ 0:

ð24Þ
fþH h 1
At the inflow boundary Eqs. (10) and (11) we find:
u ¼ prescribedjx¼1

and w ¼ 0jx¼1 :

ð25Þ

ð27Þ

Furthermore, the water level is fixed at the downstream
boundary. The boundary condition at the free surface can now
be written as a kinematic condition Eq. (6), together with a
shear stress at the surface equal to the wind stress Eq. (7)
(if present):
Bf
2
þu
D3 f ¼ wjz¼f ;
Bg
Nsw Lsw 1

ð28Þ

2
D3 ¼ sw jz¼f :
fþH h 1

ð29Þ



At the seabed we find another kinematic condition Eq. (8)
and the partial slip condition Eq. (9):
wu

u

2
D1 h ¼ 0jz¼Hþh ;
Nsw Lsw 1

2
Av 3
D u ¼ 0jz¼Hþh :
fþH h S 1

with s b the shear stress at the seabed defined by Eq. (4). The
net inflow of sediment is assumed to be zero. The seabed
evolution Eq. (5) can now be described on the computational
grid by:
Bh
2
¼
D1 Sb :
Bt
Nsw Lsw 1

ð33Þ

For completeness, we have to specify a boundary condition
at a boundary coinciding with the horizontal position of the
flow boundaries for the bottom evolution equation. This is
equivalent to the boundary condition necessary for the water
level. This can also be done by taking the derivative of the
sediment transport equal to zero coinciding with a fixed
seabed. At this point, only the initial response is needed here
for comparison with the results from the stability analysis.
3.5. Initial values and time stepping

At the outflow boundary, we find the horizontal derivatives
of u and w set to zero, resulting in:


fx  12 n3  1 ðfx  hx Þ 3
2
1
D1 u ¼ 0jx¼1 ; ð26Þ
D uþ2
fþH h
Nsw Lsw 1


fx  12 n3  1 ðfx  hx Þ 3
2
1
D1 w ¼ 0jx¼1 :
D wþ2
fþH h
Nsw Lsw 1

The sediment transport model Eq. (3) in discretised form
can be written as:

2
2
D31 ujb
ð32Þ
Sb ¼ aj
fþH h


fþH h 1
D11 u  ðk1 þ k2 jsb jÞ
D1 h ;
Nsw Lsw

ð30Þ

ð31Þ

For a flat seabed, the initial conditions can be derived
analytically. In case the seabed is not flat, but contains for
example a sinusoidal feature, we cannot use the solution for a
flat seabed. However, we can use it as an estimate for the
required initial condition. A better initial condition can be
given by the solution of the stability analysis, which is valid for
infinitesimal amplitudes (h b H) (Németh et al., 2002).
The estimates of the initial solution prescribed using these
two approaches for a finite sinusoidal sand wave are not the
exact solutions of the system. This difference in applied
solution and the actual solution can be seen as an initial
disturbance in the system. The order of magnitude of the error/
disturbance depends on the ratio of h / H, the spatial discretisation and the requested accuracy from the time integrator.
The propagation velocity c of a wave in shallow water is
calculated with:
pﬃﬃﬃﬃﬃﬃﬃ
c ¼ gH
ð34Þ
A steady state solution, which we in general require to start
a simulation, can be achieved by letting the disturbances travel
through the domain a couple of times. For a typical water depth
of 30 m, the propagation velocity is about 17 m s 1 according
to Eq. (34). For a domain with a length of 2 km, this would
mean that a disturbance in the water motion due to the incorrect
initial solution takes about 120 s to travel from one end of the
domain to the other. After about 600 s we can expect a virtually
steady state solution. This solution can then form the starting
point for a simulation.
In the limit (t Y V) the changes in time for a steady state
solution should be equal to zero. Therefore, the residuals of Eq.
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(22) are practically zero which is discussed below. Furthermore, this aspect can be seen by looking at the magnitude of
the time step of the time integrator. This time step is small
initially due to the calculation of all the dependencies of the
system and possible initial changes in the physical system.
Large time steps can be taken when the steady state situation
has been attained, as long as the seabed does not change.
When the seabed is allowed to change, the magnitude of the
time step becomes a function of this seabed change. The time
steps are then still large due to the slow evolution of the seabed
compared to the water movement, in case of a steady state
current. This is due to the difference in timescale for the water
motion and seabed change. This only holds for the case of a
steady current or a block current. In the case of pure tidal
motion, the time step size is again determined by the timescale
of the water motion. However, here we will first investigate if
we can reproduce the initial response of applying a seabed
perturbation using a simulation model.
4. Results
We start with the investigation of a steady flow. First, we
discuss in short this steady flow and its effects on the behaviour
of the seabed with the help of a stability analysis. The steady
flow is assumed to be induced by a wind stress applied at the
sea surface. Next, we show that the results from the simulation
model coincide with the stability analysis.
4.1. Steady flow and sand waves according to a stability
analysis
We start by focussing on a unidirectional steady current
inducing the initial evolution of bed forms. The bed forms we
find in this case can also be referred to as dunes [Fredsøe and
Deigaard, 1992], since a unidirectional steady current is similar
to river flow. For typical values of the resistance parameter S
in the North Sea (see Table 1), we find long wavelengths (see
Fig. 4). Hereby, we used in the stability analysis a combined
non-dimensional value for k 1 and k 2 (Eq. (3)):


Bh
ð35Þ
Sb ¼ ajsb jb sb  k
with k ¼ k1  k2 jsb j;
Bx
with k equal to 0.0085. However, if we increase the value of
the resistance parameter, we find shorter bed forms Németh et
al. (2001) (See Figs. 4 and 6. The latter figure is discussed later
in more detail.), with wavelengths of a couple of hundreds of
metres. This coincides with the result found in Németh et al.
(2002). In a tidal environment with a small asymmetry in the
water motion, the tidal motion is the main factor determining
the choice of sand wavelength. The residual currents due to
tidal motion induce a wider range of modes which can become
unstable than the unidirectional steady current. An increase in
resistance can increase this range of modes, for which the
wavelength of the fastest growing mode (FGM) is smaller
(larger wave number). Here, the FGM is the mode which has
the largest growth rate from linear theory, and is expected to
dominate over the rest.

271

Table 1
Default values and dimensions of the parameters and variables existing in
the system
Parameters

Symbol

Default value

Dimension

Depth-averaged value velocity
Average water depth
Kinematic eddy viscosity
Resistance parameter
Gravitational acceleration
Power of transport
Proportionality constant
Bed slope factor
Bed slope factor
Sand wavelength
Number of sand waves

U
H
Ar
S
g
b
a
k1
k2
L sw
N sw

1
30
3 I 10 2
1 I10 2
9.8
5 I 10 1
3 I 10 1
2 I 10 3
3.33
600
3

m s 1
m
m2 s 1
m s 1
m s 2
_
m 2 s
m2 s 2
–
m
_

4.2. Mathematical validation simulation model
4.2.1. Flat bed
We start with a steady current over a flat bed, which is
equivalent to the basic state used in the stability analysis. We
apply a wind stress at the sea surface (see Eq. (10) and Fig. 5)
across a flat seabed together with a coinciding in flow
boundary. The analytically obtained profile is the same over
the entire domain. This investigation of a flat seabed shows the
functionality of the continuity equation (Eq. (2)), the boundary
conditions Eqs. (6) – (11) and the viscosity term in the
momentum equation Eq. (1).
We investigate the magnitude of the residuals on the right
hand side of Eq. (22), whether the solution coincides with the
solution of the physical system. Since the solution provided is a
steady state solution and the velocity in the vertical is zero
(there is no slope in the seabed or water level), all the residuals
on the right hand side of Eq. (22) should be zero within
machine accuracy limits. The profile in the vertical can be
found in Fig. 5.
If we would apply a pressure gradient at the inflow
boundary, a gradient is present in the water surface due to
the friction in the system. This is in contrast to the stability
analysis, where the velocity profile is the same over the entire
domain. This makes a direct comparison more difficult.
However, this can also be seen as a good test for the simulation
model and the usage of the basic state in the stability analysis.
We can take an initial condition for a flat seabed and an
equal velocity profile over the entire domain equal to inflow
boundary for a pressure gradient Eq. (11). If we fix the water
level downstream (z = 0) and fix the depth-averaged velocity at
the inflow boundary, we obtain a steady state solution with a
slope in the water level. The continuity equation enforces the
depth-averaged velocity to increase along this decreasing slope.
This slope decreases 8.45 I 10 3 m per 10 km for a standard
value of the resistance parameter S of 1 I10 3 m s 1 (see
Table 1). In case we are looking at bed forms in a unidirectional
steady current, the typical value for S is 1 I10 2 m s 1 and
gives a slightly larger slope of 1.46 I 10 2 m per 10 km. This
slope is so small compared to the length scale under
investigation, that we can assume the validity as expected of
the basic state used in the stability analysis.
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Fig. 4. Wavelength and migration rate in a unidirectional steady current induced by a wind stress applied at the sea surface. Fig. (a) shows the wavelength (m) of the
fastest growing mode (FGM) as a function of the value of the resistance parameter S (m s 1). Fig. (b) shows the migration rate in metres of the FGM shown in (a). If
we increase the value of the resistance parameter S we obtain sand waves with dimensions in the order of hundreds of metres.

4.2.2. Residuals solution for small amplitude sand waves
The question to be answered is whether the formation process
of small amplitude sand waves can be reproduced and verified
with a simulation model. To check this we use the results
obtained with the stability analysis. The vertical velocity is zero
for a flat bed situation. The vertical velocity to be imported in the
simulation model is equal to the calculated vertical velocity in
the perturbed state in the stability analysis. The sum of the
residual horizontal velocity and the basic state forms the actual
horizontal velocity with sand waves applied on the seabed.
These results, produced on an equidistant grid, are interpolated
on the Gauss –Lobatto grid, using cardinal polynomials.
The time derivative is equivalent to the residuals in Eq. (22).
For the other equations, the magnitude of the residuals, is a
measure for the error. To check the validity of the spatial
discretisation, we therefore do not need to use the time
integrator. The results for a wavelength of 600 m are imported
in the simulation model (See Fig. 6). The solution of the
stability analysis is multiplied by e = h / H. For a small enough
e, the solution from the simulation model is equal to the
solution from the stability analysis (residuals equal zero within
numerical accuracy, with a difference of the order (e 2).

4.2.3. Growth and migration
As a final check, we allowed the simulation model to
determine a seabed change over a period of 7000 s. This is a
small time interval, insignificant from a morphological
perspective. However, from a mathematical point of view
sufficient, since the aim is here to check the mathematical
validity of the simulation model. We applied again a steady
flow induced by a wind stress. With the system set up
following the values in Table 1, except for the value of the
resistance parameter which is equal to 0.01 m s 1. Furthermore, we used the same combined bed slope factor as was used
above (Eq. (3)) for comparison. Moreover, we took N 1 = 30 and
N 3 = 15, which are the number of grid points in the horizontal
and vertical direction (Eq. (12)), respectively. The amplitude
h is set at 0.01 m, which is small compared to the water depth
H of 30 m. Hereby, we investigated a pattern of three sand
waves in a non-periodic domain.
We calculated the growth and migration rates, for a whole
range of wavelengths. We use a least squares method, to
estimate the growth and migration rates based on the initial and
calculated seabed obtained with the simulation model. This
curve fitting process is used to fit a sinus with a minimal
deviation to the position of the seabed, with sinusoidal sand
waves imprinted on it, in the grid points. Here we investigate
the initial response. Therefore, we are allowed to assume the
wavelength does not change, and only the amplitude and
position in the horizontal (phase/migration) changes. This
approach gives an estimate of the amplitude and phase of a
sinusoidal signal, in this case the sand wave. This coincides
with the properties the stability analysis gives insight into
(growth and migration of a sinusoidal sand wave), which we
are comparing the results with. These properties of the imposed
sand waves and resulting bed pattern after the simulation
period can now be determined as follows:

Fig. 5. Analytical solution of the horizontal velocity profile over a flat bed in
case of a wind stress applied at the sea surface (straight solid line) Eq. (10) and
a pressure gradient (curved dotted line) Eq. (11). The linearity of the velocity
profile in case of a wind stress is due to the choice of a constant viscosity. The
free surface coincides with z = 0 m and the seabed with z =  30 m. The vertical
velocity is equal to zero. This profile is applied at the inflow boundary for all
times (with a fixed or time-dependent discharge) and as initial condition over
the entire domain.

hð xÞ ¼ Als cosðkxÞ þ Bls sinðkxÞ;

ð36Þ

with h(x) the position of the seabed as a function of the
horizontal coordinate and u the phase shift defined by:
 
Bls
u ¼ atan
;
ð37Þ
Als
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Fig. 6. Solution of the stability analysis giving residuals equal to zero in the simulation model. In the upper figure (a), the vertical velocity is shown with the solid line
showing negative, the dashed line positive and the dotted line velocities equal to zero. The magnitude of the velocities depends on the ratio of the sand wave
amplitude over the water depth (e = h / H). The vertical velocity looks different from previous work discussing sand waves in a tidal environment. The main
difference is that we are looking here at a steady current and not at the residuals over a tidal cycle. This means looking at the boundary condition for the horizontal
flow Eq. (8), that the vertical velocity needs to follow the profile of the seabed. This is due to the occurrence of a horizontal velocity m 0, due to the horizontal
viscosity model enabling long bed waves to be excited (there is evolution due to water movement, and the slope effect is very small for long bed forms). The figure
below (b) shows the two sand waves with a typical wavelength of 600 m over which the water is flowing.

and A and B based on the depths at the grid points:
P
hð xÞcosðkxÞ
Als ¼ P 2
;
cos ðkxÞ

Bls ¼

P
hð xÞsinðkxÞ
:
P 2
sin ðkxÞ

ð38Þ

ð39Þ

Fig. 7 shows the characteristics of the initial response for a
range of wavelengths. Fig. 7a depicts the growth rates,
whereby we find a range of wavelengths for which these
growth rates are positive. For this range, sand waves are

initially unstable. Furthermore, we find for all long bed waves
positive growth rates. This is due to the usage of a constant
viscosity. It can be explained by looking at the boundary
conditions showing that the vertical velocity at the seabed is a
function of the horizontal velocity at the seabed (Eqs. (8) and
(9)). Both the horizontal and vertical velocity are therefore not
equal to zero. This is due to the usage of a resistance parameter
to obtain a more realistic shear stress with this simplified
viscosity model. Smaller wavelengths than about 400 m show
negative growth rates. These bed forms are dampened by the
simulation model, as coincides with the results for this case
with the stability analysis. Here, the FGM has a wavelength of

Fig. 7. Comparison growth and migration rates of the stability analysis and simulation model. Fig. (a) shows the initial growth rate presented in the change of
amplitude per year (m yr 1). Here we have to keep in mind that the growth rate is, according to the stability analysis, an exponential function of the amplitude. This
means that the growth rate will increase during the initial evolution of a sand wave. The solid line depicts the results from the simulation model. The dotted line
corresponds to the results from the stability analysis. Fig. (b) shows the migration rate (initial response calculated in m yr 1).
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about 750 m. Also this coincides with the results from the
stability analysis.
The migration rate of the sand waves is shown in Fig. 7b.
Typical rates for various wavelengths are about 200 m yr 1.
These migration rates are due to the asymmetry in the water
motion since we are looking at a unidirectional steady current.
Compared to observations these migration rates are much
higher than those observed for sand waves. However,
observations generally discuss sand waves in a tidal environment with only a small non-periodic part in the water motion
(usually in the range of 0.1 m s 1 inducing migration rates in
the order of 10 m yr 1 (Allen, 1980a; Lanckneus and De Moor,
1991; Van Maren, 1998; Németh et al., 2002). Therefore, these
larger migration rates can be explained and give further
confidence in the simulation model set up. As was found in
the stability analysis, the phase speeds are a linear function of
the wave number (k = 2p / L sw). This means that a larger wave
number or smaller wavelength implies a larger phase speed.
This results in a larger migration rate for smaller bed forms.
The magnitude of this migration rate for a certain wavelength
depends largely on the magnitude of the steady current and on
the value of the resistance parameter S.
Before we compare the results of the stability analysis and
the simulation model, we have to acknowledge a couple of
sources of errors:
& The results from the stability analysis contain numerical
inaccuracies;
& We are looking at a non-periodic domain in the simulation
model and in the stability analysis we have a periodic
domain;
& An error is made translating the results from the simulation
model with the least square method, to enable a comparison
with the stability analysis.
Therefore, it is not our goal to reproduce the results
exactly. However, it is possible to obtain a result with the
simulation model, which converges asymptotically to the
result of the stability analysis, if we increase the accuracy of
the time integrator, the number of nodes in the system (N k in
Eq. (12)) and the number of sand waves in the domain. To
obtain Fig. 7, we already needed to increase the time
integrators accuracy for smaller wavelengths, whereby the
solution converged to the analytical solution. Furthermore, we
found that if we increase the number of wavelengths in the
domain from two to three, the difference with the stability
analysis decreased from 5 I 10 2 to 2 I 10 2. The latter results
(determined with a domain with three sand waves) are shown
in Fig. 7.
5. Conclusions and discussion
In this paper we developed a numerical simulation model
able to describe sand wave excitation and select the initially
most unstable mode assuming sand waves are free instabilities
of the water – seabed system. This model has been mathematically validated using an existing stability analysis.

In the stability analysis the sand waves predicted did not
allow for interference of modes due to the linear assumption.
This interference encompasses energy being transferred from
one component or wave number of the bed pattern to another.
Therefore, this stability analysis does not say anything about
the final pattern, since only one component can be investigated
at a time. The simulation model developed and validated
mathematically here, can be used to investigate the non-linear
behaviour of sand waves (Németh, 2003).
Furthermore, we investigated the results for small amplitude
sand waves under a steady flow only. It has been shown that
with a set up describing sand waves in a tidal environment, we
find bed features existing in a unidirectional steady current
similar to dunes. These dune-like bed forms are found when
the roughness of the seabed, compared to a typical North Sea
situation, is large. For smaller values of the resistance of the
seabed, taken into account by the resistance parameter S, the
instability mechanism is very weak, resulting in a FGM with
very long wavelengths.
Lastly, the numerical approach presented here enables us to
incorporate more realistic aspects into the modelling framework. It is clear that the simulation model presented here can
straightforwardly be extended to include other aspects such as a
critical shear stress, suspended sediment transport or a nonerodible layer in the seabed.
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Appendix A
The two-dimensional version of the derivative matrix D in
Eq. (14) in the horizontal direction can be written with the
derivative matrix D of the size N 1  N 1 as N 3 blocks on the
diagonal of the following square matrix with N 1  N 3 columns:
0 1
1
D11 . . . D11N
B s
C
G
s
0
B 1
C
1
BD
C
.
.
.
D
NN
B N1
C
1
1
B
C
D
.
.
.
D
11
1N
B
C
C
D1 ¼ B
s
G
s
B
C
1
1
B
C
D
.
.
.
D
N1
NN
B
C
1
1 C
B
D
.
.
.
D
11
1N C
B
@
0
s
G
s A
D1N 1

...

D1N N

ð40Þ
The rest of the elements are zero. The two-dimensional
version of the derivative matrix D in Eq. (14) with size N 3  N 3
to determine derivatives in the vertical direction can be written
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as the elements of D3 in a diagonal pattern with a spacing of N 1
elements as follows:
0 3
1
0
D312
0
D31N
0
D11
B
C
G
G
G
B
C
3
3
3 C
B 0
D11
0
D1j
0
D1N C
B
B D3
0
D3ij
0
D3iN
0 C
B i1
C
B
C
3
G
G
G
D ¼B
C
B
3
3
3 C
Di1
0
Dij
0
DiN C
B 0
B 3
C
B DN 1
0
D3N j
0
D3N N
0 C
B
C
@
A
G
G
G
3
3
3
0
DN 1
0
DN j
0
DNN ;
ð41Þ
The rest of the elements are zero.
The matrix below with a total size of N 1  N 3  2 + N 1  2
can be found in Eq. (22) and consist of the variables depending
on time in the momentum equation Eq. (1) (the first N 1  N 3
rows), the continuity equation (Eq. (2)) giving elements equal
to zero (the next N 1  N 3 rows), and the equation for the water
level Eq. (6) and the bed evolution Eq. (8) (2  N 1 rows). For
the water level, we use the kinematic boundary condition at the
free surface. This is equivalent to using a depth-averaged
formulation based on the continuity equation and this
kinematic boundary condition often used to describe a free
surface:
   Bh  1
0 Bu
f Bt
0 f Bf
Bt
Bt
B0 0
0
0 C
C
A¼B
ð42Þ
Bf
@0 0
0 A
Bt
Bh
0 0
0
Bt
See Eq. (23) for the numerical notation.
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