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Summary
Sand extraction and seabed patterns
Shallow shelf seas are increasingly subject to human activities and interests.
These may interfere with each other, and also with the natural evolution of
the seabed. Sand extraction in the North Sea area is a striking example of
such a human activity. The thus created sandpits, several meters deep and up
to several kilometers wide, constitute a large-scale disturbance in the offshore
seabed.
The seabed is far from flat and static: it evolves continuously due to the complex interaction between tides, waves and sediment. These processes control the
natural dynamics (formation, maintenance, migration) of various rhythmic bed
forms. Such seabed patterns occur at a variety of spatial scales, the largest of
which are tidal sandbanks (wavelength: order km) and sandwaves (hundreds of
meters). As these spatial scales and also the places of occurrence correspond to
those of present and future sandpits, one may expect morphodynamic interaction between seabed patterns and sand extraction pits.
This thesis aims at understanding the long-term morphodynamic effects of
large-scale offshore sand extraction, including the potential interaction with
sandbank and sandwave dynamics. To that end, we follow an idealized processbased morphodynamic modelling approach, focusing on a tidally dominated
offshore environment where such patterns may exist. Regarding tidal sandbanks,
we distinguish between a flat bed and one with sandbanks in morphodynamic
equilibrium. On a smaller spatial scale, we investigate the potential interaction
of sand extraction and sandwave formation. (Chapters 1 and 2)
Sand extraction from a flat seabed
A large-scale sandpit, modelled as a local disturbance in an otherwise flat
seabed, tends to gradually deform, deepen, and re-orientate itself, with the
main axis ultimately rotated counterclockwise with respect to the principal tidal
current. The pit’s area of morphodynamic influence thus increases with time.
Moreover, the pit may migrate as a result of tidal asymmetry or the presence
of a residual current. This finding bears similarities with earlier model results
explaining sandbank formation as an inherent instability of a flat seabed. The
hydrodynamic mechanism known in the context of tidal sandbanks, tidal rectification, now finds its counterpart in flow contraction: the lateral attraction of
water mass due to the reduced effect of bottom friction inside the pit.
Two morphodynamic models underlie the above findings: (i ) an analytical
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study of the topographic impulse response and (ii ) a more detailed approach
allowing a detailed sensitivity analysis with respect to the pit geometry. The
former explains the qualitative properties, the latter shows that the morphodynamic response is intensified for pits elongated in the preferred direction of tidal
sandbanks. (Chapters 3 and 4)
Extraction from sandbanks in equilibrium
The results above strongly reflect the inherent instability of the flat seabed associated with sandbank formation. To study the effects of sand extraction from
tidal sandbanks, we have developed a model able to describe the morphodynamic equilibrium state of tidal sandbanks. This requires a nonlinear modelling
approach, extending the existing linear models associated with sandbank formation. The resulting equilibrium state is controlled by a (tidally averaged)
balance between (i ) a destabilizing sediment flux due to fluid drag and (ii ) the
downslope transport induced by both tidal flow and wind wave stirring. The
properties of the equilibrium profiles, such as height, shape, asymmetry, are in
qualitative agreement with observations from the North Sea. (Chapter 5)
Next, we model sand extraction as a local topographic perturbation in the
thus obtained equilibrium profiles. The results show that the system gradually
shifts to a new equilibrium profile, representing a smaller amount of sand. The
corresponding time scales, of the order of a century, are shortest for deep and
narrow pits that are created in the bank’s crest. (Chapter 6)
Sand extraction and tidal sandwaves
Finally, we investigate the potential interaction of sand extraction with tidal
sandwaves, neglected so far. Compared to sandbank dynamics, sandwave dynamics take place on smaller spatial scales (hundreds of metres rather than km)
and is caused by a different mechanism (related to the vertical flow structure).
Based on an existing sandwave formation model, we develop an analytical approach which shows how a local disturbance gradually develops into a growing
and expanding sandwave packet. An application to trenches and pits is compared with an earlier study in which sandwave dynamics have been ignored.
(Chapter 7)

Conclusions on the role of pattern dynamics
From the three modelling efforts introduced above, we conclude that large-scale
seabed patterns must be taken into account when investigating the morphodynamic effects of sand extraction. These features control the qualitative properties of the seabed response, such as morphodynamic (in)stabilities and the shift
from one state (i.e., flat bed or pattern) to another. (Chapter 8)

Samenvatting
Zandwinning en zeebodempatronen
De mens maakt steeds meer gebruik van ondiepe kustzeeën zoals de Noordzee.
Deze activiteiten en belangen kunnen met elkaar in conflict raken, en ook met
de natuurlijke dynamica van de zeebodem. Een treffend voorbeeld van zo’n
activiteit in de Noordzee is zandwinning.
De zeebodem is allesbehalve vlak en statisch: hij verandert voortdurend als
gevolg van de complexe wisselwerking tussen getij, golven en sediment. Deze
processen bepalen de natuurlijke dynamica (vorming, instandhouding en migratie) van verscheidene ritmische zeebodempatronen. Deze komen voor op verschillende ruimtelijke schalen; de grootste hiervan zijn getijdebanken (golflengte:
orde km) en zandgolven (honderden meters). Aangezien zowel de ruimtelijke
schalen als de locaties van deze bodemvormen overeenkomen met die van huidige
en toekomstige zandwinputten, kan men morfodynamische interactie tussen zeebodempatronen en zandwinputten verwachten.
Deze dissertatie mikt op het begrijpen van de lange-termijngevolgen van
grootschalige offshore zandwinning, met daarbij speciale aandacht voor de mogelijke interactie met de dynamica van getijdebanken en zandgolven. Daartoe volgen we een geı̈dealiseerde proces-gebaseerde morfodynamische modelleeraanpak, toegespitst op een getij-gedomineerde offshore omgeving waar zulke
patronen mogelijk voorkomen. Wat betreft getijdebanken, wordt onderscheid
gemaakt tussen een vlakke bodem en een bodem bestaande uit banken in morfodynamisch evenwicht. Op een kleinere ruimtelijke schaal onderzoeken we de
mogelijke interactie tussen zandwinning en de vorming van zandgolven. (Hoofdstukken 1 en 2)

Zandwinning vanuit een vlakke bodem
Een grootschalige zandwinput, gemodelleerd als een lokale verstoring van een
vlakke zeebodem, heeft de neiging geleidelijk te vervormen, dieper te worden
en zich uit te strekken in een richting die tegen-kloksgewijs vanuit getijrichting. Het morfodynamische invloedsgebied neemt zo toe in de tijd. Bovendien
zal de put migreren, in geval van getij-asymmetrie of de aanwezigheid van een
reststroom. Deze bevindingen vertonen gelijkenis met eerdere modelresultaten
die de vorming van getijdebanken verklaren als een vrije instabiliteit van een
vlakke zeebodem. Het achterliggende mechanisme, tidal rectification bij getijdebanken, is bij putten bekend als stroomtrekken: de aantrekking van watermassa
als gevolg van de verminderde invloed van bodemwrijving binnen de put.

14
Twee morfodynamische modellen hebben geleid tot deze resultaten: (i) een
analytische studie van de topografische impulsrespons and (ii) een meer gedetailleerde aanpak die een uitgebreide gevoeligheidsanalyse m.b.t. de putgeometrie toestaat. De eerste studie verschaft inzicht in met name de kwalitatieve
eigenschappen, de tweede laat zien dat morfodynamische respons sterker is voor
putten die zich uitstrekken in de voorkeursrichting van getijdebanken. (Hoofdstukken 3 en 4)

Winning vanuit zandbanken in morfodynamisch evenwicht
Bovenstaande resulten weerspiegelen duidelijk de neiging van de vlakke zeebodem tot het vormen van getijdebanken. Om de gevolgen van zandwinning
uit getijdebanken te onderzoeken, hebben we een model ontwikkeld waarmee
de morfodynamische evenwichtstoestand van getijdebanken kan worden gesimuleerd. Deze uitbreiding van de bestaande modellen, die zich beperken tot het
vormingsproces, vereist een niet-lineaire aanpak. De gevonden evenwichtstoestand blijkt te worden bepaald door een (getij-gemiddelde) balans tussen (i) een
destabilizerende sedimentflux als gevolg van de getijstroming en (ii) het neerwaartse transport geı̈nduceerd door zowel golven als getij. De eigenschappen
van de evenwichtsprofielen, zoals hoogte, vorm en asymmetrie, zijn kwalitatief
in overeenstemming met metingen van de Noordzeebodem. (Hoofdstuk 5)
Vervolgens modelleren we zandwinning als een lokale verstoring van de hierboven beschreven evenwichtsprofielen. De resultaten laten zien dat het systeem
geleidelijk evolueert naar een nieuwe evenwichtstoestand met een kleinere zandhoeveelheid. De tijdschalen, van de orde van een eeuw, zijn het kortst voor diepe
en smalle putten, gebaggerd in de toppen van de getijdebanken. (Hoofdstuk 6)
Zandwinning en zandgolven
Ten slotte onderzoeken we de mogelijke interactie tussen zandwinning en zandgolven, tot dusver buiten beschouwing gelaten. Vergeleken met getijdebanken,
manifesteert zandgolfdynamica zich niet alleen op een kleinere lengteschaal
(geen kilometers maar honderden meters), maar ook via een ander mechanisme (gerelateerd aan de verticale structuur van de stroming). Gebaseerd op
bestaande theorieën over de vorming van zandgolven, laten we analytisch zien
hoe een lokale verstoring zich geleidelijk ontwikkelt tot een pakketje van zandgolven dat groeit, zich ruimtelijk uitbreidt en eventueel ook migreert. Een toepassing op geulen en putten wordt vergeleken met een bestaande studie waarin
zandgolfdynamica buiten beschouwing is gelaten. (Hoofdstuk 7)
Conclusies aangaande de rol van patroondynamica
Op grond van de drie modelstudies concluderen we dat de rol van grootschalige
zeebodempatronen cruciaal is in een studie naar de morfodynamische gevolgen
van zandwinning. Deze bodemvormen bepalen immers de kwalitatieve eigenschappen van de bodemrespons, zoals morfodynamische (in)stabiliteiten en de
overgang van de ene toestand (vlakke bodem of bestaand patroon) naar de
andere. (Hoofdstuk 8)

Chapter 1

Introduction

1.1

Developments in sea utilisation

The North Sea is to an increasing degree subject to human activities and interests. These may affect not only the natural values of the system, but also coastal
safety and a variety of user functions. Ideally, we want the North Sea to be a
safe, clean and biologically rich environment, acting as a source for fish, sand,
hydrocarbons and wind energy. Furthermore, it should offer sufficient space for
navigation, fisheries, aquaculture, pipelines, telecommunication cables, military
operations and dumping sites. It is not surprising that some of these goals may
interfere with each other. Yet, this interference of goals is usually not transparent, as the underlying processes are generally complex and not fully understood.
This makes it hard for authorities to map out their policies and to determine
which legal constraints should be imposed on such activities.
A striking example of a user function, possibly interfering with other interests and therefore of concern to legislation, is sand extraction. The relation
between sand extraction and the morphology of the seabed is the subject of this
thesis. The increasing demand for sand (for example, for large infrastructural
projects) can be met by offshore mining, which is likely to lead to the creation
of large-scale offshore sandpits, with horizontal dimensions in the order of kilometers and a depth of several meters. Besides the direct effects of such pits on
ecology, biology and morphology, there may be an indirect impact at time scales
of decades to centuries (Hoogewoning and Boers, 2001). The processes behind
this indirect impact concern the interaction between tidal currents, waves, sediment transport and seabed morphology. This interaction manifests itself in a
variety of rhythmic patterns of different length scales covering the seabed (see
Table 1.1 and references cited therein). The natural morphodynamics of these
patterns are not yet fully understood, let alone their potential interaction with
interventions such as sand extraction. This hinders the prediction of the impact
of a sandpit on the coastal system, both qualitatively (what is going to happen?) and quantitatively (how fast and at what spatial scales?). In this thesis,
we investigate the impact of large-scale offshore sand extraction on the offshore
seabed. The results are intended to be of use to geoscientists, engineers, water
resource managers and policy-makers.
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Figure 1.1: Overview of sand extracted from coastal waters around the world (2002).
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1988, † Hong Kong, averaged over 1990-’98, ‡ averaged over 1993-’95, § from 2000.
Sources: 1 Benbow (1990), 2 WGEXT (2003), 3 James et al. (1999), 4 Harrison (2003).

1.2

Sand extraction

The North Sea offers different types of marine aggregates, such as filling sand
and concrete and construction sand. As the quality demands for filling sand are
low, it can be found nearly everywhere in the North Sea. It is used for beach
nourishments and filling purposes in large-scale works, such as land reclamations, building sites, railways and roads. In contrast, concrete and construction
sand should contain a sufficient amount of coarse grains. It is therefore not
abundantly available and should be extracted either from specific locations (for
example sandwave crests) or from deeper layers.
Japan, The Netherlands, Hong Kong, Korea and the United Kingdom are
currently the leading countries in sand extraction from coastal waters (Figure 1.1). In 2002, about 32 Mm3 sand was extracted from the Dutch part of
the North Sea (WGEXT, 2003). Future extraction is likely to occur at a much
larger scale. This is due to (i ) an increased demand for purposes on land, (ii ) a
decrease in the supply on land and especially (iii ) large infrastructural projects
that are expected to be carried out in the future (Peters, 2000). These projects
may require an additional amount of 200 − 450 Mm3 , for a period of 5 to 10
years (Hoogewoning and Boers, 2001; Expertisecentrum PMR, 2001).
Permits for sand extraction are issued by the government. The present
Dutch legislation prohibits sand extraction landward of the 20 m depth contour and within 20 km from the shore. Exceptions are navigation channels in
this zone and the small-scale temporary nearshore borrow pits created in pinpoint projects, from which suppletion sand is extracted for beach nourishments.
The borrow pit is refilled with sand from further offshore. Furthermore, the
maximum allowed pit depth is 2 m, so for bigger projects this will dramatically increase the extraction area (up to 200 km2 for Maasvlakte II ). In such
cases, the depth restriction has recently been dropped under certain conditions.

1.3. Natural seabed dynamics
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Table 1.1: Rhythmic seabed patterns in the offshore areas of shallow shelf seas.
pattern
wavelength height
crest orientation w.r.t. tide
tidal sandbanks1
1-10 km
tens of m slightly counterclockwise?
shoreface-connected ridges1
1-10 km
1-10 m
upcurrent along the coast†
long bed waves2
1.6 km‡
5 m‡
60◦ counterclockwise‡
tidal sandwaves3
100-500 m
1-10 m
perpendicular
megaripples4
tens of m
0.1-1 m
perpendicular
? Northern Hemisphere, † seaward ends of the ridges are oriented upstream of their attachments to the shoreface (with respect to mean storm-driven current), ‡ observations from the
access channel to Rotterdam harbour. Sources: 1 Dyer and Huntley (1999), 2 Knaapen et al.
(2001b), 3 Terwindt (1971), 4 Allen (1984).

Projects exceeding 10 Mm3 are termed large-scale; in these cases additional
legal constraints exist (Hommes, 2004).

1.3

Natural seabed dynamics

The offshore seabed of shallow shelf seas like the North Sea is covered with a
wide variety of rhythmic seabed patterns of different length scales (Table 1.1).
In the potential sand extraction areas, outside the 20 m depth contour, tidal
sandbanks, sandwaves or even both are likely to occur. These features may even
directly serve as sources of sand.
Tidal sandbanks are the largest of the offshore features. They have lengths of
several tens of kilometers, a spacing up to 10 kilometers and a height of several
tens of meters (Dyer and Huntley, 1999). The formation of tidal sandbanks can
be explained as a morphodynamic instability of a flat seabed subject to tidal flow
and sediment transport (Huthnance, 1982ab; De Vriend, 1990; Hulscher et al.,
1993). The underlying hydrodynamic mechanism tidal rectification describes
how tidal flow over a bank is deflected as a result of friction-topography and
Coriolis-topography interactions (Section 2.3.4). This also explains the usually
counterclockwise orientation of the bank crests with respect to the tidal current
at the Northern Hemisphere. Little is known on the morphodynamic processes
that shape and maintain tidal sandbanks in equilibrium. Roughly of similar
dimensions are the shoreface-connected ridges, which exist closer to the coast.
The morphodynamic processes also differ, with a crucial role for the shelf slope,
the shoreface and storm events (Van de Meene, 1994; Trowbridge, 1995; Calvete
et al., 2002; Walgreen et al., 2003).
Sand waves are smaller than sandbanks, but more dynamic and also prominently present throughout the North Sea. They have a crest spacing of several
hundreds of meters, a height of several meters, and an almost perpendicular
orientation with respect to the flow. They are often covered with the smallerscale megaripples (Terwindt, 1971). Also sandwaves have been explained as
a free instability of a flat, yet mobile seabed subject to tidal flow (Hulscher,
1996, Komarova and Hulscher, 2000, Gerkema, 2000, Németh et al., 2002, Besio
et al., 2003ab). This linear instability is driven by residual flow circulations in
the vertical. The finite-amplitude dynamics of sandwaves has been investigated
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by both Komarova and Newell (2000) in the weakly nonlinear regime, and more
recently by Németh (2003) in the strongly nonlinear regime. Besides sandbanks
and sandwaves, the North Sea also exhibits long bed waves, that is, bed features
of intermediate wavelength (Knaapen et al., 2001b).

1.4

Research questions, methodology and outline of the
thesis

In the following, we introduce seven research questions, along with the methodology and a brief outline of the subsequent chapters of this thesis. The first
aims at assessing the state-of-the-art knowledge.
Q1. What is known about the long-term morphodynamic effects of large-scale
sand extraction in coastal waters?
This question is answered via literature study, presented in Chapter 2. As it
turns out, most of the knowledge is obtained using process-based morphodynamic models, in which the potentially dynamic relation between sandpits and
rhythmic patterns is ignored. For example, a sandpit is usually represented
in a flat seabed. The geometrical resemblance suggests that knowledge on the
dynamics of tidal sandbanks may contribute to our understanding of the morphodynamics of large-scale sandpits. The subsequent research questions are
based on this idea, first by focusing on the geometrical aspects.
Q2. How do the morphodynamic mechanisms of tidal sandbanks, usually studied for patterns of infinite spatial extent, behave around local topographic
features?
This item explicitly refers to the morphodynamic models that have been developed to explain the formation of tidal sandbanks as an inherent instability of
a flat seabed (Huthnance, 1982a; De Vriend, 1990; Hulscher et al., 1993). We
adopt a similar process-based modelling approach, aimed at exposing fundamental processes and mechanisms in an idealized setting. Chapter 3 gives qualitative
insight in the evolution of a local topographic feature, without focusing on its
geometrical details, which will be part of the subsequent analysis.
Q3. How does the short-term development of a large-scale sandpit depend on
the details of its geometry?
Chapter 4 contains an application of the theory developed in Chapter 3 to sandpits, particularly focusing on the implications of the degrees of freedom in pit
design, such as pit length, width and orientation. This approach includes the
dynamics of tidal sandbank formation, and it considers sandpits as an intervention in a flat seabed. As such, the relation with sandbanks in morphodynamic
equilibrium is ignored. However, as noted in Section 1.3, a theoretical framework describing tidal sandbanks in equilibrium does not exist. The following
research question aims at filling this gap.

1.4. Research questions, methodology and outline of the thesis
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Q4. What are the crucial morphodynamic processes determining the equilibrium state of tidal sandbanks?
Answering this question requires a process-based morphodynamic model capturing the physics of sandbank formation and capable of performing long-term
runs, to obtain such an equilibrium. Most of the available numerical simulation packages have difficulties in both respects, which motivates our choice for
an idealized modelling approach. In Chapter 5, we develop a nonlinear model
that describes bank profiles in equilibrium, extending earlier theories describing
their formation. The emphasis is on the cross-sectional shape of these profiles
as well as its relation to the physics of the tidal flow and sediment transport.
We validate it qualitatively against topographic data of sandbanks throughout
the North Sea.
Q5. What is the morphodynamic impact of sand extraction from sandbanks in
equilibrium? Does a sandbank recover after part of it has been dredged?
Chapter 6 uses the equilibrium profiles obtained previously (Chapter 5) as a
starting topography to model the effects of sand extraction. The nonlinear
nature of the model enables us to study several practical aspects of sand extraction. Examples are the effects of pit depth, extraction location (crests, flanks
or troughs) and pit shape (wide, shallow pits or narrow and deep ones).
Q6. By relating the hydrodynamics and morphodynamics of sandpits to existing knowledge on the dynamics of tidal sandwaves, what are the crucial
mechanisms determining the short-term development of sandpits?
This topic, addressed in Chapter 7, is actually the sandwave analogon of Q3. To
that end, we now focus on spatial scales (hundreds of meters rather than kilometers) and morphodynamic mechanisms (sandwaves rather than sandbanks)
different from the ones discussed so far. On the basis of existing morphodynamic
models regarding sandwave formation (see Section 1.3), we develop a model to
describe the evolution of local topographic features. Application to a navigation trench or an offshore sandpit allows us to investigate where the results differ
from an earlier study in which sandwave dynamics have been ignored.
Q7. How can the results of this thesis contribute to policy and management
regarding offshore sand extraction?
Summarizing the results of this thesis, Section 8.2 presents an inventory of
the different approaches followed in this thesis. It identifies the differences
and similarities regarding spatial scales, physical mechanisms, geometry and
degrees of freedom in pit design. Based on these properties we investigate the
potential role of these models in the policy and management regarding offshore
sand extraction. Besides the discussion of Q7, Chapter 8 also contains the
conclusions and recommendations.
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Chapter 2

Morphodynamic effects of offshore sand
extraction. Literature review?
Abstract: We review the existing knowledge on the long-term morphodynamic impact of large-scale, offshore sand extraction. Due to the development of the sand
market and the present (Dutch) legislation, extraction areas are likely to be created
at offshore locations in the North Sea, several kilometers wide and a few meters deep.
It is useful to distinguish between trenches and pits, and to consider the impact on
hydrodynamics and morphology separately. Trenches decelerate and deflect the flow;
pits tend to display flow contraction. Morphodynamically, trenches and pits display
migration, deformation and a gradual deepening or refilling at the center. The potentially dynamic interaction between sand extraction and rhythmic seabed patterns,
such as tidal sandbanks and sandwaves, requires further investigation.

2.1

Introduction

The North Sea is an example of a shallow shelf sea which is increasingly used for
human purposes. A striking example of this growing activity is sand extraction.
In the near future, the amount of extracted sand is expected to increase, possibly
up to ten times the current amount. This will lead to deepened navigation
trenches or large-scale sandpits in the North Sea, which constitute a significant
disturbance of the seabed. However, the North Sea is also a natural system in
which hydrodynamic, biological, ecological and morphological processes interact
in a complex way. It is unclear whether and how these processes are affected by
sand extraction. The government, responsible for issuing the permits for these
projects, is concerned as to whether sand extraction has a negative impact on
the North Sea and the coast.
In this literature study we restrict ourselves to the long-term morphodynamics, that is, the interaction between hydrodynamics, sediment transport and
morphology on a time scale of decades to centuries. Furthermore, the present
legislation restricts sand extraction to offshore locations. The research question
of this literature study therefore reads: What is known about the long-term
morphodynamic impact of large-scale, offshore sand extraction?
? The contents of this chapter, along with Sections 1.2 and 1.3 of Chapter 1, have been published as CE&M research report 2004W-002/WEM-001, University of Twente, The Netherlands.
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Table 2.1: Overview of the field experience regarding marine sand extraction.

size hpit?
h0 †
refill time, observations
3
Mm
m
m yr
Scheveningen1
1964
0.02
2
7–10 0.5, flattening slopes
Tosa Bay (Jap)2
1978–
0.4‡
5–7
5–7 severe wave-induced erosion
Loswal/Stevin pit3
1981–83
0.06
6
15.5 0.6, both sand and silt
Louisiana (US)4
1983
2.5
3–6
10 wavy pattern on the beach
Kyushu (Jap)5§
1983
1–2
2–6 15–40 shallow pits affect shoreline
Ameland3
1990
0.14
7
9 1.0, migration 20 m yr−1
Ameland (ctd.)3
1992–93
0.25
4
10 0.5, migration
Terschelling3,6
1993
2.5
2
> 20 no activity in 4 years
Bloemend./Zandv.3
1993–94
7 already closed after 8 days\
Heemskerk3
1996–97
0.15
8
7–8 0.6, cross-shore refilling\
Sylt (Ger)7
6
14 more stable than expected
Wadden Sea (Ger)7
1994–98
- stable over 4 years
Pakiri beach (N-Zl)8
1993–
0.1‡
< 8 weaker recovery from storms
Hook of H/putmor9
99–2000
6.5
10
24 flow contr., no morph.evol.]
? Pit depth, † water depth, ‡ per year, § several pits, \ artificially refilled, ] monitoring period
(five months) too short to detect significant morphological changes. Sources: 1 Svašek (1965),
2 Kojima et al. (1987), 3 Hoogewoning and Boers (2001), 4 Combe and Soileau (1987), 5 Uda
et al. (1995), 6 Van Dalfsen and Essink (1997) and Van Dalfsen (1998), 7 MAGIS (n.d.), 8 Hesp
and Hilton (1996), 9 Hoogewoning (2000), Svašek (2001abc).
site

year

In Section 2.2 we briefly discuss the different ways to approach the problem
(the sand market and legislation have been described in Section 1.2). As it turns
out, most of the present knowledge on the impact of large-scale sand extraction
has been obtained from process-based modelling. Section 2.3 discusses the hydrodynamic results of these models, whereas the effects on sediment transport
and morphology are presented in Section 2.4. Finally, Section 2.5 contains the
conclusions and an outlook on future research.

2.2

Background

2.2.1 Field experience, expert opinions and modelling
In the past, several pits have been created and monitored, both in the Dutch
part of the North Sea and elsewhere around the world (Table 2.1). Most of the
pits are relatively small, located in nearshore waters and nearly all tend to fill in
with sand from the surrounding area, in the course of several years. It also shows
examples where nearshore sand extraction did or did not cause coastal damage.
Only recently, a deep pit in front of Hook of Holland (500 m × 1300 m × 10 m,
see Table 2.1) has been extensively monitored by the Directorate North Sea of
the Netherlands Ministry of Transport, Public Works and Water Management,
and the National Institute for Coastal and Marine Management during half a
year, aiming at hydrodynamics, water quality and morphology. The morphological evolution was small, showing weak migration and sedimentation at the
pit slopes. The results from this putmor experiment have been documented
by Hoogewoning (2000) and Svašek (2001abc), and the results have been used
by Walstra et al. (2002ab, 2003) to validate a numerical study (to be discussed
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Figure 2.1: Definition sketch with top views of (a) a trench, (b) a pit, and (c) a
side view of a cross-section along the pit axis (denoted with a dashed line). The
flow can approach the pit and trench either along this axis or at an oblique or even
perpendicular angle.

in Sections 2.3.3 and 2.4.4). For even larger pits farther offshore, the behaviour
of which may differ from the smaller pits discussed so far, no information is
available from the field.
The unfortunate lack of large-scale and long-term information from the truly
offshore field explains why most of the research on sandpits in such an environment has been obtained from process-based morphodynamic models. This approach also allows to investigate the effects of different pit designs, such as wide
and shallow pits versus narrow and deep pits. This can be done in a site-specific
or more idealized setting, usually numerically but also analytically.
Two alternative approaches exist. Based on a physical scale model, Migniot
and Viguier (1980) conclude that extraction at shallow depths (< 11 m) could
lead to beach drawdown, and that the annual deposition in a pit at deeper
water (20 m) is less than 5% of its volume. The risk analysis by Dijkman
et al. (1999) discusses the morphodynamic impact of both the land reclamation project Maasvlakte II and the corresponding sand extraction, based on
interviews with experts. The considerable differences in expert opinions emphasize the uncertainty and complexity of predicting the impact of such large-scale
projects.
2.2.2 Geometry of pits and trenches
The following characteristics of sand extraction areas are important: horizontal
dimensions, water depth and pit depth, orientation with respect to the flow,
location, and its position with respect to rhythmic seabed patterns. Usually,
they are modelled as rectangular boxes with length L, width B and depth
hpit , with a parallel, perpendicular or oblique orientation with respect to the
principal direction of the flow (Figure 2.1). It is useful to distinguish trenches,
being more elongated in one horizontal direction from pits (for large B, the pit
in Figure 2.1b transforms to a trench in Figure 2.1a). The pit slopes are either
given a mild slope (Figure 2.1c) or taken vertical. Exceptions are the studies
by Van de Kreeke et al. (2002) and Roos et al. (2001), who studied trench and
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pits, respectively, with a Gaussian cross-sectional shape. An alternative way is
to consider the cross-shore and longshore pit dynamics with separate models,
thus ignoring the interaction (Ribberink, 1989; Walstra et al., 2002b).
The surrounding seabed is usually modelled as fully flat, at a depth h0 . As an
exception, the simulations with the cross-shore model unibest-tc by Ribberink
(1989) and Walstra et al. (2002b) considered a pit on a sloping seabed, closer
to the shore. More details are given in Table 2.2. Finally, from the geometry
it is already apparent that all approaches ignore the potentially dynamic relation with seabed patterns, such as sandbanks and sandwaves. These patterns
have been introduced in Section 1.3, and their role will be discussed further in
Sections 2.3.4 and 2.4.5.

2.3

Hydrodynamic response

2.3.1 Introduction and equations
The hydrodynamic response consists of effects on (tidal) currents and waves.
The fact that the horizontal length scale of the problem (order 102 m − km)
exceed the vertical length scale (tens of m), motivates a depth-averaged flow
approach. This implies that processes as stratification and vertical flow circulations are neglected. Stratification is only expected to occur for extreme pit
depths, where stagnant water may harm flora and fauna due to a low oxygen
content (Hoogewoning and Boers, 2001). Being confined to the vicinity of river
mouths, estuarine circulations are not considered relevant for offshore locations.
Although it is recognized that creating a sandpit may lead to differences in
the roughness inside and outside the pit, the common approach is to adopt a
uniform roughness. More details in Table 2.3.
The depth-averaged flow equations can be written as
∂ζ
∂u
∂u
∂u
τbx
+
+u
+v
− fv +
= 0,
∂x
∂t
∂x
∂y
ρh
∂ζ
∂v
∂v
∂v
τby
g
+
+u
+v
+ fu +
= 0,
∂y
∂t
∂x
∂y
ρh
∂(hu) ∂(hv)
+
= 0.
∂x
∂y

g

(2.1)
(2.2)
(2.3)

Here, g is the gravitational acceleration, ζ the free surface elevation, u = (u, v)
the depth-averaged flow velocity in x- and y-direction, respectively, f the Coriolis parameter, h the local water depth, τ b = (τbx , τby ) the bottom friction vector,
and ρ the density of water. The rigid-lid approach, neglecting the contribution
of ζ to the local water depth, is valid since the Froude number is small. The
bottom friction can be modelled linearly or nonlinearly, according to
τ lin
b = ρru,

τ nonlin
= ρcD |u|u =
b

ρg
|u|u,
C2

(2.4)

respectively. Here, r is a linear friction coefficient (dimension m s−1 ) and the
nonlinear friction has been formulated in terms of both the Chézy coefficient C

2.3. Hydrodynamic response
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(dimension m1/2 s−1 , common in engineering models) and a drag coefficient cD
(nondimensional, common in oceanography), for which holds: cD = g/C 2 . More
details in Table 2.3. In the following we separately discuss the hydrodynamics
of trenches and pits.

2.3.2

Trench

The hydrodynamic analysis simplifies considerably in the case of a trench (Figure 2.1a). Variations in the along-trench coordinate (here taken as the ycoordinate) can then be neglected. As a result of this and of the rigid-lid approximation, the cross-trench flow is governed by the continuity equation (2.3),
which reduces to
utr
h0
=
< 1.
(2.5)
u0
h0 + hpit
It shows that the flow decelerates keeping the cross-trench water flux hu constant. In the case of flow perpendicular to the trench, this completes the depthaveraged hydrodynamic analysis (Figure 2.2a).
For an obliquely attacking flow, the along-trench flow is then governed by
the momentum equation (2.2). The larger depth inside the trench will decrease
the effect of bottom friction, thus enhancing the along-trench flow. As shown
by Jensen et al. (1999a), this results in a refraction pattern, deflecting the flow
in the along-trench direction when entering the trench. When flowing out of the
trench, the current is gradually deflected back to the undisturbed flow angle.
Three-dimensional effects can not be captured by the depth-averaged approach described so far. Using a numerical analysis with a detailed k-²-model,
Jensen et al. (1999a) show that a corkscrew type of vortex appears in case flow
separation occurs at the border of the trench. For a discussion of the Coriolis
force and the oscillatory nature of tidal flow we refer to Sections 2.3.3 and 2.3.4.
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Table 2.2: Overview of model studies, regarding geometry.

ref.

model

L
B
hpit
h0
angle
dim.
◦
km
km
m
m
a1
waqua
2–5
0.1–1.0
1–5 10–20
0
2DH
b2
waqua
2–20
2–20
2–20
20
0–60
2DH
c1
lomor
2–5 trench?
1–5 10–20
0, 90
1DH?
d3
sutrench
1.2
trench
10–20 10–20
20
Q2DV
e1
unibest-tc†
0.1–1
trench
1–5 10–20
Q2DV
f3
unibest-tc†
0.45
trench
10 10–20
Q2DV
g4
delft3d
2–100
5–10
2–10
20 -45–45
2DH
h5
delft3d‡
1.3
0.5
10
24
- 2DH,3D
i6
Jensen et al.
(30–110)h0
trench (1–4)h0
arb.
arb. 2DH,3D
j7
V.d.Kreeke et al.
0.1–1
trench§
hpit ¿ h0
0
1DH
k8
Roos et al.
arb.§
arb.§
hpit ¿ h0
arb.
2DH
? Flow contraction can be included parametrically, † cross-shore wave model for sloping
shoreface, ‡ simulating putmor-experiment (see Table 2.1) and nested in larger-scale models, § Gaussian shape. Sources: 1 Ribberink (1989), 2 Svašek (1998), 3 Walstra et al. (2002b),
4 Klein (1999), 5 Walstra et al. (2002a), 6 Jensen et al. (1999ab), 7 Van de Kreeke et al. (2002),
8 Roos et al. (2001). Note: also Allersma and Ribberink (1992) and Hoitink (1997) have
published results with sutrench.

2.3.3 Pit
Unlike the trenches described in the previous subsection, pits display flow contraction. The streamlines of the depth-averaged flow converge inside the pit,
thus increasing the water flux inside the pit. The flow along the pit axis displays the following rather complicated behaviour (Figure 2.2b): (1) it accelerates
before entering the pit, (2) decelerates rapidly when entering the pit, (3) gradually accelerates again to attain a local maximum upit inside the pit, (4) then
decelerates towards the end of the pit, where (5) it accelerates rapidly to (6) decelerate again gradually towards the undisturbed velocity u0 . This numerically
obtained profile can be supported by the following theoretical considerations.
continuity forces the flow, when entering the pit in step (2), to decelerate.
Conversely, the flow is accelerated when leaving the pit. Based on crossbank continuity, we find
u(2+)
u(5−)
h0
=
=
< 1.
u(2−)
u(5+)
h0 + hpit

(2.6)

Here, u(2−) and u(2+) are the flow velocities before and after entering the
pit, u(5−) and u(5+) the flow velocities before and after leaving the pit (see
also Figure 2.2b).
reduced friction inside the pit, due to the increased depth, causes a tendency to attain higher velocities in step (3). A so-called far-field approach
(Ribberink, 1989; Svašek, 1998), with the Chézy friction law, results in
Cpit
uff
=
u0
C0

µ
¶1/2 µ
¶2/3
hpit
hpit
1+
= 1+
> 1.
h0
h0

(2.7)
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Table 2.3: Hydrodynamic and morphodynamic overview of model studies.
ref.

flow type

Coriolis

bed fr.

waves

sediment transp.

time
yr
a1
tidal (quasi-stat.)
no
Chézy
using c and e?
15
b2
steady, tidal
no
Chézy
c1
steady, tidal
Chézy
no
Bailard, Galapp.
40
d3
tidal
no
cur.+wav.
yes
Van Rijn
10
e1
waves only
- cur.+wav.
yes
Bailard
40
f3
waves only
- cur.+wav.
yes
Van Rijn
10
g4
M0 , M2 , M4
off/on
Chézy
- Bijker (tot. load)
103
h5
tidal
yes
Chézy
yes
Van Rijn
1
i6
steady†
no
C.-White
M.-P.M., Fredsøe
j7
M2 +small M0 , M4
no
Bagnold + susp.
-‡
k8
M0 , M2 , M4
yes
linear
no
Van Rijn-type
-‡
? Morphodynamics from separate models in longshore and cross-shore direction, † k-²turbulence model, ‡ linear approach valid until ratio hpit /h0 is no longer ‘small’. Sources:
see caption of Table 2.2.

Here, uff represents the far-field velocity. In the second equality, following
1
Svašek (1998), Strickler’s law C ∝ h 6 is adopted. The pit length should
exceed the adaptation length, to be discussed below. The principle of
reduced friction causes the flow to already accelerate before entering the
pit. This pressure-driven lateral inflow can be analysed using a potential
flow analysis (Svašek, 1998) and is termed kopeffecten by Ribberink (1989).
adaptation length is used to describe the acceleration in step (3) (De Vriend
and Struiksma, 1984; Ribberink, 1989; Svašek, 1998; Klein, 1999). A onedimensional balance between advection and friction in (2.1) shows that
the velocity inside the pit is given by
³
´
i1/2
h
,
u(x) = u2ff + u2(2+) − u2ff e−x/λadap

(2.8)

with uff from equation (2.7) and u(2+) denoting the velocity after crossing
the pit border in step (2). The adaptation length λadap , actually the
e-folding length scale of the squared velocity? , is given by
λadap =

C 2 (h0 + hpit )
h0 + hpit
=
,
2g
2cD

(2.9)

with C the Chézy parameter and g the gravitational acceleration. Hence,
for increasing bottom roughness (decreasing Chézy value), the adaptation
length shortens, which was numerically verified by Svašek (1998). They
report a value of 3.8 km and also give a correction to λ to account for the
pit width. De Vriend and Struiksma (1984) find for steady flow, with a
linearized friction formulation, λ = 21 u0 /r, in which r is the linear friction
coefficient introduced in equation (2.4).
? This originates from the nonlinear nature of the advection and friction terms in equation (2.1).
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Steps (4) and (6) in Figure 2.2b receive no attention. The theoretical considerations are complicated by several factors: the finite width of the pit, Coriolis
effects, the oscillatory nature of tidal flow and three-dimensional effects.
Whether the theoretical maximum uff is indeed attained inside the pit, not
only depends on the ratio of pit length and adaptation length, but also on the
extent to which the pit geometry allows for lateral inflow. From numerical studies, this maximum velocity has been found to exceed the undisturbed velocity u0
when L/B is larger than a critical ratio between 2–5 (Svašek, 1998; Klein, 1999).
This may be important in connection with stratification, but also with the sediment transport capacity and hence with the morphological evolution. However,
these results are based on a small number of simulations, so the exact dependence on B, L, h0 and hpit and the bottom parameters remains unclear from
the literature.
The Coriolis force causes a deflection of flows as a result of the rotation of the
Earth. Especially around larger pits, it can be expected to play a significant role
(see terms in f in equations (2.1) and (2.2)). Klein (1999) found that the Coriolis
force compensates inertia for a counterclockwise pit orientation, and amplifies
inertia for a clockwise pit orientation. This agrees with the vorticity production
mechanisms related to tidal sandbanks, to be described in Section 2.3.4.
Tidal flow differs from steady flow due to its oscillatory nature. This means
that also the acceleration terms ∂u/∂t and ∂v/∂t in the momentum equations (2.1) and (2.2) may play a role. Ignoring these terms reduces tidal flow to
a sequence of steady flows. Ribberink (1989) argues that this quasi-stationary
approach is justified for small pits. With a simplified one-dimensional approach,
Svašek (1998) derive analytically, that the flow inside the pits considered in their
study has a larger amplitude and a small phase lag (at most 16 minutes) with
respect to the undisturbed tidal flow. This effect on amplitude and phase is
found to increase with pit depth and decrease with pit width. A sandpit can
also locally affect the tidal asymmetry and residual current (Salden, 1995), due
to faster propagation of a tidal wave over deeper water. Tidal asymmetry is
known to be important in relation to sediment transport and morphology.
Three-dimensional effects further complicate the hydrodynamics. Walstra
et al. (2002a) conducted a numerical study, with both a two-dimensional depthaveraged approach and a three-dimensional approach. Validation against the
data from the putmor experiment (Svašek, 2001abc) gave best agreement for
the three-dimensional model. The depth-averaged model appeared to underestimate the flow contraction.
The hydrodynamics in the area surrounding the pit are also affected by the
pit. Klein (1999) describes deceleration areas next to the pit, whereas Ribberink
(1989) notes that the tidal strength decreases next to the pit. Hoogewoning
(1997) mentions a horizontal influence of about 10 km.
2.3.4 Relation with sandbanks: tidal rectification
Large-scale sandpits and trenches can geometrically be interpreted as an inverted sandbank. This opens a vast amount of literature describing the hydro-
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dynamic (and morphodynamic) processes around offshore tidal sandbanks (Section 1.3). The deflection of a tidal current over a sandbank is termed tidal rectification (for example, see Loder, 1980; Zimmerman, 1981; Huthnance, 1982ab;
Robinson, 1983; Pattiaratchi and Collins, 1987; De Vriend, 1990; Hulscher et al.,
1993; Dyer and Huntley, 1999). It includes the Coriolis force, the oscillatory nature of tidal flow, bottom friction and obliqueness of the flow. Tidal rectification
can be explained in terms of the depth-averaged vorticity η ≡ ∂v/∂x − ∂u/∂y,
which is a measure for the degree of rotation and deflection in the local flow
field. Using the linear parametrization of the bottom friction (2.4), we combine
the flow equations (2.1)-(2.3) into a vorticity equation:
∂h
∂h
u ∂h
v ∂h
∂η ∂(uη) ∂(vη) rη
∂x + v ∂y
∂x − u ∂y
+
+
+
=f
+r
.
∂t
∂x
∂y
h
h
h2

(2.10)

It shows that vorticity is accelerated, advected and dissipated by bed friction.
Moreover, the righthand side of (2.10) contains two sources of vorticity: Coriolistopography and friction-topography interactions. The former pertains to the
longitudinal component of the bed slope, that is, parallel to the direction of
the flow (column squeezing). The latter deals with its transverse component,
that is, perpendicular to the flow. For an oblique flow, both mechanisms act
simultaneously and the resulting vorticity turns out be strongest for a cyclonic
orientation of a sandbank† . Finally, higher order tidal components can be generated by the nonlinear advection term, and also by bottom friction if a nonlinear
parametrization is employed. These contribute to tidal asymmetry which is important in relation to the tidally averaged sediment flux. The morphodynamic
implication of tidal rectification is the formation of tidal sandbanks (Section 1.3).
A preliminary study shows that a sandpit may indeed display behaviour similar
to tidal rectification (Roos et al., 2001).
2.3.5 Wave effects
Sand extraction may also affect the wave field. Of particular morphological importance is the decrease in the near bed orbital wave velocities, as a result of the
deeper water column inside the trench and pit (Ribberink, 1989; Hoogewoning
and Boers, 2001; Van Rijn and Walstra, 2002).
The effects of a trench on waves have been summarized by Hoogewoning and
Boers (2001) and Van Rijn and Walstra (2002). Waves propagating parallel to
a trench will be lower, but propagate faster. Also perpendicularly propagating
waves will be lower inside the pit. They may reflect, but this is only expected
to occur for slopes steeper than 1:7. Waves approaching obliquely experience
shoaling and refraction and may be trapped within the trench. The literature
is unclear about the influence of water depth and pit depth. To what extents
these mechanisms also hold for a pit, depends on its shape and size.
Maa and Hobbs (1998) studied the wave effects of dredging a shoal (1500 m
× 1500 m, depth 2 m) about 5 km off the Virginia coast. Numerically simulating
† Cyclonic

means counterclockwise in the Northern Hemisphere.
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Figure 2.3: Morphological loop, expressing the indirect impact of a sandpit.

three events (regular waves, severe sea, most severe sea) for six different directions, they found that a pit of this dimension does not alter the wave climate
significantly. From a numerical experiment with a very large pit (200 Mm3 ),
Kuijper (1997) found that the corresponding increase in wave height landward
of the pit is not noticeable at the coast. Hoogewoning (1997) concludes that the
sandpits he considered farther offshore are unlikely to affect wave set-up and
increased peak period in such a way to pose a significant threat to the shore.
Recently, several site-specific studies have been published concerning the effects of offshore dredging in US Federal waters (Drucker et al., 2004). The (potential) dredging sites under consideration are located offshore Alabama (Byrnes
et al., 2004b), New Jersey (Byrnes et al., 2004a), Maryland, Delaware (Maa
et al., 2004), and Louisiana (Stone et al., 2004). These studies mainly deal
with nearshore wave effects, which are found to depend on the conditions (fair
weather or storm) and the amount of dredged sand (single or repeated removal
of sand). For example, removing Ship Shoal offshore Louisiana would release
a huge amount of sand (1.1 · 103 Mm3 ) which may affect the significant wave
height by as much as 90%-100% in storm conditions, as it considerably moves
the position of the breaker line. However, the impact is considerably smaller in
fair weather (Stone et al., 2004).

2.4
2.4.1

Morphological response
Direct and indirect impact

Creating a sandpit has both a direct and an indirect morphological impact.
The direct impact is rather straightforward as the bed level is locally reduced,
possibly removing rhythmic features such as sandwaves and megaripples. On a
smaller scale, the bed roughness as well as the grain size distribution are also
affected directly.
The indirect morphological impact is a result of the feedback mechanism
known as morphological loop (Figure 2.3): a sandpit perturbs the hydrodynamics (currents and waves), triggering sediment transport and, as a result of the
divergences in transport, the bottom topography changes. In turn, this modifies the hydrodynamics again, and so on. Clearly the time scale of the indirect
morphological impact is determined by the slowest process in this chain, that
is, the sediment redistribution.
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2.4.2 Sediment transport
The seabed consists of different types of sediment that can be transported in
different modes: rolling or sliding along the sea bed (bedload) and carried in suspension by the flow (suspended load). Which of these mechanisms predominates
depends on flow and sediment characteristics. For offshore locations, transport
is tide-dominated with the waves responsible for the stirring of the sediment.
The studies under consideration assume noncohesive sediment of uniform grain
size.
Transport of cohesive sediment is not included in the morphodynamic models, since the state of the art hardly provides a theoretical framework. More than
the transport of other material, the transport of fine sediments in the North Sea
is strongly source-related. In front of the Dutch coast, this transport mainly
takes place in the so-called coastal river, which is flowing northward. Hoogewoning (1997) states that inside a pit, due to the reduced flow strength and the
smaller effect of waves on the bed, silt sedimentation is possible. However, this
requires rather deep pits as navigation channels of 5 m depth in reality have
already shown not to trap mud.
2.4.3 Trench evolution
The morphodynamics of a trench with a nearly perpendicular flow angle display
migration and a deformation of the cross-sectional shape.
Migration takes place in the direction of the tidal asymmetry or the residual current, that is, northward on the Dutch Continental Shelf. According to
Ribberink (1989), Allersma and Ribberink (1992) and Hoitink (1997), migration
rates are highest for extraction at shallow water depth. Allersma and Ribberink
(1992) mention ‘high’ estimates of 10 m per year for extraction at -14 m, down
to 0.5 m per year at -25 m.Furthermore, deep and narrow pits migrate less than
shallow and wide ones, and the details of the slope angles play a minor role
(Walstra et al., 1998).
Van de Kreeke et al. (2002) obtain a linear advection-diffusion equation for
the bed profile. The advective part describes migration, whereas the diffusive
part gives increase in width. For the access channel to the Port of Amsterdam,
they find migration rates of 2.3–4.5 m per year and a rate of increase of halfwidth
of 0.4–2.5 m, both depending on the mode of transport (bedload and suspended
load, respectively). Deformation of the initially Gaussian cross-sectional shape
is explained as a higher order effect. Also Ribberink (1989) finds this diffusive
behaviour, with a linear analysis, considering a navigation channel perpendicular
or parallel to the direction of the tide in combination with suspended load.
Finally, Jensen et al. (1999b) note that three-dimensional effects enhance
the sedimentation at the upstream slope, which affects both migration and deformation.
2.4.4 Pit evolution
In the pit evolution three main aspects can be identified: migration, evolution
of the pit slopes and whether its center displays erosion or deposition.
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Migration, defined as the displacement of the pit center in time, can be
expected as a result of tidal asymmetry or residual currents. For realistic North
Sea conditions and from a calculation over 1000 years, Klein (1999) reports
migration rates of 2–9 m per year. Taking a symmetrical M2 -tide, he also finds
a slight migration, but now in the ebb-direction, which is due to the reduced
friction under lower water during ebb. Ribberink (1989) also observes a weak
migration of the pit. The shoreward migration is wave-dominated and of the
order of 1–2 m per year (Holland Coast). For a pit located at a depth of 14 m
it would take about 200 years to reach the 10 m depth contour.
Pit slopes tend to flatten, thus increasing the effective surface area of the pit
(Ribberink, 1989; Hoogewoning, 1997; Klein, 1999). The slopes will be milder
in the direction of migration and the flattening will be stronger for increasing
hpit /h0 . This leads to a gradual smoothening of the initial velocity profile
depicted in Figure 2.2b (Ribberink, 1989).
An important issue is whether the pit center experiences erosion or deposition. Generally, wider pits show sedimentation (Hoogewoning and Boers, 2001;
Ribberink, 1989), whereas narrower ones deepen slightly (Ribberink, 1989). For
increased wave effects the tendency to refill is enhanced. Based on qualitative
considerations, Hoogewoning (1997) expects that all bedload entering the pit
will be trapped, and suspended load only partially. The sediment trapping is
due to the lower velocities inside the pit and the reduced orbital wave velocities
near the bed.
Flow contraction causes cross-shore transport (Walstra et al., 2002b) and
implies flow divergence between the pit and the coast. For a specific site along
the Dutch coast (Scheveningen), Ribberink (1989) predicts small erosion and
deposition rates of 0.02-0.2 cm per year North and South of the pit, respectively. For longer periods (over 40 years) the separate treatment of longshore and
cross-shore dynamics is not justified (Ribberink, 1989; Walstra et al., 2002b).
On such time scales, also effects like sea level rise are likely to play a role
(Ribberink, 1989). With a three-dimensional hydrodynamic model, rather than
a depth-averaged one, Walstra et al. (2002b) find a slightly stronger morphological evolution.
Based on the results by Ribberink (1989), Van Alphen et al. (1991) report
that offshore sand extraction landward of the 16 m isobath may affect the coastline within a century. Landward of the 10 m depth contour, this may even occur
within a couple of years (Ribberink, 1989). Due to the relatively large error margins, the political implication of this work is that sand extraction landward of
the 20 m isobath is currently not allowed in the Netherlands.
2.4.5 Relation with seabed patterns
Sand extraction is likely to occur in areas with tidal sandbanks and/or sandwaves. These may be directly involved, but also indirectly through the underlying morphodynamic mechanisms which form and maintain these patterns (see
also Section 1.3).
Especially large-scale pits show behaviour resembling the hydrodynamics
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(Section 2.3.4) and, hence, also the morphodynamics of tidal sandbanks. A preliminary study shows that a large-scale offshore sandpit may gradually deform
and elongate in the direction of the preferred sandbank orientation as well as
a gradual emergence of crests next to the pit (Roos et al., 2001). The erosion
and deposition pattern found by Klein (1999) also suggests such a deformation.
Also other studies show that an isolated hump (or pit) of small dimension may
extend itself into a preferred bank direction (Huthnance, 1982b) or into a starshaped pattern (De Vriend, 1987ab). Most theories on sandbank formation take
advantage of the fact that, initially, the ratio of bank amplitude and water depth
is small. This allows for a linear analysis in this small parameter. Regarding
sand extraction, the analogon of this is to carry out a linear analysis in the
parameter
²≡

hpit
¿ 1.
h0

(2.11)

The present Dutch legislation (hpit < 2 m, h0 > 20 m) appears to indicate
that this parameter is indeed small, except when extracting from shallow areas
outside the 20 m depth contour, such as crests of tidal sandbanks. Furthermore,
note that the depth restriction no longer holds for large-scale sand extraction
(Section 1.2)
Sand extraction can also be related to sandwaves (Section 1.3). Knaapen
and Hulscher (2002) showed how a simple amplitude-evolution model can help
optimizing (navigation) dredging strategies in sandwave areas. Finally, from
Hulscher and Van den Brink (2001) it can be inferred that creating a pit may
affect the characteristics of the seabed, for example turning an area without
sandwaves into one with sandwaves or vice versa.
Recently, De Swart and Calvete (2003) investigated the nonlinear response
of shoreface-connected sand ridges to interventions. They modelled the impact
of sand extraction, sand nourishment, and the dredging of a navigation channel
on an inner shelf, which contains shoreface-connected ridges in finite-amplitude
equilibrium (Calvete et al., 2002; Calvete and De Swart, 2003). After a largescale local removal of sand (∼ 2 Mm3 ), the system tends to return to its original
equilibrium state. This gradual process, taking several centuries, is attended
with an import of sand from both the outer shelf and the near-shore zone.
Hence it is concluded that dredging activities threaten beach stability.
Alternatively, Hayes and Nairn (2004) suggested that large-scale bed forms
may disappear (instead of recover) as a result of sand extraction. Dredging such
a feature locally reduces the effect of waves, which are considered to be responsible for the origin and maintenance of ridges and shoals in wave-dominated
environments (such as offshore Delaware and Maryland on the US East Coast).
However, as their reasoning is qualitative and supported by neither field evidence nor morphodynamic model results, Hayes and Nairn (2004) recommend
additional research to verify the proposed mechanisms.
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Conclusions and outlook

The study has shown the importance of pit size. Most information from the field
pertains to smaller pits in a nearshore environment, but, unfortunately, large
pits behave differently. This explains why a process-based modelling approach
has been frequently adopted to study large-scale pits in an offshore environment.
It is useful to distinguish trenches, elongated in one horizontal direction, from
pits with a more constrained spatial character in both horizontal directions. In
the former case, continuity governs the cross-trench flow, which considerably
simplifies the hydrodynamic analysis. For pits, the reduced effect of friction
on a deeper water column causes flow contraction. The morphodynamic model
predictions display migration, flattening of the slopes and a gradual backfilling.
At offshore locations, the role of wind waves appears to be restricted to their
effect on the stirring of sediment.
The notion that large-scale pit dimensions approximate those of tidal sandbanks, opens a vast amount of literature on the morphodynamics of tidal sandbanks. In particular, the underlying concept of tidal rectification can help to
further understand the hydrodynamics of sandpits, including elements as bottom friction, the Coriolis force, tidal asymmetry, as well as the orientation with
respect to the flow. The link with tidal rectification, along with the results
from several numerical studies, show that the orientation with respect to the
principal direction of the tidal current plays a role in the morphodynamics of a
sandpit. This requires further research.
Most studies consider sand extraction as an intervention in a flat seabed.
Consequently, the presence of rhythmic seabed patterns such as sandwaves and
sandbanks is ignored. So is the potentially dynamic interaction between sandpits
and the underlying morphodynamic mechanisms which form and maintain these
patterns. Particularly when the length scales of pit and pattern are of the same
order, such an interaction can be expected to play a role. The legislation for
extraction projects < 10 Mm3 , the ratio of pit depth and water depth is small,
which allows for a linear approach in the parameter ² ≡ hpit /h0 .
Investigating the nonlinear interaction between finite-amplitude seabed patterns is a further step toward answering more complicated questions. Does a
sandbank recover after part of it has been dredged? Should one dredge from
the crests, the flanks or from the troughs? Unfortunately, the state-of-the-art
knowledge does not provide a theoretical framework to answer these questions.
We recommend to fill this gap by process-based research into equilibrium states
of tidal sandbanks. The resulting equilibrium profiles can serve as a starting
point for further research on offshore sand extraction.
Acknowledgement: The author thanks Ad Stolk from the Directorate North Sea
of the Netherlands Ministry of Transport, Public Works and Water Management for
his comments.

Chapter 3

Large-scale seabed dynamics in offshore
morphology:
modelling human intervention?
Abstract: We extend the class of simple offshore models that describe large-scale
bed evolution in shallow shelf seas. In such seas, shallow water flow interacts with the
seabed through bed load and suspended load transport. For arbitrary topographies
of small amplitude we derive general bed evolution equations. The initial topographic
impulse (initial sedimentation and erosion patterns around an isolated feature on a
flat seabed) provides analytical expressions that provide insight into the inherent instability of the flat seabed, the Coriolis-induced preference for cyclonically oriented
features, and bed load transport being a limiting case of suspended load transport.
The general evolution equation can be used to describe sandbank formation, known as
the result of self-organization. Examples of human intervention at the seabed include
applications to a dredged channel and an offshore sandpit. An outlook toward future
research is also presented.

3.1

Introduction

The North Sea is a tidally dominated shelf sea in which complex morphodynamic processes take place. This can be seen from the variety of rhythmic
patterns on different length scales that cover the North Sea bed (Knaapen
et al., 2001b; Hulscher and Van den Brink, 2001). In addition to this natural behaviour, man also uses the seabed in various ways, for example, navigation dredging, pipeline construction, and sand mining. The long-term fate of
such morphological intervention is unclear, as it may interfere with the natural
seabed dynamics that, despite considerable advances (Blondeaux, 2001), are not
yet fully understood.
We focus on an offshore tidally dominated environment and restrict our
study to large-scale seabed dynamics, i.e., on horizontal length scales of the
order of kilometers. Our goal is to derive evolution equations for arbitrary
seabed topographies, such as sandbank patterns, isolated sandbanks, dredged
? This chapter has appeared as Roos, P.C., and S.J.M.H. Hulscher (2003). Large-scale
seabed dynamics in offshore morphology: Modeling human intervention, Rev. Geophys. 41(2),
1010, doi:10.1029/2002RG000120.
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Linear modelling on
offshore morphodynamics

Topographic impulse response

isolated ridge
(1D-impulse)

dredged trench

6
isolated hump
(2D-impulse)

sandbank pattern
of infinite extent
(stability analysis)

-

offshore sandpit
(or sandbank of
finite hor. extent)

Figure 3.1: Schematic representation of linear modelling of offshore morphodynamics
and its relation to the topographic impulse response. The arrows show how the various
items can be derived from the impulse responses and how the impulse responses relate
to each other.

channels, or sandpits. This can be done by studying the topographic impulse
response: the initial bed response, i.e., initial sedimentation and erosion (ISE)
patterns, induced by an isolated topographic feature on an otherwise flat seabed
(Figure 3.1). The response to an arbitrary topography, which can be seen as
a superposition of such features, follows from the convolution integral of impulse response and topography. The impulse response, effectively containing
all information of a linear system, turns out to provide a link between studies
into natural seabed dynamics (sandbank formation) and studies into the morphodynamic impact of human intervention (dredged channel, offshore sandpit,
etc.). We focus on the class of linear, process-based, offshore models with a
two-dimensional horizontal flow model in combination with a sediment transport mechanism.
Past research within this class of models focused mainly on the formation
of tidal sandbanks, with a wavelength of several kilometers, a height up to
80% of the water depth, and a slightly cyclonic crest orientation with respect
to the tidal current (Dyer and Huntley, 1999). Huthnance (1982a) was the
first to explain their formation as a morphodynamic instability of a flat seabed
subject to tidal flow. Friction-topography and Coriolis-topography interactions
(Zimmerman, 1981; Loder, 1980; Robinson, 1983; Pattiaratchi and Collins, 1987)
over a wavy bed trigger a secondary flow, thus causing (bed load) sediment
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transport, which results in bank growth. Subsequent analyses have further
elaborated on this idea, considering more realistic flow conditions and alternative transport mechanisms (De Vriend, 1990; Hulscher et al., 1993). Huthnance
(1982a) described the evolution of wavy bed patterns of infinite spatial extent.
In a companion paper, Huthnance (1982b) described the evolution of a sandbank of finite horizontal extent. He investigated the impulse response to an
isolated hump but neglected Coriolis effects and considered only bed load transport. More recently, the same type of model was applied in relation to human
intervention at the seabed. Roos et al. (2001) used the results of a stability analysis to describe the evolution of large-scale offshore sandpits. Fluit and Hulscher
(2002) and Roos and Hulscher (2002) used similar models to describe the seabed
evolution induced by a gas-mined seabed depression. Recently, Van de Kreeke
et al. (2002) studied the evolution of a trench cross section subject to an asymmetric tide (perpendicular to the trench axis), leading to predictions of trench
migration and diffusion.
We will show that the various elements in the linear modelling of offshore
morphodynamics follow from the concept of impulse response, as depicted in
Figure 3.1, to either the isolated ridge (a one-dimensional impulse, as the topography depends on only one horizontal coordinate) or the isolated hump (a
two-dimensional impulse) (Figure 3.1). The former represents a novel approach,
which is tailored to the analysis of arbitrary, one-dimensional topographies, such
as sandbanks and dredged trenches. The latter, designed to study arbitrary
(two-dimensional) topographies, is an extension of earlier results by Huthnance
(1982a) by including Coriolis effects, considering both bed load and suspended
load transport, and allowing for asymmetric flow. The bed response consists of
growth or decay of the ridge or hump itself, possible migration effects due to tidal
asymmetry, along with sedimentation and erosion patterns around the ridge or
hump. The one-dimensional impulse response will be used to study sandbank
formation, reproducing the results of earlier analysis, as well as the evolution of
a dredged trench, whereas the two-dimensional impulse will be used in a study
of offshore sandpits or sandbanks of finite horizontal extent (Figure 3.1).
Closer to the coast, sandy shelf seas like the North Sea usually exhibit largescale features that differ from the offshore tidal sandbanks discussed above.
For the formation and evolution of these so-called shoreface-connected ridges,
alternative models have been developed in which the presence of a coastline and
a sloping inner shelf are crucial elements (Trowbridge, 1995; Calvete et al., 2002,
and references therein).
In Section 3.2 we describe the morphodynamic model, with particular attention paid to the process of linearization; Figure 3.2 explains the general concepts
of morphodynamic modelling. In Section 3.3 we derive the response to an isolated ridge, use it to obtain the results of a linear stability analysis, and discuss
similarities. Section 3.4 focuses on the evolution of a dredged channel. We
present the response to the isolated hump in Section 3.5. The physical mechanisms are explained in Figure 3.9. Section 3.6 contains its application in the
study of offshore sandpits (or sandbanks of finite horizontal extent). Finally,
Section 3.7 presents the discussion, conclusions, and an outlook on future re-
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initial topography

hydrodynamics

?
sediment transport
averaging

?

τ := τ + ∆τ

fast time t

slow time τ

¾
?

bed evolution

Figure 3.2: The essential elements in morphodynamic modelling. They are found
in the morphological loop, which we explain here for the case of a tidally dominated
offshore environment. The separation in two time scales is important, with a fast time
t for the hydrodynamics and sediment transport within the tidal cycle (half a day)
and a slow time τ for the seabed evolution (decades to centuries). After specifying
an initial topography, the next step is to solve the hydrodynamics, i.e., to determine
currents, tides, and waves. These processes are defined on the fast time, i.e., within the
tidal cycle. For large-scale computations in a shallow water domain a depth-averaged
approach is usually suitable, and the Coriolis force and bottom friction should be included. The tidally averaged flow pattern, called the residual flow, can be nonzero
even if the hydrodynamic forcing itself is symmetric (Figure 3.9). Depending on flow
conditions and sediment characteristics, noncohesive sediment transport can be transported in two modes: either rolling and sliding close to the seabed, i.e., as bed load, or
picked up and carried in suspension by the flow, i.e., as suspended load. Semiempirical
formulas exist to model the bed load flux and the entrainment of suspended matter,
usually expressed in terms of the bed shear stress but expressed here as a function of
the depth-averaged flow quantities. Divergences of the bed load flux along with the
difference between entrainment and deposition of suspended matter cause erosion or
sedimentation throughout the domain. However, these bed changes are so slow that
only the tidal average of the sediment transport matters. We thus end up with an
updated topography at a new level in morphodynamic time.
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z∗

6 y∗ (v∗ )
µ ¡¡

¾ z ∗ = zs∗

x∗ (u∗ )

¾ z ∗ = −H ∗ +zb∗

Figure 3.3: Definition sketch of the model geometry.

search, with particular attention to comparing data and modelling as described
in this paper (Figures 3.13 and 3.14).

3.2
3.2.1

The model
Flow, sediment transport, and bed evolution

We refer to Figure 3.2 for the general concepts of morphodynamic modelling in
a tidally dominated environment. Consider a tidal wave with maximum velocity
U ∗ and tidal frequency σ ∗ in an offshore part of a shallow sea of undisturbed
depth H ∗ . Unsteady flow can be described by the depth-averaged shallow water
equations, i.e., by two momentum equations and a mass balance. In dimensional
form (an asterisk denotes a dimensional quantity) the model reads
g ∗ ∇∗ zs∗ +

∂u∗
r ∗ u∗
∗ ∗
∗
∗
∗
+
u
·
∇
u
−
f
e
×
u
+
= 0,
z
∂t∗
H ∗ + zs∗ − zb∗
∂zs∗
∂zb∗
−
+ ∇∗ · [(H ∗ + zs∗ − zb∗ ) u∗ ] = 0.
∂t∗
∂t∗

(3.1)
(3.2)

Here u∗ = (u∗ , v ∗ ), which are the velocity components in the directions of
the horizontal coordinates x∗ = (x∗ , y ∗ ), respectively, and we define ∇∗ =
( ∂x∂ ∗ , ∂y∂ ∗ ). The z ∗ axis, with unit vector ez = (0, 0, 1) points upward with
the free surface elevation at z ∗ = zs∗ and the bed level at z ∗ = −H ∗ + zb∗
(Figure 3.3). Furthermore, g ∗ is the gravitational acceleration, effects of the
Earth’s rotation are included by Coriolis parameter f ∗ , t∗ is time, and we adopt
a linear friction law with parameter r∗ . The boundaries of the offshore system
are taken infinitely far away.
The seabed is assumed to consist of cohesionless sediment of uniform size,
which is transported as bed load or as suspended load. The volumetric bed
load sediment flux (in m2 s−1 ) is described by a generalization of an empirical
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relationship, which includes a slope correction (see, e.g., Van Rijn, 1993):
µ
q ∗b

=

αb∗ |u∗ |βb

¶
u∗
∗ ∗
− λ ∇ zb .
|u∗ |

(3.3)

Three parameters appear: the proportionality parameter αb∗ ; the power βb ,
usually valued between 3 and 5, reflecting the faster than linear dependency
of sediment transport on the flow velocity; and the bed slope parameter λ∗ ,
quantifying the downhill preference of moving sediment. Values for these parameters, taken from Hulscher et al. (1993), are given in dimensionless form in
Section 3.2.2.
Suspended load transport requires a different description. The depth-averaged
volumetric concentration c∗ can be described by an advection equation (De Vriend,
1990):
∂c∗
α∗ |u∗ |βs
+ u∗ · ∇∗ c∗ = ∗ s ∗
− γ ∗ c∗ .
∗
∂t
H + zs − zb∗

(3.4)

The right-hand side models the exchange between bed and fluid column due to
entrainment and deposition. Entrainment is assumed to be proportional to some
power βs of the depth-averaged flow velocity magnitude (usually 2 (Dyer, 1986)),
with a factor αs∗ . The deposition is proportional to c∗ with factor γ ∗ . We neglect
the diffusion of suspended sediment.
The local rate of bed change is due then to both the divergences in bed load
transport and the difference between deposition and entrainment, i.e.,
(1 − ²p )

∂zb∗
+ ∇∗ · S ∗ + αs∗ |u∗ |βs − γ ∗ (H ∗ + zs∗ − zb∗ ) c∗ = 0.
∂t∗

(3.5)

Here ²p is the bed porosity (usually ∼ 0.4). We limit our study to offshore situations where wave effects on sediment transport, other than those incorporated
in αb∗ and αs∗ such as stirring, can be neglected.

3.2.2

Scaling procedure and time scales

Next, the model is cast in nondimensional form, in which we furthermore distinguish two time scales. By introducing the scaled variables
u=

u∗
,
U∗
zs =

t = σ ∗ t∗ ,
g ∗ zs∗
,
U ∗2

qb =

x=

σ ∗ x∗
,
U∗

q ∗b
,
αb∗ U ∗βb

zb∗
,
H∗
∗ ∗ ∗
γ H c
c = ∗ ∗βs ,
αs U
zb =

(3.6)
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we arrive at the following nondimensional model:
∂u
ru
+ u · ∇u − f ez × u +
= 0,
∂t
1 − zb
∇ · [(1 − zb )u] = 0,
µ
¶
u
q b = |u|βb
− λ∇zb ,
|u|
·
¸
|u|βs
∂c
A
+ u · ∇c =
− c,
∂t
1 − zb
®
α̂s  βs
∂zb
+ α̂b ∇ · hq b i +
|u| − (1 − zb )c = 0.
∂τ
A
∇zs +

(3.7)
(3.8)
(3.9)
(3.10)
(3.11)

Here, ∇ = (∂/∂x, ∂/∂y). We have omitted terms proportional to Fr2 =
U ∗2 /(g ∗ H ∗ ), corresponding to a rigid lid approach. The angle brackets denote
tidal averaging.
The model contains two time scales. Besides the fast hydrodynamic time
scale t, we have introduced a slow morphodynamic time scale τ , associated with
the strongest of the two types of sediment transport:
τ = µt,

µ = max (αb , αs ) .

(3.12)

We assume that the flow and sediment transport quantities evolve on both
time scales t and τ , whereas the seabed evolves only on the slow time scale
τ . Hence the fast bed changes within the tidal cycle (∂zb /∂t) are neglected,
which effectively decouples the hydrodynamics and sediment transport (equations (3.7)-(3.10)) from the bed evolution (equation (3.11)); this is a quasistationary approach. Moreover, in equation (3.11) only the tidally averaged
sediment transport contributes to the bed evolution.
In the scaled model and the slow time scale τ the following nondimensional
parameters appear:
r∗
f∗
H ∗ σ ∗ λ∗
σ∗
,
f
=
,
λ
=
,
A
=
,
σ∗ H ∗
σ∗
U∗
γ∗
(3.13)
αb∗ U ∗βb −1
αs
αs∗ U ∗βs
αb =
,
α̂s =
,
αs =
,
(1 − ²p )H ∗
µ
(1 − ²p )H ∗ γ ∗
r=

α̂b =

αb
,
µ

Here A is the ratio of the time scale of the deposition process for suspended
sediment and the tidal period. Appropriate parameter values are r = 0.237 −
2.37, f = 0.83, λ = 0.0084, A = 0.01, αb = 5·10−7 −5·10−6 , and αs = 1.5·10−4 .
Note that, by definition of τ in equation (3.12), either α̂b or α̂s equals one. The
other is smaller and can be set to zero to isolate the transport mechanisms from
each other.
We will further simplify by omitting inertial terms, i.e., ∂u/∂t from the
momentum equation (3.7) and ∂c/∂t from the concentration equation (3.10).
This means that the flow adapts instantaneously to changes in the tidal forcing,
and the sediment concentration adapts instantaneously to changes in the flow.
Huthnance (1982a) and De Vriend (1988) have shown that neglecting inertial
terms hardly affects the stability properties of the flat seabed.
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Figure 3.4: Examples of basic flow (equation (3.16)), i.e., plots of I(t) in three cases:
(a) steady current (I1 = ν = 1), (b) symmetric block flow (I1 = −I2 = 1 and ν = 1/2),
and (c) asymmetric block flow (I1 = 3/2, I2 = −3/4, and ν = 1/3).

3.2.3 Basic state and linearization
The morphodynamic model consists of a set of nonlinear equations which cannot
be solved in closed form. Hence we resort to an approximation technique. Let
φ = (u, zb , ∇zs , q b , c)

(3.14)

denote the state of the system. The spatially uniform but time-dependent state
φ0 , given by
φ = (u0 , 0, (∇zs )0 , q b0 , c0 )
(3.15)
is a solution to the set of equations. It describes a flat bed subject to a spatially
uniform tidal flow and will be called the basic state. For the basic flow u0 one
can take various representations, such as a unidirectional current (Huthnance,
1982ab), a sinusoidal M2 component in one direction (Huthnance, 1982a), or
one with a certain ellipticity (Hulscher et al., 1993), possibly including a residual
M0 component and M4 overtide (Roos et al., 2001). We keep the basic flow as
simple as possible, while still allowing it to mimic tidal (a)symmetry. To that
end, we propose a block flow inclined at an angle ϑ with respect to the x axis:
(
t
I1 0 ≤ 2π
<ν
u0 (t) = I(t)(cos ϑ, − sin ϑ),
I(t) =
,
(3.16)
t
I2 ν ≤ 2π < 1
with I1 > 0, I2 < 0, and 0 ≤ ν ≤ 1 (Figure 3.4). In particular, for I1 =
−I2 = 1 and ν = 1/2 we recover the symmetric block tide studied previously by
Huthnance (1982a). He showed that in a linear stability analysis a symmetric
block tide and an M2 tide give qualitatively similar results. As we neglect
inertial terms, the flow and bed response averaged over a tidal cycle reduce to
the weighted average of the responses to two steady currents I1 and I2 with
weighting factors ν and 1 − ν, respectively. A uniform free surface slope (∇zs )0
acts as the pressure gradient that drives the basic flow. The basic flow induces
sediment transport, i.e., nonzero q b0 and c0 . However, it does not trigger any
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bed evolution as, in equation (3.11), ∇ · q b0 = 0, and c0 equals the reference
concentration |u0 |βs .
We consider the topographies as perturbations of the flat bed, which are
small compared to the water depth. Introducing the small nondimensional amplitude ² = ²∗ /H ∗ , we can define the isolated ridge and the isolated hump (see
Figure 3.1) by
zb = ²δ(x),
zb = ²δ(x)δ(y),
(3.17)
R
respectively. Here δ(·) is the Dirac function: δ(ξ) = 0 for ξ 6= 0 and J δ(ξ)dξ = 1
if 0 ∈ J. As ² ¿ 1, the state corresponding to the topographies (equation (3.17))
is likely to be a small perturbation of the basic state φ0 , i.e., of order ². So let
us expand linearly around the basic state according to
φ = φ0 + ²φ1 + O(²2 ).

(3.18)

We neglect higher-order terms with respect to the linear ones in ², so solving the
problem for φ reduces to solving a linear problem for φ1 . This linear problem
follows from substituting equation (3.18) in the model equations and collecting
terms of order ²:
∇zs1 + u0 · ∇u1 − f ez × u1 + r(zb1 u0 + u1 ) = 0,
∇ · u1 − u0 · ∇zb1 = 0,
q b1 = |u0 |βb −1 u1 + (βb − 1)|u|βb −3 (u0 · u1 )u0 − λ|u0 |βb ∇zb ,

(3.19)
(3.20)
(3.21)

βs −2

Au0 · ∇c1 = βs |u0 |
u0 · u1 − c1 + c0 zb1 ,
(3.22)
®
∂zb1
α̂s 
+ α̂b ∇ · hS 1 i +
βs |u0 |βs −2 u0 · u1 − c1 + c0 zb1 = 0.
(3.23)
∂τ
A
The model in this form serves as the starting point for the further analysis.

3.3

One-dimensional impulse response: the isolated ridge

3.3.1 Definition and Green’s function
In this section we investigate the evolution of an isolated ridge aligned with the
y axis:
zb1 = δ(x)
(τ = 0).
(3.24)
As both basic flow (equation (3.16)) and initial profile (equation (3.24)) are
independent of y, so will the topography be as it evolves in time. Let the
bed evolution starting from equation (3.24) be given by zb1 = G(x, τ ), called
Green’s function. Then, for an arbitrary yet y-independent initial topography,
the bed evolution follows from the convolution integral of Green’s function and
topography, i.e.,
Z
∞

zb1 (x, τ ) =
−∞

init
G(ξ, τ )zb1
(x − ξ)dξ.

(3.25)

However, an analytical expression for G cannot be found in closed form. To
facilitate the analysis, we therefore restrict to the initial response, and we define
hχ(x)i ≡ ∂G/∂τ at τ = 0. In this case we find analytical expressions that give
insight into the model’s behaviour.
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3.3.2 Flow response
The flow over the ridge is decelerated by continuity and deflected by frictiontopography and Coriolis-topography interactions (see also Figure 3.9. Indeed,
from the continuity equation (3.20) and the momentum equation (3.19) in y
direction we find
u1 = Iδ(x) cos ϑ,

(3.26)

v1 = I(tan ϑ − f )e−rx/(I cos ϑ) H(Ix).

(3.27)

Here, H(·) is the Heaviside function: Its value is unity for a positive argument
and zero otherwise. The exponential decay of v1 downstream of the ridge is due
to advection and bottom friction, where the parameter |I|r−1 cos ϑ determines
the (e-folding) length of hydrodynamic influence. In the limiting case ϑ = ±π/2,
i.e., when the basic flow is aligned with the ridge, this length vanishes, and the
flow response reduces to u1 = (0, Iδ(x)). The momentum equation in x direction
can be used to find zs1 which we do not pursue here as it does not contribute
to the bed evolution.
3.3.3 Bed evolution for bed load transport
The perturbed bed load sediment flux q b1 follows from substituting the basic flow equation (3.16) along with the perturbed velocities equations (3.26)
and (3.27) into the linearized transport formula (3.21). Next, the bed evoluˆ
tion equation (3.23) with alpha
s = 0 (no suspended load) leads to an evolution
equation for arbitrary topographies zb1 (x):
·
¸
Z ∞
∂zb1
∂zb1
∂ 2 zb1
= −ρb1
+ρb2
+P
(ϑ)
ρ
z
−
ρ
(ξ)z
(x
−
ξ)dξ
. (3.28)
b0 b1
b3
b1
∂τ
∂x
∂x2
−∞
The nonnegative ρb0 , ρb1 , ρb2 and ρb3 (x) are specified in the Appendix (Section 3.8.1); P (ϑ) will be specified and analyzed below. Because of the structure
of ρb3 (x) we cannot solve equation (3.28) in a convenient closed form, except
when P (ϑ) = 0.
Neglecting the term in P (ϑ) for the moment, the evolution equation (3.28)
reduces to an advection-diffusion equation, leading to
·
¸
1
−(x − ρb1 τ )2
G(x, τ ) = √
exp
.
(3.29)
4ρb2 τ
4πρb2 τ
The migration term ρb1 is nonzero only in the case of asymmetric block flow not
parallel to the ridge (ϑ 6= ±π/2). The diffusion of the ridge is directly associated
with bed slope effects.
The last term of equation (3.28) disrupts its advective-diffusive character by
introducing an additional redistribution of sediment. The sign and magnitude
of P (ϑ), given by
P (ϑ) = sin ϑ(r sin ϑ − f cos ϑ),
(3.30)
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determine its character and importance, respectively. The quantity P (ϑ) combines frictional and Coriolis effects with the basic flow angle. We identify two
parts. Evolution of the form itself is incorporated in the term in ρb0 , and the
sign of P (ϑ) determines whether this is growth or decay. The form decays for
0 < tan ϑ < f /r (assuming f > 0, which applies to the Northern Hemisphere);
it is unaffected for ϑ = 0 or ϑ = arctan f /r and grows otherwise. Apparently,
Coriolis effects disturb the symmetry about ϑ = 0. Form decay is strongest for
ϑd = 12 arctan f /r, while form growth is maximal for ϑg = 12 (arctan f /r − π).
These properties of P (ϑ) (depicted in Figure 3.6a) again show up in a harmonic
stability analysis (see Section 3.3.5). The amount of sand involved in form
growth (or decay) equals the surrounding erosion (or sedimentation), given by
ρb3 (x). Possible asymmetry of the basic flow will cause ρb3 (x) to be asymmetric
in x.
3.3.4 Bed evolution for suspended load transport
The perturbed concentration follows from substituting the basic flow equation (3.16) and the flow response equations the perturbed velocity equations (3.26)
and (3.27) into the suspended load transport equation (3.22) (Appendix, Section 3.8.1). Substituting the result and the perturbed velocities into equation (3.23) with α̂b = 0 (no bed load transport) and taking the tidal average
now results in an evolution equation for arbitrary topographies zb1 (x):
Z ∞
∂zb1
= −ρs0 zb1 +
[P (ϑ)ρs31 (ξ) + ρs32 (ξ)] zb1 (x − ξ)dξ.
(3.31)
∂τ
−∞
The nonnegative ρs0 along with ρs31 (x) and ρs32 (x) are specified in the Appendix (Section 3.8.1). The form now always turns out to be decaying as ρs0 > 0.
In contrast with the bed load case we find neither migration nor diffusion terms.
Migratory effects are contained in the scour or deposition function ρs3 (x), which
is more complicated than in the bed load case. It involves terms exponentially
decaying determined by friction and advection of sediment, respectively. The
amount of sand released by the form decay equals the surrounding deposition,
given by the evolution term in ρs32 .
Finally we can link the two transport mechanisms by noting that, for βs =
βb − 1, λ = 0, and in the limit A ↓ 0, the bed evolution equations (3.28)
and (3.31) become identical. This means that, neglecting bed slope effects, bed
load transport is a special case of suspended load transport in the limit of zero
advection.
3.3.5 Relation with harmonic stability analysis: sandbank formation
Here we will apply the general bed evolution equations (3.28) and (3.31) to a
wavy topography zb1 ∝ cos kx. These are the eigenfunctions of the linearized
system, so we actually perform a harmonic stability analysis (Huthnance, 1982a;
De Vriend, 1990; Hulscher et al., 1993). Such an analysis, aimed at explaining
the formation of tidal sandbank patterns in, for example, the North Sea (Figure 3.5 predicts exponential growth or decay along with migration:

46

Chapter 3. Offshore seabed dynamics

Figure 3.5: Sandbank patterns in the southern part of the North Sea (Van de Meene,
1994).

zb1 (x, τ ) = eωr τ cos(kx − ωi τ ),

ω = ωr + iωi .

(3.32)

The growth rate ω is a complex number that depends both on the orientation
ϑ of the perturbation with respect to the tide and on its wavelength 2π/k, as
well as on the Coriolis parameter f , friction coefficient r, sediment transport
parameters βb , λ, A and βs , and on the characteristics of the basic flow u0 .
The real part determines the growth or decay, whereas the imaginary part is
associated with migration.
For a symmetric block flow (Figure 3.4a) the growth rate is real and, in the
case of bed load transport, given by
ωb =

(βb − 1)P (ϑ)k 2 cos2 ϑ
− λk 2 .
r2 + k 2 cos2 ϑ

(3.33)

This agrees with the results found by Huthnance (1982a) and Fluit and Hulscher
(2002). As equation (3.33) is based on a symmetric block flow, we cannot compare this result with growth rates that correspond to alternative, more realistic
types of basic flow (Huthnance, 1982a; De Vriend, 1990; Hulscher et al., 1993)
(Section 3.2.3). The mode for which the real part of the growth rate is greatest
is called the fastest growing mode (FGM), depicted in Figure 3.6b). Its characteristics kfgm ≈ 4 and ϑfgm ≈ −60◦ correspond to dimensional wavelengths
between 5 and 10 km and crests oriented counterclockwise at 30◦ with respect
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Figure 3.6: Stability properties of the flat seabed in polar (k, ϑ) plots. (a) Properties
of P (ϑ), i.e., the region P (ϑ) > 0 (shaded) and P (ϑ) < 0 (open), along with the angles
of maximum decay ϑd and maximum growth ϑg (solid lines). Contour plots for typical
growth rates for (b) bed load and (c) suspended load. Shading and solid contours
indicate positive growth rates; open areas and dotted contours indicate negative growth
rates. Parameter values are the following: r = 1, f = 0.83, βb = 3, λ = 0.0084, βs = 2,
and A = 0.1. The fastest growing mode is denoted with a cross.

to the tidal current. This agrees with the characteristics of tidal sandbanks in
the North Sea.
For suspended load the expression for the growth rate is more complicated:
·
¸
βs P (ϑ)k 2 cos2 ϑ
1 + Ar
Ak 2 cos2 ϑ(1 + βs cos2 ϑ)
ωs = 2
−
. (3.34)
r + k 2 cos2 ϑ 1 + A2 k 2 cos2 ϑ
1 + A2 k 2 cos2 ϑ
We identify the following three properties of suspended load transport (Figure 3.6). First, it promotes the growth of features with crests slightly more
aligned with the flow than in the case of bed load transport (De Vriend, 1990).
Second, the absence of a diffusive bed slope mechanism causes the lobes with
positive growth rates to be unbounded, which is physically unrealistic. However,
like bed load transport, suspended load is also susceptible to bed slope effects
(Parker, 1978; Talmon et al., 1995). Indeed, analogously to the bed load case,
adding a bed slope term to the bed evolution equation (3.5) would solve this
deficiency. Third, for βs = βb − 1 and λ = 0, we find that
lim ωs = ωb ,

A↓0

(3.35)

again showing that bed load transport acts as a limiting case of suspended load
transport.
Now let us revisit the role of the parameter P (ϑ) as given by equation (3.30).
Besides controlling the dynamics of the ridge, it also tells us how the growth
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rates (equations (3.33) and (3.34)) of wavy features depend on their orientation
ϑ. Indeed, in the interval 0 < tan ϑ < f /r, where P (ϑ) < 0, both the ridge
and wavy perturbations decay. Moreover, positive growth rates only occur for
ϑ values for which the ridge grows as well, i.e., when P (ϑ) > 0. The parameter
P (ϑ) obviously does not incorporate the damping of short wavelengths by the
slope effect on bed load transport, which causes negative growth rates for large
k. Finally, the angle ϑg = 12 (arctan f /r − π) of maximal ridge growth turns out
to predict the angle of the FGM well (Figures 3.6b and 3.6c).
Green’s function, introduced in Section 3.3.1, can be expressed in terms of
the obtained growth rates (equations (3.33) and (3.34)) according to
Z ∞
G(x, τ ) =
eω(k)τ eikx dk + c.c.
(3.36)
−∞

Here c.c. means complex conjugation. However, this integral is too complicated
for further evaluation. Section 3.5 will show that the same holds for Green’s
function in two dimensions.

3.4

Application: evolution of a dredged channel

We now apply the bed evolution equation (3.28) for bed load transport to investigate the morphodynamic evolution of a dredged trench. Let us consider a
Gaussian cross-section, i.e.,
·
¸
−1
−(x − xc )2
√ exp
zb1 (x) =
.
(3.37)
2
σtr
σtr π
The center of the trench is located at x = xc , while σtr is a characteristic half
width: at x = xc ± σtr , the trench depth is reduced by a factor e−1 ≈ 0.37
(Figure 3.7a).
For a basic flow that mimics an asymmetric tide (Figure 3.4c), we identify
two qualitatively different kinds of behaviour. First, for P (ϑ) > 0, the trench
migrates, and on both sides of the trench, additional humps appear, thus forming
some sort of pattern of adjacent banks. This type of behaviour closely follows
the inherent instability of the flat seabed discussed in Section 3.3.5 and depicted
in Figure 3.6. Second, for P (ϑ) ≤ 0, the trench migrates and diffusion causes the
shape to flatten out toward a flat bed. As a special case we consider a basic flow
perpendicular to the trench, i.e., ϑ = 0 and P (ϑ) = 0. The approximation (3.29)
of Green’s function is now exact. It predicts trench migration and diffusion, with
trench center and width developing according to
q
2 ,
xc (τ ) = ρb1 τ,
σtr (τ ) = 4ρb2 τ + σtr,0
(3.38)
with σtr,0 the half width at τ = 0. The Gaussian shape equation (3.37) is thus
preserved (Figure 3.7).
With a model similar to the one presented here, Van de Kreeke et al. (2002)
studied the morphodynamics of the access channel to the Port of Amsterdam.
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Figure 3.7: (a) Gaussian trench shape (equation (3.37)) with σtr = 1 and xc = 0.
Evolution of this trench with bed load transport, subject to the forcing of Figure 3.4c,
directed (b) perpendicular to the ridge (ϑ = 0) and (c) at an angle ϑ = ϑg ≈ −63◦ .
Plotted is zb1 (τ ) at τ = 0 (solid), τ = 1/2 (dashed), and τ = 1 (dash-dotted). Parameter values are the following: βb = 3 and λ = 0.0084.

They report observations over a period of 2.3 years showing migration in the
direction of net sediment transport at a rate of 2 − 4 m yr−1 . At the same
time the channel widens and becomes shallower. In the model, Van de Kreeke
et al. (2002) assumed tidal flow with M0 , M2 and M4 components, directed
perpendicular to the trench, i.e., ϑ = 0, and used parameter values much like
the ones presented in Section 3.2. This leads to migration estimates between
2.3 m yr−1 for bed load transport and 4.5 m yr−1 for suspended load transport,
along with initial rates of half width increase of 0.4 m yr−1 and 2.5 m yr−1 ,
respectively. Van de Kreeke et al. (2002) furthermore showed that higher-order
effects create asymmetry.

3.5

Two-dimensional impulse response: the isolated hump

3.5.1 Definition and Green’s function
In this section we investigate the evolution of an isolated hump in the horizontal
plane, given by
zb1 = δ(x)δ(y)
(τ = 0).
(3.39)
The basic flow is given by equation (3.16), but contrary to the ridge case the
orientation ϑ has become meaningless. Hence we choose ϑ = 0, i.e., u0 = (I, 0).
The evolution starting from equation (3.39) now depends on both horizontal
coordinates: zb1 = G(x, y, τ ). The evolution of an arbitrary initial topography
follows from the convolution integral of topography and Green’s function, i.e.,
Z ∞Z ∞
init
zb1 (x, τ ) =
G(ξ, ζ, τ )zb1
(x − ξ, y − ζ)dξdζ.
(3.40)
−∞

−∞
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As in the one-dimensional case, G(x, y, τ ) cannot be found in a convenient closed
form (in the Appendix; Section 3.8.2 we express G in terms of the growth rates
obtained in Section 3.3.5). We therefore restrict to the initial bed evolution:
hχ(x, y)i ≡ ∂G/∂τ at τ = 0. For simplicity, we furthermore restrict to steady
basic flow and symmetric basic flow (Figures 3.4a and 3.4b).
3.5.2 Flow response
It turns out that the problem can be conveniently solved in terms of the vorticity
and the stream function. We therefore rewrite the flow equations (3.19) and (3.2)
as
µ
¶
∂η1
∂zb1
∂zb1
I
+ rη1 = I r
−f
,
(3.41)
∂x
∂y
∂x
∂zb1
∇2 ψ1 + η1 = −I
.
(3.42)
∂x
Here the vorticity is given by η1 ≡ ∂v1 /∂x − ∂u1 /∂y, and the perturbed stream
function ψ1 satisfies ∂ψ1 /∂y = u1 − zb1 u0 and ∂ψ1 /∂x = −v1 + zb1 v0 (both are
order ² quantities).
We can divide equation (3.41) into two different problems, each of which
can be solved with the aid of Green’s representation theorem (Appendix; Section 3.8.2). To that end, we write
η1 = ηr + ηf ,

ψ1 = ψr + ψf .

(3.43)

effectively distinguishing between a frictionally induced contribution and one
due to Coriolis effects. In the tidally averaged sense the expressions read (Appendix; Section 3.8.2)
½
¾
Z
−ry ∞ −rξ
1
1
hψr i =
e
−
dξ,
(3.44)
4π 0
(x − ξ)2 + y 2
(x + ξ)2 + y 2
·
Z
¤
f
r ∞ −rξ © £
hψf i =
log(x2 + y 2 ) −
e
log (x − ξ)2 + y 2
4π
2 0
¸
(3.45)
£
¤ª
+ log (x + ξ)2 + y 2 dξ .
The derivation of the frictionally induced contribution to the perturbed stream
function is also given by Huthnance (1982b). From equations (3.44) and (3.45),
hψr i is antisymmetric with respect to the x and y axis, while the Coriolisinduced contribution hψf i is fully symmetric in both x and y. As a result, the
only symmetry property of the sum hψ1 i will be a point symmetry with respect
to the origin. Hence plotting one quadrant of the (x, y) plane no longer suffices. Figure 3.8 shows how Coriolis effects alter the perturbed stream function
obtained by Huthnance (1982b). The cyclonically oriented circulation cells are
amplified, whereas the the anticyclonic ones are damped. Physically speaking,
the increased friction above the hump diverts the flow, while Coriolis effects
disturb the symmetry of this pattern (see Figure 3.9).
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Figure 3.8: Perturbed stream function around a delta hump located at the origin,
subject to (top) a steady current in the positive x direction and (bottom) a symmetric
block flow along the x axis. Plotted are (left) ψr (Huthnance, 1982b), (center) Coriolis
contribution ψf and (right) the total stream function ψ1 ≡ ψr + ψf . Solid contours
indicate clockwise circulations; dotted contours indicate counterclockwise circulations.
Parameter values are the following: r = 1 and f = 0.83.
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Figure 3.9: Physical mechanisms that induce the residual flow and the bed evolution
in the case of a symmetrical tide. For each type of topography the three leftmost
plots show the typical streamlines of the flow for the flood and ebb phase of the tidal
cycle as well as the mean, i.e., tidally averaged flow pattern (see also Zimmerman,
1981; Robinson, 1983; Pattiaratchi and Collins, 1987; Dyer and Huntley, 1999). In
the case of a nonzero tidally averaged (bed load) sediment flux it is indicated by
horizontal arrows in the rightmost plot, while the smaller vertical arrows indicate the
corresponding bed evolution. (a) For a flat bed the flow is spatially uniform, and the
tidal average vanishes. The tidally averaged sediment transport also vanishes, such
that the seabed remains fully flat. This state is called the basic state.
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Figure 3.9: (cont.) In the case of a bank of infinite extent, i.e., a topography varying
in one direction only, the flow is deflected by three mechanisms: (i) Continuity forces
the cross-bank component of the flow to accelerate, (ii) increased friction by reduced
depth slows down the along-bank flow component, and (iii) Coriolis-topography effects enhance cyclonic flow deflections (i.e., to the right in the Northern Hemisphere).
The along-bank flow response is transported downstream by advection. In contrast
with the flat bed case the tidal average is now nonzero and directed parallel to the
bank contours. This residual flow can be seen as consisting of circulations around the
bank, which are nonclosed because of the assumed infinite bank length. Depending
on the orientation of the bank with respect to the flow, the friction-induced contribution to these circulations is clockwise (counterclockwise bank orientation, see the
plot) or counterclockwise (clockwise bank orientation). In the Northern Hemisphere,
Coriolis effects enhance the clockwise circulation, thus causing the flow response to be
strongest for a bank with a counterclockwise orientation (see top row). Depending on
the orientation of the bank, the tidally averaged sediment transport causes the bank
either to (top) grow or (bottom) decay.
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Figure 3.9: (cont.) The same mechanisms apply to the more realistic case of a
bank of finite extent (i.e., constrained in two horizontal dimensions), but the twodimensionality of the topography complicates the picture. Increased friction diverts
the flow around the bank, again with Coriolis effects enhancing clockwise deflections
(in the Northern Hemisphere) and advection transporting the flow response downstream. The tidally averaged pattern exhibits three circulation zones: one above the
bank with clockwise circulations, flanked by two zones with counterclockwise circulations. Clearly, the circulation cells are now closed because of the finite bank length,
while Coriolis effects determine the sense of rotation of the main cell (clockwise in the
Northern Hemisphere, counterclockwise in the Southern Hemisphere). The position,
size and shape of the cells depend on the exact topography, flow angle, and relative
strength of Coriolis and frictional forces. The tidally averaged sediment transport
pattern, more complex than in the previous cases and therefore not displayed here,
tends to elongate the bank in the direction, which coincides with the preferred angle
for one-dimensional banks.

3.5.3

Bed evolution for bed load transport

ˆ
The bed evolution equation (3.23) with alpha
s = 0 (no suspended load), combined with the linearized bed load formula (3.21), can be formulated in terms
of the stream function ψ1 according to

® ∂zb1

®
∂zb1
= −βb |I|βb −1 I
+ λ |I|βb ∇2 zb1
∂τ
∂x¿
À
Z ∞Z ∞
(3.46)
2
βb −1 ∂ ψ1 (ξ, ζ)
− (βb − 1)
|I|
zb1 (x − ξ, y − ζ) dξdζ.
∂x∂y
−∞ −∞
The first term on the right-hand side of equation (3.46) vanishes for a symmetric
block flow. As in the one-dimensional case (Section 3.3) the term in λ pertains
to the downslope transport, which only acquires a meaning if we integrate over
a sufficiently smooth topography by using equation (3.40). Analogous to equation (3.43), we write χb = χbr +χbf . Huthnance (1982b), who neglected Coriolis
effects, identified three contributions to χbr : (i ) amplification of the form (the
equivalent of ρb0 and ρs0 in Section 3.3), (ii ) exponentially decaying scour downstream of the hump (the equivalent of ρb3 (x) and ρs3 (x) in Section 3.3), and
(iii ) a sedimentation and erosion function, which is defined in the horizontal
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plane and can be written as
hχbr i =

−(βb − 1)r
2π

Z
0

∞

½

(x − ξ)[(x − ξ)2 − 3y 2 ]
[(x − ξ)2 + y 2 ]2
¾
(x + ξ)[(x + ξ)2 − 3y 2 ]
−
dξ.
[(x + ξ)2 + y 2 ]2

e−rξ

(3.47)

Each of these frictionally induced contributions is symmetric with respect to
the x and y axis. The contribution χf due to Coriolis effects takes the following
form:
½
(βb − 1)f xy
1
hχbf i =
2
π
(x + y 2 )2
(3.48)
¾
Z ∞
4
2
2
2
2
2
r
−rξ y + (x − ξ )(x + 2y + 3ξ )
−
e
dξ .
2 0
[(x − ξ)2 + y 2 ]2 [(x + ξ)2 + y 2 ]2
It is easily seen that χbf is antisymmetric with respect to the x and y axis. The
counterparts of equations (3.47) and (3.48) for steady flow can be found in the
Appendix (Section 3.8.2).
The Coriolis-induced preference of the system for the formation and growth
of cyclonically oriented features is clear from the ISE patterns (Figures 3.8
and 3.10). The underlying physical mechanisms have been discussed extensively in the context of wavy sandbank patterns (Zimmerman, 1981; Robinson, 1983; Pattiaratchi and Collins, 1987; Dyer and Huntley, 1999) (see also Figure 3.9, and we will do the same here for isolated features. Friction-topography
and Coriolis-topography interactions generate vorticity (source terms in the vorticity equation (3.41)), which is advected downstream. The friction-topography
interactions pertain to transverse bed slopes, giving rise to cells on both sides
of the hump (i.e., above and below the x axis). Consequently, the corresponding bed response χbr is symmetric with respect to the x axis. In addition,
Coriolis-topography interaction, dealing with streamwise bed slopes, causes cells
upstream and downstream of the hump. The resulting Coriolis-induced bed response χf is antisymmetric with respect to the x axis, promoting deposition in
the cyclonically oriented quadrants and erosion in the anticyclonically oriented
ones. The net result is a relatively strong deposition in cyclonic direction, i.e.,
a preference for the formation and growth of cyclonically oriented features.
The qualitative picture of the ISE patterns for steady flow (Figure 3.10,
top left) resembles earlier results obtained with the method of characteristics. The analysis by De Vriend (1987ab) and the numerical experiments cited
therein have shown that, in the absence of Coriolis effects, a hump subject to a
steady flow develops into a pattern resembling a three-pointed star (Figure 3.11).
Including the Coriolis force deforms the shape, amplifying its cyclonic tip and
weakening its anticyclonic tip.
3.5.4 Bed evolution for suspended load transport
Now, we will discuss the method and results for the suspended load case. Combining the equations for suspended load transport (equations (3.22) and (3.23))
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Figure 3.10: Initial sedimentation and erosion patterns around a delta hump located at the origin, subject to (top) a steady current in the positive x direction (χb )
and (bottom) a symmetric block flow along the x axis (hχb i). Plotted are (left) χbr
(Huthnance, 1982b), (center) χbf , and (right) the total scour function χb ≡ χbr + χbf .
Shaded and solid contours indicate deposition zones, open areas and dotted contours
indicate erosion zones. Parameter values are the following: r = 1 and f = 0.83.

Figure 3.11: Evolution of a single hump subject to a steady flow from left to right
according to characteristics analysis.
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for α̂b = 0 (no bed load transport) leads to the following set of equations,
formulated in terms of the stream function:
µ
¶
∂ψ1
∂c1
(3.49)
c1 + AI
= βs I
+ zb1 + zb1 ,
∂x
∂y
¿
À
∂zb1
∂c1
=− I
.
(3.50)
∂τ
∂x
An expression for the concentration c1 can be found in the Appendix (Section 3.8.2). The bed evolution follows from equation (3.50) and contains elements similar to bed load transport. Analogously to the one-dimensional case,
the advection parameter A of suspended load transport causes some smoothing in the x direction. However, the qualitative picture of the bed evolution is
similar to the bed load case (already shown in Figure 3.10).

3.6

Application: offshore sandpit

In this section we study the evolution of an offshore sandpit from the perspective
of the two-dimensional impulse response. For any topography of small bed
amplitude zb1 (x, y) the convolution integral (3.40) can be used to obtain the
corresponding ISE. Because of the model’s linearity in the bed amplitude the
qualitative behaviour of a pit on the one hand and a sandbank of finite horizontal
extent (and of similar shape) on the other hand are identical, except for a sign
change in flow and bed response. This means that clockwise residual circulations
become counterclockwise, sedimentation zones become erosion zones, and vice
versa.
In the bed load case without Coriolis effects and for a symmetric block flow,
Huthnance (1982b) used the two-dimensional impulse response χbr to study the
formation and growth of an individual sandbank. He investigated the subsequent bank evolution numerically, and the inclusion of nonlinear effects and
some additional elements (wind waves and limited sand) led to equilibrium profiles.
Roos et al. (2001) considered an offshore sandpit with a Gaussian shape in an
otherwise flat bed and expressed it as a superposition of wavy features, i.e., the
Fourier spectrum of the pit. In Fourier space, according to the individual growth
rates of a linear stability analysis (bed load case, including Coriolis effects and
for an arbitrary tide consisting of an M0 , M2 and M4 ), the individual wavy
features grow (or decay) exponentially with time. In physical space the pit
evolution exhibits the following properties (see Figure 3.12): pit deepening,
pit deformation, and possibly pit migration (in the case of tidal asymmetry)
along with the formation of a bank pattern, which gradually grows, spreads
and possibly migrates around the pit. The spreading rate (elongation rate of
the central pit or trough) is estimated at 12 − 120 m yr−1 ; the migration rate
is estimated at ∼ 1 − 7 m yr−1 . These estimates are based on conditions that
apply to the southern part of the North Sea, comparable to those used by Van de
Kreeke et al. (2002) (see also Sections 3.2.3 and 3.4).
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Figure 3.12: Evolution of a Gaussian sandpit subject to an asymmetric tide in the x
direction (highest velocities from left to right) in the case of bed load transport: (top)
bed evolution and (bottom) residual currents and from left to right the evalution times
τ = 0, τ = 2, τ = 4 and τ = 6. Troughs are black, crests are white and the undisturbed
seabed is shaded. Solid streamlines correspond to counterclockwise rotation, whereas
dashed ones correspond to clockwise rotation. The plotted region covers a dimensional
area of about 70 × 70 km2 . Parameter values are the following: r = 0.6, f = 0.83,
βb = 3, and λ = 0.0084 (after Roos et al., 2001).
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The circulation cells and ISE patterns of the two-dimensional impulse response (Section 3.5) resemble those of the bank or pit case (Huthnance, 1982b;
Roos et al., 2001), except for a sign change when comparing humps and pits.
The convolution integral over the smooth topography of a pit or bank merely
smears out the impulse response without disrupting the qualitative pattern.

3.7
3.7.1

Discussion and conclusions
Interpretation and relevance of the topographic impulse response

The generic value of the impulse response stems from the general bed evolution
equations (3.28), (3.31), and (3.46). They govern the system’s response to
arbitrary topographies of small bed amplitude for both bed load and suspended
load transport. The solution to these equations with an isolated ridge or hump
as initial condition, called Green’s function, mathematically contains all the
information of the system’s behaviour. The response to an arbitrary topography
at τ = 0 follows from the convolution integrals (3.25) and (3.40). However,
Green’s function can generally not be derived in a convenient closed form. Only
the special case P (ϑ) = 0 leaves us with a simple advection-diffusion equation
that can be solved exactly. Otherwise, we have to resort to numerical techniques
or alternative approximations. Therefore we have mainly focused on the initial
bed response.
Finding a direct physical interpretation of the topographic impulses (equations (3.24) and (3.39)) is awkward. The concept of a finite mass being concentrated in a single point may even tempt one into confusing geometrical perceptions. Therefore one should bear in mind that the primary role of the impulse
response is that of a tool to be used in the integrated sense according to equations (3.25) and (3.40). However, we have seen cases in which most of the qualitative features of the impulse response are retained throughout this integration
procedure (e.g., when going from the isolated ridge to the stability analysis in
Section 3.3.5 or from the isolated hump to an offshore sandpit in Section 3.6).
Apparently, the analytical expression of the impulse response already provides
fundamental information on the system’s behaviour.
Finally, note that the isolated ridge can be seen as an infinite sequence of
isolated humps. Hence the one-dimensional impulse response can be derived
from the two-dimensional one by choosing zb1 = δ(x) in equation (3.40) (see
also the leftmost arrow in Figure 3.1). Nevertheless, we chose to investigate the
isolated ridge separately, as it gives more direct insight into the evolution of
y-independent topographies zb1 (x).
Despite their limitations, analytical solutions for the flow and bed evolution can be useful for the verification of numerical models. The isolated hump
can be implemented easily and, more importantly, does not interfere with the
boundaries of a finite numerical domain, as these can be chosen sufficiently far
away. The wavy topographies studied in a stability analysis also permit analytical solutions, but the infinite spatial extent of such patterns is likely to cause
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complications at the boundaries of the numerical domain.
In order to explain the fundamental mechanisms the examples presented here
deal mainly with idealized geometries. However, the results apply to arbitrary
topographies (of small amplitude), and the hydrodynamic and morphodynamic
response to such a topography can be numerically obtained with the present
method. However, alternative numerical methods may be more appropriate for
this purpose.
3.7.2 Model assumptions and limitations
By treating the flow in a depth-averaged way, we neglect the vertical flow structure. As such, we are unable to describe the mechanisms related to sandwave
formation and dynamics (Hulscher, 1996) as these originate from the vertical
flow structure. This limits the applicability the of the system to the horizontal
length scales of sandbanks (on the order of thousands of meters) rather than
those of sandwaves (hundreds of meters).
The model is linear in the bed amplitude. Consequently, the topographies
under consideration should have small bed amplitudes, compared to the water
depth. Nonlinear effects should be taken into account when bed amplitudes are
no longer small with respect to the water depth.
The analysis follows a stability concept in which the rigid lid approximation,
i.e., neglecting the contribution of the free surface elevation zs∗ to the water depth
in the model equations, is crucial. Without this assumption an expression for
a spatially uniform basic state cannot be found. As Froude numbers are small
(Fr ≈ 0.06), the rigid lid approximation is indeed appropriate. In order to
facilitate the analysis we furthermore restrict the basic state to a block flow,
and we omit inertial terms in momentum equations.
Furthermore, we neglect wind wave effects, which limits the model’s applicability to tide-dominated, thus offshore, conditions. For a detailed description
of wave effects in a harmonic stability analysis we refer to De Vriend (1990).
3.7.3 Conclusion
The present analysis shows that the concept of topographic impulse provides a
link between various research subjects within the class of offshore morphodynamic models. A crucial property herein is the inherent instability of the flat
seabed, i.e., the tendency of topographic undulations on a flat bed to develop
into a pattern of banks, with a preference for cyclonically oriented features.
Investigations into the seabed behaviour on the corresponding length scales
(kilometers) and time scales (decades to centuries) should include the underlying physical mechanisms, such as Coriolis and frictional effects. Furthermore, in
predicting the morphodynamic fate of large-scale human intervention, such as
navigation dredging and sand extraction, the stability properties should be kept
in mind. For instance, modelling a sandpit in either a flat seabed, as carried
out in the present study, or in some finite-amplitude equilibrium topography
may lead to qualitatively different behaviour. To what extent the results will
differ strongly depends on the stability properties of such an equilibrium profile
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as well as on the ratio of pit depth to sandbank height. Furthermore, the model
shows that bed load transport can be seen as a limiting case of suspended load
transport.
3.7.4

Outlook

Further steps toward a better understanding of large-scale offshore morphodynamics are briefly discussed now. From a modelling point of view a next step is
to investigate the morphodynamic model equations (3.1)-(3.5) in the nonlinear
regime as well. Possible equilibrium topographies then serve as an alternative
starting point to model the morphodynamic impact of human intervention.
Accurate data sets, extensive in both space and time, are currently becoming
available. In combining with (non)linear models they can be used for validation
of the model or processes within the model. Knaapen et al. (2001a) showed
this for alternate bars, i.e., a large-scale pattern in the fluvial environment. Until now, validation was mostly based on comparing observations with modeled
characteristics such as wavelength, etc. We recommend also including comparisons in Fourier space; see, e.g., Knaapen et al. (2001b) or wavelet methods
(Figures 3.13 and 3.14). Combining data with nonlinear models may result
in locally tuned morphodynamic models as shown by Knaapen and Hulscher
(2002) for the case of the smaller-scale sandwaves. Data assimilation is not
likely to enable a similar study of sandbank dynamics as was carried out for
alternate bars (Knaapen and Hulscher, 2003), since the data sets are quite limited compared with the morphodynamic time scale. To explore these aspects, a
data set comprising more than 100 years of North Sea sandbank investigations
is currently under investigation.
Sandbanks show irregularities that, so far, deterministic depth-averaged
modelling has not reflected. The underlying reasons for observed spatial and
temporal variations of amplitudes and wavelengths are not understood, neither
from a theoretical nor from an observational point of view. This aspect could
be investigated by a cellular automata model, as was done for beach cusps by
Coco et al. (2001), or by reflecting the stochastic nature of specific parameters
(e.g., individual storms, meteorological tide, and sediment properties). A second
option is that these deviations from regularity are due to longer-term and/or
larger-scale periodicity in hydrodynamic forcing (e.g., variation of the astronomical tide and seasonal or climatological variations). The latter idea is based on
the analogy of this morphodynamic system with the coupled atmosphere-ocean
system. The separated scales of dynamics have been shown to result in intermittency, periods of regular behaviour separated by periods of chaos (Van Veen
et al., 2001; Van Veen, 2002). The behaviour between these “regular” periods
was not necessary the same. Determining the origin of the irregularities will
spawn a better understanding and subsequently a better predictability of the
effects of human intervention.
In estuaries and rivers, biology and morphodynamics interact to a large
degree. Organisms influence sediment characteristics, and hence seabed morphology, directly and indirectly (e.g., trawler nets ploughing the seabed in chase
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Figure 3.13: Part of the North Sea bed (area of 10 km2 ) (after Knaapen et al., 2001b,
Figure 4). Here the sandbank mode is hardly visible as the smaller-scale sandwaves
are quite dominant. A part of the offshore seabed is shown, large enough to show
the topographic variations due to sandbanks and sandwaves. The latter mode is not
included in two-dimensionally horizontal (2DH) models. The topography on the scales
relevant for 2DH models itself is hardly visible, which is not so surprising as nearly
one wavelength fits in this figure. Next, the 2DH modelling approach as discussed in
this paper predicts a regular pattern of similarly shaped banks (see, e.g., Figure 3.12).
These points illustrate the question in comparing large-scale topographic data with
2DH morphodynamic models: When may we be confident that the data are in agreement with the 2DH morphodynamic model or vice versa? Natural large-scale features
as sandbanks always show large irregularities, which may have a stochastic nature or
may be due to large-scale nonlinear dynamics. Another problem in performing such
comparisons is that the current data sets are not large enough (space), long enough
(time), and accurately spaced enough to allow direct comparisons and perform statistics.
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Fourier spectrum of the bathymetry
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Figure 3.14: The Fourier transform of the region shown in Figure 3.13. Herein
sandbanks are visible as a relative concentration of energy in the small wave numbers,
nearly parallel to the principal direction of tidal motion. Besides comparing data with
models in the physical domain, one may shift to Fourier space. Now we observe quite
clearly a concentration of energy in the smaller wave numbers, corresponding to a
length scale relevant for 2DH models. In this approach the main idea is to find the
(mean and deviation) wave number and orientation, which can be converted directly
for comparison to the wave vector predicted by the 2DH model; see e.g., Figure 3.6.
Besides this the procedure can be used to filter the smaller-scale features. A more
sophisticated way to perform this is using wavelets.

of bed-resident fish), whereas depth and sediment composition are important
habitat parameters for these organisms. It is unknown whether and to what
extent biogeomorphology is an issue in the offshore environment. If so, these
interactions have to be included for correct modelling of large-scale morphodynamics. Furthermore, the influences of graded sediment on the morphodynamics
of offshore features (see, e.g., Walgreen et al. (2003) for the case of shorefaceconnected ridges or Blom (2003) for the case of dunes in rivers) are worth being
investigated.
Komarova and Newell (2000) have shown that nonlinear interaction between
smaller-scale rhythmic features, initiated by vertical flow circulations, might lead
to topographic features on the spatial scales of tidal sandbanks. As their twodimensionally vertical model was limited to one horizontal orientation, the characteristic sandbank orientation could not be verified. Therefore, at the moment,
it is unknown to what extent this mechanism interferes with the depth-averaged
morphodynamic modelling as reviewed in this paper. We recommend investigating its impact and, if relevant, the possibilities of modelling this mechanism
in a simpler way so it can be incorporated or simulated in two-dimensionally
horizontal models.
Gas mining has been shown to be able to cause the formation of tidal sandbanks (Fluit and Hulscher, 2002; Roos and Hulscher, 2002). This type of human
intervention was modeled as a dish-like depression, subsiding at a constant rate.
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Other forms of offshore human intervention, large enough to have an impact on
sandbank scales, are windmill farms and artificial islands. However, it is yet
unclear how the morphodynamic impact of such large-scale intervention can be
modeled.
Acknowledgement: We thank Aart van Harten, Huib de Vriend and an anonymous
reviewer for their comments and Michiel Knaapen for providing Figures 3.13 and 3.14.

3.8

Appendix

3.8.1

Derivation of the one-dimensional impulse response

The quantities ρb0 , ρb1 ,ρb2 , and ρb3 (x) in the bed evolution equation (3.28) are given
by
D
E
ρb0 = (βb − 1) |I|βb ,
(3.51)
D
E
£
¤
ρb1 = cos ϑ 1 + (βb − 1) cos2 ϑ |I|βb −1 I ,
(3.52)
D
E
(3.53)
ρb2 = λ |I|βb ,
E
(βb − 1)r D βb −1 −rx/(I cos ϑ)
ρb3 (x) =
|I|
e
H(Ix)
(3.54)
cos ϑ
The perturbed concentration is given by
1 + βs cos2 ϑ −x/(IA cos ϑ)
e
H(Ix)
A cos ϑ
³
´
βs P (ϑ)
+ |I|βs
e−x/(IA cos ϑ) − e−rx/(I cos ϑ) H(Ix),
(1 − Ar) cos ϑ

c1 =|I|βs −1

(3.55)

with P (ϑ) from equation (3.30). The quantities ρs0 , ρs31 (x) and ρs32 (x) in the bed
evolution equation (3.31) for suspended load are given by
ρs0 =
ρs31 (x) =
ρs32 (x) =

3.8.2

1 + βs cos2 ϑ D βs E
|I|
,
hD A
βs

E
D
Ei
|I|βs e−x/(IA cos ϑ) H(Ix) − Ar e−rx/(I cos ϑ) H(Ix)
A(1 − Ar) cos ϑ

E
1 + βs cos2 ϑ D βs −1 −x/(IA cos ϑ)
|I|
e
H(Ix) .
2
A cos ϑ

(3.56)
,

(3.57)
(3.58)

Derivation of the two-dimensional impulse response

Green’s function in two dimensions, expressed in terms of the growth rates obtained
in Section 3.3.5, reads as follows:
Z π/2 Z ∞
G(x, y, τ ) =
eω(k,ϑ)τ eik(x cos ϑ+y sin ϑ) kdkdϑ + c.c.
(3.59)
−π/2

−∞

Green’s representation theorem in two dimensions is given by (Gradshteyn and Ryzhik,
2000)
ZZ
1
∇2 G(ξ) log |x − ξ|dξ,
(3.60)
G(x) =
2π
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with ξ = (ξ, ζ). In order to find the frictionally induced stream function ψr in equation (3.43) we follow Huthnance (1982b), who employed the transformation ηr =
∂ ϕ̃/∂y and ψr = ∂G/∂y. Next, G ensues from Green’s representation theorem (3.60),
which, in turn, leads to an expression for ψr :

G=

−I
4π

½

ϕ̃ = Ire−Irx H(Ix)δ(y)
¾
Z ∞
£
¤
H(Iξ)e−Irξ log (x − ξ)2 + y 2 dξ ,
log(x2 + y 2 ) + r
−∞

ψr =

∂G
−Iy
=
∂y
2π

·

1
+r
x2 + y 2

Z

∞
−∞

¸
H(Iξ)e−Irξ
dξ.
(x − ξ)2 + y 2

(3.61)
(3.62)
(3.63)

The Coriolis-induced contribution can be found by using the transformation ηf =
∂ ϕ̃/∂x. Then, the derivation is given by
ϕ̃ = −If e−Irx H(Ix)δ(y)

(3.64)

∂ ϕ̃
ηf =
= f e−Irx [rH(Ix) − δ(x)] δ(y),
∂x
·
¸
Z ∞
£
¤
f
ψr =
log(x2 + y 2 ) − r
H(Iξ)e−Irξ log (x − ξ)2 + y 2 dξ .
4π
−∞

(3.65)
(3.66)

The frictionally induced and Coriolis-induced ISE patterns for steady flow and bed
transport are given by
½ 2
¾
Z ∞
2
2
−(βb − 1)Ix
x − 3y 2
−Irξ (x − ξ) − 3y
+
r
H(Iξ)e
dξ
, (3.67)
χbr =
π
(x2 + y 2 )3
[(x − ξ)2 + y 2 ]3
−∞
½
¾
Z ∞
−(βb − 1)f xy
H(Iξ)e−Irξ
1
χbf =
−
r
dξ
,
(3.68)
2
2 2
π
(x2 + y 2 )2
−∞ [(x − ξ) + y ]
respectively. We write the perturbed concentration as the sum of two terms c1 =
cβ + cA , for which we find
·
¸
Z ∞
∂ψ1 (x − ξ, y)
βs
cβ =
H(Ix)e−ξ/(IA) δ(y) +
dξ ,
(3.69)
e−ξ/(IA)
A
∂y
−∞
βs h −|x|/A
hcβ i =
e
δ(y)+
2A
Ã
! #
¯
¯
Z ∞
(3.70)
∂ψ1 (x − ξ, y) ¯¯
∂ψ1 (x + ξ, y) ¯¯
−ξ/A
e
−
dξ
.
¯
¯
∂y
∂y
−∞

I=1

I=−1

The derivation of cA requires an additional transformation cA = ∂ Q̃/∂x, leading to
Q̃ = −AIe−Ix/A H(Ix)δ(y),
h
i
∂ Q̃
cA =
= H(Ix)e−Ix/A − Aδ(x) δ(y),
∂x
hcA i = 12 e−|x|/A δ(y) − Aδ(x)δ(y).

(3.71)
(3.72)
(3.73)

Chapter 4

Modelling the morphodynamic effects of
different design options for offshore
sandpits?
Abstract: We investigate the hydrodynamic and morphodynamic effects of offshore
sand extraction, for a variety of pit designs. To that end, we use an idealized model
containing the essential physics for bed evolution in a tide-dominated environment,
based on the assumption that the ratio of pit depth to water depth is small. The
resulting semi-analytical tool enables a quick and extensive study into the effects of
varying pit design parameters, such as pit length, width and orientation with respect to
the tide. The results show that sandpits, through the mechanism of flow contraction,
tend to trigger the morphodynamic instability associated with sandbank formation.
It implies a gradual deepening, deformation of the pit itself, as well as the appearance
of adjacent humps. The details of these aspects are determined by the pit geometry.
For example, the hydrodynamic response turns out to be controlled by the ratio of
effective pit width and pit length, a dimensionless parameter which takes into account
the orientation of the pit. The morphodynamic response is strongest for pits elongated
in the preferred direction of sandbank formation, and weakest for pits perpendicular
to this direction. The migration of the pit, however, is shown not to depend on its
geometry, but rather on the undisturbed flow conditions.

4.1

Introduction

Shallow shelf seas, like the North Sea, are increasingly used as a source of sand
(Hoogewoning and Boers, 2001; Harrison, 2003). However, large-scale sand
extraction may have a negative impact on hydrodynamics, morphology, coastal
safety, ecology and biology of the system. This is of concern to the authorities
making policy regarding sand extraction and responsible for issuing the permits.
In this study, we restrict ourselves to the impact of large-scale sand extraction
on the morphodynamics of the seabed.
The current legislation regarding sand extraction from the Dutch Continental Shelf prohibits mining landward of the 20 m depth contour, and defines a
? This chapter has, in slightly different form, been presented with a poster at the MARID
conference, and a corresponding paper (Roos and Hulscher, 2004).
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maximum pit depth? of 2 m. Other practical constraints deal with the availability of sand, technical limitations and financial considerations. Besides, there
are several degrees of freedom, related to the size and shape of the extraction
area, as well as its orientation with respect to the flow. The importance of geometry is illustrated by the difference in behaviour between trenches and pits,
as explained below.
Trenches, characterized by a spatial uniformity in one horizontal, have been
the subject of several morphodynamic studies (Ribberink, 1989; Walstra et al.,
1998; Jensen et al., 1999ab; Van de Kreeke et al., 2002). The model results
show that trenches tend to migrate and deform gradually. The spatial uniformity in the along-trench direction simplifies the hydrodynamics of the problem,
especially in the case of perpendicular flow (Van de Kreeke et al., 2002).
The geometry of a sandpit is more complicated and may give rise to morphodynamic effects different from those in the trench case. For example, pits
tend to display flow contraction, that is, the lateral attraction of water mass due
to the reduced effect of bottom friction inside the pit (Ribberink, 1989; Svašek,
1998; Klein, 1999; Hoogewoning and Boers, 2001). Svašek (1998) found a critical
ratio of pit width to length of ∼ 0.5, below which velocities at the pit’s center
exceed the undisturbed velocity outside the pit. However, this result was based
on a limited number of simulations (with waqua), for pits with a perpendicular
orientation only.
Finally, the flow conditions and horizontal dimensions of large-scale sandpits approximate those of tidal sandbanks, so also their morphodynamics may
be related. This relation implies that the mechanism of tidal rectification
(Zimmerman, 1981) may apply to sandpits. Tidal rectification describes the deflection of tidal flow as a result of friction-topography and Coriolis-topography
interactions. Preliminary results (Roos et al., 2001; Roos and Hulscher, 2003;
see Chapter 3) indicate that creating a sandpit may trigger the corresponding
instability associated with sandbank formation (Huthnance, 1982a; De Vriend,
1990; Hulscher et al., 1993).
Policy and management regarding sand extraction will benefit from a better understanding of the morphodynamic behaviour of sandpits, particularly in
relation to the degrees of freedom in pit design. To that end, we introduce the
following indicators:
• degree of flow contraction,
• bed evolution at pit’s center,
• pit migration,
• radius of morphodynamic influence.
Our aim is to develop a process-based morphodynamic model, allowing an extensive sensitivity analysis of these four indicators with respect to the parameters
? For large-scale projects (> 10 Mm3 ), the restriction on pit depth has recently been
dropped.
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characterizing both pit design and the system’s physics. We particularly aim
at identifying characteristic quantities that control these indicators. The model
should contain the physics essential to offshore seabed evolution (including sandbank dynamics), be able to deal with a variety of sandpit geometries, and be
sufficiently fast to allow an extensive sensitivity analysis. This last requirement
is warranted due to our linearization with respect to the ratio of pit depth and
water depth. For shallow pits outside the 20 m depth contour, this parameter
is small (except when extracting from shallow offshore areas, such as crests of
tidal sandbanks).
This paper is organized as follows. In Section 4.2 the morphodynamic model
is introduced, with special attention for pit geometry and solution procedure
(details in the Appendix; Section 4.6.2). The results are presented in Section 4.3,
first showing the qualitative behaviour, then investigating the sensitivity of the
indicators to pit design. Finally, Sections 4.4 and 4.5 contain the discussion and
conclusions, respectively.

4.2

Model

4.2.1 Introduction
In this section, we present the morphodynamic model with respect to geometry,
hydrodynamics, sediment transport and bed evolution. As the horizontal length
scales (order of kilometers) are much larger than the vertical length scales (tens
of meters), we follow a depth-averaged flow approach including Coriolis effects.
Next, a parametrization of the bottom friction should be included to model flow
contraction and tidal rectification. The existing sandpit models commonly use
a nonlinear friction law, whereas tidal sandbank models usually adopt a linear
one. We therefore decide to investigate both parametrizations, enabling us to
compare them (Section 4.3.6).
Keeping offshore conditions in mind, we furthermore include the effect of
wind waves on the stirring of sediment. We model this effect inversely proportional to the water depth using an external stirring parameter. In this way, we
avoid to model the detailed physics of the wave field explicitly (shoaling, refraction). The sediment transport is modelled using a simple transport formula for
bed load sediment transport.
4.2.2 Geometry
Consider an offshore part of a shallow shelf sea, in the absence of coastal boundaries, where we define a coordinate system with horizontal coordinates x = (x, y)
(Figure 4.1). The z-axis points upward, with the free surface located at z = ζ(x)
and the seabed at z = −h(x) (Figure 4.2).
We model a sandpit as a rectangular box of length L, width B and height
hpit , centered around the origin of the domain (Figure 4.1). The pit axis is
inclined at an angle ϑ with the direction the flow (the x-direction). The surrounding seabed is considered flat, at a uniform water depth h0 . Inside the
pit, the water depth is h0 + hpit , whereas the slopes at the edges of the pit
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Figure 4.1: Plan view of pit geometry, showing length L, width B, the pit axis as
well as its orientation ϑ with respect to the direction of the tidal flow. The lines CD
and EF define the effective pit length and the effective pit width, respectively. The
water flux across EF is a measure for the degree of flow contraction.
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Figure 4.2: Side view of pit geometry, along (a) the length L and (b) the width B
of the pit, showing the slope length S, the levels of the free surface z = ζ(x), and the
seabed z = −h(x), as well as the undisturbed water depth h0 and the pit depth hpit .

follow a smooth, sinusoidal shape over a horizontal distance S (Figure 4.2). As
characteristics of a sandpit we consider its length L, width B, orientation ϑ and
quantities that combine these parameters. In our approach, the depth hpit must
be small with respect to the undisturbed water depth h0 .
As it turns out in Section 4.3.2, the hydrodynamics of the system strongly
depends on the ratio ξ of effective pit width and effective pit length (the lines
EF and CD in Figure 4.1, respectively), given by
©
ª
B
min sinL ϑ , cos
ϑ
©
ª.
ξ=
(4.1)
B
min cosL ϑ , sin
ϑ
This nondimensional parameter includes the pit’s orientation† . In this study,
† In equation (4.1), when ϑ = 0◦ or ϑ = 90◦ , the elements with zero denominator should
be considered +∞, such that ξ = B/L and ξ = L/B, respectively.
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Table 4.1: Overview of model parameters.

description
symbol
Physics:
acceleration of gravity
g
latitude
θ
Coriolis parameter
f
angular frequency of M2 -tide
σ
linear friction parameter?
r
Chézy parameter?
C
bed load transport coefficient
α
bed slope coefficient
λ̃
maximum velocity of tidal flow
U
wave stirring velocity
Uw
bed porosity
²p
water depth
h0
Pit geometry:
pit depth
hpit
pit length
L
pit width
B
pit slope length
S
pit orientation
ϑ
Tidal conditions: †
I
residual current
j0
1.00
amplitude of horiz. M2 -tidal velocity
j2
0.00
amplitude of horiz. M4 -tidal velocity
j4
0.00
phase lag between M2 and M4
ϕ4
0◦
? The linear and nonlinear friction coefficients are related
given by equation (4.6), † the sets of tidal conditions I –IV

value(s)
9.8
52◦ N
1.15 · 10−4
1.41 · 10−4
2.0 · 10−3
65
5.5 · 10−5
2
1.00
0.25
0.4
20

dim.
m s−2
deg
rad s−1
rad s−1
m s−1
m1/2 s−1
m−1 s2
m s−1
m s−1
−
m

2 m
0.5-15 km
0.5-15 km
0.2 km
−90◦ -90◦
deg
II
III
IV
0.00 0.05 0.00 m s−1
1.00 0.95 0.95 m s−1
0.00 0.00 0.05 m s−1
0◦
0◦
0◦
deg
through Lorentz’ linearization, as
will be referred to in Section 4.3.

the averaged water flux across the line EF in Figure 4.1 is used as a measure
for the degree of flow contraction (Section 4.3.2).
4.2.3 Hydrodynamics
The depth-averaged flow equations read
∂ζ
∂u
∂u
∂u
τbx
+
+u
+v
− fv +
= 0,
∂x
∂t
∂x
∂y
ρh
∂ζ
∂v
∂v
∂v
τby
g
+
+u
+v
+ fu +
= 0,
∂y
∂t
∂x
∂y
ρh
∂(hu) ∂(hv)
+
= 0,
∂x
∂y

g

(4.2)
(4.3)
(4.4)

where u and v are the x- and y-components of the depth-averaged flow velocity
vector u, respectively. Moreover, g is the acceleration of gravity (parameter
values are listed in Table 4.1), t is time, ρ the density of water, and f = 2Ω sin θ
a Coriolis parameter with θ the latitude and Ω = 7.292·10−5 rad s−1 the angular
frequency of the Earth’s rotation. We have adopted the rigid-lid approach,
implying that we neglect the contribution of ζ to the local water depth. This
is justified by the small values of the Froude number Fr = U (gh0 )−1/2 , with U
a measure for the maximum depth-averaged flow velocity during the tidal cycle
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(∼ 1 m s−1 ). Furthermore, bed evolution is so slow compared to the tidal cycle
that a term ∂h/∂t does not need to be included in the continuity equation (4.4)
(quasi-stationary approach). The bottom friction vector τ b = (τbx , τby ) can be
modelled linearly or nonlinearly, according to
τ lin
b = ρru,

τ nonlin
=ρ
b

g|u|u
,
C2

(4.5)

respectively. Here r is a linear friction parameter and C the Chézy parameter
of nonlinear friction. They can be related to each other according to Lorentz’
linearization (Zimmerman, 1982), according to
r=

8gU
.
3πC 2

(4.6)

This conversion preserves the amount of work done by bottom friction during a
cycle of a fully symmetrical, sinusoidal tide.
4.2.4 Sediment transport and bed evolution
The volumetric bed load flux (in m2 s−1 ) is modelled as
µ
¶
1 2
2
q b = α |u| + uw (u + λ∇h) .
2

(4.7)

This is a third power law with coefficient α, including gravitational bed slope
effects with coefficient λ = λ̃U . In the literature, the dimensionless coefficient
λ̃ is taken inversely proportional to the tangent of the angle of repose (see, for
example, Sekine and Parker, 1992)‡ . A wave stirring term 12 u2w augments the
amount of sediment transported by the tidal flow. We model the corresponding
orbital velocity amplitude uw as a negative power of the local water depth, that
is,
µ ¶−m
h
uw = Uw
,
(4.8)
h0
with amplitude Uw and power m > 0 (we take m = 1). The notion that the
effect of wind waves is stronger in shallower water is incorporated in our stirring
formulation.
The seabed evolves as a result of spatial variations in the bedload flux,
according to
∂h
1
=
∇ · hq b i .
(4.9)
∂τ
1 − ²p
Here, ²p is the bed porosity (∼ 0.4). As the process of erosion and deposition
occurs on a time scale Tm much larger than the tidal period T = 12h250 , only
the tidally averaged sediment flux essentially contributes to the seabed evolution
‡ The formulation of the bed slope effect may differ from commonly adopted formulas, as
we have chosen a quadratic rather than a cubic velocity power. We have chosen it to equal
the formulation of the nonlinear model in Chapter 5, the solution procedure of which requires
the use of even powers of the velocity magnitude.
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RT
(h·i ≡ T −1 0 ·dt denotes tidal averaging). As an estimate of the morphological
time scale, we find Tm = 50 years. This estimate is related to the value of the
transport coefficient α; details are presented in the Appendix (Section 4.6.1).
Note that we use t to denote stages within the tidal cycle and τ to denote the
morphodynamic evolution.
4.2.5 Tidal conditions and solution procedure
First let us consider the situation without sandpit, that is, h = h0 everywhere.
Then, a spatially uniform flow of the form u0 = (u0 , v0 ) = (j(t), 0) with
j(t) = j0 + j2 cos (σt) + j4 cos (2σt − ϕ4 ) ,

(4.10)

is a solution of the set of equations. This basic flow or ambient flow represents a
unidirectional tide along the x-axis with a residual component j0 , a semi-diurnal
lunar component of amplitude j2 , angular frequency σ = 1.41 · 10−4 rad s−1 and
its first overtide (amplitude j4 , phase lag ϕ4 ). The spatial uniformity of the
flow makes it a local model, as we neglect the spatial variations on the length
scale of a propagating tidal wave (wavelength ∼ 700 km). The basic flow is
then driven by an also spatially uniform, yet time-dependent pressure gradient
(∇ζ)0 . The associated sediment transport pattern is also spatially uniform,
so the flat seabed remains flat. This holds for any value of the wave stirring
parameter Uw .
The idea is now to consider the situation with a pit as a small, local perturbation of this basic state, such that we may linearize in the parameter ² = hpit /h0 .
The resulting system for these first order quantities can be solved using a Fourier
basis, which explains our spatially periodic approach. More information on the
solution procedure can be found in the Appendix (Section 4.6.2). The model
output consists of time-dependent flow and sediment transport patterns, as well
as the seabed topography, at arbitrary time τ .

4.3

Results

4.3.1 Qualitative behaviour
First, we investigate the main properties of the hydrodynamics for steady flow
conditions (case I in Table 4.1). To that end, we introduce two obliquely oriented sample pits of 12 Mm3 (L = 3 km, B = 2 km, ϑ = 30◦ and L = 4 km,
B = 1.5 km, ϑ = −45◦ ). Other parameter values are taken from Table 4.1,
such as a water depth of h0 = 20 m and a pit depth of hpit = 2 m. For these
pits, the ratio of effective pit width and length are given by ξ = 2/3 and ξ = 1,
respectively.
As shown by Figure 4.3, both pits indeed display flow contraction. This is
witnessed by the velocity components, but also by the dipping of the free surface
upstream of the pit. This dipping provides the lateral pressure gradient, which
attracts the flow toward the pit. We also observe the generation of vorticity
over the edges of the pit, which is subsequently advected downstream. The
depth-averaged vorticity, defined as η ≡ ∂v/∂x − ∂u/∂y, is a measure for the
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Figure 4.3: Hydrodynamics of two sample pits (12 Mm3 , hpit = 2 m and h0 = 20 m)
subject to steady flow from left to right. Top: L = 3 km, B = 2 km, ϑ = 30◦ , bottom:
and L = 4 km, B = 1.5 km, ϑ = −45◦ . Plotted are the velocity components (a)
∆u, (b) ∆v, (c) the free surface response ∆ζ, and (d) the vorticity field η. Parameter
values taken from Table 4.1 (flow conditions I, nonlinear friction).

degree of rotation and deflection in the (depth-averaged) flow field. For both
pits in Figure 4.3, vorticity production is strongest across the edges with a counterclockwise orientation. This is because in these cases Coriolis and frictional
effects amplify each other (Northern Hemisphere).
To investigate the morphodynamic evolution of the pit, we consider flow
conditions more realistic for North Sea situations, such as a superposition of an
M2 -tide and a small residual current (case III in Table 4.1). The asymmetry
in the forcing causes the pits to migrate, and they further turn out to extend
themselves into a counterclockwise direction (Figure 4.4). Additional humps
appear next to and downstream of the pit, thus indicating that a pattern of
banks may gradually appear around the pit. Note that the bed responses are
qualitatively similar, but differ with respect to the details. The migration rates,
however, appear to be identical. In the following subsections we will investigate
the four indicators introduced in Section 4.1, particularly their sensitivity to the
pit geometry parameters L, B and ϑ.

4.3.2

Flow contraction

To investigate the sensitivity of flow contraction to pit design, we introduce two
dimensionless quantities. First, we consider the velocity increase at the pit’s
center, given by
∆Ucenter =

|u(0)| − u0
.
u0

(4.11)
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Figure 4.4: Evolution of two sample pits (12 Mm3 , hpit = 2 m and h0 = 20 m),
subject to asymmetrical tidal flow. Top: L = 3 km, B = 2 km, ϑ = 30◦ , bottom:
L = 4 km, B = 1.5 km, ϑ = −45◦ (bottom). Plotted are the topographies at (a)
τ = 0, (b) τ = 25 yr, (c) τ = 50 yr and (d) τ = 100 yr. The origin is denoted with a
circle ◦ , the pit’s center of mass with a cross × . Parameter values taken from Table 4.1
(tidal conditions III, nonlinear friction).

Next, we use the averaged added flux through the pit, defined according to
³
´
R
1
hudy
− h0 u0
`EF EF
∆Qpit ≡
.
(4.12)
h0 u0
Here, we integrate along the line EF in Figure 4.1 (of length `EF ), that is, across
the effective width of the pit. These quantities will be studied for a steady flow
(case I in Table 4.1) only.
As shown by Figure 4.5, the degree of flow contraction is to an important
extent controlled by the ratio of effective pit width and pit length, as defined
in equation (4.1). This result is based on a set of numerical simulations, for
ranges of the orientation ϑ, pit length L and pit width B (ϑ = 0, 15 . . . 90◦ ;
L, B = 1, 2 . . . 15 km; total: 1350 runs). Owing to this uniform discretization
of the parameter ranges (and the way ξ depends on L, B, ϑ according to equation (4.1)), the shape of the cloud in Figure 4.5 shows concentrations of points at
certain values of ξ. The observed scatter seems to indicate a second dependency,
which we investigate further below.
To investigate potential further controls as well as the influence of the Chézy
parameter, we restrict our attention to the simulated pits with ϑ = 0◦ and
ϑ = 45◦ . The ratio of effective pit width and length attains a wide range of
values within the former class, but it is unable to discriminate between pits
within the latter, as pits with ϑ = 45◦ are all characterized by ξ = 1; see
equation (4.1). Now let us consider the relative pit length, defined as the ratio
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Figure 4.5: Dependency of hydrodynamic indicators on ξ: (a) ∆Ucenter , (b) ∆Qpit .
For a description of the numerical simulations, see text.

of effective pit length and the adaptation length:

Lrel =

min

©

B
L
cos ϑ , sin ϑ

λadap

ª
,

λadap =

C 2 (h0 + hpit )
.
2g

(4.13)

Herein, the adaptation length λadap follows from a one-dimensional balance
between (nonlinear) bottom friction and advection (λadap = 4.7 km for C =
65 m1/2 s−1 ; also see Chapter 2). The quantity Lrel allows us to consider
different values of the Chézy coefficient. Figure 4.6b shows, for ϑ = 45◦ , (i ) a
relatively strong correlation between ∆Ucenter and Lrel and (ii ) flow contraction
being enhanced when bottom friction is stronger (smaller values of C). However,
as shown by Figure 4.6a, for ϑ = 0◦ the agreement is worse which may be
associated with λadap originating from one-dimensional considerations only (also
see Svašek, 1998). Weaker correlation is also observed when considering ∆Qpit
instead of ∆Ucenter as a hydrodynamic indicator.
The goal of this subsection has been to show a dependency of hydrodynamics
on pit geometry, which can be detected already in the strongly simplified case
of steady flow. Although a steady flow may not directly represent a snapshot
within a tidal cycle§ , we expect that such a dependency continues to exist for
more complicated flow conditions. In the following, we make the step toward
considering more realistic tidal flows, but we restrict our attention to the (tidally
averaged) effects on the morphodynamics.
§ For example, scaling arguments show that the tide’s inertia (the terms ∂u/∂t and ∂v/∂t
in equations (4.2) and (4.3), respectively) can not be neglected (Huthnance, 1982a; Hulscher
et al., 1993). The morphodynamic implications of this simplification, however, are minor for
small-amplitude topographies (Chapter 3).
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Figure 4.6: Dependency of ∆Ucenter on Lrel , for the classes of simulated pits with
different orientations: (a) ϑ = 0◦ and (b) ϑ = 45◦ . This has been done for three
different values of the Chézy coefficient: C = 45 m1/2 s−1 (circle: ◦), C = 65 m1/2 s−1
(default, triangle: 4) and C = 85 m1/2 s−1 (diamond: ¦).

4.3.3

Initial bed evolution at pit’s center

To investigate the sensitivity of the morphodynamics to pit design, we now
consider the initial bed evolution at the pit’s center, given by ∂hcenter /∂τ at
x = 0 and τ = 0. In the case of a purely symmetrical tide (case II ), the absence
of migration allows us to study this indicator, indeed by looking at the origin
x = 0 only. To that end, we define three different pit volumes: 6 Mm3 (‘small’),
12 Mm3 (‘medium’, see sample pits in Section 4.3.1) and 18 Mm3 (‘large’). For
each of these pit volumes, we consider ranges of length-to-width ratios L/B and
orientations ϑ.
As shown by Figure 4.7, in general smaller and wider pits (small L/B)
tend to fill in initially, whereas larger and elongated pits (large L/B) initially
erode at their centers. In addition, we observe a significant influence of the
pit’s orientation, showing strongest response for values around ϑfgm ≈ 30◦ .
Here ϑfgm is the preferred angle of crest (normal) from sandbank formation
(Huthnance, 1982a; Hulscher et al., 1993; De Vriend, 1990). For a fixed value
of the pit volume, characteristic parameters are cos(ϑ − ϑfgm ) and the lengthto-width ratio L/B.

4.3.4

Pit migration

As shown by the examples in Section 4.3.1, sandpits are likely to migrate as a
result of the presence of a residual current or an M4 -component. Because of the
deformation of the pit, quantifying this phenomenon is not straightforward and
migration requires a clear definition. Following Jensen et al.’s (1999b) treatment
of the trench case, we define it as the horizontal movement of the pit’s center
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Figure 4.7: Initial bed evolution at pit center (in m yr−1 ) as a function of L/B and
ϑ. Plotted is −∂hcenter /∂τ for a pit of (a) small, (b) medium and (c) large size (6,
12 and 18 Mm3 , respectively). Red indicates deposition, blue indicates erosion, and
the solid line is the zero contour. Parameter values taken from Table 4.1 (symmetrical
tidal conditions II, nonlinear friction).

of ‘mass’:
cmig

∂xCM
=
,
∂τ

xCM

1
=
BLhpit

ZZ
h1 (x, τ )xdx,

(4.14)

D

where we integrate over the full domain D. As derived in the Appendix (Section 4.6.3), the migration rate turns out to be given by
cmig =

3 hq 0 i
,
(1 − ²p )h0

(4.15)

Hence, migration takes place in the direction of the flow and, does not depend
on the pit geometry and remains constant throughout the pit’s evolution\ . This
simple result allows us to investigate the relation between migration and the
various physical mechanisms, simply by looking at the properties of the basic
state. As can be expected, the presence of a residual current and/or an M4 component has an increasing effect on the migration rate (Figure 4.8a-4.8c).
Considering phase shifts beyond 90◦ (in case III ) reverses the direction of migration. In addition, stronger wave activity also leads to higher migration rates,
but this requires the presence of a residual current j0 to transport the wavestirred material (Figure 4.8d).
The results also show that, for the tidal conditions under consideration, the
magnitude of the migration rates is of the order of 20 m yr−1 .
\ Note that the factor 3 in equation (4.15) stems from our cubic velocity power in the
transport formula (4.7) and, regarding the wave stirring of equation (4.8), that this holds for
m = 1 only (see equation (4.22) in the Appendix; Section 4.6.3).

4.3. Results

77
(b) M4−amplitude

(a) residual current

(d) wave stirring

40

40

40

30

30

30

30

20

20

20

20

10

10

10

10

0

0

0

cmig,x (m yr )

−1

(c) M4−phase

40

0

0.02 0.04 0.06
−1

j0 (m s )

0

0.02 0.04 0.06
−1

j (m s )
4

0

30
60
φ (deg)
4

90

0

0

0.25

0.5
−1

Uw (m s )

Figure 4.8: Migration rate as a function of (a) strength of the residual current in case
III, (b) amplitude of the M4 -component in case IV ), (c) phase of the M4 -component
in case IV and (d) wave activity in case III. The sum of amplitudes has been kept
constant: j0 + j2 + j4 = 1 m s−1 . Tidal conditions and other parameter values from
Table 4.1.

4.3.5 Radius of morphodynamic influence
Of particular practical relevance is the pit’s radius of morphodynamic influence.
Like migration, this requires a clear definition. We choose to investigate it using
the second order moment of the topographic perturbation:
ZZ
1
2
=
Rinfl
|h1 (x, τ )|(x − xCM )2 dx,
(4.16)
BLhpit
D
taking xCM from equation (4.14) and integrating over the full domain D. Hence,
the radius of influence is defined as the (square root) of the averaged squared
distance, weighted with the strength of pit shape. The radius of morphodynamic
influence enables us to compare different pit designs in terms of a single quantity.
However, such an integrated, scalar quantity can not be interpreted in terms
of what locally happens at a distance of Rinfl of the pit’s center. Note that,
in equation (4.16), we have adopted an absolute value to make sure that the
humps (where the perturbed water depth is negative: h1 < 0) have a positive
contribution. The initial value for a pit with S = 0 (Figure 4.2) is given by
1
2
Rinfl
= 12
(L2 + B 2 ), clearly showing a dependency on the pit shape.
First, for the two sample pits introduced in Section 4.3.1, Figure 4.9 shows
the evolution of Rinfl . Besides showing a nearly linear increase in Rinfl , it turns
out that the first sample pit (L = 3 km, B = 2 km, ϑ = 30◦ ) experiences a
slightly faster spatial expansion than the second one (L = 4 km, B = 1.5 km,
ϑ = −45◦ ). This suggested dependency on pit shape and orientation is confirmed by Figure 4.11 (printed on page 80), showing this sensitivity in a more
general way. It should be noted that this figure compares the values of Rinfl at
a single moment (after 50 years, equalling the morphological time scale Tm ).
4.3.6 Role of bottom friction parametrization
The numerical simulations so far have all been carried out using the nonlinear
law for bottom friction. In this subsection, we investigate the role of taking a

78

Chapter 4. Morphodynamic effects of different pit design options
25

Rinfl (km)

20
15
10
5
0

τ=Tm
↓

0

50

τ (yr)

100

150

Figure 4.9: Evolution of the radius of morphodynamic influence for the two sample
pits introduced in Section 4.3.1. Solid line pertains to the first (L = 3 km, B = 2 km,
ϑ = 30◦ ), dotted line to the second pit (L = 4 km, B = 1.5 km, ϑ = −45◦ ). The value
of the morphological time scale Tm = 50 yr has been indicated.

linear or nonlinear parametrization, as introduced in equation (4.5). In doing
so, we consider the morphodynamic response to a symmetric tide (case II in
Table 4.1) and we relate the coefficients r and g/C 2 to each other through
Lorentz’ linearization, given by equation (4.6).
First, the qualitative behaviour is identical for both parametrizations, showing an unstable seabed. For linear friction, the erosion appears to be somewhat
weaker and the preferred angle is slightly smaller (Figure 4.10, printed on page
80).

4.4

Discussion

4.4.1 Indicators and characteristic parameters
The hydrodynamic part of this study has shown that flow contraction is correlated with the dimensionless ratio of effective pit width and effective pit length.
These two quantities determine the lateral availability of water and the length
over which the resulting acceleration inside the pit takes place, respectively.
Our result generalizes earlier findings by Svašek (1998), because it also includes
variations in pit orientation. As can be expected, there is a further dependency
related to the ratio of effective pit length and adaptation length. It shows that
flow contraction is enhanced for stronger bottom friction and for increasing effective pit length. However, the simulations suggest further possible geometric
dependencies besides ξ and Lrel , which are left for future investigation.
The morphodynamic response is governed by the tidally averaged pattern of
flow and sediment transport, which differs from the instantaneous hydrodynamic
response to a steady flow. It hence leads to alternative decisive parameters,
which turn out to be closely related to the characteristics of sandbank formation. The results for example suggest a dependency proportional to cos ϑ−ϑfgm ,
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where ϑfgm is the preferred angle of sandbank formation. According to Chapter 3
(or Roos and Hulscher, 2003), this angle can be estimated from the Coriolis and
friction parameters and the water depth according to ϑfgm = 12 arctan(f h0 /r)
(use Lorentz’ linearization (4.6) to convert C to r). The morphodynamic response is strongest for large pits and pits elongated in this direction. The pit’s
radius of influence displays a similar dependency on pit geometry. Note that the
spatial influence of the pit is determined by the combined effect of this radius
of influence and the pit’s rate of migration.
Migration, defined as the motion of the pit’s center of mass, was shown to be
proportional to the ratio of undisturbed sediment flux and water depth. Even
though the present context is different, this simple result equals the theoretical
migration rates obtained for small-amplitude, sinusoidal topographic waves in
a river (Jansen, 1994). To estimate values of pit migration for a particular site
in the North Sea, equation (4.14) can be applied, using measurements of the
local water depth and sediment flux (preferably averaged over a longer period
of about a year to wipe out the effect of seasonal fluctuations).
4.4.2 Temporal and spatial scales
The uncertainty in the proportionality coefficients of the sediment transport
is reflected in the uncertainty of the time scales. This also applies to the resulting estimates of the migration rates. In the Appendix (Section 4.6.1), we
estimate the sediment transport coefficient, also referring to related morphodynamic studies in the offshore environment. An alternative way to estimate the
morphological time scale could be based directly on field data rather than transport formulas from literature. Assuming a transport formula of the form (4.7)
and considering time series of sediment transport as well as the depth-averaged
flow field then leads to an alternative, site-specific estimate of α and hence of
Tm . However, we consider this beyond the scope of the present study and we
leave this topic for future research.
Finally, we have been careful to apply our model on spatial scales of kilometers, for which a depth-averaged approach is appropriate. On smaller length
scales, alternative physical elements should be included, such as the vertical flow
structure which is related to the dynamics of tidal sandwaves (Hulscher, 1996).
4.4.3 Linearity assumption and influence of pit depth
The linearity in the bed amplitude makes the simulations quick, yet limits the
applicability of this model to extraction areas with a small value of ² = hpit /h0 ,
and to time scales for which the topographic variations remain small with respect
to the water depth. Furthermore, the influence of pit depth can not be studied
with this model. For deeper pits, characterized by larger values of ², the present
results can be interpreted as a first order approximation.
Assessing the quality of this approximation requires a nonlinear extension
of the model. However, such a strongly nonlinear two-dimensional horizontal
approach, fully resolving the tidal components on a large-scale two-dimensional
domain, is currently not available and it will be computationally very expensive.
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Figure 4.10: Initial bed evolution at pit center (in m yr−1 ) as a function of pit
shape L/B and orientation ϑ (medium pit of 12 Mm3 ). (a) Linear bottom friction, (b)
nonlinear bottom friction. The solid line is the zero contour. Parameter values taken
from Table 4.1 (symmetrical tidal conditions, case II ).
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Figure 4.11: Radius of morphodynamic influence (in km, after 50 years), as a function
of L/B and ϑ. for a pit of (a) small, (b) medium and (c) large size (6, 12 and 18 Mm3 ).
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This makes it impossible to conduct large numbers of simulations, a typical
property of the sensitivity analysis carried out here. Nevertheless, in view of
the recent changes in Dutch legislation toward permitting larger pit depths, this
topic deserves further investigation.
4.4.4 Stability properties of the flat seabed
Analogous to earlier research (Ribberink, 1989; Svašek, 1998; Klein, 1999), we
have modelled a sandpit as a disturbance of an otherwise flat seabed. The same
type of offshore morphodynamic models has been used to show that the flat
seabed is inherently unstable, giving rise to the formation of tidal sandbanks
(Huthnance, 1982a; De Vriend, 1990; Hulscher et al., 1993). These theories describe the formation of patterns of infinite spatial extent. In our results, the
instability is triggered locally by the sandpit (Figure 4.4). Hence, the morphodynamic results comprise both the direct response to a pit, as well as the inherent
instability of the flat seabed. Alternatively, it follows that this instability is the
morphodynamic manifestation of flow contraction.
It is worthwhile noting that the instability of the flat seabed is a general
property of the morphodynamic model, showing the presence of both stable
and unstable modes. Here, a mode is considered a topographic waviness with
a certain orientation and wavelength. Any pit will trigger this instability, as
any pit contains these unstable modes. How fast this instability manifests itself
depends on the extent to which the unstable modes are present in the pit’s spectrum (see Appendix (Section 4.6.2). This explains why pits with an orientation
close to the preferred angle of tidal sandbank formation show the most unstable
behaviour. Accordingly, the initial flattening of the pit slopes can be interpreted
as the diffusive decay of the stable, short-scale modes.
Closely related is the issue of extracting sand from tidal sandbanks (Chapter 6). The morphodynamic processes maintaining these features may interact
with the sandpit. De Swart and Calvete (2003) have shown that, in the context of shoreface-connected sand ridges, the resulting behaviour (gradual shift
back to initial equilibrium pattern) can be essentially different from the results
obtained here for an offshore flat bed. Note that the nonlinear study by Roos
et al. (2004) (Chapter 5) provides the theoretical framework for such a study in
the context of tidal sandbanks (which is carried out in Chapter 6).
4.4.5 Validation: discussing the putmor-experiment
Recently, a 6.5 Mm3 sample pit off the Dutch Coast has been created and
extensively monitored by the Directorate North Sea of the Netherlands Ministry of Transport, Public Works and Water Management, and the National
Institute for Coastal and Marine Management; see Hoogewoning (2000) and
Svašek (2001abc). The pit of this so-called putmor-experiment, located near
Hook of Holland, has the following geometry: L = 1.3 km, B = 0.5 km,
h0 = 24 m, hpit = 10 m. Several factors complicate the comparison of the
putmor-data with the model developed here: (i ) the large relative depth of the
pit (hpit /h0 = 0.42), (ii ) the site-specific stratification caused by the outflow
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of the Rhine, (iii ) the absence of measurements in the upper part of the water
column, and (iv ) the relatively short monitoring period (half a year). Therefore,
we have not attempted to validate our model against these data. For a comparison between the putmor experiment and a process-based numerical code
(delft3d, both in a two-dimensional depth-averaged and in a three-dimensional
setting), we refer to Walstra et al. (2002a, 2003).

4.5

Conclusions

We have developed a process-based morphodynamic model for sandpit evolution, including the essential physics for large-scale offshore sea bed dynamics, as
used in earlier studies. It allows an extensive sensitivity analysis with respect
to the degrees of freedom in pit design, such as length, width, and orientation.
From a qualitative point of view, a sandpit tends to display flow contraction and,
as a morphodynamic implication of this hydrodynamic mechanism, it deforms,
deepens, migrates, and creates adjacent humps.
The sensitivity analysis shows that the hydrodynamic response is mainly
controlled by the effective width-to-length ratio of the pit, whereas the morphodynamic response is determined by parameters related to the dynamics of
tidal sandbanks. Comparing pits of equal size, it turns out that the degree of
pit deepening and the radius of morphodynamic influence are largest for pits
elongated in the preferred direction of tidal sandbank formation. Contrasting
this, we found that migration rates do not depend on pit geometry; they can be
estimated from the ratio of undisturbed sediment flux and water depth.
The linearity of the model makes our approach valid for shallow pits. For
deeper pits, which is becoming a relevant case because of the recent changes
in Dutch legislation regarding large-scale extractions, the results of this study
serve as a first order approximation. Assessing the value of this approximation
calls for an extension of the model into the (strongly) nonlinear regime, which
is computationally expensive and therefore not suitable for an exhaustive sensitivity analysis. We further recommend more research into the quantitative
aspects of sediment transport, as this strongly affects the time scale of the morphodynamic changes. Finally, another topic for future research is the nonlinear
response from tidal sandbanks to interventions like sand extraction.

4.6

Appendix

4.6.1 Morphological time scale and sediment transport coefficient
Based on scaling arguments (Chapter 3), the morphological time scale is given
by
(1 − ²p )h0
Tm =
.
(4.17)
ασU 2
Most of the parameters in this expression (porosity, water depth, angular frequency of the tide, water depth, maximum flow velocity) are known or can be
estimated relatively accurately. An exception, however, is the sediment transport coefficient α. This parameter scales the cubic relationship between bedload
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flux and depth-averaged flow velocity, given by equation (4.7). The morphological time scale is inversely proportional to α, which shows how uncertainties in
estimating the transport coefficient α are reflected in the morphological time
scale. We find a morphological time scale of about 50 years, based on a value
of α ∼ 5.5 · 10−5 .
This value for α is based on considerations similar to those of Idier and
√
Astruc (2003). Following Van Rijn (1989), they use α = 8 g/[(s − 1)C 3 ], in
which g is the acceleration of gravity, s = ρsed /ρ ∼ 2.65 the relative density
of sediment and C the Chézy coefficient. Using vales of C = 65 m1/2 s−1 and
h0 = 20 m, we find α = 5.5 · 10−5 m−1 s2 . Idier and Astruc (2003) found
α = 1.7 · 10−5 m−1 s2 ; they focused on a water depth of 30 m and they used
C = 18 log (4h0 /d50 ), with a median grain size d50 = 500 µm. In their study of
shoreface-connected sand ridges, Walgreen et al. (2003) used a similar transport
formula and, based on alternative arguments (Bailard, 1981), they found α =
2 · 10−5 m−1 s2 , which is close to the value used in this study] . Alternatively,
the value of α = 1.6 · 10−4 used by Huthnance (1982a) leads for the conditions
considered there (30 m water depth) to a much smaller time scale of about 20
years, but he notes that this must be regarded as a minimum time scale. An
overview of obtaining sediment transport coefficients for transport formulas in
terms of the depth-averaged velocity can be found in Idier (2002). Finally, the
time scale as given in equation (4.17) does not include wave stirring. Correcting
for this by changing U 2 → U 2 + 12 Uw2 in equation (4.17) would reduce Tm by a
factor of 1.125 (for the parameter values in Table 4.1).
Accurately modelling the magnitude of sediment transport is a difficult task,
especially when using a transport formula in terms of the depth-averaged flow
velocity rather than the actual bed shear stress. Further uncertainties arise
from, e.g., the details of small-scale bed forms (ripples, megaripples), the occurrence of extreme conditions (storm events) and the non-uniform character
of natural sediment (grain size variations). From an extensive intercomparison
study, Davies et al. (2002) conclude that untuned transport models should not
be used for absolute predictions, though the relative behaviour of most of the
models was promising over a wide range of conditions. The value of the morphological time scale is therefore surrounded with a band of uncertainty, up to a
factor of 10 (Davies et al., 2002). Finally, we note that the value of α influences
only the time scale; it does not affect the dynamics in a qualitative way.
4.6.2

Overview of the solution procedure

Let h(x, τ ) and φ(t; h) = (u(t; h), ζ(t; h), q(t; h)) represent the state of the system, which we consider relative to the basic state (Section 4.2.5): h = h0 + h1
and φ = φ0 + φ1 . The pit itself, as well as the hydrodynamic and morphodynamic response to the pit are contained in the perturbed state variables h1 and
] As the study by Walgreen et al. (2003) aimed at describing grain size sorting, they used
a transport formula that includes hiding and exposure factors. When considering uniform
sediment, as done here, these multiplication factors become one, and the transport formula
reduces to the one used here, see equation (4.7).
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φ1 . Justified by the small value of ² = hpit /h0 , we linearize the model equations with respect to the perturbed quantities. Then, we consider the Fourier
spectrum of the topography and the other state variables:
Z ∞Z ∞
h1 (x, τ ) =
H1 (k, τ )eik·x dk,
(4.18)
−∞ −∞
Z ∞Z ∞
Φ(k, t)H1 (k, τ )eik·x dk.
φ1 (x, t, h1 ) =
(4.19)
−∞

−∞

The solution procedure is analogous to that presented in Hulscher et al. (1993),
including a truncated Fourier expansion in the fast time t (truncation number
N ). However, there are also differences, as we have included parametrizations
of nonlinear bottom friction and wind wave stirring, as well as a tidal forcing
which allows for tidal asymmetry.
Solving the linear problem finally leads to
H1 (k, τ ) = H1init (k)eω(k)τ ,

(4.20)

with complex eigenvalue ω = ωr + ωi . Each mode individually grows or decays
exponentially, with growth rate ωr (k), while migrating at a celerity −sgn(k)ωi /|k|.
The evolution of a pit according to linear theory can therefore be seen as a superposition of growing or decaying, and possibly migrating topographic waves.
We discretize the physical domain and the Fourier domain and the Fourier
domain using M × M points and we use FFTs and iFFTs to transform from
physical space to Fourier space and back, respectively (Cooley and Tukey, 1965).
Note that the numerical discretization of the spectrum inevitably introduces a
spatial periodicity, on a length scale Ldom = 2π/kmin with kmin the smallest wave
number under consideration. As a result, the sandpit recurs over a distance of
Ldom in x- and y-direction. The domain size Ldom should be chosen sufficiently
large to prevent the pits on adjacent domains from influencing one another.
4.6.3 Derivation of the migration rate
The pit’s migration rate, defined as the motion of its center of ‘mass’, follows
from the hydrodynamic conditions only and, hence, it does not depend on the
details of the pit geometry. To show this, we combine the definition of migration,
as given in equation (4.14), with the bed evolution equation (4.9). For the xcomponent of the migration celerity, this leads to
ZZ
ZZ
1
∂h1
1
cmig,x =
x
dx =
x (∇ · hq 1 i) dx
BLhpit
∂τ
BLhpit (1 − ²p )
D
D
ZZ
1
=
{∇ · (x hq 1 i) − ∇x · hq 1 i} dx
BLhpit (1 − ²p )
D
ZZ
ZZ
(4.21)
1
1
=
x hq 1 i · ds −
hq1,x i dx
BLhpit (1 − ²p )
BLhpit
∂D
D
L2dom
{hq1,x i}00 .
=0−
BLhpit (1 − ²p )

4.6. Appendix

85

Here we have used vector identities and Gauss Theorem (Gradshteyn and Ryzhik,
2000). Moreover, the symbol {hq1,x i}00 refers to the spatially uniform part of
the (tidally averaged) perturbed sediment flux, that is, the mode with zero wave
vector (k, `) = (0, 0). It follows from the solution to the linearized hydrodynamic
problem, substituted in the linearized sediment transport formula.
Inherent to the linear approach is that the spatially uniform part of the
water flux is constant. Hence {u1 }00 = −u0 {h1 }00 /h0 and {v1 }00 = 0. Next,
the required {q1,x }00 is proportional to the perturbation of the mean water
depth {h1,x }00 , which in turn satisfies L2dom {h1 }00 = BLhpit . Combining this
with the linearized formula of sediment flux, we finally find
"  ®
#
3 u30
α
(2m + 1)Uw2 hu0 i
3 hq 0 i
cmig =
+
=
.
(4.22)
1 − ²p
h0
2h0
h0
The factor 3 stems from the cubic velocity dependency in the transport formula (4.7). The latter equality in equation (4.22) is because we have chosen the
power m = 1 in our wind wave stirring parametrization (4.8). In equation (4.22)
we have furthermore used that for the y-component of cmig an analogous derivation can be carried out. This completes the proof.
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Chapter 5

The cross-sectional shape of tidal
sandbanks. Modelling and observations?
Abstract: To improve our understanding of tidal sandbank dynamics we have developed a nonlinear morphodynamic model. A crucial property of the model is that
it fully resolves the dynamics on the fast (tidal) time scale, allowing for asymmetric
tidal flow with an M0 -, an M2 - and an M4 -component. This approach, extending earlier research on the formation of tidal sandbanks, leads to equilibrium profiles. Their
heights (60 to 90 percent of the water depth) and shapes are controlled by the mode
of sediment transport and the hydrodynamic conditions. Bed load transport under
symmetrical tidal conditions leads to high spiky banks. Several mechanisms tend to
lower and smooth these profiles, such as the relaxation of suspended sediment, wind
wave stirring, and tidal asymmetry. This last causes the profiles to be asymmetric, as
well. The morphodynamic equilibrium expresses a tidally averaged balance between
a destabilizing flux due to fluid drag and the downslope transport induced by both
tidal flow and wind wave stirring. The modeled profiles are in fair agreement with
observations from the North Sea.

5.1

Introduction

Improving our understanding of offshore seabed morphology is a challenge of
both academic and practical interest. Tidal currents, waves and sediment motion interact in a complex way, which is manifested by the variety of rhythmic
bed forms covering the seabed. Despite considerable advances, these large-scale
seabed dynamics are still not fully understood. Practical issues include predicting the long-term morphodynamic impact of a large-scale sandpit.
Tidal sandbanks, the largest offshore bed features, occur in rhythmic patches
throughout the North Sea (Figure 5.1). They are tens of kilometers long, 5-10
kilometers wide and tens of meters high (Dyer and Huntley, 1999). Bank crests
(in the Northern Hemisphere) usually have a counterclockwise orientation to
the peak tidal flow, ranging from 0◦ to 20◦ (Kenyon et al., 1981). Finally, most
bank shapes display a cross-sectional left-right asymmetry, which emphasizes
the role of asymmetries in the forcing of the system.
? This chapter has appeared as Roos, P.C., Hulscher, S.J.M.H, Knaapen, M.A.F., and
Van Damme, R.M.J. (2004). The cross-sectional shape of tidal sandbanks. Modelling and
observations, J. Geophys. Res, 109(F2): F02003, doi:10.1029/2003JF000070.
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(a) bathymetry

(b) crest and trough positions
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Figure 5.1: Seabed topography in the Southern Bight of the North Sea. (a)
Bathymetry, showing three boxed areas to be analyzed further in Section 5.5. Regions without data are indicated in white, such as the U.K. Continental Shelf (left)
and the Dutch and Belgian mainland (bottom right). (b) Crest and trough positions
of large-scale features (in red and blue, respectively), with line thickness proportional
to bank height. See the acknowledgments for data sources.
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Past research into sandbank dynamics mainly focused on the process of formation. Huthnance (1982a) was the first to show that they may arise as an
inherent instability of a flat seabed subject to tidal flow and bed load sediment transport. His approach is process-based, that is, based on mathematical
formulations of the physical processes involved. The underlying hydrodynamic
mechanism, known as tidal rectification, describes the adjustment of tidal flow
obliquely approaching a sandbank (Zimmerman, 1982; Robinson, 1983; Pattiaratchi and Collins, 1987; Roos and Hulscher, 2003). The cross-bank component is accelerated by continuity; the along-bank component is decelerated by
bottom friction, acting more strongly in shallower water. This flow deflection affects the tidally averaged sediment transport pattern, causing upslope sediment
transport and hence bank growth. Furthermore, the along-bank flow component is either accelerated or decelerated by Coriolis effects, depending on the
crest orientation. For counterclockwise orientations (Northern Hemisphere) this
amplifies the frictionally-induced flow deflection and, hence, also bank growth,
such that it is strongest for a particular counterclockwise crest angle. The
model also predicts a preferred wavelength. Both orientation and wavelength
are in fair agreement with banks observed in the North Sea. These results
were later extended to include suspended load sediment transport, wind waves,
tidal ellipticity and tidal asymmetry in the forcing (De Vriend, 1990; Hulscher
et al., 1993; Roos et al., 2001). The main limitation of these theories is their
linearity in the bed amplitude, which limits their validity to banks that are
low compared to the water depth. If banks have attained a finite amplitude, a
nonlinear approach is required.
How to model the finite-amplitude evolution toward equilibrium profiles is
still an unresolved issue. Extending his linear analysis, Huthnance (1982a) indeed found equilibrium bank profiles, and he identified wind wave erosion as a
crucial mechanism. However, his treatment of the hydrodynamics was rather
simplified (using a block flow, omitting inertial terms and neglecting the Coriolis
force). This criticism also applies to Idier and Astruc (2003), who estimated
the equilibrium bank height at about 90% of the maximum water depth using
a nonlinear numerical method. Their estimate was based on a morphostatic
approach, that is, on the initial bed response obtained for a series of simulations with sinusoidal banks of different amplitudes. We note that Idier and
Astruc (2003) validated their nonlinear numerical method by reproducing the
analytically obtained growth characteristics from linear theory. Komarova and
Newell (2000) studied an alternative mechanism of bank formation, related to
the nonlinear interaction of tidal sandwaves, a smaller-scale bed feature. Their
two-dimensional vertical approach neglected the horizontal dimension perpendicular to the flow, so the bank orientation could not be resolved. Therefore, it
is unclear whether their results are supported by field observations.
The aim of this paper is to model equilibrium sandbank profiles in an alternative way. Our emphasis is on three topics not addressed by previous work:
1. the morphodynamic evolution to equilibrium shapes
2. the influence of different tidal components on bank profiles
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3. a qualitative comparison with bank shapes observed in the North Sea.

We propose an idealized, process-based morphodynamic model, which allows
for a harmonic tidal flow with an M0 -, an M2 - and an M4 -component, considers
both bed load and suspended load transport and includes a depth-dependent
wave stirring mechanism. To establish how the modeled profiles compare with
observations, we have two data sets on the bathymetry of the Southern Bight
of the North Sea at our disposal (Figure 5.1; see the Acknowledgments for data
sources).
This paper is organized as follows. In Section 5.2, we describe the morphodynamic model, whereas Section 5.3 explains the solution procedure, which
follows a standard Galerkin approach. The results are presented in Section 5.4
and compared qualitatively with North Sea data in Section 5.5. Finally, Sections 5.6 and 5.7 contain the discussion and conclusions, respectively.

5.2

Morphodynamic model

5.2.1 Physical mechanisms and geometry
We keep the model as simple as possible while retaining the essential physics.
Following previous analysis (Huthnance, 1982ab; De Vriend, 1990; Hulscher
et al., 1993), we apply a depth-averaged approach to the flow, thus neglecting
its vertical structure. To capture the mechanism of tidal rectification, we include the Coriolis force and a bed friction mechanism. The seabed is assumed to
consist of noncohesive sediment of uniform size (typical grain size 100–600 µm).
Besides a commonly adopted bed load transport formula, we choose to incorporate a mechanism for suspended load transport, as well. Observations from
the Norfolk banks (Huntley et al., 1993) and the Middelkerke bank (Vincent
et al., 1998) have shown that suspended load is indeed a significant mode of
transport over tidal sandbanks, especially at the crests. Assuming fair weather
and offshore conditions, we consider tidally dominated flows in which the role
of wind waves is restricted to the stirring of sediment. We include this effect
parametrically using a depth-dependent stirring term, which augments the local
transport capacity.
We restrict our work to topographies which vary in one horizontal dimension
only. This assumption is supported by the predominantly one-dimensional character of real sandbanks (Figure 5.1). It also simplifies the analysis and requires
the orientation between tidal forcing and the direction of spatial variations to
be imposed a priori. Motivated by the rhythmic structure of observed banks,
we apply a spatially periodic approach with a fixed domain length and periodic
boundary conditions. For both quantities which need to be imposed externally,
namely domain length and flow orientation, we take their preferred values from
linear theory (Section 5.3.1).
5.2.2 Model equations
Consider an offshore part of the sea, far away from coastal boundaries, with a
mean depth H where the water motion is driven by tidal flow with a dominating
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Figure 5.2: Definition sketch of the model geometry, also showing the basic (undisturbed) flow angle ϑ (Section 5.2.3).

semidiurnal lunar component (period T = 12h250 ) and a maximum flow velocity
U (typically ∼ 1 m s−1 ). We define a three-dimensional coordinate system with
horizontal coordinates x = (x, y), with x chosen as the direction of the spatial
variations (Figure 5.2). Parameter values are listed in Table 5.1.
The z-axis points upward, with the free surface at z = ζ and the seabed at
z = −h. Let u = (u, v) represent the depth-averaged flow field with components
in x and y-direction, respectively. Within our one-dimensional approach, the
shallow water equations take the following form:
g

∂ζ
∂u
∂u
ru
+
+u
− fv +
= Px ,
∂x
∂t
∂x
h
∂v
∂v
rv
+u
+ fu +
= Py ,
∂t
∂x
h
∂(hu)
= 0.
∂x

(5.1)
(5.2)
(5.3)

Here g is the gravitational acceleration, f = 2Ω sin θ a Coriolis parameter (with
Ω = 7.292 · 10−5 s−1 the angular frequency of the Earth’s rotation and θ
the latitude), and r a linear friction coefficient. This friction coefficient is related to the drag coefficient cD of the sediment according to r = 8cD U/(3π)
(Zimmerman, 1982). Furthermore, we have adopted the rigid lid approach, in
which the contribution of the free surface elevation to the local water depth is
neglected. This is motivated by the small value of the (squared) Froude number Fr2 = U 2 /(gH). In Section 5.6.1 we will verify whether this assumption
continues to be justified in the finite-amplitude regime. Finally, the system is
driven by a time-dependent pressure gradient (Px , Py ). Owing to the propagating nature of the tidal wave (wavelength ∼ 700 km), this forcing should also be
gradually varying in space, but in a local model we may represent it as spatially
uniform. In Section 5.2.3 the forcing is further specified in terms of the flow it
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generates in the case of a flat bed.
As the divergences of the bed load flux control the bed evolution, only its
component in the direction of spatial variations is morphodynamically relevant.
Let q denote the x-component of the volumetric bed load sediment flux, which
we express in terms of the depth-averaged flow and the local bed slope according
to
µ
¶µ
¶
∂h
1 2
2
q = αb |u| + uw
u+λ
.
(5.4)
2
∂x
This is a third power velocity law with proportionality coefficient αb (Van Rijn,
1993), including a bed slope correction and a stirring term. The bed slope
correction describes the downhill preference of moving sediment, with coefficient
λ = λ̃U in which λ̃ is inversely proportional to the tangent of the angle of
repose (see, for example, Sekine and Parker (1992)). The term 12 u2w represents
the stirring due to wind waves, in which uw is a measure for the wave-induced
near-bed orbital velocity amplitude. Stirring augments the amount of sediment
transported by the tidal flow, and should be stronger in shallow water. We
therefore model it inversely proportional to the local water depth, according to
µ ¶−m
h
uw = Uw
,
(5.5)
H
with coefficient Uw (∼ 0.25 m s−1 ) and power m = 1. This integer value of m
facilitates the analysis, and approximates the values adopted in other studies (for
example, Calvete et al. (2002)) employed m = 0.8). We neglect the threshold
for sediment motion.
To model suspended load transport, we use an advection equation (Schuttelaars
and De Swart, 1996):
∂c ∂(cu)
+
= γ (ce − c) ,
(5.6)
∂t
∂x
Here, c denotes the depth-integrated sediment concentration, that is, the volume
of suspended matter in the water column. The left-hand side of equation (5.6)
describes spatial and temporal relaxation of suspended load, while the righthand side models the exchange between bed and fluid column due to entrainment and deposition. The entrainment concentration ce is assumed to depend
nonlinearly on the flow velocity, with coefficient αs :
µ
¶
1
ce = αs |u|2 + u2w .
(5.7)
2
We have again included a stirring term, as introduced in equation (5.5). By
taking a quadratic dependence on the flow velocity rather than, for example,
a cubic one (Van Rijn, 1993), we facilitate the analysis without qualitatively
affecting the results. In equation (5.6), deposition is taken proportional to the
local concentration with coefficient γ. Following Schuttelaars and De Swart
(1996), we use γ = ws2 /κv with ws settling velocity and κv = 0.1 m2 s−1 a
diffusion coefficient that describes the mixing of sediment in the vertical. We
neglect the horizontal diffusion of suspended matter.
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Table 5.1: Parameters and values, typical for the Southern Bight of the North Sea.
description
mean water depth
maximum flow velocity
angular frequency (M2 -tide)
gravitational acceleration
Coriolis parameter (52◦ N)
linear friction coefficient
grain size
bed load transport coefficient
bed slope coefficient
wave stirring parameter
suspended load entrainment coefficient
suspended load deposition coefficient
bed porosity
(squared) Froude number

symbol
H
U
σ
g
f
r
d
αb
λ̃
Uw
αs
γ
²p
Fr2

value
30
1
1.41·10−4
9.81
1.16·10−4
2.5·10−3
3·10−4
4·10−5
2
0.25
4·10−5
0.016
0.4
0.0034

dimensions
m
m s−1
rad s−1
m s−2
s−1
m s−1
m
m−1 s2
−
m s−1
m−1 s2
s−1
−
−

Finally, the bed evolves as a result of divergences of bed load flux and the
difference between entrainment and deposition of suspended matter. As this
process is much slower (decades to centuries) than the tidal time scale (12h25’),
only the tidally averaged effect effectively contributes to the bed evolution. To
emphasize this separation of hydrodynamic and morphodynamic time scales,
we describe the bed evolution as a function of a slow time τ = α̃t, expressed in
units of years (hence, α̃ = 3.17 · 10−8 ). This leads to
·
µ
¶¸
∂h
µb ∂hqi µs γ
∂
∂h
(1−²p )
=
+
hce −ci + λ
hce i
.
(5.8)
∂τ
α̃ ∂x
α̃
∂x
∂x
RT
Here ²p is the bed porosity (typically ²p ∼ 0.4) and h·i ≡ T −1 0 ·dt means
averaging over a tidal period T . The coefficients µs and µb have been introduced
to control the relative importance of bed load and suspended load transport. In
particular, this allows us to study the transport mechanisms isolated from each
other. For suspended load transport, we have further incorporated a diffusive
bed slope mechanism, with coefficient λ. Parker (1978) and Talmon et al. (1995)
have shown that suspended load is also susceptible to bed slope effects. We
choose to include bed slope effects in such a way that they resemble the slope
effects in the bed load case, that is, also including a stirring component.
Finally, we emphasize that our approach is based on standard scaling technique, which we do not present here for sake of brevity. Details can be found in,
for example, the work of Hulscher et al. (1993) for the scaling of hydrodynamics
and bed load transport, and in the work of Schuttelaars and De Swart (1996)
for the scaling of suspended load transport.
5.2.3 Basic state
Let h and φ ≡ (ζ, u, v, q, c) denote the state of the system. The spatially uniform
state
h0 = H,
φ0 = (0, u0 , v0 , q0 , c0 )
(5.9)
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is a solution to equations (5.1)-(5.8). It describes a flat bed subject to a spatially uniform and fast time-dependent flow, and is called the basic state. From
equations (5.1) and (5.2) the basic flow is related to the tidal forcing (Px , Py )
which we choose such that it generates a bidirectional oscillatory flow at an
angle ϑ with the y-direction (see Figure 5.2):
u0 (t) = j(t)(sin ϑ, cos ϑ).

(5.10)

Positive values of ϑ correspond to a counterclockwise bank orientation with
respect to the flow. Next, the tidal signal j(t) is given by
j(t) = j0 + j2 cos(σt) + j4 cos (2σt − ϕ4 ) .

(5.11)

In this equation, we consider three tidal components: a residual flow j0 , a
semidiurnal lunar component j2 of angular frequency σ (see Table 5.1) and its
first overtide j4 , with a phase lag ϕ4 . The sediment transport pattern of the
basic state is also spatially uniform, so that following equation (5.8) the seabed
remains flat: ∂h0 /∂τ = 0.

5.3

Solution procedure

5.3.1 Linear theory
Let us now revisit the linear analysis, highlighting only the properties that are
relevant for the subsequent nonlinear theory. Here the basic state (h0 and φ0 )
serves as starting point and we expand
h = h0 + h1 ,

φ = φ0 + φ1 .

(5.12)

The equations for the perturbed state h1 and φ1 ≡ (ζ1 , u1 , v1 , q1 , c1 ) follow from
substituting equation (5.12) into the equations (5.1)-(5.8). In the linear theory
the topographic perturbations are assumed to be small compared to the water
depth such that nonlinear terms in h1 and φ1 can be neglected.
We consider a sinusoidal bed perturbation
h1 = H1 (τ )eikx + c.c.

(5.13)

with H1 = H1init at τ = 0 and c.c. denoting complex conjugation. The wave
number k and the orientation ϑ with respect to the flow (equation (5.10)) can
be seen as the characteristics of the perturbation. Following the mechanism of
tidal rectification (as explained in Section 5.1) the perturbation triggers flow and
sediment transport responses u1 , q1 and c1 , respectively. They have a spatial
structure similar to equation (5.13) and a temporal structure accounting for the
generation of overtides due to tide-topography interaction. We write
Ã N
!
X
n int
φ1 =
Φ1 e
eikx + c.c.
(5.14)
n=−N
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Figure 5.3: Modes to be used in the nonlinear analysis, in the (kp , kn )-plane with
kp ≡ k sin ϑ and kn ≡ −k cos ϑ. The fastest growing mode is denoted with a cross,
the k = 0-mode with a circle and the higher harmonics with pluses. Also plotted are
the contours of the real part of growth rates from linear theory (solid contours are
positive, dashed contours negative, case As in Table 5.2).

with Fourier components Φ1 ≡ (Z1n , U1n , V1n , Qn1 , C1n ), truncated at some N .
Finally, solving the bed evolution equation (5.8) gives ∂H1 /∂τ = ωH1 , which
leads to
¤
£
(5.15)
h = h0 + H1init eωτ eikx + c.c. ,
that is, exponential growth or decay with ω representing the growth rate. Mathematically speaking, the eigenfunctions of the system are of the form of equation (5.13), ω being the corresponding eigenvalue. The growth rate is a complex
number ω = ωr + iωi . Its real part controls the growth, while the imaginary
part is associated with migration of the feature, the corresponding celerity being
given by cmig = −ωi /k.
The perturbation, for which the real part of ω is largest, is termed the fastest
growing mode (Figure 5.3). Its characteristics (wave number kfgm , orientation
ϑfgm and growth rate ωfgm ) depend on the problem parameters (Table 5.1).
From the linear perspective, this is clearly the most interesting mode as it
it will emerge initially from a slightly perturbed flat bed. For typical North
Sea values, the fastest growing mode indeed approximates the characteristics of
tidal sandbanks observed there, even though the linear theory overestimates the
angle between flow direction and bank crests. Further properties of the fastest
growing mode can be found in Huthnance (1982a), De Vriend (1990), Hulscher
et al. (1993) and Roos et al. (2001).
The lobes with positive growth rates always connect to the origin (Figure 5.3a). As a result, there is no control parameter for which near-critical conditions can be achieved while the fastest growing mode retains a finite, nonzero
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value.
5.3.2 Nonlinear theory
The nonlinear theory is not restricted to small perturbations of the basic flow.
We follow a standard Galerkin approach, which has been used earlier in morphodynamic studies (see Schuttelaars (1998) for tidal embayments, Calvete et al.
(2002) for shoreface-connected sand ridges). As pointed out earlier (Section 5.2),
one-dimensionality and spatial periodicity force us to fix both the flow orientation ϑ and the Fourier box size L ≡ 2π/k, respectively. On the basis of linear
theory, we take (k, ϑ) = (kfgm , ϑfgm ). Next, we write the topography as
h=

M
X

Hm eikmx ,

(5.16)

m=−M

with Fourier components Hm . This expansion contains the k = 0-mode, the
fastest growing mode from linear theory as well as a finite number of higher
harmonics (see the markers in Figure 5.3). We then expand the other state
variables according to
Ã N
!
M
X
X
φ=
(5.17)
Φnm eiσnt eikmx ,
m=−M

n=−N

Φnm

n
n
n
with Fourier components
≡ (Zm
, Um
, Vmn , Qnm , Cm
), truncated in space and
time at some M and N , respectively. Unlike linear theory, the nonlinear analysis
allows us to consider any topography h > 0 which averages {h}0 = h0 over the
RL
domain. (Here {·}0 ≡ L−1 0 ·dx represents spatial averaging over the domain.)
From the continuity equation (5.3) the cross-bank flow is given by

u=

ξ(t)
,
h(x)

(5.18)

in which the integration constant ξ(t) takes the role of the cross-bank water
flux. It depends on the fast time and we expand it as a harmonic time series
ξ(t) = Σn X n eiσnt .
The hydrodynamic unknowns X n and Vmn follow from substituting equation (5.18) into the momentum equations (5.1) and (5.2), then taking the spatial
average {·}0 of the former and multiplying the latter with the local depth h. In
Fourier space, this leads to
½ ¾
½ ¾
1
1
n
n
iσn
X − f V0 + r
X n = Pxn ,
(5.19)
h 0
h2 0
n

n

n

iσn {hv}m + ikm {ξv}m + f {ξ}m + rVmn = Pyn Hm .
n

(5.20)

Here, {·}m denotes the m-th spatial and n-th temporal Fourier component,
which involves a convolution sum if the bracketed quantity is a product. Moreover, Pxn and Pyn are the Fourier components of the forcing (Px , Py ). For f = 0
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these equations decouple; for nonzero f they are nonlinearly coupled and have
to be solved iteratively. We note that dropping the rigid lid approach would
imply a contribution of ζ to the local water depth, leaving us with a set three
coupled hydrodynamic equations.
Once the hydrodynamics is known, the components Qnm of the bed load
sediment flux follow from (repeated) convolution sums in space and time. The
n
components Cm
of the suspended load concentration are obtained from a linear
system. For the seabed evolution (equation (5.8)), we finally write dHm /dτ =
Bm , where Bm is the m-th component of the bed evolution due to both bed
load and suspended load at time τ . We advance in the slow morphodynamic
time using a semi-implicit scheme
new
= Hm + ¡
Hm

1
∆τ

Bm
¢
.
− ωm

(5.21)

with time step ∆τ and ωm the linear growth rate corresponding to the m-th
mode with wave number km ≡ km.

5.4

Results

5.4.1 Evolution toward equilibrium
First, we investigate the evolution of the linearly most unstable mode in the
nonlinear regime, in the case of a symmetric M2 -tidal forcing. To a periodic
domain with wavelength L = Lfgm and flow angle ϑ = ϑfgm we introduce a
slightly perturbed flat seabed according to equation (5.13) with H1 /H = 0.01.
The finite-amplitude evolution now consists of the following stages (Figure 5.4a):
(i) exponential growth according to linear theory; (ii) nonlinear generation of
higher harmonics that deform the sinusoidal shape; (iii) evolution towards an
equilibrium profile, satisfying
∂h
= 0,
∂τ

for all x.

(5.22)

This behaviour appears to be universal, even though the details are sensitive to
changes in the model parameters, such as the basic flow representation, Coriolis
force, wave activity, the type of transport and transport parameters. Of particular interest is the equilibrium bank height, which we define as a fraction of the
maximum water depth according to
hrel = 1 −

hcr
.
htr

(5.23)

Here hcr and htr are the water depths above crest and trough, respectively
(Figure 5.5). We conducted a set of numerical experiments for different values of
the model parameters (Figure 5.6, Table 5.2). The simulations seem to indicate
that for a given wavelength the equilibrium profile is unique. We make the
following observations.
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Figure 5.5: Definition of the quantities required in the definitions of relative bank
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Table 5.2: Overview of numerical simulations, each case being defined relative to one
of the two default cases 0b and 0s .
run?

L†
ϑ†
hcr
htr
hrel
A
cmig
km
deg
m
m
m yr−1
0b
reference bed load‡
8.4
28◦
5.0
37.2 87%
.
.
0s
reference suspended load‡
8.7
27◦
7.8
40.4 81%
.
.
Ab
Coriolis force§
8.8
36◦
3.5
35.8 90%
.
.
As
Coriolis force§
9.1
35◦
5.8
38.8 85%
.
.
Bb1
r → 12 r
10.7 32◦
6.5
38.7 83%
.
.
Bb2
r → 2r
6.5
27◦
5.1
37.4 87%
.
.
Bs1
r → 12 r
11.5 30◦
10.8 42.1 74%
.
.
Bs2
r → 2r
6.7
26◦
7.3
39.7 82%
.
.
Cb1
λ → 12 λ
6.7
24◦
3.8
36.5 90%
.
.
Cb2
λ → 2λ
10.9 33◦
7.0
38.3 82%
.
.
Cs1
λ → 12 λ
6.9
23◦
6.4
40.0 84%
.
.
Cs2
λ → 2λ
11.5 32◦
9.9
40.6 76%
.
.
Db
neglecting ∂/∂t
10.8 23◦
4.2
40.9 90%
.
.
Ds
neglecting ∂/∂t
11.4 22◦
5.1
41.9 88%
.
.
Eb1
Uw = 0.0 m/s
8.3
28◦
no equilibrium found
Eb2
Uw = 0.5 m/s
8.5
28◦
7.1
39.7 82%
.
.
Es1
Uw = 0.0 m/s
8.5
27◦
6.4
38.6 84%
.
.
Es2
Uw = 0.5 m/s
9.3
28◦
10.2 42.8 76%
.
.
Fs1
σ/γ = 10−3
8.5
29◦
5.6
37.9 85%
.
.
Fs2
σ/γ = 10−1
10.9 22◦
14.9 42.4 65%
.
.
Gb1
2% M0 \
8.3
29◦
6.0
41.0 85% 0.7
1.4
Gb2
10% M0 \
8.4
29◦
15.9 46.8 66% 1.6
4.4
Gs1
2% M0 \
8.7
28◦
8.2
42.5 81% 0.4
0.9
Gs2
10% M0 \
8.8
28◦
16.4 47.2 65% 1.4
4.1
Hb1
2% M4 ]
8.3
29◦
5.5
39.5 86% 0.5
1.1
Hb2
10% M4 ]
8.1
30◦
11.6 45.0 74% 1.5
3.2
Hs1
2% M4 ]
8.7
28◦
8.0
41.5 81% 0.2
0.6
Hs2
10% M4 ]
8.6
29◦
12.3 45.0 73% 1.2
2.9
? Subscripts b and s refer to bed load and suspended load, resp., † from fastest growing mode
from linear theory, ‡ default parameter values from Table 5.1 (except f = 0, taken for computational convenience). Tide: j0 = 0, j2 = 1 m s−1 , j4 = 0. Bed load: µb = 1, µs = 0, suspended
load: µb = 0, µs = 1. Truncation parameters: M = 16, N = 3, § corresponding to a latitude
of 52◦ N (Table 5.1), \ sum of amplitudes kept constant: j0 + j2 = 1 m s−1 , M = 20, ] sum of
amplitudes kept constant: j2 + j4 = 1 m s−1 , ϕ4 = 0, M = 20.
description
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1. Bed load transport leads to highly nonlinear shapes with spiky crests
and flat troughs, while suspended load transport leads to more sinusoidal
shapes with lower, flattened crests (Figure 5.4b). This difference is also
reflected in the corresponding Fourier spectra Hm (Figure 5.4c), which are
real-valued due to symmetry. The steepest slopes range between 1 : 1000
and 1 : 100, and are highest for bed load transport.
2. The Coriolis force is a destabilizing mechanism which leads to higher banks
(Figure 5.6a) and shorter time scales. Its physical role is similar to that
in the stage of formation, as explained in Section 5.1. Coriolis effects
continue to enhance the frictionally-induced flow deflection around features with a counterclockwise orientation, thus amplifying bank growth.
In equilibrium, this can only be balanced by stronger slope effects, which
in turn requires a larger equilibrium bank height.
3. Increasing the bed friction coefficient or decreasing the bed slope coefficient shortens the preferred wavelength from linear theory, generally leading to higher equilibrium banks (Table 5.2).
4. Omitting the inertial terms ∂u/∂t, ∂v/∂t and ∂c/∂t in equations (5.1),
(5.2) and (5.6), respectively, results in significantly higher equilibrium
banks (Figure 5.6b). This effect is strongest for suspended load, as it
involves omitting the inertia of the sediment concentration as well.
5. Wind waves suppress bank height and, in the case of bed load transport
under symmetrical flow conditions, their presence is required for convergence to an equilibrium. Increasing wave activity (larger values of Uw )
leads to lower equilibrium banks (Figure 5.6c).
6. The degree of crest flattening appears to scale with the suspended load
relaxation parameter σ/γ (Figure 5.6d). Like the linear case, in the limit
σ/γ ↓ 0 this relaxation effect is lost and suspended load transport behaves
as bed load transport.
Note that any parameter change in the model affects both the characteristics of
the fastest growing mode and its finite-amplitude behaviour. This explains the
variations in wavelength (Figure 5.6) and orientation (see also Table 5.2).
Which values of the spatial truncation number M are appropriate depends on
the flow conditions and mode of transport. Taking M = 16 usually works, and
for smoother profiles (suspended load, strong wind wave activity, neglecting the
Coriolis force) even lower values suffice. For the temporal truncation number
we take N = 3, which accounts for the higher harmonics. Higher values of
N merely slow down the computation, without improving the morphodynamic
results.
5.4.2 Tidal asymmetry
The finite-amplitude morphodynamics is sensitive to the degree of asymmetry
in the tidal forcing. Asymmetry is usually caused by the presence of a small
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Figure 5.6: Properties of the equilibrium profiles for both bed load transport (details of the simulations are shown in Table 5.2). Note that each profile has its own
wavelength and orientation.

M0 -component or an M4 -component, besides the dominant M2 -component of
the tide. This asymmetry turns out to affect the resulting equilibrium profiles
in three ways: they display (i) asymmetry, (ii) migration and (iii) a reduction
in height.
In order to quantify the left-right asymmetry, we define
A = log

`1
.
`2

(5.24)

Here, `1 and `2 are the horizontal distances from crest to trough, measured
on both sides of the profile (Figure 5.5). We chose a logarithmic scale such
that a fully symmetric profile has A = 0, asymmetric ones lead to a nonzero A
and reversing an asymmetric profile (left-right) merely leads to a sign change.
We find asymmetric shapes with A-values of the order one (Figures 5.6e-5.6h,
Table 5.2), for M0 and M4 -amplitudes up to 10% of U . We further observe
that an increase in tidal asymmetry leads to an increase in profile asymmetry,
as well. Unscaled values of steepest bank slopes are about 1 : 100.
A migrating equilibrium, for which equation (5.22) no longer holds, is characterized by
h = h(x − cmig τ ),
(5.25)
with migration rate cmig . Only in this shape-preserving case, is the migration
rate a well-defined quantity which can be estimated from the numerical simula-
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tions according to
cmig =

−Bm
,
ikmHm

(5.26)

with Hm and Bm the Fourier components of the topography and the bed evolution, respectively. In a shape-preserving equilibrium of the form of equation (5.25), this quantity is real and identical for all m. The numerical experiments show that the migration rates of the nonlinear equilibrium are close to
the ones obtained using linear theory (Table 5.2).
More important, introducing asymmetry in the tidal forcing significantly
reduces equilibrium height, especially when the M0 -component is responsible for
the asymmetry (Figure 5.6ef, Table 5.2). The relatively steep lee slope requires
larger values of the spatial truncation number M than in the symmetric case,
with M = 20 usually being sufficient.
5.4.3 Physical mechanisms
We now focus on the physical mechanisms behind the equilibrium state. The
physical mechanisms of bank formation in the linear stage have already been explained in Section 5.3.1 and the references cited there. As we will explain below,
it is convenient to distinguish the following physically different contributions to
the tidally averaged sediment flux:
³
´
2
®
Uw
j0
qbdrag = αb |u|2 u + 2(h/H)
,
qsdrag = hcui ,
2h
(5.27)
2

®
αb,s λUw
sl,tide
sl,wave
∂h
qb,s
= αb,s λ |u|2 ∂h
qb,s
= 2(h/H)
2 ∂x .
∂x ,
The so-called bed load drag contribution consists of two terms: a tidally induced
component and one related to the transport by residual currents of wind-wave
eroded material. In the absence of an M0 -component, j0 = 0 and the latter
component vanishes. In the suspended load case, both components are contained
in the flux hcui. The slope contributions, related to tidal flow and wind wave
stirring, are of similar form for both modes of sediment transport.
First, we consider a symmetric forcing and bed load transport only. In
equilibrium, the tidally averaged bed load sediment flux across the bank is
constant; by symmetry it must be zero. This implies the following balance:
qbdrag + qbsl,tide + qbsl,wave = 0.

(5.28)

From Figure 5.7, we see that the drag contribution is destabilizing, as it carries sediment from trough to crest. This is analogous to the linear stage of
formation. In equilibrium, it is compensated by the joint effect of the gravitationally induced fluxes due to tidal flow and wave stirring. The former acts
along the flanks, the latter mainly in the shallow area close to the crests. Reducing wave activity (smaller Uw ) decreases the stabilizing effect, which leads
to higher banks.
For suspended load transport, a similar equilibrium holds, in which the drag
effects are replaced with the difference between entrainment and deposition.

5.4. Results

103
(b) susp.load, symm.

(d) susp.load, asymm.

2

2

2

ref

0
−2

−2

−4
0

0.5

1

−4
0

1

0

0.5
x/L (−)

1

0.5

1

0
−h/H (−)

−1

−4
0

0
−h/H (−)

0

0.5

−1

0

0.5
x/L (−)

1

0
−2

0

0.5

1

0

0.5
x/L (−)

1

0
−h/H (−)

−4

0

q/q

0

q/qref (.10−2)

2

(.10−2)

4

q/qref (.10−2)

4

−2

−h/H (−)

(c) bedload, asymm.

4

q/q

ref

(.10−2)

(a) bedload, symm.
4

−1

0

0.5
x/L (−)

1

−1

Figure 5.7: Different contributions to the tidally averaged sediment flux. Four cases
are shown: (a) bed load subject to symmetric tide, (b) suspended load and symmetric
tide, (c) bed load and asymmetric tide, (d) suspended load and asymmetric tide.
Plotted are q drag (solid), q sl,tide (dashed) and q sl,wave (dotted). Subfigure (c) contains
two solid lines: one for the tidal contribution (highest curve) and one for the residual
transport of wind-wave eroded material (lowest curve). The fluxes have been made
dimensionless against the reference fluxes qref = αb,s U 3 .

Combining equations (5.6) and (5.8), we find after taking the tidal average:
qsdrag + qssl,tide + qssl,wave = 0.

(5.29)

The temporal and spatial relaxation of suspended load causes the quantity qsdrag
to be smaller than the bed load drag term qbdrag , assuming αb = αs . Figure 5.7
shows that this has a smoothing effect on the equilibrium topography.
Asymmetry disrupts the picture sketched here, causing a net sediment flux
in the direction of the tidal asymmetry. In a migrating equilibrium of the form
of equation (5.25), the sum of the separate contributions is no longer zero, as in
equations (5.28) and (5.29). Instead, it should equal the sediment flux required
to maintain shape-preserving propagation at celerity cmig . From equation (5.25),
it follows that ∂h/∂τ = −cmig ∂h/∂x, which in turn leads to
drag
sl,tide
sl,wave
qb,s
+ qb,s
+ qb,s
= −cmig h + const.

(5.30)

From Figure 5.7, it is seen that the drag contribution in the direction of the
asymmetry (from left to right along the stoss side) is enhanced. This also applies
to the slope contributions along the lee side. As already noted in Section 5.4.2,
asymmetric equilibrium profiles are lower than symmetric ones. Therefore wind
wave stirring under asymmetric conditions turns out to have a smaller effect
than in the symmetric case.
Finally, we note that equations (5.28), (5.29) and (5.30) express tidally averaged balances. Hence, the instantaneous effects need not be in balance — they
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Figure 5.8: Fourier spectra of the seabed topography for the three boxed areas in
Figure 5.1: (a) Dutch Banks, (b) Zeeland Banks, (c) Flemish Banks. ϑ is the angle
with the principal flow direction, k is the dimensional wave number. The plotted signal
is proportional to the amplitude of the bed elevation.

may even differ in order of magnitude. This emphasizes the dynamic nature
of the equilibrium which allows small intratidal bed changes as long as they
compensate each other throughout the tidal cycle.

5.5

Comparison with North Sea data

5.5.1 Observations
In this section we compare the results from the nonlinear theory with data from
the North Sea. The nonlinear analysis provides new characteristics of tidal
sandbanks in morphodynamic equilibrium: (relative) bank height, asymmetry
and migration as well as other more qualitative characteristics such as shape.
Wavelength and orientation were already predicted by the linear theory. Because
there is no evidence of significant topographic changes over the last century,
we may assume that the banks in the North Sea are indeed in or close to a
morphodynamic equilibrium state. Observations suggest that this equilibrium
is maintained by present day flow conditions (see Trentesaux et al. (1999) for
the Middelkerke Bank, one of the Flemish Banks).
We explored the available data (Figure 5.1a) in two ways: by (i ) identiying and analysing the crest and trough positions and by (ii ) transforming into
Fourier space. Figure 5.1b reveals that large-scale wavy patterns are present almost everywhere in the domain, with varying bed amplitude. Three sites with
more pronounced banks catch the eye (Figure 5.1): the Dutch Banks (upper
box), Zeeland Banks (center box) and the Flemish Banks (lower box). It should
be noted that it is unclear whether the latter two should be classified as open
shelf ridges (tidal sandbanks) or shoreface-connected ridges (more details on
this classification can be found in Dyer and Huntley (1999)).
For each of these areas, the Fourier spectrum shows prevailing wavelength
and orientation (Figure 5.8 and Table 5.3). The orientation has been taken
relative to the principal tidal flow direction, which has been extracted from
the numerical work by Van der Molen and De Swart (2001). We use numeri-
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Table 5.3: Typical banks at two sites in the Southern Bight of the North Sea: observations vs model application.
Dutch Banks
Flemish Banks
location:
northing, easting (km)
5826, 540
5710, 464
latitude (deg)
52◦ N40’
51◦ N30’
observations:
wavelength L (km)?
5.7–9.8
4.5
orientation ϑ (deg)?†
25◦
6◦
‡
bank height hrel (-)
26%
61%
asymmetry A (-)‡
1.3
0.2
conditions (model input):
average water depth H (m)
28.9
28.7
flow angle (deg)§\
66.7◦
59.0◦
U (m s−1 )\
0.75
0.80
j0 (m s−1 )\
0.01
0.00
j2 (m s−1 )\
0.69
0.74
j4 (m s−1 )\
0.08
0.08
ϕ4 (deg)\
36.4◦
127.5◦
model output:
bed load
suspended load
bed load
suspended load
Lfgm (km)
7.2
7.6
7.5
7.7
ϑfgm (deg)
39◦
38◦
38◦
37◦
hrel (-)
78%
76%
84%
80%
A (-)
1.6
1.2
-1.5
-0.5
cmig (m yr−1 )
1.9
1.8
-1.6
-1.3
? From Fourier spectrum (Figure 5.8), † relative to the principal flow direction\ , ‡ from profiles
(Figure 5.9), § in degrees counterclockwise to WE-direction, \ based on Van der Molen and
De Swart (2001).

cal results, because we did not find data which also provides estimates of the
components in the basic flow equation (5.11), which we need as input for our
model application (Section 5.5.2). The dominant observed wavelength is of the
order of 6–10 kilometers (Dutch Banks) and 5 kilometers (Zeeland Banks and
Flemish Banks). The Dutch Banks and the Flemish Banks have a dominant
orientation counterclockwise to this flow angle, of ∼ 25◦ and ∼ 6◦ , respectively.
In contrast, the Zeeland Banks have a clockwise orientation. This supports the
idea that they are shoreface-connected ridges rather than tidal sandbanks, and
we will exclude them from further analysis.
To obtain a more detailed impression of these banks, we extracted a typical
bank profile from each of the two remaining locations (Figure 5.9, Table 5.3).
Each of these profiles is taken as the average over an alongbank stretch of several
hundreds of meters.
5.5.2 Model input
The next step is to calculate the equilibrium banks which would exist at the
two remaining locations (Dutch Banks and Flemish Banks), according to the
morphodynamic model we developed. The hydrodynamic conditions, needed
as model input, have been taken from the numerical work by Van der Molen
and De Swart (2001). Their simulations cover the Southern North Sea and
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Figure 5.9: Tidal sandbanks at two locations in the North Sea. (a) Observed profile
at Dutch Banks, (b) modeled profile for both bed load and suspended load transport,
(c) and (d) idem for Flemish Banks.

the resolution of 10 kilometers is such that the presence of sandbanks must be
neglected. This is favorable, as the required model input indeed corresponds
to flat-bed conditions. The two locations turn out to have an elliptical tide,
albeit of small eccentricity. To obtain the required input form, given by equations (5.10) and (5.11), we projected the tidal signal onto the principal tidal axis
(tidal components given in Table 5.3). The Coriolis parameter is adjusted to local latitude, whereas the other parameter values have been taken from Table 5.1.
Numerical truncation parameters have been set at M = 20 and N = 3.
5.5.3

Comparison

Now we compare the model results with the observations. We stress that the
model has not been tuned in any way to obtain better agreement.
For the chosen parameters, linear theory predicts wavelengths of about 7
km. This roughly agrees with the wavelength of the observed profiles. The
wavelength of the fastest growing mode appears to be insensitive to differences
in the hydrodynamic conditions. In addition, it turns out that the angle between
flow and bank crest is overestimated by linear theory, by as much as 15–30
degrees.
Bank height, as estimated by nonlinear theory, appears to overestimate the
observations, especially at the Dutch Banks. The spikiness in the bank crests
is found in both model results and observations. This also holds for the notion
that asymmetric banks are generally lower than the symmetric ones. For the
Dutch Banks, we find qualitative agreement between the asymmetries in bank
shape and tidal forcing. The tidal asymmetry at the Flemish Banks is small
and leads to a modeled profile with small asymmetry, yet pointing in the wrong
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Figure 5.10: Maximum values of the Froude number throughout the tidal cycle, for
(a) bed load and (b) suspended load (cases Ab,s in Table 5.2).

direction. Finally, we notice again from the model results that the temporal
and spatial relaxation of suspended sediment has a smoothing effect on the
dynamics, resulting in lower values of bank height, asymmetry and migration.
Migration rates predicted by the model are of the order of a meter per year.
The data, a snapshot of the present bathymetry, neither confirm nor contradict
this result. However, we should note that in reality there is little evidence of
sand bank migration. Furthermore, the uncertainty in the sediment transport
coefficient αb,s also causes uncertainty in our migration estimates.

5.6

Discussion

5.6.1 Physics
The rigid-lid assumption, which simplifies the solution procedure, is justified
if the Froude number remains small also in the finite-amplitude regime. The
maximum (squared) Froude number, maximized over the tidal cycle, is defined
by
µ 2
¶
u + v2
Fr2max ≡ max
.
(5.31)
t
gh
It is highest at the crests of banks in equilibrium (Figure 5.10). For the spiky
equilibrium shapes typical of bed load transport, we find maximum values of
about 0.1. For the lower profiles of suspended load, this is nearly an order
of magnitude smaller. We conclude that the rigid-lid assumption is justified,
although for the bed load case it may be worthwhile to investigate the consequences of dropping the rigid-lid assumption. However, this is not a straightforward extension of the present approach. The existence of a spatially uniform
basic state heavily relies on the rigid lid assumption. Computationally, the
dimension of the hydrodynamic problem increases considerably now ζ can no
longer be eliminated.
The results show that the linear theory behaves well up to amplitudes of
about 0.2H (Figure 5.4), beyond which nonlinear effects dominate. The migra-
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tion rates from the linear stage and the finite-amplitude equilibrium turn out to
be nearly the same. Underlying this equilibrium is a balance between destabilizing fluxes due to the drag of tidal flow, and stabilizing fluxes due to downslope
transport. The latter consists of both tidally induced downslope transport and
wind-wave eroded material. For the typical case of bed load transport subject
to a symmetrical tide, such a stirring mechanism is even required to obtain
equilibrium. In other cases, wave stirring turns out to lower and smooth the
equilibrium profiles.
Comparison with observations from the North Sea shows that the model
generally tends to overpredict bank height. This can be due to the lacking
of a physical mechanism (rise and fall of free surface during tidal cycle). We
further noticed a discrepancy between the angle of the fastest growing mode
from linear theory and those of observed banks. Huthnance (1982a) already
noted that especially the orientation is sensitive to the uncertain formulation
of sediment transport, and is probably also susceptible to, for example, the
trend of an adjacent coastline. Alternatively, differences between the direction
of depth-averaged flow and the bed shear stress could partly account for this
deficiency.
Our approach does not incorporate the dynamics of sandwaves, which requires a description of the vertical flow structure at shorter length scales of
hundreds of meters (Hulscher, 1996). Hence, we are unable to investigate finiteamplitude sandbank dynamics as a result of nonlinear sandwave interaction.
Such a mechanism has been proposed by Komarova and Newell (2000), and we
consider it worthwhile to investigate it further in a three-dimensional setting,
allowing to test it from a more observational perspective.
The uncertainty in sediment transport coefficients αb and αs is reflected in
the time scales of morphodynamic evolution, which is of the order of centuries.
Some parameters, assumed constant in the model, may actually vary on this time
scale, such as mean water depth owing to sea level rise. Even though presentday sea level rise is relatively strong, it has been significantly smaller over the
past couple of millennia (Douglas, 1995). Hence, it does not significantly harm
the present results, but we consider it an important mechanism when aiming at
long-term morphodynamic predictions for the future.
The model we have developed is idealized, as our main focus is on the physics
from a qualitative point of view. For example, we have studied the two transport
modes in an isolated way, that is, either bed load or suspended load transport.
In reality, these modes occur simultaneously, with their relative importance
depending on grain size. However, modelling this grain size dependence properly
would also require the inclusion of a critical flow velocity (or critical shear stress)
for sediment motion. Part of this grain size dependence namely stems from this
threshold (Idier, 2003). We considered this beyond the scope of the present
study. Finally, it is also worthwhile to investigate the influence of grain size
variations on sandbank dynamics, taking into account hiding and exposure (as
studied by Walstra et al. (2003) for shoreface-connected ridges).
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Figure 5.11: Dependence of equilibrium bank height hrel on (a) imposed wavelength
and (b) flow orientation, both relative to the fastest growing mode (case Ab in Table 5.2).

5.6.2

Surviving mode

A restrictive property of the model is its spatial periodicity. We fixed the value
to the preferred wavelength obtained from linear theory, thus imposing the wavelength of growing sandbanks. Although this is a common approach followed in
other fields of morphodynamic modelling as well (for example, in the study of
shoreface-connected ridges by Calvete et al. (2002)), the finite-amplitude wavelength selection within the system cannot be studied. In their weakly nonlinear
study of alternate bar evolution in rivers, Schielen et al. (1993) allowed for small
changes in wavelength. Figure 5.11a shows the sensitivity of equilibrium bank
height on the imposed wavelength, in a region around L = Lfgm . It shows that,
for a longer wavelength, the system tends to higher equilibrium banks. This
topic needs further investigation.

5.6.3

Two-dimensional topographies

In this paper we restrict ourselves to topographies which vary in one horizontal
dimension only. This choice is supported by the predominantly one-dimensional
horizontal character of real sandbanks. It also simplifies the analysis, but forces
us to externally impose the angle ϑ between the basic flow and the direction
of topographic variations. Choosing the preferred angle from linear theory is
the most logical choice. However, nonlinear effects may alter the preferred bank
orientation. For example, Figure 5.11b shows that the angle ϑfgm for which
initial growth is largest may not lead to the highest equilibrium banks. In
a two-dimensional approach, the preferred angle emerges naturally within the
system. We therefore no longer need to impose it externally — it may even
adjust itself while the banks are growing.
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Conclusions

The nonlinear morphodynamic model presented in this paper is capable of producing evolution towards nontrivial equilibrium states, which we associate with
equilibrium profiles of tidal sandbanks. Equilibrium heights, varying between
60% and 90% of the maximum water depth, and their shapes depend on the type
of transport and the hydrodynamic conditions. In particular, bed load leads to
spiky equilibrium banks with flat troughs, whereas the relaxation of suspended
load leads to lower and more rounded crests. The underlying (tidally averaged)
balance is between the destabilizing sediment flux due to fluid drag, and the
downslope transport induced by both tidal flow and wind wave stirring. Tidal
asymmetry produces asymmetric equilibrium profiles, which migrate at a rate
of the order of that predicted from linear theory. This asymmetry, wind waves,
and, furthermore, the inertia of the tide have a damping effect on equilibrium
heights.
We claim that fully resolving the dynamics on both the fast and the slow
time scales is essential to capture the physics that determine the cross-sectional
shape of tidal sandbanks. The assumptions made in earlier studies to simplify
the dynamics on the fast tidal time scale affect the results significantly. In
particular, using a block flow and omitting inertial terms (Huthnance, 1982ab;
Roos et al., 2003; Idier and Astruc, 2003) is too crude a means of mimicking
the nonlinear morphodynamics caused by an M2 -tide.
Comparison with information on large-scale features extracted from North
Sea bathymetric data gives fair agreement between observed and modeled bank
heights and shapes, albeit mainly qualitatively. The comparison is complicated
by the small number of banks, the uncertainty in the input and along-bank
variations in the observed profiles.
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Chapter 6

Modelling the effects of sand extraction
from tidal sandbanks
Abstract: We investigate the long-term morphodynamic effects of large-scale sand
extraction from tidal sandbanks. The equilibrium profiles obtained previously with a
nonlinear, process-based model serve as a starting point of our analysis. Herein, we
represent a sandpit as a local topographic perturbation. The results show that the
system gradually shifts to a new equilibrium profile, containing a smaller amount of
sediment. The corresponding time scales, typically of the order of a century, are shortest for deep and narrow pits, created in the bank’s crests. Our findings contrast earlier
results obtained with a flat bed as starting point, in which sandpits trigger the instability associated with sandbank formation. Further simulations indicate a subharmonic
instability of the equilibrium profiles, which we associate with the properties of the basic state of the original model. We finally translate our results into some preliminary,
practical guidelines for policymakers dealing with offshore sand extraction.

6.1

Introduction

Offshore sand extraction is one of the activities in the North Sea, which has
increased significantly over the past years, and will face further growth in the
future (Hoogewoning and Boers, 2001). With their large potential of sediment,
tidal sandbanks seem ideal extraction locations. Tidal sandbanks are rhythmic
offshore features, with a spacing of 5-10 kilometers, a height up to several tens of
meters and usually a slightly counterclockwise crest orientation with respect to
the tide? (Dyer and Huntley, 1999)† . For example, the Zeeland banks are used
for small-scale extractions and will possibly be used for large-scale extraction
in the future (Hommes, 2004; Terpstra, 2004). However, such a large-scale
intervention may interfere with the complex hydrodynamic and morphodynamic
processes which control the morphology of the seabed in general, and of the
tidal sandbanks in particular. This makes it hard to predict the long-term
morphodynamic impact of sand extraction.
The aim of this study is to investigate the impact of extracting sand from
tidal sandbanks on the underlying morphodynamic system. In doing so, we follow a process-based morphodynamic modelling approach. We model sandpits as
? Counterclockwise
† Dyer

in the Northern Hemisphere.
and Huntley (1999) used the term open shelf ridges.
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an intervention in equilibrium profiles, available from earlier research on finiteamplitude sandbank dynamics (Chapter 5, Roos et al., 2004), hereinafter termed
RHKD. This contrasts most of the existing studies into the effects of sand extraction, in which sandpits or trenches have been modelled as interventions in a
flat seabed (Ribberink, 1989; Svašek, 1998; Klein, 1999; Roos et al., 2001; Van de
Kreeke et al., 2002). The inherent instability of the flat seabed, explaining the
formation of tidal sandbanks (Huthnance, 1982a; De Vriend, 1990; Hulscher
et al., 1993), makes it a different type of study. This is because the results
will also reflect the autonomous behaviour toward sandbank formation, which
makes it difficult to identify the direct influence of the sandpit itself.
Exception to the flat-bed studies cited above are the recent studies by both
Knaapen and Hulscher (2002) and De Swart and Calvete (2003). Knaapen
and Hulscher (2002) showed how a simple amplitude-evolution model can help
optimizing (navigation) dredging strategies in an area with tidal sandwaves, a
rhythmic bed feature on a smaller spatial scale than sandbanks. Herein, the
dredging activities were modelled as having an overall amplitude effect. However, this approach is insufficient to study sand extraction as a local intervention
in, for example, the crest or trough of a tidal sandbank. De Swart and Calvete
(2003) investigated the nonlinear response of shoreface-connected sand ridges to
interventions. Shoreface-connected ridges are of similar size as tidal sandbanks,
but they exist closer to the shoreface on the sloping bed of the inner shelf, and
the physics of formation are different. After a local removal of sand (∼ 2 Mm3 )
from a stretch of ridges in finite-amplitude equilibrium (Calvete et al., 2002; Calvete and De Swart, 2003), the system tends to return to its original equilibrium
state. This gradual process, taking several centuries, is attended with an import
of sand from both the outer shelf and the near-shore zone. Hence it is concluded
that dredging activities threaten beach stability.
Our analysis is aimed at answering the following research questions, of interest to both geophysicists and marine managers.
• What happens to a tidal sandbank in equilibrium, after removing an
amount of sand?
• How does this behaviour depend on the characteristics of pit geometry,
such as size, depth and extraction location (relative to the bank profile)?
• Our approach can particularly lead to practical guidelines for policymakers, regarding these degrees of freedom. For example, what happens if we
create deep and narrow pits rather than shallow and wide ones, and does
it matter if extraction takes place at the crests, along the flanks or in the
troughs?
This paper is organized as follows. In Section 6.2 we describe the model setup,
introducing the background of the model by RHKD and the way in which we
incorporate sand extraction. Then, Section 6.3 describes the results, whereas
Sections 6.4 and 6.5 contain the discussion and the conclusions, respectively.

6.2. Morphodynamic model
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Figure 6.1: Sketch of the sandbank model by RHKD, showing a symmetric equilibrium profile heq (x) in water of average depth h0 . It is spatially periodic with wavelength Lfgm , and oriented at an angle ϑ with respect to the undisturbed flow.

6.2
6.2.1

Morphodynamic model
Background of finite-amplitude sandbank model

The equilibrium profiles obtained previously with the nonlinear, process-based
model by RHKD serve as a starting point of our analysis. In turn, their study is
based on earlier research (Huthnance, 1982a; De Vriend, 1990; Hulscher et al.,
1993) which showed that tidal sandbanks may form as an instability of a flat
seabed subject to tidal flow. The fastest growing mode of this linear stability
analysis describes the type of sandbanks most likely to emerge initially from a
flat seabed. Such a mode is characterized by its wavelength Lfgm as well as its
crest orientation ϑfgm with respect to the direction of the tide; see Figure 6.1.
RHKD investigated the finite-amplitude evolution of the fastest growing mode.
In doing so, they fixed the wavelength and orientation, and used a truncated
Fourier expansion to describe the state of the system (also known as Galerkin
approach).
The model adopts a depth-averaged flow description, including Coriolis effects, a linear bottom friction law, and a rigid-lid approximation. The system
is forced by an arbitrary bidirectional tidal flow, with a residual component
(M0 ), a dominant semi-diurnal lunar component (M2 ) as well as it first overtide (M4 , with an arbitrary phase lag). The deflection of this current due to
friction-topography and Coriolis-topography interactions, known as tidal rectification (Zimmerman, 1981), drives the positive feedback mechanism behind the
instability of the flat seabed. The seabed is assumed to consist of uniform sediment, ignoring possible (spatial) variations in mean grain size and erodibility.
Two modes of sediment transport are considered: bed load and suspended load
transport, both including simple power laws of the depth-averaged flow velocity
and gravitational bed slope effects. An advection-equation accounts for the spatial relaxation of suspended load transport. A depth-dependent stirring term is
incorporated to model the effects of wind waves, causing additional transport
which is strongest at the bank crests. The seabed then evolves as a result of
the tidally averaged divergences of the bed load and suspended load sediment
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Figure 6.2: Definition sketch of modelled sand extraction: (a) pit geometry, showing
pit center xcenter , width B, depth H and slope length S, (b) same pit, now created
at the crest of a tidal sandbank in morphodynamic equilibrium, according to equation (6.1).

fluxes.
The results show how an initially small, sinusoidal perturbation over the
course of several centuries gradually grows and deforms into an equilibrium
profile. These profiles generally have a somewhat sharp-crested shape, covering
60 to 90 percent of the maximum water depth (as depicted in Figure 6.1). They
express a (tidally averaged) balance between destabilizing drag fluxes and stabilizing bed slope effects. Wave stirring and the relaxation of suspendent sediment
have a smoothing and lowering effect on the equilibrium profiles. For asymmetric tidal conditions, the resulting profiles are asymmetric as well, but slowly
migrate in the direction of the residual sediment flux. For a more complete
description of the model and the results, see RHKD.
6.2.2 Incorporating the pit geometry
Sandpits are modelled as an initial topographic perturbation of the equilibrium
profiles, described in the previous subsection. To that end, we write
hinit (x) = heq (x) + hpit (x),

(6.1)

at τ = 0, with τ the morphodynamic time. The pit geometry has a trapezoid
shape (Figure 6.2), with width B, depth H, slope length S and characterized
further by its position relative to the bank profile. The pit size, that is, its
cross-sectional area or volume per meter in along-bank direction, is given by
A = BH. The nonlinear nature of the model allows us to vary B and H, while
keeping A constant. However, we should be careful to prevent the pit width B
from getting so small, that interaction with sandwave dynamics can no longer be
neglected. As a lower limit of B we use a value of 1 km. We further define three
potential extraction locations along the bank profile: crest, flank and trough.
The coordinate system is chosen such that the trough is located at x/Lfgm = 0
and the crest at x/Lfgm = 0.5.
Note that the assumed uniformity in the along-bank direction (the y-direction
in Figure 6.1) forces us to represent a sandpit as a trench of infinite length in the
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along-bank direction. Therefore we can only speak of a cross-sectional pit area
A = BH, rather than a pit volume V = AL. How to relate A to V within the
present approach, will be discussed in Section 6.4.2. Moreover, our approach is
essentially a local one, focused on the evolution of a single bank and excluding
the interaction between adjacent banks. The spatially periodic boundary conditions causes the sediment which leaves the domain at x = Lfgm to enter it again
at x = 0 and vice versa. In Section 6.3.2, we address the issue of creating a
single sandpit in a stretch of multiple sandbanks.
We use two indicators to decribe the pit’s evolution in time. The depth at
its center x = xcenter (Figure 6.2a) is defined as
hcenter (τ ) ≡ h(xcenter , τ ) − heq (xcenter ),

(6.2)

such that hcenter (0) = H. Next, the horizontal spatial extent of the pit gives
an indication of its horizontal area of influence and how it expands across the
bank. It can be quantified by the standard deviation of the (absolute value of
the) pit shape, defined according to
R xmax
(x − xcenter )2 |h(x, τ ) − heq (x)| dx
2
σpit (τ ) ≡ xmin R xmax
,
(6.3)
|h(x, τ ) − heq (x)| dx
xmin
with xmin ≡ xcenter − 12 Lfgm and xmax ≡ xcenter + 12 Lfgm . Note that we have
used the absolute value of the pit profile, as a pit may also cause humps in the
surrounding area and these features should also contribute positively to the area
of influence. The initial value, corresponding to the pit topography depicted in
1
2
(0) = 12
Figure 6.2a, is given by σpit
(B 2 + S 2 ). The evolution of hcenter and
σpit describes the sandpit dynamics in a quantitative way, thus allowing us to
compare different extraction strategies.
6.2.3 Model settings
For the present study, we consider bed load transport only, as RHKD did not
find qualitatively different results for suspended load transport. They also found
that the main effect of including Coriolis effects is a reduction in time scales and
a slight increase in equilibrium bank height. Here, we neglect Coriolis effects,
which facilitates the numerical computations. We take the other parameter
values from RHKD, except a mean water depth h0 = 20 m. For sake of simplicity, we restrict our simulations to purely symmetric tidal conditions (horizontal
M2 -amplitude ∼ 1 m s−1 ), such that the equilibrium profile is also symmetric.
This means that we neglect the additional elements resulting from working with
an asymmetric forcing, such as bank asymmetry and migration. In our case,
the linearly imposed wavelength and crest orientation are Lfgm = 6.3 km and
ϑ = 25.2◦ , respectively. Furthermore, the e-folding time scale of linear growth
is Tlin = 1.3 · 102 yr, and the water depth in the trough is about 24 m.
Smoothly representing the geometry of a sandbank and the pit shape requires
a higher number of Fourier modes than needed for representing just a bank
profile. We adopt a truncation number M = 30, whereas RHKD used M = 12
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(a) actual bank profile

(b) relative pit topography
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Figure 6.3: Evolution of a sample pit (see text), created at the crest of a symmetric
tidal sandbank in equilibrium. The plots show: (a) actual bank profile z = −h, (b)
relative pit topography z = −h + heq .

and M = 16. The truncation number of the temporal modes, related to the
internal generation of overtides, is set at N = 3.

6.3
6.3.1

Results
Qualitative behaviour and sensitivity to pit design

The results show that, after removing sand from an equilibrium bank profile,
the system gradually tends to a new equilibrium, containing a smaller amount
of sediment. We will illustrate this by showing the evolution of a typical sample
pit (B = 1.5 km, H = 4 m and S = 0.05 km), created at the crest of a
symmetrical tidal sandbank in morphodynamic equilibrium (such as depicted
in Figure 6.2). Figure 6.3 shows plots of the morphodynamic evolution after
the sand has been extracted. The pit displays diffusive behaviour, as it fills in
and widens on a time scale of centuries. The initial topography (Figure 6.3a)
displays some small-scale undulations, which are the result of including only a
finite number of higher spatial harmonics (M = 30). These numerical features,
however, disappear quickly as a result of the diffusive decay of modes with high
wave numbers.
We further observe a roughly exponential evolution of the indicators introduced in Section 6.2.2, that is, the depth at the pit’s center and the standard
deviation of the pit topography (Figure 6.5). This example shows an initial
increase in pit depth. Then, it decreases and converges exponentially to a value
h∞
center , equalling the difference in water depths between the equilibrium profiles
before and after sand extraction. Simultaneously, the area of influence of the
∞
pit increases and converges to a value σpit
related to the new equilibrium. The
time scales of these processes are of interest when comparing several different
extraction strategies. To that end, we introduce Tfill and Twiden as typical time
scales of the ‘filling’ (hcenter ) and ‘widening’ (σpit ) processes, respectively. We
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Figure 6.4: Evolution of the same sample pit (see Figure 6.3), but now created in a
flat bed: (a) evolution, (b) initial topography, (c) equilibrium topography.

define them as the e-folding time scales of
∆hcenter (τ ) ≡

hcenter (τ ) − h∞
center
,
hcenter (0) − h∞
center

∆σpit (τ ) ≡

∞
σpit (τ ) − σpit
∞ ,
σpit (0) − σpit

(6.4)

respectively. Note that Tfill and Twiden are only rough estimates, since the
observed behaviour is generally not purely exponential (Figure 6.5). For the
sample pit created at the bank crest, we find Tfill = 0.5 · 102 yr and Twiden =
0.4 · 102 yr. Creating the same pit in the trough leads to larger time scales:
Tfill = 1.7 · 102 yr and Twiden = 3.1 · 102 yr. (Note: the e-folding time scale of
linear growth was Tlin = 1.3 · 102 yr.)
The above has shown that the system evolves from one equilibrium state
into a new one, both being unique. This motivates us to compare different
equilibrium profiles, representing different amounts of sand, while neglecting
the transient process. Figure 6.6 shows that, for increasing A, the equilibrium
level of the trough is more strongly reduced than that of the crest. The new
equilibrium shows, that the extracted sand is effectively provided by the troughs
of the original equilibrium. Furthermore, a pit geometry equalling the difference
between two equilibrium profiles, will instantaneously shift the system from one
equilibrium into another. Such pits can be termed marginally stable, as they do
not trigger any morphodynamic response. In this particular case, there is no
evolution so the time scale is zero.
Next, let us present the results of the sensitivity analysis with respect to
pit geometry, in which we vary three characteristics: depth (2 m, 4 m and
6 m), width (1 km, 1.5 km and 3 km) and location. Regarding the latter, we
consider three extraction locations relative to the bank profile: on the crest
(xcenter /Lfgm = 0.5), along the flank (xcenter /Lfgm = 0.4) and in the trough
(xcenter /Lfgm = 0.0)‡ . From the numerical simulations we make the following
‡ These

values follow from our choice to put the origin of the coordinate system at the
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Figure 6.5: Evolution of the indicators for the sample pit (see also text): (a) depth at
pit center hcenter , (b) standard deviation σpit of the pit shape. Both have been plotted
for two extraction locations: crest (solid; see Figure 6.3) and trough (dashed). The
flat bed prediction is denoted with a dotted line; the e-folding time of linear growth
Tlin has been marked with a circle.

observations.
• The larger the pit size A = BH, the larger the perturbation of the seabed
and the longer it takes before the system converges to a new equilibrium.
Obviously, the difference between the new and old equilibria is also larger.
• Extraction from the crests leads to shorter time scales than extraction
from the troughs. The case of extraction from a flank is more difficult
to interpret, as it slightly shifts the bank to the other side. Compared
to the original profile before extraction, the new equilibrium profile will
have moved slightly in that direction. As a result, the quantities hcenter
and σpit have little meaning in this case, and so have their e-folding time
scales.
• Increasing the pit depth, while keeping its size constant, shortens the
typical time of filling (Figure 6.7a). Analogously, deeper pits of equal
size display a faster increase in spatial extent (Figure 6.7b). The initial
deepening of the pit, observed for the sample pit (Figure 6.3), does not
occur for the deeper and shallower case.
• Varying the value of the slope length S appears to affect the initial dynamics only. This initial response is dominated by diffusive effects, which
act stronger for steeper pit slopes. In terms of the Fourier spectrum of the
pit, varying the details of the pit slopes affects the modes with a length
scale of the order of hundreds of meters. These modes are actually those of
the tidal sandwaves, the dynamics of which is not captured by our model.
A detailed study into the effects of varying S is therefore nor appropriate.
bank’s trough; see Section 6.2.2.
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profiles heq (x), for A = 0 (upper profile), 4, 8, 12, 16 and 20 · 103 m2 (lowest profile),
(b) the crest and trough levels as a function of the pit size A.
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Figure 6.8: Evolution of a sandpit, modelled as a subharmonic perturbation on the
flank of a symmetric sandbank in a stretch of three (right flank of the central bank).

6.3.2 Modelling a sandpit as a subharmonic perturbation
So far, we have modelled a sandpit as a superharmonic perturbation of the
spatially periodic equilibrium profiles. This implies that the pit recurs on every
individual bank and that the pit’s Fourier spectrum only contains wavelengths
smaller than and equal to that of the bank itself. This makes it impossible to
investigate the dynamics on a larger scale than Lfgm . However, on this longer
time scale, one may expect interaction between the sandpit and adjacent banks
from which no sand has been removed.
An alternative, possibly more realistic representation would be to consider a
sandpit as a subharmonic perturbation. Within our spatially periodic approach,
this implies defining a stretch of more than one, say n, equilibrium sandbanks
and assigning one of those for sand extraction.This means that the length of the
computational domain becomes L = nLfgm , and that now every n-th bank in
an infinite stretch of banks has been targeted for sand extraction. The Fourier
spectrum of the perturbation now also contains length scales exceeding the
wavelength of the individual sandbanks.
Figure 6.8 shows the evolution of the sample pit introduced in Section 6.3.1
(B = 1.5 km, H = 4 m, S = 0.05 km). Now, it has been created in the flank of
a symmetric sandbank in a stretch of three. The initial results resemble those
obtained before, with the pit gradually disappearing, but on a much longer term
the system of three banks is unstable. The bank with pit gradually disappears,
whereas the two adjacent banks start to grow. The final result (not plotted)
seems to be a new equilibrium consisting of a single sandbank with a wavelength
equalling the domain length L = nLfgm .

6.4

Discussion

6.4.1 System properties and physics
The model results have shown that the equilibrium state of sandbanks with
wavelength Lfgm is stable against superharmonic perturbations and unstable

6.4. Discussion
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against subharmonic perturbations. In the former case, the Fourier spectrum
of the pit only contains wavelengths shorter than or equal to Lfgm . The system
then gradually tends to a new equilibrium state, much similar to the original
one, yet representing a smaller amount of sediment. This is a direct consequence
of conservation of sediment in a spatially periodic system.
In the case of a subharmonic perturbation, sand is removed from a single
location in a stretch of several banks. Then, the pit’s spectrum also contains
length scales larger than Lfgm . The system apparently does not suppress these
modes, and it ultimately tends to an equilibrium consisting of a single sandbank with a wavelength equalling the length of the computational domain. The
dependency of the results on the imposed domain length is clearly an unphysical property of the model. It could be related to the inability of the original
flat-bed system to suppress modes with a very large wavelength. However, it
should be noted that the model is essentially a local model. In particular the
description of the tidal forcing, neglecting the spatial variations of a tidal wave,
makes it unapplicable at arbitrary large length scales. Solving this deficiency
may require a thorough revision of the basic state in the original model.
It is worthwhile noting that the system’s response to creating a sandpit could
also be investigated by means of a linear stability analysis of the equilibrium
bank shapes by RHKD. Such an approach differs from the analyses carried out
for a flat bed (Huthnance, 1982a; De Vriend, 1990; Hulscher et al., 1993). For
example, the basic state is now a finite-amplitude equilibrium and the eigenfunctions of the system are unlikely to be purely sinusoidal. Based on the findings
of this paper, the outcome of such an analysis can already be derived: negative growth rates for the eigenfunctions with a wavelength smaller than that of
the equilibrium pattern, and positive ones for the eigenfunctions with a larger
wavelength. A linear stability analysis could also be used to study the system’s
response to two-dimensional perturbations, that is, permitting topographic variations in the alongbank direction. Unlike the present nonlinear approach, it can
only give insight into the linear dynamics. Finally, creating a pit also affects
the k = 0-mode, that is, the overall bed level.
6.4.2

Geometry and time scales

We have represented sandpits as trenches with infinite length and the alongbank direction of sandbanks, with a fixed orientation with respect to the flow.
This assumed uniformity in y-direction poses a further difficulty, namely that of
relating a cross-sectional pit area A to a three-dimensional pit volume V = AL.
In other words: for which values of the along-bank pit length L is the present
one-dimensional horizontal (1DH) approach valid? The answer cannot be found
within the present modelling framework, and we resort to the linear yet twodimensional horizontal (2DH) approach of chapter 4. Figure 6.9 shows the
dependency of the velocity increase at the pit’s center, for a steady flow at
an angle of ϑ = 25.2◦ along-bank direction of the pit. A typical trench-like
property is a velocity reduction inside the pit. As shown by Figure 6.9, this
qualitative trench-like behaviour is rather universal, strongest for large values
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Figure 6.9: Velocity increase at pit center, for a 2DH-sandpit in flat bed, as a function
of pit width B (see Figure 6.2a) and pit length L. The solid line is the zero contour,
negative values indicate qualitative trench-like behaviour. Steady flow at ϑ = 25.2◦ ;
other settings as in Section 6.2.3.

of L. Only for large values of B and not too large values of L a velocity increase
may take place at the pit’s center and flow contraction dominates the velocity
field. However, we emphasize that this is an indication obtained with a linear
model of a 2DH-pit in a flat seabed.
A two-dimensional approach, considering topographic variations in both horizontal directions, allows for a two-dimensionally constrained representation of
the sandpit. In addition, it would enable us to drop the imposed bank orientation. However, such a nonlinear, two-dimensional extension, capable of
describing finite-amplitude equilibria, is currently not available and moreover
computationally expensive. We recommend further research into this topic.
Another topic not covered within the present approach is the interaction between sand extraction and sandwave dynamics, taking place at length scales of
several hundreds of meters. Incorporating this would require a detailed description of the vertical structure of the flow (Hulscher, 1996), which is computationally expensive and has been neglected within the depth-averaged approach
in this study. This implies that the present model can not be safely applied to
pits of the size equalling the length scales of sandwaves.
The time scales of the sandpit dynamics obtained here are of the order of a
century, somewhat below the time scales of bank formation. We have neglected
Coriolis effects for sake of computational convenience. As already noted in
Section 6.2.3, including Coriolis effects would lead to shorter time scales. Finally,
we note that the uncertainty in predicting the (magnitude of the) sediment flux
in turn leads to an uncertainty in the time scales of evolution.

6.4. Discussion
6.4.3
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Comparison with alternative approaches

The observed stability contrasts earlier results obtained with a flat bed as starting point (Roos et al., 2001). Starting with a flat bed (Figure 6.3, bottom
plots), the sandpit triggers the instability associated with sandbank formation.
Starting from an equilibrium bank profile (Figure 6.3, upper plots), the sandpit
triggers the stability associated with sandbank equilibration. The differences in
these types of behaviour can be clearly discerned from the evolution of the indicators, as shown in Figure 6.5. Related to this is a fundamental question with
respect to bank formation: when does a disturbance of a flat seabed give rise to
the formation of sandbanks? Neither the original model by Huthnance (1982a)
nor the later extensions (De Vriend, 1990; Hulscher et al., 1993) discriminate
between these two regimes. Hulscher (1996), however, provides indicators as to
whether sandbanks emerge, formulated in terms of the partial slip and viscosity
parameters of the three-dimensional hydrodynamic model. Using information
on depth, flow and sediment in the southern North Sea, these parameters were
estimated locally and they were found to discriminate between the flat bed and
the occurrence of tidal sandbanks (Hulscher and Van den Brink, 2001). This
issue may be further clarified by adopting a more detailed description of sediment transport, such as accounting for a critical shear stress of sediment motion
(Van der Veen et al., 2004), or the heterogenous composition of the sediment.
It is worthwhile noting, that complex numerical simulation models such as
delft3d and telemac have also been used to describe sandbank dynamics
(Németh, 1998; Idier and Astruc, 2003) and sand extraction (Klein, 1999). With
these packages it is generally found difficult to reproduce sandbank dynamics.
This difficulty, actually due to both geometry and forcing, is encountered when
applying such models to an offshore domain with three or four open boundaries. Properly imposing the corresponding boundary conditions for tidal flow
including Coriolis effects is awkward and can obscure the mechanisms related to
sandbank dynamics. As a result, creating a pit in a flat seabed within a complex
numerical package may give stable results, at first sight resembling the results of
the present study. However, the observed stabilities are then due to essentially
different processes: either the complex dynamics of sandbank equilibration (our
study), or simply the absence of pattern-forming mechanisms (when modelling
a pit in a flat bed within a complex numerical package).
An alternative way to model the effects of sand extraction follows a Landau
concept, used by Knaapen and Hulscher (2002) in the context of navigation
dredging in a sandwave field. It has a higher level of abstraction than the
process-based modelling approach adopted here, as a detailed description of the
underlying physics is avoided. We therefore argue that, in the present context,
it may only work as a follow-up of the present study. In addition, one should
be careful to test whether the assumptions of a Landau approach are valid.
For example, it assumes weakly nonlinear conditions, whereas the sandbank
problem appears to be strongly nonlinear. Within the Landau approach, the
system converges back to the initial equilibrium, on the time scales of the linear
evolution. Furthermore, it treats sand extraction as having an overall effect on
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amplitude and mean water depth, not allowing us to vary the geometric details
of the sand extraction, such as pit shape and extraction location relative to the
bank profile.
The results of our study can be put in further perspective by comparing
with the study by De Swart and Calvete (2003). They considered subharmonic
perturbations, which are local interventions in a stretch of several shorefaceconnected ridges (see Section 6.1) in equilibrium. Unlike our subharmonic simulations, the system displays stable behaviour against these subharmonic perturbations. It tends to return to its original state, which requires a non-closed
sediment system. Indeed, their model does allow an exchange of sediment between inner shelf and both the near-shore zone as well as the outer shelf. We
emphasize that this is a consequence of differences in model geometry, and not
a fundamental difference between shoreface-connected ridges and offshore tidal
sandbanks.
6.4.4 Degrees of freedom of sand extraction and physics
Now let us discuss the findings from the sensitivity analysis. First, it is not
surprising that larger pits constitute a larger perturbation of the equilibrium
state, thus leading to a stronger morphodynamic response. Next, the results
show that time scales are shortest when extracting from the crest, compared
to extracting from the trough. Indeed, the hydrodynamic conditions (tidal currents, wave activity) are most severe at the crests, thus likely to speed up the
morphodynamic processes. Finally, the relatively quick response triggered by
deep and narrow pits, compared to shallow and wide ones of identical size, can
be explained by considering the pit’s Fourier spectrum. For a deep and narrow pit, the spectrum contains more higher modes (small wavelengths). These
short-scale modes are rapidly suppressed by bed slope effects, which leads to a
relatively fast decrease in pit depth and, simultaneously, a relatively fast increase
in spatial extent. These findings can be translated into practical guidelines, to
be listed in the conclusions in Section 6.5. How to use them, will depend on the
marine management objectives.

6.5

Conclusions

We have used an existing, idealized process-based model of equilibrium sandbank dynamics to study the morphodynamic effects of sand extraction on tidal
sandbanks. The results show that the dynamics of pit and bank indeed interact,
and that the system tends to a new equilibrium, with a smaller amount of sand.
These findings contrast earlier results obtained with a flat bed as starting point,
in which sandpits trigger the instability associated with the onset of sandbank
formation. The simulations further revealed an instability of the system, related to the perturbations with a spectrum containing length scales exceeding
the wavelength of the tidal sandbanks.
From the results we can derive the following practical guidelines for extraction strategies. Triggering the slowest and weakest response can be achieved
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by (i ) reducing pit size, (ii ) extracting from the troughs rather than from the
crests, and (iii ) creating shallow and wide pits rather than deep and narrow
pits. The fastest and strongest response can be triggered in the opposite way.
Future improvements to the idealized model adopted here, such as an extension
to two horizontal dimensions and the inclusion of sandwave dynamics, though
laborious and far from straightforward, could lead to further refinements of these
guidelines.
Acknowledgement: The author thanks Ad Stolk from the Directorate North Sea
of the Netherlands Ministry of Transport, Public Works and Water Management for
his comments.
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Chapter 7

Linear evolution of sandwave packets?
Abstract: We investigate how a local topographic disturbance of a flat seabed
may become morphodynamically active, according to the linear instability mechanism which gives rise to sandwave formation. The seabed evolution follows from a
Fourier integral which can generally not be evaluated in closed form. As numerical
integration is rather cumbersome and not transparent, we propose an analytical way
to approximate the solution. This method, using properties of the fastest growing
mode only, turns out to be quick, insightful and performing well. It shows how a local
disturbance develops gradually into a sandwave packet, the area of which increases
roughly linearly with time. The elevation at the packet’s center tends to increase, but
initially it may decrease depending on the spatial extent of the initial disturbance. In
the case of tidal asymmetry, the individual sandwaves in the packet migrate at the
migration speed of the fastest growing mode, whereas the envelope moves at the group
speed. Finally, we apply the theory to trenches and pits, and show where results differ
from an earlier study in which sandwave dynamics have been ignored.

7.1

Introduction

Tidal sandwaves form a prominent bed feature in tide-dominated offshore areas
of shallow shelf seas. They occur in rhythmic patches, with crests spaced several
hundreds of meters apart (Figure 7.1), several meters high and oriented almost
perpendicularly to the principal direction of the tidal flow (Terwindt, 1971).
Besides, sandwaves are highly dynamic, with typical time scales of formation of
the order of years and migration speeds up to ten meters per year. Insight in
sandwave dynamics, particularly their migration, has several practical applications, as it may help optimizing dredging strategies, and ascertaining pipeline
safety (Németh et al., 2003).
Using a process-based morphodynamic model, Hulscher (1996) showed that
the formation of tidal sandwaves can be explained as a linear instability of a
flat seabed, driven by the vertical flow circulations induced by tide-topography
interactions. This theory was later extended and refined with respect to the description of hydrodynamics and solution procedure (Gerkema, 2000; Komarova
and Hulscher, 2000; Besio et al., 2003a). Of practical interest is the modelling
? This chapter will be presented at the 29th International Conference on Coastal Engineering (ICCE), September 19-24, 2004, Lisbon, Portugal; with co-authors P. Blondeaux, S.J.M.H.
Hulscher and G. Vittori.
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Figure 7.1: Sandwave field in the North Sea (bed level in m, data from North Sea
Directorate, The Netherlands).

of sandwave migration by including a residual current (Németh et al., 2002) and
tidal asymmetry (Besio et al., 2003b). In the studies cited here the main focus
is on the so-called fastest growing mode (fgm), that is, on the wavelength for
which the growth rate attains its maximum. The models therefore essentially
describe rhythmic sandwave patterns of infinite spatial extent.
In the present study, however, we focus on the evolution of a local, or isolated topographic disturbance on an otherwise flat seabed. How will such a disturbance evolve in time, according to the hydrodynamic and morphodynamic
mechanisms of sandwave formation?
We follow an approach which fully relies on the linear theories cited above.
We particularly use the dispersion relationship for sandwaves, that is, the relation between growth rate (and migration rate) of sandwaves and the topographic
wave numbers. The study of a spatially constrained topography, however, involves the dynamics of the full spectrum rather than that of the fastest growing
mode only. Essential is that we capture the general properties of the dispersion
relationship, so we do not need to revisit the details of the underlying hydrodynamics and sediment transport. The solution to the problem, that is, the
bed topography as a function of both space and time, follows from a Fourier
integral which can generally not be evaluated in closed form. We explore and
compare two solution methods: numerical integration and an analytical approximation of the dispersion relation. The former method is direct and accurate,
but not transparent and computationally expensive, especially in three dimensions. The approximate method, based on an asymptotic Gaussian model? used
previously in a hydrodynamic context (Benjamin, 1961; Gaster, 1968; Gaster
and Davey, 1968; Gaster, 1981; Gaster, 1982), combines a quadratic approximation of the dispersion relation (around the fgm) with suitable initial conditions.
The analytical solution, while giving insight in the underlying physics, turns out
to be quick and to perform well. To obtain the input parameters of this model,
? This Gaussian model is also known as Method of Steepest Descent or Saddle-Point Method
(Morse and Feshbach, 1953).
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we use the three-dimensional extension, neglecting Coriolis effects, of the code
of Besio et al. (2003a), hereinafter termed BBF.
Finally, we apply the theory to a practical case of a dredged channel and
a sandpit, focusing on length scales of sandwaves (several hundreds of meters).
What is the influence of such a human intervention on the short and intermediate
term morphodynamics of the seabed? We compare our results with those from
a different model (Van de Kreeke et al., 2002), in which a depth-averaged flow
approach has been adopted, neglecting the dynamics of sandwaves.

7.2

Theoretical background

Consider a coastal region of uniform depth H ∗ (dimensional quantities are denoted with an asterisk). Let x∗ and y ∗ denote the horizontal coordinates parallel
and perpendicular to the direction of the tidal flow, which now is supposed to
be unidirectional. The z ∗ -axis points upward with the location of the seabed at
z ∗ = zb∗ (x∗ , y ∗ , t∗ ). If a three-dimensional bottom perturbation of small amplitude is considered, a linear stability analysis like the one by Hulscher (1996) (or
the later extensions, see Section 7.1) provides the complex amplification rate
ω ∗ = ωr∗ + iωi∗ as a function of the topographic wave numbers k ∗ and `∗ . This
is the dispersion relationship for sandwaves, essentially containing all the properties of sandwave dynamics that are described by linear theory. We highlight
the following properties.
It is sufficient to define ω ∗ for k ∗ ≥ 0, as the perturbations with wave vectors (k ∗ , `∗ ) and −(k ∗ , `∗ ) have complex conjugate growth rates. Furthermore,
at the length scales of sandwaves, Coriolis effects have a negligible effect, which
causes ω ∗ to be symmetric in `∗ . In particular, a value (k̂ ∗ , 0) can be singled out
such that ωr∗ is maximum: the fastest growing mode (fgm). The symmetry in `∗
causes the fgm to be attained at `ˆ∗ = 0, that is, for a crest orientation perpendicular to the tidal flow† . For large wave numbers, ωr∗ decays roughly proportional
to −(k ∗2 +`∗2 ), due to the diffusive bed slope effects on sediment transport. This
leads to a bounded region in the (k, `)-plane around the fgm where growth rates
are positive. The imaginary part is related to migration√of the bottom forms,
the corresponding migration speed being given by −ωi∗ / k ∗2 + `∗2 . Migration
only occurs when the symmetry of the M2 -tide is disrupted, for example by
the presence of either a residual current (Németh et al., 2002), a superimposed
M4 -component or both (Besio et al., 2003b). Finally, conservation of sediment
forces ω ∗ (0, 0) = 0.
Typical scales of the morphodynamic problem are: horizontal length 2π/k̂ ∗
(∼ 100-800 m), vertical length given by the water depth H ∗ (∼ 20-30 m), time
1/ω̂r∗ (∼ 1 yr). So, let us define the following dimensionless quantities: x = k̂ ∗ x∗ ,
y = k̂ ∗ y ∗ , z = z ∗ /H ∗ , zb = zb∗ /H ∗ , τ = ω̂r∗ t∗ . As a result of this scaling, the
maximum growth equals ωr = 1, and is attained at (k, `) = (1, 0), as shown by
† This explains why many studies have been restricted to topographic variations in the
x-direction only, effectively taking `∗ = 0 (Gerkema, 2000; Komarova and Hulscher, 2000;
Németh et al., 2002; Besio et al., 2003ab).
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Figure 7.2: Example of the dispersion relation for sandwaves in dimensionless form:
contour plots of (a) real √
part ωr with positive values shaded, (b) imaginary part ωi ,
(c) migration rate −ωi / k2 + `2 . The fgm (k, `) = (1, 0) is denoted with a cross.
Hydrodynamic conditions taken from case II in Table 7.1.

Figure 7.2‡ According to the linear theory, the elevation of the seabed at time
τ is given by
Z ∞Z ∞
zb (x, y, τ ) =
z̃b (k, `)eω(k,`)τ ei(kx+`y) dkd` + c.c.
(7.1)
−∞

0

Here z̃b is the Fourier spectrum of the topography at τ = 0 and ω(k, `) is the
dispersion relationship introduced above, but now in dimensionless form.
The evaluation of integral (7.1) depends not only on the form of the dispersion relationship but also on the initial topography. To allow for an analytical
solution, we restrict our attention to Gaussian initial topographies of the form
x2

y2

²e− L2 − B2
²
zb (x, y, 0) =
=
LBπ
4π 2

Z

∞

−∞

Z

∞

1

e− 4 (k

2

L2 +`2 B 2 ) i(kx+`y)

e

dkd`.

(7.2)

−∞

This defines a type of topographic hump, L and B being its characteristic length
and width RR
in x- and y-direction, respectively. This topography has been defined
such that
zb dxdy = ², so ² is the amount of sand contained by the hump.
‡ In Figures 7.2b and 7.2c, the imaginary part and the migration speed display a minimum
and maximum, respectively. For even larger wave numbers, a sign change and hence a reversal
in the direction of migration occurs. This property is not present in a more recent version of
the model, in which the constant viscosity assumption and the partial slip boundary condition
at the seabed have been replaced with an eddy viscosity formulation and a no-slip condition.
For very large wave numbers, however, the validity of both these approaches is no longer
warranted and a more detailed turbulence closure is likely to be required (P. Blondeaux,
personal communication). Finally, note that the modes with very large wave numbers are of
minor morphodynamic importance, as they are damped quickly as a result of the gravitational
bed slope effect.
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Following the assumption of linearity, the maximum bed elevation ²(LBπ)−1
should be small. For L ↓ 0 and B ↓ 0 the spectrum becomes uniform and
the Gaussian shape reduces to a Dirac hump ²δ(x)δ(y). The quantity ² can be
chosen negative to make equation (7.2) represent a trench or pit rather than a
hump. The theory is linear in ², so the results will be identical except for a sign
change. From equation (7.2), note that the extent of the spectrum in Fourier
space (∝ L−1 ) and the extent of the topography in physical space (∝ L) are
inversely proportional (the same applies to B).

7.3

Solution method and properties of the solution

7.3.1 Introduction
We apply two methods to evaluate integral (7.1). First, in Section 7.3.2, we
propose an analytical method based on a classical Gaussian model, related to
the Method of Steepest Descent or the Saddle-Point Method (Morse and Feshbach, 1953). It has been successful in the context of boundary layers over a
flat plate, that is, in describing the evolution of a point disturbance in such a
system (Benjamin, 1961; Gaster, 1968; Gaster and Davey, 1968; Gaster, 1981;
Gaster, 1982). They aimed at providing asymptotic approximations, valid for
large values of x, y and τ . In the context of linear sandwave dynamics this
may seem a bit awkward: when the asymptotic approximations are valid, the
growing sandwave amplitudes have reached values that are likely to violate the
assumption of linearity. Therefore, we look for solutions which perform well also
on the short and intermediate term. As our interest is furthermore on practical
applications involving details of the initial geometry, we explicitly focus on the
role of the geometrical characteristics L and B. Finally, in Section 7.3.2, we
present the details of the alternative, numerical method.
7.3.2 Gaussian model
In the Gaussian model, the actual sandwave dispersion relation is approximated
by a second-order polynomial around the fgm according to
ω app (k, `) = 1 − λ(k − 1)2 − µ`2 − i [σ + σg (k − 1)] .

(7.3)

Here we have introduced four parameters, which can be estimated from existing
sandwave models; we use the BBF-code (background in the Appendix; Section 7.7.2). All parameters refer to the properties of the dispersion relationship
in the fgm:
λ=−

2ω
1 ∂d
,
2 ∂k 2

µ=−

2ω
1 ∂d
,
2 ∂`2

σ = −ω̂i ,

σg = −

di
∂ω
,
∂k

(7.4)

where evaluation at (k, `) = (1, 0) is denoted with a hat. The parameters
λ = λr + iλi and µ = µr + iµi are generally complex, with positive real parts
due to the fgm being a maximum. The real-valued parameters σ and σg are the
migration speed and the group speed of the fgm, respectively. By the symmetry
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in `, the approximation (7.3) does not contain any terms in ` and k`. Note that
the last property listed in Section 7.2, ω(0, 0) = 0, is generally not satisfied.
This concerns a single point, however, and the integrated result still satisfies
conservation of sediment. The validity of this quadratic approximation will be
further investigated in Section 7.4.2.
Now, the simple forms of both the initial topography (7.2) and the approximated dispersion relationship (7.3) allow us to evaluate the integral (7.1) in
closed form. The solution can be written as
zbapp (x, y, τ ) = ²ALB (τ )ELB (x, y, τ )QL (x, τ )×
× ei{[1−γL (τ )]x−[σ−σg γL (τ )]τ } + c.c.,

(7.5)

where
ALB (τ ) =

p

e[1−γL (τ )]τ

,
(L2 + 4λτ )(B 2 + 4µτ )
½ µ
¶¾
[x − σg τ ]2
y2
+
,
ELB (x, y, τ ) = exp −
L2 + 4λτ
B 2 + 4µτ
½
¾
1 1
2λτ + i(x − σg τ )
√
QL (x, τ ) = + erf
,
2 2
L2 + 4λτ
L2
γL (τ ) = 2
.
L + 4λτ
π

(7.6)
(7.7)
(7.8)
(7.9)

The complex-valued factor QL , due to the lower integration bound at k = 0
in (7.1), expresses a difference from the earlier use of this Gaussian model (see
Section 7.1).
Now let us attempt to interpret this result physically. After noting that
γ0 (τ ) = 0, limτ →∞ γL (τ ) = 0, limτ →∞ γL (τ )τ = L2 /(4λ) and that limτ →∞ QL =
1, we can identify some essential properties of the solution (7.5) at large times.
Here, we will furthermore assume that both λ and µ are real-valued, such that
ALB and ELB are real-valued, as well.
• A migrating sandwave packet emerges, consisting of a spatially periodic
pattern with an envelope ELB (Figure 7.3). For large τ , the harmonic part
of equation (7.5) becomes ei(x−στ ) , that is, the pattern has the characteristic wavelength and migration rate σ of the fgm. The envelope, however,
migrates at the group velocity σg , which generally differs from σ. The
center of the packet is therefore found at (x, y) = (σg τ, 0).
• The bed elevation at the packet’s center is given by the real-valued quantity ALB (τ )QL (σg τ, τ )§ , which can be interpreted as a factor of amplification. The instability of the bed gives it a tendency to grow exponentially,
but initially it may decay when the characteristic length L and width B
are sufficiently small (Figure 7.4a). The gravitational bed slope effects
on sediment transport then dominate the initial dynamics, lowering and
widening the topographic hump.
§ The

quantity QL is real-valued, when evaluated at x = σg τ and for real-valued λ.
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Figure 7.3: Sketch of the components of the analytical solution: (a) envelope ELB
migrating at group velocity σg , (b) pattern migrating at phase speed σ, (c) pattern
with envelope. The top row shows three-dimensional plots, the bottom row the values
along y = 0. We show the evolution at τ = 2, for L = 4 and B = 6, with the
hydrodynamic conditions taken from case II in Table 7.1.
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values: λ = 0.71, µ = 1.36 (case I in Table 7.1).
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• The envelope ELB is constant along migrating and expanding ellipses, the
area of which roughly expands linearly with time:
[x − σg τ ]2
y2
+ 2
= C 2,
2
L + 4λτ
B + 4µτ

(7.10)

with C constant. The values of L, B, λ and µ control the shape of the
ellipse; for large τ it becomes λ/µ. The envelope contour initially crossing
the axis at xc = L and yc = B (that is, for C = 1), intially expands
longitudinally and laterally according to
¯
¯
2λ
2µ
dxc ¯¯
dyc ¯¯
=
=
,
,
(7.11)
¯
¯
dτ τ =0
L
dτ τ =0
B
respectively. The real parts of λ and µ are related to the bed slope effects on sediment transport, showing that the expansion of the packet is
governed by a diffusive process.
The description of the expanding ellipses will be slightly distorted when accounting for the role of the complex-valued factor QL , which affects both amplitude/envelope and phase of the packet. Moreover, considering complex-valued
rather than real-valued λ and µ affects the dynamics of the packet in the following way. The imaginary part λi controls the variations of wavelength within
the packet: if λi < 0, the wavelength increases in the direction of migration, if
λi > 0 the opposite is true. The imaginary part µi controls the shape of individual sandwave crests: as µi < 0 generally holds, they are deformed into a barchan
type of shape with its crest ends pointing in the direction of migration. Finally,
we note that changing from three to two dimensions slightly affects the details
of the analysis; expressions are given in the Appendix (Section 7.7.1). For example, unlike the three-dimensional result ALB ∝ τ −1 eτ , in two dimensions we
find AL ∝ τ −1/2 eτ (compare Figures 7.4a and 7.4b).
7.3.3 Numerical integration
More directly, the integral (7.1) can be evaluated numerically, using the dispersion relation on a discrete grid (kj , `k ) with kj = j∆k (j = 0, . . . , Nk ) and
`k = k∆` (k = −N` , . . . , N` ). This grid should cover all relevant modes, and the
spacings ∆k and ∆` should be sufficiently small, as the grid inevitably introduces
a periodic recurrence of the packet over the distances 2π/∆k and 2π/∆` in xand y-direction, respectively. The initial topographic spectrum Zjk = z̃b (kj , `k )
and the dispersion relationship ωjk = ω(kj , `k ) are known complex numbers,
obtained from equation (7.2) and the BBF-code, respectively. The numerical
solution is then given by


Nk X̀
N
X
zbnum (x, y, τ ) = ∆k ∆`
Z̄jk eω̄jk τ ei(k̄j x+`k y)  + c.c.,
(7.12)
j=1 k=−N`

in which Z̄jk = 21 (Zj−1,k + Zjk ), ω̄jk = 12 (ωj−1,k + ωjk ) and k̄j = 21 (kj−1 + kj ).
In the two-dimensional case, the numerical integration is done analogously, but
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Table 7.1: Overview of tidal conditions I -IV, for each case showing the characteristics
of the fgm and values of the dimensionless parameters in equation (7.3)† .
symbol description
I
II
III
IV †
∗
−1 )
UM
residual
component
(m
s
0.00
0.03
0.00
0.02
0
∗
−1 )
UM
amplitude
of
M
-component
(m
s
0.60
0.60
0.60
0.55
2
2
∗
UM
amplitude if M4 -component (m s−1 )
0.00
0.00
0.03
0.04
4
ϕ4
phase between peaks of M4 and M2 (◦ )
0◦
0◦
H∗
mean water depth (m)
20
20
20
17
2π/k̂∗
wavelength of fgm (102 m)
1.6
1.6
1.6
1.7
1/ω̂r∗
e-folding time of growth for fgm (yr)
1.6
1.6
1.6
1.8
σ
migration speed of fgm
0.00
1.43
0.32
1.448
σg
fgm’s group speed, envelope’s migration speed 0.00
1.46
0.33
1.506
λr
controls longitudinal expansion of the packet
0.71
0.71
0.71
0.773
λi
controls wavelength variations within packet
0.00 -0.09 -0.01 -0.031
µr
controls lateral expansion of the packet
1.36
1.36
1.36
1.32
µi
controls the shape of the sandwave ends
0.00 -0.50 -0.10
-0.47
? More details on other parameter values in the Appendix (Section 7.7.2), † conditions
pertaining to the access channel to the Port of Amsterdam, positive velocities pointing
northward (see Section 7.4.1 and Van de Kreeke et al., 2002).

neglecting the summation over the transverse wave number `; see the Appendix
(Section 7.7.1).

7.4

Results

7.4.1 Hydrodynamic conditions
In this section we compare the results of the numerical method with those of
the analytical approximation. The properties of the latter have already been
described in Section 7.3.2. In the following, we distinguish different types of
hydrodynamic conditions I -III (Table 7.1): a symmetrical M2 -tide, without
additional components, or with superimposed either a small residual current or
an M4 -component. For later use in Section 7.4.3, we define a fourth case IV
corresponding to the access channel to the Port of Amsterdam. As reported
by Van de Kreeke et al. (2002), the tidal conditions are asymmetrical (see Table 7.1). For all cases I -IV, the parameter values for the BBF-code are given in
the Appendix (Section 7.7.2).
For these four settings, Table 7.1 shows the characteristics of the fgm (wavelength and e-folding time of the growth) along with the values of the dimensionless parameters used in the analytical solution. Comparing the cases I -III, we
see that neither wavelength, nor growth rate is affected by the tidal asymmetry.
This also applies to the real parts of λ and µ. However, as can be expected,
disrupting the symmetry does lead to nonzero values of σ, σg , λi and µi . Migration is strongest when adding a residual current, rather than an M4 -component
of similar strength, which can also be inferred from the results by Besio et al.
(2003b).
We furthermore notice that the values of the migration speed σ and the
group speed σg hardly differ. This means that the sandwaves are effectively
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Figure 7.5: Comparison between approximation (solid) and numerical solution (dotted), for a disturbance with L = 2. Tidal conditions taken from case II in Table 7.1
(unit length: 1/k̂∗ = 25 m, unit time: 1.6 yr), with the residual current causing
migration from left to right.

nondispersive, at least for wavelengths in the vicinity of the fgm. More details
on the parameter settings are given in the Appendix (Section 7.7.2).
7.4.2 Comparison between approximation and numerical solution
Now let us compare the analytical and numerical results, distinguishing between
two-dimensional and three-dimensional settings. In two dimensions (neglecting
the transverse wave number `, see Appendix: Section 7.7.1), we find excellent
agreement between the analytical and numerical results with respect to growth,
expansion and migration (Figure 7.5). Other simulations not reported here
confirm this finding, both for symmetric and asymmetric tidal conditions.
In three dimensions the performance is also satisfactory (Figure 7.6). The
analytical approximation accurately reproduces the migration and expansion of
the packet, even including the slight curvature of the individual sandwave crests
(which is related to µi , see Section 7.3.2). Other simulations, however, indicate
that for smaller values of the initial topographic width B the agreement is worse.
This is because the quadratic approximation of the dispersion relationship appears to be somewhat crude. As shown by the examples in Table 7.2, some of the
higher order derivatives turn out to be significant. These terms are neglected in
the quadratic approximation (7.3) of the dispersion relationship, which affects
the performance regarding lateral diffusion of the topography. This is most
noticeable for small values of B.
7.4.3 Application to sand extraction
For negative values of ², the initial topography (7.2) can be used to represent a
sandpit or a navigation trench. For our approach to be applicable, the characteristic length should be of the order of the length scale of sandwaves (100-1000
m). These conditions are satisfied by the access channel to the Port of Amsterdam, known as the IJ channel. With a width of 600 m, a maximum trench depth
of 3 m at an average water depth of 17 m (Van de Kreeke et al., 2002), it can indeed be seen as a relatively small disturbance of the seabed with an appropriate
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Figure 7.6: Comparison between approximation (top) and numerical solution (bottom), for an initial disturbance with L = 2 and B = 6. Tidal conditions taken from
case II in Table 7.1 (unit length: 1/k̂∗ = 25 m, unit time: 1.6 yr), with the residual
current causing migration from left to right.

Table 7.2: Higher order derivatives of the dispersion relationship.
derivative?
I†
1 ∂3ω
6 ∂k3
1 ∂3ω
2 ∂k∂`2
1 ∂4 ω
24 ∂k4
1 ∂4ω
4 ∂k2 ∂`2
1 ∂4 ω
24 ∂`4

dimensionless value in fgm
II †
III †

IV †

0.18

0.18 + 0.08i

0.18 + 0.01i

0.16 + 0.04i

0.99

0.99 − 0.38i

0.99 − 0.08i

0.94 − 0.39i

−0.08

−0.08 + 0.01i

−0.08 + 0.004i

−0.07 + 0.01i

−0.93

−0.94 + 0.41i

−0.93 + 0.09i

−0.85 + 0.38i

0.88
0.88 − 0.47i
0.88 − 0.09i
0.87 − 0.46i
symmetry, terms containing a derivative to an odd degree in ` are zero,
† hydrodynamic conditions I -IV as given in Table 7.1 (also see Section 7.4.1).
? By
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(a) packet expansion (τ=0)

(b) evolution at center (τ=0)
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Figure 7.7: Initial evolution of a sandpit subject to the tidal conditions IV (Table 7.1): (a) rates of expansion in longitudinal (bold) and lateral direction (dashed);
(b) amplification (dashed) or decay, at the pit’s center, as a function of L and B.

length scale. Furthermore, it should be noted that part of the access channel
lies in an area with tidal sandwaves. The corresponding tidal conditions are
given in Table 7.1 (case IV ). For this typical case, we will make a comparison
between our model results and those by Van de Kreeke et al. (2002), who used
an alternative approach to describe this morphodynamic problem.
First, we use the analytical approximation (7.5) to find estimates of the
(initial) rates of pit migration, pit expansion and amplification/decay at the
pit’s center.
• The migration speed of the pit can be estimated from the group velocity
σg , as this is the speed at which (the envelope of) the sandwave packet
migrates. In this example, we find a migration rate of 22 m yr−1 .
• Expansion of the packet is governed by the evolution of the ellipses, given
by equations (7.10) and (7.11). Figure 7.7a shows the dependency of the
initial rates of expansion on L and B, which can be up to ∼ 10 m yr−1 .
• Whether the elevation at the packet’s center initially is amplified or decays,
depends on the pit length L and width B as well as the parameters of the
dispersion relationship (Figure 7.7b).
Van de Kreeke et al. (2002) use a depth-averaged flow model, thus ignoringthe physical mechanisms related to sandwave dynamics. The tidal flow, with
constituents as introduced in Section 7.4.1, is further assumed to be perpendicular to the main axis of the trench. Theoretical analysis, linear in the bed elevation, then leads to a linear advection-diffusion equation for the seabed elevation.
As a result, an initially Gaussian profile will migrate northward and increase
in width, while maintaining its Gaussian shape. Van de Kreeke et al. (2002)
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estimate migration rates at 1.3 m yr−1 for bed load, 1.8 m yr−1 for suspended
load transport; and initial rates of increase of the half-width at 0.33 m yr−1 for
bed load and 1.02 m yr−1 for suspended load transport.
Our results, expressing the instability of tidal sandwaves, differ both qualitatively and quantitatively from those by Van de Kreeke et al. (2002). The latter
is purely diffusive and advective, whereas the former reflects the instability of
sandwave formation. A further implication of including sandwave dynamics is
the significant increase in migration rates.
We note that the purely advective-diffusive character would be disturbed by
the presence of an oblique rather than perpendicular tidal flow. Within a depthaveraged flow approach, such an obliqueness triggers the instability associated
with sandbank formation (Roos and Hulscher, 2003).

7.5
7.5.1

Discussion
Assumptions and system properties

Our approach, based on existing models of sandwave formation (Hulscher, 1996;
Gerkema, 2000; Komarova and Hulscher, 2000; Németh et al., 2002; Besio et al.,
2003ab), as such inherits the assumptions and restrictions of these approaches.
These for example require tide-dominated conditions and sediment abundance.
In addition, to warrant the validity of the linear approach, the amplitude of the
bed elevation should be small with respect to the water depth (implying ² ¿
1). As soon as the amplitudes have grown beyond this limit, nonlinear effects
can no longer be neglected, for example when describing the evolution towards
equilibrium profiles. From the nonlinear numerical model of (Németh, 2003), it
can be inferred that the linear theory behaves well up to amplitudes of about
5-10% of the average water depth.
Our approach has roughly two aims: to model the evolution of a topographic
disturbance into a local patch of sandwaves, and to apply it to the initial evolution of a human intervention like a trench or a sandpit. The explicit focus
on spatially constrained topographies has led to the identification of physical
aspects, that are new in the context of tidal sandwaves. Examples are the role
of a group speed besides that of a phase speed and the presence of a spatially
expanding envelope.
Regarding the application, one could doubt the validity of using the flat
seabed as a starting point, within a model which predicts the formation of
sandwaves anyway. Hence, it may be more realistic to model the effects of
trenches and pits as a local intervention in an existing pattern of finite-amplitude
sandwaves in morphodynamic equilibrium. Yet, creating a local disturbance in a
flat area of marginal (sandwave) stability may trigger the sandwave instability.
Nevertheless, analogously to the sandbank case (Chapter 6), we recommend
further research into the mechanisms behind and stability of finite-amplitude
equilibrium patterns.
Within the linear approach, Fourier modes do not interact and their evolution is simply superimposed. This implies that the results of different linear
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models, each valid at different spatial scales (for example, those of sandwaves
and sandbanks), could also be superimposed. In this way, an impression of
the small-amplitude behaviour at different spatial scales can be easily obtained
without the need for a unique model fully covering all length scales by itself.
The qualitative differences between our results and those by Van de Kreeke et al.
(2002) emphasizes the importance of identifying the relevant morphodynamic
mechanisms. In the present context, it is related to the potential of an area to
develop tidal sandwaves.
7.5.2 Mathematical validation of numerical sandwave models
The present analysis can be used as an analytical tool to validate more complex numerical models, especially with nonperiodic boundary conditions. This
can be done in both a three-dimensional (delft3d, telemac) and a twodimensional setting (such as the nonlinear 2DV-model by Németh, 2003). The
small-amplitude dynamics of a local topographic disturbance obtained with
these models should match the analytical solution of our theory. The main
advantage of our analysis is the local character of the topographic disturbance
and the resulting sandwave packet. This contrasts the existing linear theories,
which describe patterns of infinite spatial extent.
Alternatively, heuristic sandwave models are currently being developed to
describe the nonlinear plan view dynamics of finite-amplitude sandwave patterns (Van den Berg and Van Damme, 2004). This approach combines linear
growth characteristics (simplifed or taken from existing process-based models)
with a nonlinear, heuristic damping mechanism. Our theoretical analysis helps
understanding how the linear part of such a model manifests itself in a twodimensionally horizontal geometry.

7.6

Conclusions

We have studied the initial evolution of a local topographic disturbance subject
to the morphodynamic mechanisms of sandwave formation. Based on existing knowledge from linear models on sandwave formation, we have derived an
analytical method to describe the seabed evolution. It is fast, insightful and
captures the essential elements revealed by the alternative, more laborious and
less transparent numerical solution. The results display a packet with a growing and migrating pattern of sandwaves, an expanding and migrating envelope,
and even details like wavelength variations within the packet and the tendency
toward a plan view curvature of the individual crests.
Practical applications of this theory can, for example, be found in the context
of sand extraction and channel dredging. Making the initial topography represent an offshore sandpit (or navigation trench), we investigated the sensitivity of
the topographic evolution to its length and width. The results qualitatively and
quantitatively differ from predictions made with a model, that ignores sandwave
dynamics. The inclusion of sandwave dynamics namely introduces the instability associated with sandwave formation and leads to significantly higher rates
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of migration and expansion.

7.7

Appendix

7.7.1 Analysis in two dimensions
The two-dimensional counterparts of the bed evolution equation (7.1) and the
initial topography (7.2) read
Z ∞
z̃b (k)eω(k)τ eikx + c.c.,
zb (x, τ ) =
(7.13)
0
2

zb (x, 0) =

2

²e−x /L
²
√
=
2π
L π

Z

∞

1

e− 4 k

2

L2 ikx

e

dk,

(7.14)

−∞

R
respectively, such that zb dx = ². Here ω(k) is the dispersion relationship
as a function of the longitudinal wave number k only. Its two-dimensional
approximation is given by equation (7.3), with µ = 0. The analytical solution
is identical to equation (7.5), with ALB and ELB replaced by
½
¾
e[1−γL (τ )]τ
−[x − σg τ ]2
AL (τ ) = p
,
EL (x, τ ) = exp
,
(7.15)
L2 + 4λτ
π(L2 + 4λτ )
respectively. Finally, the two-dimensional counterpart of the numerical solution (7.12) neglects the summation over the transverse wave number `:


Nk
X
zbnum (x, τ ) = ∆k
Z̄j eω̄j τ eik̄j x  + c.c.,
(7.16)
j=1

where Zj = z̃b (kj ), Z̄j = 12 (Zj−1 + Zj ) and ω̄j = 12 (ωj−1 + ωj ).
7.7.2 Background of the BBF-code
The BBF-code is the three-dimensional extension of the work by Besio et al.
(2003a), calculating the dispersion relationship, for bed perturbations with wave
numbers (k, `). To that end, it solves the three-dimensional shallow water equations, neglecting Coriolis effects, applying the rigid-lid approximation at the
free surface and imposing a partial slip condition at the seabed. It is forced
with a bidirectional oscillatory flow containing a residual component, an M2 and an M4 -component. The bed shear stress, resulting from the hydrodynamic
solution, drives the sediment transport which is modelled using the bed load
transport formula by Meyer-Peter and Müller, including a gravitational bed
slope effect.
The theory is characterized by the following dimensionless parameters: particle mobility number ψd , particle Reynolds number Rp , ratio of tidal excursion
and water depth r̃, viscous parameter µ̃, slip parameter s̃ and bed slope coefficient γ̃. For a detailed description of these parameters, we refer to Besio et al.
(2003a). For the conditions I -III we apply the following values: ψd = 2.42·10−3 ,
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Rp = 11.4, r̃ = 214, µ̃ = 250, s̃ = 2.5, γ̃ = 0.1. For the IJ-channel (case IV ), for
which Van de Kreeke et al. (2002) use a mean water depth of 17 m and a grain
size of 200 µm, appropriate values turn out to be: ψd = 1.75 · 10−3 , Rp = 11.4,
r̃ = 231, µ̃ = 250, s̃ = 2.5, γ̃ = 0.1. An overview of the corresponding tidal
constituents is given in Table 7.1.
Acknowledgement: The author would like to thank Paolo Blondeaux and Giovanna Vittori for their contributions to this chapter, and for providing the BBF-code.

Chapter 8

Conclusions and recommendations
8.1

Answers to research questions (Q1-Q6)

This section is devoted to answering the first six research questions posed in the
Introduction (Section 1.4). The final research question (Q7), dealing with the
contribution to policy-making, is addressed separately in Section 8.2.
Q1. What is known about the long-term morphodynamic effects of large-scale
sand extraction in coastal waters?
The literature study (Chapter 2) has revealed that most knowledge comes from
morphodynamic modelling. It is usually carried out with a complex numerical
simulation model, considering sand extraction as a topographic disturbance of a
flat seabed. Field experience, mainly obtained from small pits close to the coast
and on short time scales, is unlikely to apply to larger pits in a truly offshore
environment.
In these tide-dominated areas, where the role of wind waves is limited, the
main hydrodynamic mechanism is the flow contraction due to the reduced effect
of bottom friction in the deeper parts. The differences in behaviour of pits and
trenches suggest a significant sensitivity to the geometry of the sand extraction.
The obtained morphodynamic effects, displaying migration and deformation, do not appear to reflect the morphodynamic mechanisms related to the
dynamics of large-scale seabed patterns. Although the required physical ingredients are included, the problem lies in how to properly drive these models, that
is, how to properly impose the boundary conditions given an offshore domain.
Therefore, how sand extraction potentially interacts with the dynamics of these
patterns is, according to the existing literature, still an unresolved issue.
Q2. How do the morphodynamic mechanisms of tidal sandbanks, usually studied for patterns of infinite spatial extent, behave around local topographic
features?
The analysis of Chapter 3 has shown that the topographic impulse response may
acts as a local trigger of pattern formation, tending to deform and expand into
the preferred direction of tidal sandbanks. These qualitative properties hold
for any shape of the disturbance, but the specific geometrical characteristics do
determine the details of evolution. Such a more detailed analysis, against the
context of a sandpit, has been the subject of Chapter 4.
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Q3. How does the short-term development of a large-scale sandpit depend on
the details of its geometry?
As shown in Chapter 4, the morphodynamic implication of the hydrodynamic
mechanism flow contraction is actually the instability associated with sandbank
formation, yet appearing in a different geometrical context. The tendency of
the pit is to deepen gradually and deform into a rhythmic patch of adjacent
crests and troughs, oriented in the preferred direction of sandbank formation.
The linear model developed in Chapter 4 has the advantage that it provides
a quick tool for studying the sensitivity of the system’s dynamics to pit length,
width and orientation. For example, flow contraction is strongest for small
values of the effective width-to-length ratio of the pit. Morphodynamically,
pit shape and orientation are crucial parameters. The initial bed response is
strongest for pits elongated in the preferred direction of tidal sandbanks, which
again confirms the morphodynamic link between sandpits and sandbanks.
Q4. What are the crucial morphodynamic processes determining the equilibrium state of tidal sandbanks?
The process-based, nonlinear model presented in Chapter 5 is capable of describing the finite-amplitude behaviour of tidal sandbanks. The obtained morphodynamic equilibrium state expresses a tidally averaged balance between a
destabilizing sediment flux due to fluid drag, and stabilizing fluxes induced by
both gravitational bed slope effects and wind wave stirring. Besides wind waves,
our model identifies several elements which tend to lower the equilibrium bank
height, such as the relaxation of suspended load transport and tidal asymmetry.
The latter causes the profiles to be asymmetric, as well. The resulting crosssectional shapes are found to be qualitatively in fair agreement with observations
from sandbanks in the North Sea.
Q5. What is the morphodynamic impact of sand extraction from sandbanks in
equilibrium? Does a sandbank recover after part of it has been dredged?
The effects of removing sand from a sandbank are related to the morphodynamic
stability properties of the equilibrium profiles obtained in Chapter 5. As shown
in Chapter 6, the qualitative behaviour within this model is stable: the system
gradually shifts to a new equilibrium. Yet, this new equilibrium represents a
smaller amount of sand. This is an immediate consequence of our local modelling approach, in which we consider a sandpit as a superharmonic intervention,
identically created in each individual bank within an infinitely long stretch of
banks in equilibrium. Simulations considering sand extraction as a subharmonic
intervention in a single bank in a stretch of a finite number of banks, were shown
to collapse. The interaction between adjacent tidal sandbanks can therefore not
be studied within our local approach. The details of the observed transitional
behaviour are found to depend on the pit geometry. For example, time scales
are shortest for deep and narrow pits, created in the bank crests.
Finally, we note that the results originate from the same physical mechanisms
as when starting off with a flat bed (Q2, Chapter 4): the transition from an
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unstable solution (flat bed) to the stable equilibrium (sandbanks). During the
different stages in this process, the physical mechanisms manifest themselves in
qualitatively different ways.
Q6. By relating the hydrodynamics and morphodynamics of sandpits to existing knowledge on the dynamics of tidal sandwaves, what are the crucial
mechanisms determining the short-term development of sandpits?
A consequence of the depth-averaged flow approach adopted so far is the neglect
of sandwave dynamics (which is driven by the vertical structure of the flow). It
is therefore bound to fail when focusing on shorter spatial scales of hundreds of
meters rather than kilometers, in areas susceptible to sandwave formation.
Chapter 7 has shown how a human intervention like sand extraction may
locally trigger the instability associated with sandwave formation: an isolated
perturbation evolves into a growing and migrating packet of tidal sandwaves.
The differences between these results and those by alternative models, ignoring sandwave dynamics, again show the importance of a priori identifying the
relevant morphodynamic mechanisms.

8.2

Contribution to policy and management (Q7)

The final research question is addressed below, partly based on the answers to
the other research questions.
Q7. How can the results of this thesis contribute to policy and management
regarding offshore sand extraction?
The primary interest of policy-makers and managers regarding sea use concerns
risks and opportunities. The role of morphodynamic models lies in contributing
to the identification and prediction of these factors. For the case of large-scale
offshore sand extraction, this thesis has emphasized the importance of taking
into account the dynamics of seabed patterns in these considerations. This work
can be seen as a first step towards explicitly linking offshore pattern dynamics
with human intervention on the seabed. The risks are related to what happens to
both the extraction site itself (pit deepening, deformation) and the surrounding
environment (as a result of migration, or pattern expansion) On the other hand,
opportunities deal with how the system’s response is influenced by varying the
characteristics of pit design (pit size, shape, orientation and location).
We have presented three model approaches to study the long-term effect of
sand extraction on offshore morphology (Table 8.1). Common properties of these
approaches are that they (i ) include the dynamics of large-scale seabed patterns
and (ii ) allow variations in degrees of freedom related to sand extraction. As
such, they complement and improve existing knowledge (Chapter 2), which was
largely based on complex numerical simulation models with which it is generally
hard to reproduce the dynamics of these patterns. As shown by Table 8.1, the
models differ with respect to geometry, initial topography, spatial scales and
included mechanisms. It also lists which of the degrees of freedom in sand
extraction can be varied within each of the models.
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Table 8.1: Properties of the sand extraction models developed in this thesis.

sand extraction model
Chapter 4
Chapter 6
Chapter 7
geometry of sand extraction
pit
trench?
pit
degrees of freedom: hor. dimensions
length, width
width only?
length, width
pit depth
linear†
nonlinear
linear†
orientation
yes
no?
no
pit location (crest/flank/trough)
not applicable‡
yes§
not applicable‡
initial topography
flat seabed
equil. bank
flat seabed
flow model
depth-avg.
depth-avg.
2DV and 3D\
spatial scales
order km
order km
hundreds of m
included pattern mechanisms
sandbanks
sandbanks
sandwaves
? Trench axis aligned with the along-bank direction, that is, at an oblique angle with respect
to the flow, † response linear in ratio of pit and water depth, ‡ flat seabed, § relative to bank
profile, \ based on the morphodynamic results of existing sandwave models that employ a
two-dimensional vertical (2DV) and a three-dimensional (3D) hydrodynamic model.

From a practitioner’s point of view, the validation of a model is important
to create confidence in model results. However, in the context of predicting the
long-term effects of large-scale human intervention on the seabed, this poses a
dilemma for the policymakers (Peters and Hulscher, 2003). The very reason
for developing such models in the first place is to enable predictions without
actually carrying out the intervention itself. Yet, a complete validation process
would indeed require such a project to be conducted in reality. This is further
complicated by the large temporal scales of interest. Therefore, alternative
ways to gain confidence in the model results should be sought. For example,
the approach of Chapter 6 is supported by the qualitative comparison of the
equilibrium profiles against bathymetric data of the North Sea (carried out in
Chapter 5).
We propose the following methodology to determine the effects of sand extraction at a certain site. First, the characteristics of the area of interest (hydrodynamic conditions, sediment properties, the presence of sandbanks and
sandwaves) can be used to identify the relevant physical mechanisms leading to
large-scale pattern formation (for example, following the approach by Hulscher
and Van den Brink, 2001). This determines which of the modelling approaches
in Table 8.1 can be applied. Using these models then leads to estimates of relevant indicators (such as migration, expansion, initial erosion or sedimentation),
in relation to the degrees of freedom of sand extraction.

8.3

Conclusions

We conclude that the presence and dynamics of large-scale rhythmic seabed
patterns must be taken into account when investigating the impact of sand extraction on the morphodynamics of the seabed. Especially for intermediate- and
long-term predictions, the morphodynamic mechanisms related to, for example,
sandbanks and sandwaves, play a crucial role. They control the qualitative properties of the system, such as morphodynamic (in)stabilities and the shift from
one state (i.e., flat bed or pattern) to another. On time scales below the typ-
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ical time scales of the formation of sandwaves (years) and sandbanks (decades
to centuries), these processes might be less pronounced and therefore hardly
detectable.
Based on this concept, this thesis has shown how human interventions at
the seabed can be incorporated in idealized models describing pattern dynamics. Besides adding to the geophysical insights into systems of sandbanks and
sandwaves, it presents three new elements of modelling the effects of sand extraction, differing with respect to spatial scales (hundreds of meters, kilometers) and
mechanisms (sandbanks, sandwaves) and geometrical setting (flat bed, finiteamplitude equilibrium). To determine whether these approaches are appropriate
at a particular site, an inventory of the potentially relevant physical mechanisms
should be made first. Then, the presented models can give insight into the morphodynamics of the seabed in relation to human interventions.

8.4
8.4.1

Recommendations
System properties and physics

The finite-amplitude sandbank model, developed in Chapter 5, is capable of
describing tidal sandbanks in morphodynamic equilibrium. The subharmonic
stability properties (Chapter 6) of these equilibrium states require further attention. Upgrading the model to make it applicable on length scales exceeding
the wavelength of a single bank, may require a thorough revision of the description of the tidal wave in the basic state (which is now an essentially local
description).
The results of Chapters 4-6 seem to call for an extension of the depthaveraged model, which describes two-dimensional horizontal (2DH) topographies in the strongly nonlinear regime, able to reproduce finite-amplitude sandbank dynamics. It would allow for a study into all possible degrees of freedom:
pit length, width, depth, orientation and extraction location. Yet, many of the
favourable computational properties due to the 1DH-dependency of the nonlinear model of Chapter 5 (the continuity equation being decoupled from the
momentum equations, the cross-bank and along-bank momentum equations only
being coupled through the Coriolis term) would be lost. As a consequence, the
extended model should be able to deal with a sufficient number of modes in
two horizontal dimensions and in time (on the short tidal time scale). Compared to the model of Chapter 5, this implies a huge increase in the dimension
of the hydrodynamic problem, which severely harms the feasibility of such an
approach.
The qualitative properties of the dispersion relationship for tidal sandwaves
(Chapter 7) are worth further investigation in heuristic sandwave models which
cover the nonlinear regime. This approach combines linear growth characteristics with a heuristic damping mechanism, aiming at describing nonlinear plan
view dynamics of finite-amplitude patterns (Van den Berg and Van Damme,
2004). Our theoretical analysis contributes to the understanding of how the
linear part manifests itself in a two-dimensional topography. It may increase
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insight into the relation between the complex pattern dynamics and the underlying physics. In turn, this could ultimately lead to a parametric description
of sandwave dynamics in larger-scale morphodynamic models, that is, without
resorting to complex and cumbersome three-dimensional hydrodynamic models.
We further recommend to extend the research into the discriminating capability of shelf models regarding bed form patterns. Models capable of distinguishing whether an area has the potential to develop sandwaves or sandbanks
(Hulscher, 1996; Hulscher and Van den Brink, 2001) contribute to predicting
the impact of human interventions at the seabed. It is actually the first step
in this process: assessing the relevant morphodynamic mechanisms. The use of
GIS can help in the precise identification of site-specific characteristics (Van der
Veen et al., 2004). In turn, such information could contribute to the process of
choosing future extraction locations.
Finally, it is worthwhile to investigate whether the physical description of
the morphodynamic processes behind sandbank and sandwave dynamics can
be improved by including mechanisms, that have been neglected so far. For
example, what are the roles of grain size variations (Walgreen et al. (2003)
investigated this for shoreface-connected ridges), limited sand supply (due to a
non-erodible rock layer) and biogeomorphological processes (see, for example,
Paarlberg et al., 2004)?
8.4.2

Numerical simulation versus idealized model analysis

The issue of modelling sandbank and sandwave dynamics emphasizes the differences between complex numerical simulation models and idealized morphodynamic models. Within the former approach, it is generally difficult to model
offshore pattern dynamics. This difficulty is due to both geometry and forcing (imposing appropriate boundary conditions at three or four open boundaries). If, for instance, morphodynamic numerical models are nested into a
larger ambient hydrodynamic model, so as to have a consistent set of boundary
conditions, these conditions may become unrealistic as soon as significant morphological changes take place in the inner domain. This is particularly relevant
for phenomena occurring throughout the whole model area, like the formation
of sandbank and sandwave patterns. At present, no studies exist in which morphodynamic equilibrium states of sandbanks or sandwaves have been obtained
using a complex numerical simulation model.
Many idealized models have been developed, explicitly aimed at obtaining
a better understanding of pattern dynamics, mainly from a qualitative point of
view. They allow for a precise identification of the effects of particular physical
mechanisms. In the case of tidal sandbanks, our nonlinear model (Chapter 5)
has shown that including Coriolis effects and a detailed description of tidal
components is important from a qualitative point of view. On the other hand,
the required existence of a mathematically well-defined basic state sometimes
forces one to simplify the geometrical aspects of this state (such as neglecting
the spatial variations within a propagating tidal wave). Other limitations of
idealized modelling usually lie in its simplified representation of the geometry
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and its explicit focus on a single phenomenon or mechanism. They are therefore
not straightforwardly applicable to particular cases with complex geometries or
site-specific physical elements (e.g., river outflow, stratification).
A way to get the best out of both approaches could be to use them in a
complementary way. An example would be to apply a large-scale model of the
North Sea to obtain site-specific tidal conditions, to be used as the forcing in
a local sandwave model. Furthermore, future developments could aim at combining both. For example, a future parametric description of sandwave dynamics (as discussed in Section 8.4.1) could be implemented in complex numerical
modelling software. Alternatively, a systematic intercomparison of complex numerical simulations and idealized modelling contributes to the insight in the
underlying morphodynamic system (as shown in the case of tidal embayments
by Hibma et al., 2003). Finally, the two approaches can complement each other,
using the numerical simulation models for short-term predictions and the idealized models for the long-term qualitative behaviour.
We conclude that, in the cases where sandbanks and/or sandwaves are prominently present, making sure that the corresponding mechanisms are included is
a prerequisite for a proper morphodynamic model.
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Nomenclature
General
∗

0
1

c.c.
h·i
{·}0
ˆ

asterisk used to denote dimensional quantities (in
Chapters 3 and 7 only; asterisks are dropped for dimensionaless quantities, after scaling)
subscript used to denote quantities of the basic state
subscript used to denote quantities of the perturbed
state
complex conjugation
RT
tidal averaging over an M2 -tidal period (≡ T −1 0 ·dt)
RL
spatial averaging over domain (≡ L−1 0 ·dx)
hat used to denote quantities evaluated in the fastest
growing mode (in Chapter 7 only)

Roman
A

AL , ALB
B
Bm

ratio of tidal angular frequency and suspended load
deposition coefficient (Chapter 3) , measure for asymmetry of cross-sectional bank profile (Chapter 5) , crosssectional area of trench-like sandpit (Chapter 6)
complex-valued amplitude of sandwave packet in two
and three dimensions, respectively (Chapter 7)
pit width
m-th spatial Fourier component of the bed evolution
(Chapter 5)

C
C0

Chézy coefficient (Chapters 2 and 4)
Chézy coefficient of the surrounding seabed (Chapter 2)

n
Cm

m-th spatial and n-th temporal Fourier component of
the concentration (Chapter 5)
Chézy coefficient inside the pit
sediment concentration (Chapter 3)
component of sediment concentration related to velocity power β and dimensionless suspended load coefficient A (Chapter 3)
depth-integrated sediment concentration (Chapter 5)

Cpit
c
cβ , cA
c
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ce

depth-integrated entrainment concentration (Chapter 5)

cD
cmig
cmig = (cmig,x , cmig,y )

drag coefficient of (nonlinear) bottom friction
migration velocity (scalar)
migration velocity of sandpit with components in x
and y-direction
median grain size
Two-dimensional horizontal domain (with sandpit)
and its boundary (Chapter 4)
complex-valued envelope of sandwave packet in two
and three dimensions, respectively (Chapter 7)
Froude number
maximum value of Froude number attained over finite
amplitude sandbank profile (Chapter 5)
Coriolis parameter
Green’s function (Chapter 3)
gravitational acceleration
mean water depth
pit depth (Chapter 6)
complex amplitude of the m-th spatial Fourier component (Chapter 5)
Heaviside function
water depth
mean water depth
water depth at pit’s center (Chapter 6)
relative change in water depth at pit’s center (Chapter

d50
D, ∂D
EL , ELB
Fr
Frmax
f
G
g
H
H
Hm
H(·)
h
h0
hcenter
∆hcenter

6)

hcr
heq

water depth above sandbank crest (Chapter 5)
equilibrium bank profile, before creating sandpit (Chapter 6)

hinit
hpit

initial profile after sand extraction, i.e. superposition
of equilibrium profile and sandpit profile (Chapter 6)
pit depth (Chapters 1, 2 and 4) , profile of sandpit (Chapter
6)

hrel
htr
I
I1 , I2
j
j0 , j2 , j4
k
k = (k, `)
km

relative bank height, i.e. ratio of hcr and htr
water depth above sandbank trough (Chapter 5)
flow velocity of bidirectional block tide (Chapter 3)
components of bidirectional block tide (Chapter 3)
flow velocity of bidirectional tide
components of bidirectional tidal flow: residual current, M2 -component and M4 -component
topographic wave number (scalar) (Chapters 3 and 5)
topographic wave vector with wave numbers in x and
y-direction, respectively
wave number of the m-th spatial Fourier mode
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kp , kn
L
Ldom
Lfgm
Lrel
`1 , `2
`EF
M
m
N

wave numbers parallel and normal to the direction of
the basic tidal flow
pit length (Chapters 2, 4 and 6) , domain length in crossbank direction (Chapter 5)
length of computational domain (Chapter 4)
wavelength of fastest growing mode
ratio of effective pit length and frictional adaptation
length (Chapter 4)
horizontal distance from crest to trough, on either side
of the crest (Chapter 5)
effective pit width (Chapter 4)
truncation number of Fourier expansion in space (Chapter 5) 6Ceqwin
depth-dependency power in wave orbital velocity expression (Chapters 4 and 5)
truncation number of Fourier expansion in time (Chapters 4, 5 and 6)

Nk , N`
P (ϑ)
P = (Px , Py )

number of points in Fourier space in k and `-direction,
respectively (Chapter 7)
orientation-dependent factor in evolution of isolated
ridge (Chapter 3)
horizontal pressure gradient driving the tidal flow,
with component in x and y-direction, respectively
(Chapter 5)

Pxn , Pyn
QL

n-th temporal Fourier component of horizontal pressure gradient (Chapter 5)
complex factor in sandwave packet expression (Chapter
7)

Q̃
q
q b = (qbx , qby )
qref
Qnm
∆Qpit
Rinfl
Rp
r
r̃
S
s
s̃
T
Tfill

dummy for suspended load derivation (Chapter 3)
sediment flux in cross-bank direction (Chapter 5)
bed load sediment flux
reference value of sediment flux (Chapter 5)
m-th spatial and n-th temporal Fourier component of
the bed load sediment flux (Chapter 5)
relative added flux through pit (Chapter 4)
radius of morphodynamic influence (Chapter 4)
particle Reynolds number (BBF-code) (Chapter 7)
linear bottom friction coefficient
ratio of tidal excursion length and water depth (BBFcode) (Chapter 7)
horizontal length of pit slopes (Chapters 4 and 6)
relative density of sediment
partial slip parameter (BBF-code) (Chapter 7)
period of M2 -tide
e-folding time of pit filling up (Chapter 6)

164
Tlin

typical time of linear growth of fastest growing mode
(Chapter 6)

Twidening
Tm
t
U
n
Um
UM0
UM2
UM4
Uw
u = (u, v)
u0
utr
uff
uw
∆Ucenter
V
Vmn
Xn
x = (x, y)
xc
xc = (xc , yc )
xCM
xcenter
ws
zb

e-folding time of pit widening (Chapter 6)
morphological timescale
time
typical value of horizontal tidal flow velocity
m-th spatial and n-th temporal Fourier component of
the cross-bank velocity (Chapter 5)
residual current (Chapter 7)
amplitude of M2 -tidal flow velocity (Chapter 7)
amplitude of M4 -tidal flow velocity (Chapter 7)
typical value of wave orbital velocity (Chapters 4 and 5)
depth-averaged flow velocity vector
undisturbed flow velocity
flow velocity inside trench (Chapter 2)
far-field flow velocity (Chapter 2)
stirring velocity due to wind waves (Chapters 4 and 5)
relative velocity increase at pit’s center (Chapter 4)
pit volume (Chapter 6)
m-th spatial and n-th temporal Fourier component of
the along-bank velocity (Chapter 5)
n-th temporal Fourier component of the cross-bank
water flux (Chapter 5)
horizontal coordinates
horizontal position of trench center (Chapter 3)
horizontal position of sandwave packet’s envelope contour (Chapter 7)
horizontal position of pit’s center of ‘mass’ (Chapter 4)
horizontal position of pit’s center (Chapter 6)
settling velocity of sediment in suspension (Chapter 5)
bed level position (relative to mean bed level z = −H)
(Chapters 3 and 7)

zs
Zj , Z¯j , Zjk , Z̄jk
n
Zm

free surface level position (relative to mean surface
level z = 0)
discretized bed levels for numerical integration in two
and three dimensions (Chapter 7)
m-th spatial and n-th temporal Fourier component of
the free surface elevation (Chapter 5)

Greek
α
αb , αs

proportionality coefficient in bed load transport formula
proportionality coefficients in bed load transport formula and suspended load entrainment formula, respectively
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α̃
βb , βs

ratio of slow and fast time coordinate (Chapter 5)
Velocity powers in bed load transport formula and suspended load entrainment formula, respectively (Chapter
3)

γ
γL

deposition coefficient of suspended sediment
complex factor in sandwave packet expression (Chapter
7)

γ̃
∆k , ∆ `

bed slope coefficient (BBF-code) (Chapter 7)
Fourier resolution in k and `-direction, respectively

δ(·)
²

Dirac’s delta function (Chapters 3 and 7)
expansion parameter in linear analyis, ratio of pit
depth and undisturbed water depth
bed porosity
free surface elevation
vertical component of vorticity, based on depthaveraged horizontal velocities
component of vorticity, due to bottom friction and
Coriolis effects, respectively (Chapter 3)
latitude
pit orientation
crest orientation of fastest growing sandbank mode
ridge orientation of fastest growth and strongest decay,
respectively (Chapter 3)
diffusion coefficient describing vertical mixing of sediment
bedslope coefficient in transport formula
complex curvature in k-direction of the dispersion relationship in fastest growing mode (Chapter 7)
frictional adaptation length (Chapters 2 and 4)
coefficients to control the relative importance of bed
load and suspended load transport, respectively (Chap-

(Chapter 7)

²p
ζ
η
ηr , ηf
θ
ϑ
ϑfgm
ϑg , ϑd
κv
λ, λ̃
λ = λr + λi
λadap
µb , µs

ter 5)

µ = µr + µi
ν
ξ = (ξ, ζ)
ξ

complex curvature in `-direction of the dispersion relationship in fastest growing mode (Chapter 7)
fraction of tidal cycle equalling first part of the block
tide (I = I1 ) (Chapter 3)
vector with integration dummies (Chapter 3)
ratio of effective pit width and effective pit length
(Chapter 4)

ξ
ρ
ρb0 , ρb1 , ρb2 , ρb3
ρs0 , ρs1 , ρs2 , ρs31 ,
ρs32

water flux across bank profile (Chapter 5)
density of water
coefficients in isolated ridge response for bed load
transport (Chapter 3)
coefficients in isolated ridge response for suspended
load transport (Chapter 3)
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ρsed
σ
σg
σpit

density of sediment
angular frequency of M2 -tide (Chapters 4 and 5) , migration velocity in fastest growing mode (Chapter 7)
group velocity in fastest growing mode (Chapter 7)
measure for horizontal spatial extent of sandpit (Chapter 6)

σtr
∆σpit
τ
τ b = (τbx , τby )
nonlin
τ lin
b , τb

∆τ
Φnm
φ
ϕ4
ϕ̃
χ, χb
χr , χf
Ψd
ψ
ψr , ψf
Ω
ω = ωr + iωi
ωb , ωs
ωfgm
ωj , ω̄j , ωjk , ω̄jk
ωm

width of Gaussian trench shape (Chapter 3)
relative change in σpit (Chapter 6)
morphological time
bed shear stress vector, with components in x and ydirection
linear and nonlinear representation of bed shear stress
vector
morphological time step (Chapter 5)
m-th spatial and n-th temporal Fourier component of
the state of the system (Chapter 5)
symbolic representation of the state of the system
phase difference between (peaks of) M2 and M4 -tidal
flow (Chapters 4, 5 and 7)
dummy for hydrodynamic derivation (Chapter 3)
Initial Sedimentation and Erosion (ISE) pattern, for
bedload transport (Chapter 3)
components of ISE patterns due to bottom friction and
Coriolis effects, respectively (Chapter 3)
particle mobility number (BBF-code) (Chapter 7)
stream function (Chapter 3)
components of stream function due to bottom friction
and Coriolis effects, respectively (Chapter 3)
angular frequency of the Earth’s rotation
complex growth rate, with real part and imaginary
part
growth rate for bed load transport and suspended load
transport, respectively
growth rate of the fastest growing mode
discretized growth rates for numerical integration in
two and three dimensions (Chapter 7)
growth rate (from linear theory) of the m-th spatial
Fourier component (Chapter 5)
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