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The formation of alternating bar patterns as they exist in natural rivers and channels is by now quit well un-
derstood. It is the result of an instability mechanism between the flow and the sediment, and analytically,
predictions can be made about the critical width-to-depth-ratio, the critical wavelength, and even a modulation
behaviour, both in time and space. A disadvantage of the analytical method is that it is, due to the nonlinear-
ities in the model, the computations become immense, and therefore the analysis is often restricted to straight
or mildly curved channels. Therefore, we apply a numerical approach on the most simple model that still
predict alternating bars. The equations of flow and bed-evolutions decouple, and we use the most simple nu-
merical methods available: Lax-Friedrichs to solve the flow field, and forward in time, central in space for
the bed-evolution. By applying a stability analysis on the numerical scheme, we are able to choose a suitable
combination of temporal and spatial steps such that from any initial perturbation of the bed, the alternating bar
pattern arises. Also the modulated behaviour is reproduced, provided that the computational domain is long
enough, just as the analytical theory predicts. It turns out that high-frequency 1D patterns tend to grow as well,
although the theory predicts that they are stable. It is shown that this is a numerical artefact which can be
suppressed by the right combination of spatial and temporal step size. These results are the starting point for a
series of numerical experiments in which we want to study the behaviour of bed forms in the neighbourhood of
bifurcation points. As a simple first step, a numerical bifurcation point is examined, which is just a set of grid
points which behave as a impermeable wall. In a next step. An actual bifurcation in two branches is studied,
where the width of the branches relative to the width of the main channel, and the angle of bifurcation are
important parameters. Results of these experiments are shown and discussed.

1 Introduction
There is a large number of papers explaining the exis-
tence and evolution of alternating bars in straigh chan-
nels and rivers. It is well known that these bars arise as
a result of an instability mechanism in which there is
an interaction between the flow and the erodible bed.
In (Schielen et al. 1993), it is shown that there is a crit-
ical width-to-depth ratioRc below which a straight
bed and uniform flow is stable with respect to arbi-
trary, small perturbations in the bed and the flow field.
For R > Rc the bed is unstable and arbitrary pertur-
bations will grow up to a certain amplitude forming
an alternating bar pattern. Ifz describes the bed, then
we have the following formula for the evolution:

z = A(ξ, τ)eikcx+wct cos(πy) (1)

wherekc is a critical wavenumber,ωc the critical fre-
quency andA satisfies the so called Ginzburg-Landau

equation. The analytical analysis for a straight chan-
nel, uniform flow and a uniform bed is straightfor-
ward but tedious.

From the analytical point of view, one can only
state that arbitrary perturbations will evolve on the
morphological timescale to the pattern of alternating
bars. How this proces really takes place is something
that the analytical approach does not tell. In order to
study this process, a numerical approach is necessary.
To get insight in the numerical proces is the main sub-
ject of this paper.

As is indicated in (Schielen et al. 1993), simple
models which describe the flow and bed-interactions
in a straight channel, and which only contain the es-
sential elements that are responsible for the main fea-
tures and patterns have the advantage that analytical
approaches are still possible. In a numerical analy-
sis, there is actually not really the need to keep the
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models as simple as possible. However, very often
it is seen that the models describing the physical
processes are made unnecessary complex, and they
are subsequently analysed by most complex numer-
ical schemes. We strongly believe that without proper
insight in the numerical method, it happens that re-
sults are misinterpreted for it may not be clear at fore-
hand wether the results are due to the properties of
complex numerical schemes or really physical arte-
facts.

The inspiration of this work comes from two
sources. One is the analytical work in (Schielen et al.
1993), which is just available as check for any nu-
merical analysis of alternating bars. The other one is
(Federici 2002), who actually performs a thourough
(numerical) study of alternating bars. The numerical
analysis however, was based on a staggered grid ap-
proach which originated from a numerical model de-
veloped by Delft Hydraulics in the Netherlands. In
studying this, we experienced that is is difficult to re-
ally get to the bottom of the model, and in some basic
experiments with general available numerical pack-
ages (like for instance Delft3D, a product of Delft
Hydraulics), we didn’t succeed in creating alternat-
ing bars from arbitrary conditions. Moreover, if bars
where forced, they eventually decayed due to (possi-
ble numerical) diffusion. It was exactly this phenom-
enon that stimulated us to build a numerical model
from scratch, to integrate the equations in such a way
that any diffusion (if present) could be traced back
to the numerical scheme or the original equations. At
forehand, the idea was that without artificial numeri-
cal diffusion finite amplitude alternating bars should
develop. Hence, the goal of this paper is to develop
a simple numerical method to solve the model pro-
posed in (Schielen et al. 1993). By keeping the nu-
merical method as simple as possible we hope to be
able to gain some more insight in the validity of the
solution given by the numerical method. Only through
analysis of the equations and the numerical method it
is possible to discern these numerical artefacts from
real solutions. It is not the goal of this paper to pro-
pose an optimal method to investigate all aspects of
these alternating bars. It is a first step, in which we
hope to be able to point out possible improvements.

In the next section, we will describe the physical
model that we use to describe the evolution of alter-
nating bars, and the simplifications that go along with
the analysis. In section 3, we will very briefly sum-
marize the analytical results of (Schielen et al. 1993).
In section 4, we discuss the numerical method and the
(numerical) stability properties of the method. In sec-
tion 5, some typical results are discussed and a com-
parison with the analytical results is made. Finally, in
section 6, conclusions and some remarks for further
study are made.

2 The model
As this paper focusses on numerical aspects, the
derivation of the model is not described in all aspects.
We refer to (Schielen et al. 1993) for more details.
The channel geometry is given in figure 1. The width-
to-depth ratio is such, that there is little variation in
the verticalz-direction, which justifies averaging over
z. We will denote the depth-averaged velocities in
the x andy direction byu andv respectively,ζ de-
notes the water surface above the reference levelh∗
andzb the bottom elevation. For brevity we also use
h = ζ + h∗ − zb to denote the waterdepth. The liquid
is assumed to have unit mass. The width of the chan-
nel is scaled to1 throughout the paper.

Figure 1: Systematic representation of the situation.
For brevity we useh = ζ + h∗ − zb in the rest of the
chapter.

An analysis of conservation of mass and momen-
tum leads to three coupled equations foru, v andζ.
These are genarally known as the St. Venant or shal-
low water equations. Conservation of sediment leads
to the fourth equation, which depends on the many
possible ways of modelling the sediment transport. In
essence, it reads

∂zb

∂t
+

∂qx

∂x
+

∂qy

∂y
(2)

with

Q =

(
qx

qy

)
= σ|U|b( U

|U| −
(∂zb

∂x
∂zb

∂y

)
). (3)

whereU =
(

u
v

)
, σ andb are sediment parameters. This

is one of the many possible flux formulae, for more
details we refer to (Rijn 1993). Here the flux is pro-
portional to the flow velocity. A term to incorporate
effects from the bed profile is also added; a steep slope
in the downstream direction will reduce out flux of
sediment.
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2.1 Scaling and boundary conditions
The variables are made dimensionless and are scaled
such that the phenomena that we want to study (i.e.
the alternating bars) will be solutions of the scaled
model. Hence, we scalezb with the unperturbed water
depth and introduce a morphological timescale. Af-
ter some straightforward elaborations, we end up with
the model that we use as a starting point for the nu-
merical analysis:

κ
∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y
+

∂ζ

∂x
= −CR(

u|U|
h

− 1),

κ
∂v

∂t
+ u

∂v

∂x
+ v

∂v

∂y
+

∂ζ

∂y
= −CR

v|U|
h

,

κ
∂h

∂t
+

∂uh

∂x
+

∂vh

∂y
= 0,

∂zb

∂t
+

∂qx

∂x
+

∂qy

∂y
= 0. (4)

where:

h = F 2ζ + 1− zb, (5)

Q = |U|b( U
|U| −

1

R

(∂zb

∂x
∂zb

∂y

)
) (6)

andC is the drag coefficient,F = u∗√
gh∗

, the Froude

number,κ = σub∗
h∗

, the ratio of the timescale of flow-
adaption and the morphological timescale (which is
small) andR = 1

h∗
the width-to-depth ratio. We will

refer to (4) as ’the model’ in the rest of this paper. For
convenience we will use the following notation:

κ
∂w
∂t

+ Lww = Fw, (7)

∂zb

∂t
+ Lzzb = Fz. (8)

where:

w = (u, v, ζ)T , Lw =




Luu 0 Luζ

0 Lvv Lvζ

Lζu Lζv Lζζ


 ,(9)

Fw = (CR,0,0)T (10)

with obvious expressions forLuu,Luζ etcetera and

Lz =
1

R
(a1(

∂2

∂x2
+

∂2

∂y2
) + a2

∂

∂x
+ a3

∂

∂y
), (11)

a1 = −|U|b, a2 = −∂|U|b
∂x

, a3 = −∂|U|b
∂y

, (12)

Fz = −∂u|U|b−1

∂x
− ∂v|U|b−1

∂y
. (13)

The boundary conditions are found by realising that
the walls of the channel shouls be impermeable for
water and sediment. Hence:

v = 0
∂zb

∂y
= 0

}
if y = 0, y = 1. (14)

where y = 0 and y = 1 are the boundaries of the
rescaled width of the channel. Note that the system
of four equations decouples forκ → 0. This is due
to the fact that the morphological timescale is much
longer than the characteristic timescale of the flow.
We will use this fact in both the analytical approach
as well as in the numerical analysis. It means that the
flow field adapts relatively fast to a fixed bed, after
which a timestep in the numerical integration of the
bed equation is done, with fixed values of the flow and
waterlevel. Then the flow adapts again to the changed
bed-configuration, etcetera.

3 Analytical results
Let us briefly summarise the analytical results. We
perform a stability analysis around the basic solution
of a uniform flow and a flat bed (u = 1, v = 0, ζ =
0, z = 0). Hence, we substitute:

φ = φ0 + εφ′, φ = (u, v, ζ, z) (15)

and linearise. Then we substitute

φ′ = f(y)eikx+ωt (16)

with f(y) = (fu(y), fv(y), fζ(y), fzb
(y)) and with k

real andω complex. Reducing the four equations to
one equation forz leaves us with an eigenvalue prob-
lem, which is readily solved. Eventually, we end up
with a solution forzb0:

zb0 = A cos(pπy)eikx+ωt, p = 0,1,2, . . . . (17)

The eigenvalue problem also leads to a dispersion re-
lation betweenω andk. Thep = 1 configuration re-
sembles a alternating bar pattern, higher values ofp
lead to central bars and more complex configurations.
The p = 0 mode is of no physical value and is al-
ways stable (i.e decaying in time). Plotting this rela-
tion gives the so called neutral stability stability curve,
which divides thek,R-plane in a part in which the
uniform flow and flat bed is linearly stable, and in a
part in which the basic pattern is unstable (see figure
2). Weakly nonlinear theory then describes the evo-
lution of the unstable pattern sligthly above critical
conditions. ’Slightly’ is in this perspective a relative
term. It is argued in (Schielen et al. 1993) that with
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Figure 2: The neutral curve forp = 1 (b = 5,C =
0.007) separates the linearly stable (Re(ω) < 0) and
unstable (Re(ω) > 0) modes. The first mode to be-
come unstable iskc ≈ 0.9 . . . atR = Rc ≈ 20.5 . . . .

Rc ≈ 20.5, weakly nonlinear theory can still be ap-
plied for values ofR up to 40 or 50. This is impor-
tant, because it means that in a relative large part of
thek,R-space, the numerical results can be compared
with the weakly nonblinear theory. The essence of the
weakly nonlinear theory states that the temporal and
spatial evolution of the linearly unstable pattern is de-
scribed by a amplitude-functionA(ξ, τ), with ξ andτ
slow spatial and temporal coordinates (related to the
distancer = R−Rc). The amplitudeA satisfies the
Ginzburg-Landau equation:

∂A

∂τ
= rA + α

∂2A

∂ξ2
+ β|A|2A (18)

The coefficientsα andβ are complex and can be ex-
pressed in terms of the model-coefficients.

4 Discretisation and numerical stability
In this section we will perform a stability analysis
similar to that of section 3 on the numerical method.
This way we get some insight in the behaviour of the
numerical method and we can see under what circum-
stances the numerical method is consisent with the an-
alytical model.
As already explained, the flow and bed-equation (7)-
(8) decouple, and the flow field can be solved sepa-
rately from the bed equation. Thus, we first solve the
flow field, and then we let the bed evolve. Numeri-
cally the equations are solved by approximating the
functionsw andz on a rectangular grid. This grid has
N = Nx ×Ny gridpoints, whereNx andNy are the
number of gridpoints in thex andy direction respec-
tively. We call the distance between the gridpoints
∆x and∆y. We denote functionvalues on the grid as:
f(i∆x, j∆y, t)≡ fi,j(t). For every gridpoint an equa-
tion can be derived by replacing the spatial derivatives

with finite central differences:

∂f

∂x
(i∆x, j∆y, t) ≡ ∂xfi,j(t) =

fi+1,j(t)− fi−1,j(t)

2∆x
(19)

∂2f

∂x2
(i∆x, j∆y, t) ≡ ∂xxfi,j(t) =

fi+1,j(t)−−2fi,j(t) + fi−1,j(t)

∆x2
(20)

Thus we get a system ofN equations for every vari-
able (u, v, ζ, z). The equations are integrated over
time step by step by replacing the temporal deriv-
ative by a finite difference. We call the stepsize
in time ∆t and the functionvalues on the grid as
f(i∆x, j∆y,n∆t) ≡ fn

i,j.

4.1 The flow
We solve the flow equation (7) on the characteristic
timescale (i.eκ = 1). Note that it would be possible to
solve the stationary part of (7) directly but this would
involve solving a large nonlinear algebraic system. To
avoid this we use a simple numerical scheme to con-
verge (in time) to the equilibrium. The method we use
is Lax-Friedrichs. This is indeed the simplest method
available for this type of equations. There are two
main disadvantages for this method. The first one is
that there is a limit on the size of the timestep∆t. This
means that if we choose∆t too large, small errors
will grow exponential. The timestep∆t is determined
by the so-called CFL condition which depends on the
speed of the travelling surface waves. The second dis-
advantage is that the method exhibits diffusion. This
means that the solution is slightly damped. For more
details on this method see, for example (Strikwerda
1989).

4.2 The bed
To solve the bed equation we also use a very sim-
ple numerical method, namely the FCTS (Forward in
Time, Central in Space) method. Using this simple
method enables us to analyse the numerical growth
factor of different modes, and to compare these with
the analysis of section 3.
To analyze the numerical growth factor we discretize
the bed equation (8). For easier analysis we drop the
nonlinear terms. The equation for every gridpoint now
reads:

zn+1
i,j = (1 +

2∆t

R
(∂xx + ∂yy))z

n
i,j +

∆t(b∂xu
n
i,j + ∂yv

n
i,j). (21)
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To study the growth of the different modes we sub-
stite:

zn
i,j = gnẑei(ωxi∆x+ωyj∆y) (22)

and likewise foru, v, ζ. Elaborating this yields:

g(θ,φ) = 1 + ∆t
R

( cos(θ)−1
∆x2 + cos(φ)−1

∆y2 )−

i∆t(b û
ẑ

sin(θ)
∆x

+ v̂
ẑ

sin(φ)
∆y

) = 0. (23)

with θ = ωx∆x,φ = ωy∆y.
We get expressions forû

ẑ
, v̂

ẑ
by solving the discretised,

linearised flow equationsMΦ = I with the first and
second column ofM as follows:




i sin(ωx∆x)
∆x

+ 2CR
0

i sin(ωx∆x)
∆x


 ,




0

i sin(ωx∆x)
∆x

+ CR

i sin(ωy∆y)
∆y


 ,

the third column ofM as



i sin(ωx∆x)
∆x

i sin(ωy∆y)
∆y

iF 2 sin(ωx∆x)
∆x


 ,

and with

Φ =




û
v̂

ζ̂


 , I =



−CRẑ

0

i ẑ sin(θ)
∆x


 .

Thus we get an expression forg(θ,φ). Please note
that we have assumed here that the linearised flow
equations are solved exactly, which is not the case in
practice.
Modes(θ,φ) with |g(θ,φ)| < 1 will decay with time,
and are unstable modes. Modes with|g(θ,φ)|> 1 will
grow and are stable modes.
It is clear from figure3 that if ∆t is too large

modes with relatively largeθ and φ = 0 are stable.
According to the analysis of section 3 thesep = 0
modes should be always unstable. We should there-
fore choose∆t small enough so that the numerical
and analytical growth factors are consistent. To study
this we can plot a numerical curve for the different
modesp = 0,1,2, . . . by plotting |g(θ, pπ)| = 1 for
variousR, see figure 4.
With this growth factorg and the numerical neutral

curve we have the tool we need to justify our numeri-
cal results.

Figure 3: |g(θ,φ)| for R = 30 and ν =
0.5,0.2,0.15,0.05 respectively. The black line
denotes|g(θ,φ)| = 1, hence it is a separatrix be-
tween growing and decaying modes. We see that for
ν = 0.5, ν = 0.2 andν = 0.15 |g(θ,φ)| > 1 for modes
other than the critical. Forν = 0.05 only the critical
modes grow.
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Figure 4: The numerical neutral curves (solid lines)
converge to the anaytical neutral curve (dotted line)
as∆t decreases.
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5 Results and comparison with analytical outcome
In this chapter we will present the experiments done
with the entire system. This means that we alternately
let the flow adapt to the bed, and evolve the bed for
one step. We have assumed that the flow adapts in-
stantly to changes in the bed, this means that we
should evolve the bed over a very short time interval
only. Note that due to the fact that the domain has a
finite length and we

Figure 5: A typical example of the evolution of bars
starting from an arbitrary initial bed.

impose periodic boundary conditions, not all the
modes in longitudinal direction fit. Hence, we cannot
expect that bars with exactly the critical wavelength
will develop, but a wavenumber close to the critical
wavelength will be selected. Surprisingly enough, this
is not always the closest mode tokc. Due to the fact
that the analyticalkc cannot be selected, also the criti-
cal width-to-depth ratioRc (above which the bars start
to grow) is somewhat higher than might be expected
from the theoretical analysis. In figures 5, the evolu-
tion of an arbitrary bed configuration towards finite
amplitude bars is depicted. In some experiments, an
interesting aspect happens. If one starts with a pattern
with a wavenumber that is larger than the one that is
selected if one would start with an arbitrary bed, then

the amplitude of the configuration decreases. After
some time, the bars slow down and the surplus on bars
is ’kicked out’ after which the amplitudes increases
again. This phenomenon was already observed in
(Federici 2002). From the theory in (Schielen et al.
1993) it is also clear that if the domain is sufficiently
long, a pattern of bars will evolve which is not uni-
form in amplitude. We have seen this in experiments
with for instanceR = 50. An important remark is, that
in all the experiments, it seems that for very long sim-
ulation time, the 0-mode in the longitudinal direction
will grow. This means that mass is not conserved, a
phenomenon which is of course not contained in the
original set of equations. Hence this is also a numer-
ical artefact, which could be dealt with if one adapts
the numerical approach with special mass-conserving
schemes. Another interesting point is wether this ap-
proach allows for central-bar configurations. In prin-
ciple, for sufficiently hight width-to-depth ratios (i.e.
sufficiently shallow configurations), is should be pos-
sible from theoretical point of view. However, from
thenumericalstability analysis is seems that the alter-
nating bar-modes always have a higher amplification
mode than the central bar modes. Hence, even if we
start with a central bar pattern close to the expected
value, it turns out that after some simulation time, the
alternating bar pattern prevails.

Figure 6: Typical adaptation of a bar pattern in a finite
domain.
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6 Conclusions and further research
We have seen that even with a basic numerical scheme
it is possible to reproduce some of the analytical re-
sults from ((Schielen et al. 1993)). Alternating bars
did emerge by themselves, without having to force
them, as in ((Rijn 1998)). We are also able to more or
less determine when the bars will emerge by analyz-
ing the numerical stability of the scheme. However,
the wavenumber of the bars was not exactly the same
and emerged at a higher value ofR as the theory pre-
dicted. The bars did behave as the theory predicted,
having a uniform amplitude for a domain smaller that
the critical domain length, and a non-uniform am-
plitude for a domain that was larger. The numerical
schemes that we studies where among the most sim-
ple ones that could still do the job. They enabled us
however, to pinpoint almost every anomalie that we
saw in the experiments to a numerical artefact (mostly
a wrong timestep in either flow or bed). Some ques-
tions however remain, such as the selected wavenum-
ber of the bars with respect to the critical wavenum-
ber as described by the analytical analysis and the
apparent non-existence of the central modes. Exten-
sion of this study is in progress. We are also studying
the possibility to allow for open boundary conditions,
which will presumably give more freedom to the se-
lected wavenumber of the bars, since it is no longer
forced by the periodic conditions. This requires how-
ever solving some Rieman-integrals on the boundary
which is not completely straightforward. Also from
numerical point of view some questions remain. Is an
explicit method indeed the best choice, and can we
fasten up the simulation? After having completely un-
derstood the straight configurations, an extension to
slightly curved channels lies at hand, such that the
results described in (Schielen 1995) can be tested.
But also an extension to bifurcation (or confluen-
tion) points could be interesting, especially from more
practical points of view. The main river in the Nether-
lands for instance the river Rhine bifurcates two times
in relatively short stretch in three branches, while the
part of the Rhine in Germany is relatively straight.
The diversion of sediment around these points is im-
portant for shipping and industry. The analysis of the
behaviour of bars in the neighbourhood of these bi-
furcation points may shed some light on this issue.
Finally, one might think about introducing an erosion
equation (and hence a third timescale !) to simulate
meander formation.
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