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Abstract: 
In three different contexts a strong power law relation yi = xi

1-B was found between the pre-test 
values xi and post-test values yi of individual students, as well as the corresponding relation <y> 
= <x>1-B  between average group pre-test <x> and average group post-test <y> values. The ex-
ponent B in this law is a pre-test corrected learning gain.  A nominal scale for calculated B-values 
is suggested. The best method for assessing B is a combination of a plot for visual checking of 
test data followed by a numerical non linear least squares fit for estimating parameter B and its 
error. The use of group averages appears to give systematically low B values. It is shown that if 
pre- and post-test scores are relatively precise, then comparing learning gain exponents has a 
much higher statistical power than the use of effect sizes representing the post-tests of control 
and test groups.  

1 INTRODUCTION 
Post-test only designs may be useful for testing new ideas but for strong tests of hypotheses  that 
rule out alternative interpretations, more sophisticated designs are useful (Shadish, Cook, & 
Campbell, 2002). Comparing pre and post-test data allow the calculation of learning gain, but 
there is, surprisingly, some reluctance to measure gain, perhaps, as discussed by Hake (Hake, 
2006), due in part to the influence of the well known paper “How we should measure ‘change,’ - 
or should we?” (Cronbach & Furby, 1970).  
In a Solomon Four Group Design (S4GD) (Engelenburg van, 1999; Solomon, 1949)  two sets of 
two groups each are formed by a randomization procedure. The first set consists of a control and 
a test group that is each given a pre-test, the treatment, and the post-test. The second set con-
sists of a control and a test group that is each given the treatment, and the post-test, but no pre-
test. The S4GD has two advantages: (1) the pre-test given to the first set gives an indication of 
the degree of equivalence of the control and test groups after the randomisation, in addition to al-
lowing measurement of the pre-to-post-test gain. If there is a statistical significant difference be-
tween the average pre-test scores of the two pre-test groups the whole experiment may be 
flawed. (2) Because the first set of control and test groups is given a pre-test and the other set is 
not given a pre-test, the S4GD design makes the feared pre-test sensitization  (Bos & Terlouw, 
2005; Willson & Putnam, 1982) visible. 
The outcome of the intervention is in many cases reported as an effect size based only upon the 
difference in post-test scores of the test and control groups.  In the psychological literature vari-
ous effect sizes are defined: e.g.,  “Δ” defined by (Glass, 1976) [the same as the “effect size” 
used by Bloom (Bloom, 1984)], and “d” defined by Cohen (Cohen, 1988). Effect sizes generally 
express the difference between two groups with different treatment in terms of the number of 
standard deviations. For example Cohen’s d is defined as:  

 
d = |ma  – mb | / [ (sda

2 + sdb
2)/2]0.5  . . . . . . . . . . . . . (1) 

 
where ma  and mb are population means and where the denominator is the root mean square of 
standard deviations for the A- and B-group means, sometimes called the “pooled standard devia-
tion.”  
Cohen suggested that as very rough rule of thumb d = 0.2, 0.5, 0.8 imply respectively “small,” 
“medium,” and “large” effects. At this point it should be stressed, that effect size is not the same 
as gain. For example, in calculating Cohen’s “d”, even if average pre and posttest scores are 
used so that for |ma  – mb| in Eq. (1) is the average gain or loss, that average gain or loss is di-
vided by pooled standard deviation. Some indication of differences in gain are found in literature, 
using raw scores of different treatment groups and using a F-test or a t-test on posttest scores. In 
a report on educational research on a sociology class by Neuman (Neuman, 1989) performance 
is gauged by the score on a multiple choice test and gain in knowledge is defined as the differ-
ence between the posttest and pretest scores, i.e., for each student gain = (posttest scorei) – 
(pretest scorei) = yi – xi. Here the posttest questions are the same as the pretest questions but 
are rearranged. Neuman found a negative correlation between gain and the pretest score xi for 
each student.   
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Similarly, a negative correlation was found by Hake (Hake, 1998a) between <y> - <x>  and  <x>,  
where the angle brackets indicate averages over entire classes.  
In order to compare the effectiveness of different types of mechanics courses Hake analyzed the 
results of 62 courses in high schools, colleges, and universities. As a "rough measure" of average 
effectiveness of a course the average normalized gain <g> for a course was defined as the actual 
average gain (<y> – <x>) divided by the maximum possible average gain (1 – <x>), i.e.   
 
                                    <g>  =  (<y> – <x>) / (1 - <x>)   . . . . . . . . . . . . . . . . .(2) 
 
where the angle brackets <........> signify averages over entire courses, and scores are normal-
ized so that   0 < <y> < 1 and 0 < <x> < 1. 
On the base of this approach "High-g" courses were categorized as those with <g> > 0.7 and 
"Low-g" courses as those with <g> < 0.3. The average normalized gain was used to demonstrate 
a nearly two-standard deviation superiority of courses using “interactive engagement” methods 
over those using “traditional” methods. Here interactive engagement methods were defined as  
those designed at least in part to promote conceptual understanding through interactive engage-
ment of students in heads-on (always) and hands-on (usually) activities which yield immediate 
feedback through discussion with peers and/or instructors. As discussed by Hake (Hake, 2002a), 
it was latter found that the normalized gain had earlier been used independently by Hovland et al. 
(Hovland, 1949), who called it the “effectiveness index,” and Ghery (Ghery, 1972), who called it 
the “gap closing parameter”. In recent physics educational research literature the term “normal-
ized gain” is normally employed.   
Next to its simple form and its intuitive appeal, <g> is widely used because it compensates to 
some extent for the variable average pre-test scores in different courses. Thus it can be regarded 
as a pre-test corrected learning gain. An indication that this compensation in fact takes place fol-
lows from low correlations between average normalized gain <g> and average pre-test scores 
<x>  (Hake, 1998a, 1998b). In this way it was possible to meaningfully compare the effectiveness 
of courses with a wide range of average pre-test scores ranging from 18% (a Dutch high school) 
to about 70% (Harvard).  
It should be indicated that Hake also discussed [see e.g., footnote #46 of (Hake, 1998a) and 
(Hake, 2002a, 2002b)] single-student normalized gain, that is, for the ith student,  
 
                                  gi  =  (yi – xi) / (1 – xi) . . . . . . . . . . .. . . . . . . . . . . .  . .(3) 
 
and the two ways of calculating an average normalized gain: (a) from Eq. (2) and (b) from 
 
                                <g> = (� i = 1 to N g i)/ N . . . . . . . . . . . . . . . . . . . . . . . . .  (4) 
 
where N is the number of students in the class who take both the pretest and the post-test. 
The reason that, for N > ~ 20, Eqs. (2) & (4) usually give <g>’s within about 5% of one another 
are given in footnote #46, and reasons for preferring Eq. (2) to Eq. (4) in educational research are 
given in (Hake, 2002b).  
 
In this article we suggest on the basis of ecological ("classroom") experiments a model to calcu-
late pre-test corrected learning gains  from pre- and post-test data in a O1XO2 group design, 
where O1 is an observation (pre-test), X is some form of treatment and O2 is an observation after 
X (the post-test) (Shadish et al., 2002). However, our procedure may be better diagrammed as 
OX1OX2OX3 . . . . where the O’s represent the same test given 2 to 6 times in succession (see 
Table 1 and Fig. 1), and the X’s (treatments) are the computer’s showing the students the correct 
answer after every missed question.  
It must be noted that in the educational literature a pre-test is also considered to be a form of in-
tervention which may have significant influence on the effect of the following intervention, a phe-
nomenon commonly described as pre-test sensitization as discussed in the Introduction (Bos & 
Terlouw, 2005). In the present work the pre-test was given immediately before the treatment and 
the post-test was given immediately after the treatment of between 6 and 20 minutes (see Table 
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1, row 8), so pre-test sensitization is more apt to occur.  Our present observations of apparent 
pre-test sensitization do not necessarily contradict the findings of Henderson (Henderson, 2002) 
who observed no pre-test sensitization, because in Henderson’s analysis (a)  the test was de-
signed to measure conceptual understanding (as opposed to declarative knowledge as in the 
present work) in a conceptually difficult area (introductory physics), and (b) the treatment lasted 
about a half year, so the time between pre and post-tests was about a half-year rather than a few 
minutes as in the present work.  
In this article the test results of three experiments will be shown to fit a power law relation  y= x1-B  
using matched single student pre and post-test data of a group of students. This same law will be 
applied to the (Hake, 1998a, 1998b) average group data. We shall show that B is a pre-test cor-
rected learning gain just as is Hake’s normalized average gain <g>. Using Monte Carlo routines, 
a few methods for estimation of the parameters and parameter errors will be examined. Finally 
analysis of post-test-only data will be compared to an analysis  using the suggested pre-test cor-
rected learning gain in order to compare the statistical power of the two methods.   

2 MATERIALS & METHODS 
2.1 Tests 
In three experiments students following Chemistry, Information Science or French were selected 
from a population of 194 students of a school for pre university education, average age 17 years. 
Formative computer tests consisted mainly of  fill-in-the-blank questions and a few multiple 
choice questions. The answer to the fill in question was correct if the answer exactly matched the 
key so the student had to know the answer and to type it correctly. To some questions 2 or 3 
keys (= correct answers) were present. The computer was programmed to react to a wrong an-
swer by immediately showing the student the correct answer. The questions were presented in 
random order,  as were the 4 alternative responses to each of the multiple choice questions. The 
students were allowed to make the test during a 50 minute session as often as the liked. The av-
erage result of all tests would contribute in a marginal and only positive way to the end mark of 
the summative paper and pencil test that was to follow after a few weeks. 
 
Table 1 shows the various parameters that characterize the three experiments A, B, and C of this 
study.   
 
 
Experiment  A B C 
Number of students 32 27 72 
% Female 24 26 44 
Subject Information Science French Chemistry 
# questions 27 40 51 
# fill-in-the-blank questions 22 40 49 
# multiple choice 5 0 2 
Avg. test time (min.) 6.1 7.5 19.7 
Tests / student 3.6 4.5 2.0 
# Pre / post test pairs 70 94 72 
Table 1. Test data for experiments A, B, C.   
 
 
In experiment A, the students were asked to study at home a 40-page chapter of their textbook 
on computer science, which some of them did and most of them did not. In experiment B, 40 
words were selected from an article in a popular French scientific magazine targeted for youth. In 
a sentence in French one word was underlined and the contextual translation of the word in cor-
rect Dutch was asked. The words were selected using different frequency classes (i.e. common 
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words as well as rare words were asked). The students had no special preparation for this test. 
For experiment C, a chapter on organic chemistry was assigned as homework prior to the test.  
The students should have studied the chapter at home, but most of them had not. From the mate-
rial in the chapter (reaction types, oxidation of simple carbon compounds, industrial synthesis of 
epoxyethane) were relevant questions were made.  
 

2.2 Simulations, statistical analysis, and numerical integration.  
For use in the Monte Carlo procedures a uniform pseudo random generator was coded in C++ us-
ing Borland’s C-Builder version 4. Instead of the built-in 2-byte random library function  an algo-
rithm adapted from a subtractive method by Knuth (Knuth, 1981) and making use of 32 bit integer 
arithmetic was employed. These uniform deviates were transformed to a normally distributed de-
viate using a algorithm ported from a Pascal routine by  (Press, 1989), also based on Knuth. The 
statistical subroutines written in the C++ software were tested by comparing them with results ob-
tained with the statistical package SPSS v.11.01 and the curve fitting program Graphical Analysis 
3.1. 
Incomplete Beta and Gamma Functions given by the C++ software were compared with values 
given in the Handbook of Mathematical Functions (Abramowitz & Stegun, 1968). Numerical inte-
gration was performed with Maple version 7.  

3 RESULTS 
The average scores for experiment A (in % of max score) are displayed in Fig 1. Each time the 
test was made the average scores were higher and with each iteration the increase in average 
scores was smaller.   
 
Fig. 1. Average percentage scores vs trial number for experiment A.  N is the number of students engaging 
in each trial. The Tukey boxplot indicates the minimum and maximum scores, the lower and upper quar-
tiles, the median, and the outliers (circles).   
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The time needed to complete a test decreases with each iteration. As can be expected from the 
power law of practice  (Anderson, Fincham, & Douglass, 1999), the average time �t (in seconds) 
needed for completing the test can be described by  
 

�t  = �t1* I -C      ……………. . . . . . . . … . . (5) 
 
 where t1 is the time needed for the test when made for the first time, I the iteration and C is an 
exponent reflecting the learning rate. Values for �t1 and C  are given in Table 2.  
 
 

    model: �t = �t1 . I -C �t1 (sec.) C R 
 A (Information Science) 540 0.56 0.99 

 B (French) 782 0.68 0.997 
 C (Chemistry) 1607 0.91 1.0 

Table 2 : Parameters of the power function giving the time needed for one test at I iterations. 
 
 
In Table 2 the relatively high exponent “C” in the power function t  = t1* I –C  for the chemistry 
test is probably due to the fact that the first time the test was given a problem had to be solved. 
The second time simple retrieval was sufficient.  
When the score of test # n of a particular student is divided by the score of the foregoing test  
(# n-1)  the ratio f = scoren/scoren-1  is a single-student growth factor fi.  Test # n-1 can be con-
sidered as a pre-test, test # n as a post-test, hence  
 
                                                fi = yi / xi . . . . . . . . . . … . . (6) 
 
  The double logarithmic plot of fi  against xi  of Fig. 2 (for experiment A) shows that f  follows a 
power law f  =  x –B.  
 
Fig. 2. Log f i  = log [(score on test n of student i )  / (score on test n of student i on test n – 1) ] = log [post-
testi  / pre-testi ] on the ordinate is plotted vs log [pre-testi  / maximum_pre-test ] = log(xi) on the abscissa, 
where fi  is the growth factor (yi /xi)  for student i. 
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From Fig. 2 the data indicate:                log f  = -B log(x) = log ( x -B) . . …….. (7)  
 
and taking antilogarithms:                       f   =  x –B . . . . . . . . . . …... . . . . . . . …. (8) 
 
and therefore:                                           B = - log f  / log x ……. . .. . . . . . . . .  .(9)  
 
Eq. (6) and Eq. (8) yield:                         y  = x 1-B ….. . . . . . . . . . . . . . . . . . . . (10) 
 
Eq. (6) and Eq. (9) yield:                             B = - log (y/x) / (log x). …………... (11) 
 
From the plot the tangent B applies to the group B since all single student data of all students in 
the group are plotted, but with of Eqs. (9) and (11), a single-student Bi can also be calculated in-
dividually for each pair of adjacent tests:   
  
                                                                  Bi = - log(fi) / log(xi).  . . . . . . . . . . . (12)  
 
In experiment A the individual Bi's are not dependent on xi ( F-test,   p = 0.44). The deviation of 
the individual Bi's from the average B increases with xi. The correlation of  Bi with xi is statistically 
not significant (R = -0.159,  p=0.19). 
 
Similar results as in experiment A are found in experiment B and C.  A summary is given in Table 
3. The correlation coefficient R stems from the regression lines in the double logarithmic plots 
(such as Fig. 2), and n is the number of data points (such as those in Fig. 2 for experiment A).  
 
 
Experiment B Error in B R n 
 A (Information Science) 0.74 0.015 0.98 70 
 B (French) 0.68 0.015 0.96 94 
 C (Chemistry) 0.66 0.012 0.93 72 
Table 3. B values for experiments A, B, and C. 
 
 

3.1 Comparison of methods for estimation of B.  
 Several methods are available to estimate B. To get some idea about the outcome of different 
methods of estimating B from pre/post-test data, simulation procedures were invoked. 
From a variety of numerical and graphical methods for estimating B the following were chosen: 
 
(a) Calculation the slope from log(fi ) against log(xi)  plots (as in Fig. 2) The slope of the regres-
sion line has the value -B. 
 
(b) In an iterative numerical procedure the least squares fit of experimental yi values with  
xi

1-B  a value of B and its error can be found.   
 
(c) A plot of log(yi) vs log(xi) gives a straight line, in accord with Eq. (10)  y = x1-B. The slope of the 
regression line has the value 1-B.  
 
(d) As indicated above in Eq. 9, for each set of data points of a single student (xi ,yi), Bi can be 
calculated using the formula  
 
                           Bi = - log(yi/xi)/log(xi) . . . . . . . . . . . . . . (12)  
 
Since the deviation of individual Bi's from the average B increases linearly with xi, a weighting fac-
tor 1/xi is appropriate in averaging Bi’s to obtain the group average B.  
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In a series of Monte Carlo simulations from a hypothetical student population with normally dis-
tributed pre-test values and post-test values calculated with the assumed power relation with nor-
mally distributed errors ranging from 3 to 30% superimposed on pre and post-test values, B val-
ues were calculated. If robustness is of a method is defined as giving an accurate and precise es-
timation of B under varying conditions, it was found that method “a” is the most robust if outlying 
log fi  and log xi  values (log fi  � 2 and/or log xi  � -2) in plots similar to Fig. 2 are neglected. This 
is because extreme data point values have an extreme influence on the estimated slope in loga-
rithmic plots. Making a plot is highly suitable for visual inspection. If  a data point is an outlier and 
the reason for this is obvious (e.g. a student aborting a test after answering one question) neglec-
tion can be considered.  
 
The error in the parameter B is of crucial importance in assessing the statistical significance of 
differences between experimental outcomes. From the Monte Carlo simulations it was concluded 
that the most precise (reproducible) and accurate estimation of the error in B can be made using 
method “b”.  These findings were implemented in a C++ -computer program that takes the slope of 
log(f) versus log(x) as a starting point for an iterative non linear curve fitting,  y = x^(1-B) using an 
Newton-Raphson like first order approximation in order to find the least squares minimum and to 
calculate the parameter error.  If two sets of experimental data, such as that for experiment A, are 
analyzed by this computer program, the statistical significance p of the difference in the estimated 
B's is given by a Student-t-test.    
 

3.2 Relation between exponent B and average normalized gain <g> by Hake. 
Even if the individual student data are not available for an analysis of B, a conservative estima-
tion of B  (i.e., estimated B lower than the actual B) is possible using group averages. 
An example of the use of group averages is Hake’s analysis of data for various traditional and in-
teractive engagement mechanics courses.  As indicated in Section I, Eq. (2), Hake defined an 
average normalized gain <g> as 
 
                                          <g>  =  (<y> – <x>) / (1 - <x>)   . . . . . . . . . . . .(2) 
 
If  it is assumed that Eq. (10), which describes experiments A, B, and C also (at least approxi-
mately) applies to the group data analyzed by Hake then Eqs. (2) and (8) yield  
 
 <g>  =  (<y> – <x>)/ (1 - <x>) = (<x>1-B – <x>) / (1 - <x>) . . . . . . . .  . .(10a) 
 
From each pair of randomly chosen <x> , <y> values with    <x>    <    <y> ,  
   0  <   <x>    <  1   and         <y>  �  1 :  
(a) B may be calculated from  
 
                                  B = - log( <y> / <x> ) / log( <x> ) . . . . . . . . . . . . . . (11)  
 
and (b) the  normalized gain <g> may calculated from equation 2 
 
In  Fig. 3 these  <g> and  B values are displayed by small dots. The relation between B and <g> 
appears to be somewhat fuzzy, with g � B.   
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Fig. 3 : <g> (Hake) vs B (Bos) as discussed in the text. The large circles are derived from the <x>, <y> data 
of  Hake (1998a), The curve is found by numerical integration combined with quadratic regression of aver-
age <g> values on B (see Table 4). 
 
 
The average value of <g>  (<<g>>) for a certain B can be found by integration of <g> over a defi-
nite <x>-interval. In Table 4 average values of <<g>>  for  B-values over the interval 0 < <x> < 1 
are given. 
 
 

B <<g>> 
0 0 
0.100 0.0690 
0.200 0.1385 
0.300 0.2154 
0.400 0.2984 
0.500 0.3885 
0.600 0.4868 
0.700 0.5950 
0.800 0.7148 
0.900 0.8488 
1 1 

Table 4 : average value of  <g>  =  <<g>> for fixed B-values over the <x> interval between 0 and 1. 
 
 
By using the data of  Table 4 in a quadratic regression of <<g>> on B, it was found that <<g>> 
can be approximated with the function <<g>>  = 0.5B2 +0.5B (R = 0.9998). The solid curve in fig-
ure 3 is the function <g> = ½B2 + ½B  The (unweighted) coefficient of correlation between the ex-
perimental (Hake) data and this function is 0.98.  
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The estimation of B by using group averages as in Fig. 2  is called conservative, because meas-
ured B's tend to be systematically smaller than the B's that are used in the Monte Carlo routine 
with a model again using normally distributed pre-tests values and with normally distributed errors 
in pre and post-tests. This difference between calculated and actual values of B increases with 
precision of pre and post-test and is caused by ceiling and floor effects, since the floor effect may 
increase the apparent pre-test average and the ceiling effect may decrease the apparent post-
test average. In both cases lower B-values are calculated. 
 

3.3 A reported correlation between Gain and Pre-test examined. 
In identifying factors that influence pre-test scores of an introductory sociology course Neuman 
used 50 multiple choice questions as pre-test and in a scrambled form as post-test (Neuman, 
1989).  The performance was defined as percentage of correct answers, the gain was defined as 
the difference between pre and post-test percentage of correct answers: difference= <%post 
test> - <%pre-test> . The total group number N was 106 students. Missing data resulted in lower 
numbers for specific analyses. Average pre and post-test data are given in Table 5.  
 
 

<%pre-test> <%post-test> difference 
 42.63 ± 8.96 (N=101)  74.15 ± 12.48 (N=104)  31.44 ± 11.60 (N=89) 

 
Table 5: pre/post test data from (Neuman, 1989). Difference is (<%post-test> - <%pre-test>) 
 
 
Neuman reported that the correlation between the gain and pre-test for the 89 students who took 
both the pre and post-tests was  -0.57 from which he concluded that his students learned more 
when they enter the course knowing less. 
From the group data in Table 5 a learning gain exponent B can be estimated from Eq. (11): 
B = - [log (<y>/<x>)] / (log <x>) = -log(0.7415/0.4263)/log(0.4263) = 0.65.  
For a careful calculation of B only the matched data from the 89 students who took both the pre  
and post-test ought to be used. Careful pre/post testers use only matched data sets as discussed 
in Hake (Hake, 1998b, 2002a, 2002b).  
With this approximate B-value and 100 normally distributed pre-test values with same mean and 
standard deviation as in table 5,  post-test values were calculated in a Monte Carlo routine using 
equation 10 :  y  = x 1-B. The same mean and standard deviation for calculated post-test data and 
difference (between pre and post-test) as in the Neuman report were found in this simulation. The 
correlation coefficient between pre-test and difference was practically the same as in the Neuman 
study (R = -0.57)  if an error of 10% upon pre and post-test values is superimposed, as shown in 
Table 6.  
 
 

error in pre/post test (%) R 
0 -0.60 ± 0.063 (N=100) 

10 -0.58 ± 0.063 (N=100) 
30 -0.54 ± 0.065 (N=100) 

 
Table 6: Correlation R between pre-test and difference  (= <%post-test>-<%pre-test>) 
 

3.4 Power considerations using classical analysis versus Learning Gain Exponent 
calculations. 

In order to get some idea of the power of the classical method of comparing post-test scores only 
in terms of effect sizes versus determination of  B in the power law y= x1-B  (method 'b') as pro-
posed in this article several experimental situations were simulated. One of these experiments 
will be described here in detail: two sets of post-test scores with group sizes  N = 28 were gener-
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ated using normally distributed pre-test scores with mean 0.50 and standard deviation 0.15. Post-
test scores corresponding to B = 0.66 were used for one set, and post-test scores corresponding 
to B = 0.55 were used for the other set. Upon the pre and post-test and B-values normally distrib-
uted errors were superimposed and the statistical significance of the differences of the outcomes 
between the two sets were calculated. The relative errors in pre and post-tests were equal and 
varied between 0 and 30%. A error of 1% on the B values was set. The post-test scores of both 
data sets were compared using a double sided Student t-test ("classical method"). Also the gain 
exponents B and the parameter errors were calculated with our software and compared with a 
double sided Student t-test. If  p was higher than 0.05 a type II error was indicated.  
This procedure was repeated 10000 times giving an indication of type II error frequency, denoted 
by �  in the literature. The power of a test is defined as 1-�. The power and the statistical signifi-
cance level � are strongly interdependent. Usual values are � = 0.05 and 1- � is 0.80 (Dupont & 
Plummer, 1998).  In  Fig. 4 the power is given as a function of the error in pre/post-test (in %). As 
can be expected the power decreases with increasing error. 
 

Figure 4. Power as a function of error in pre and post-test. Upper curve : estimation and comparison of  B-
values. Dotted curve : comparing post-test data only (classical method). 
 
 
In the classical method using differences between post-test scores only in this particular case the 
power of 0.80 is never attained. In the method of calculating and comparing B's the power is 
higher than 0.80 if the errors in pre and post-test do not exceed 11%. In all other similar trials 
similar results were found : even with small number of students (e.g. N=10) the power of the 
method described in this article using pre and post-test data approached unity where the classical 
method in which only post-test scores are compared the power was far below the acceptable 
value of 0.80. 

4 CONCLUSIONS AND DISCUSSION 
In three very different contexts (Chemistry, French, and Information Science) in comparable ex-
perimental settings we found a strong, definite power law relation  y = x 1-B between pre-test x and 
post-test y values of individual students. The parameter B can also be derived from (a) using av-
erage post-tests <y> and pre-tests <x>  or (b) by averaging Bi’s of individual students as deter-
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mined from yi =  xi
1-B.  The fact B’s derived by using single student data and group averages 

agree with one another suggests analysis can be carried out even when single student data are 
not available. A serious flaw is the systematic decrease of accuracy caused by bottom and ceiling 
effects especially using group averages. On the basis of our experience with the type of testing 
described in this paper and taking into consideration Hake’s findings, a suggestion for a nominal 
scale of pre-test corrected learning gains could be as follows (Table 7): 
 
 

exponent B gain  
B ≤0.40 low 

 0.40 < B < 0.60  average 
B ≥ 0.60 high 

Table 7 : classification of pre-test corrected learning gains. 
 
 
Though a strong power law relation between pre and post-test results in very different contexts 
was found, it must be emphasized that in other experimental settings other relations may prove to 
be appropriate, although in cognitive psychology power laws mostly with time (latency) as inde-
pendent variable, but with other variables as well, seem to be ubiquitous (Ritter & Schooler, 
2002).  Another relation in other settings may prove to give a better fit, but the purpose of the 
model stays the same: elucidating deeper relations or impact of different types of interventions. 
Log(y/x) against log x gives the opportunity for a rapid inspection of the data. The noise in pre 
and post-test is damped. If some aberration of normal test procedure happens ( e.g. a student 
aborting the test) these data are spotted easily and could be inspected. For error calculations we 
prefer the fitting of data (x,y) to the function  f(x) = x (1-B), without any transformations except nor-
malizing the x and y values in the interval (0,1).   
A combination of  the visual inspection of the log(y/x) against log x followed by the least squares 
curve fitting procedure for estimation of B and the error in B is advised. The OXO-setting (pre-
test/treatment/post-test) in combination with gain calculations (including estimating parameter er-
rors) seems to have a very high statistical power even with small numbers of students. Crucial is 
the availability of precise and accurate tests otherwise the GIGO-effect is encountered, a classi-
cal effect in applied information science (garbage in, garbage out). Very small differences in 
learning gains can be traced giving the opportunity to evaluate subtle effects.  
 
The authors are greatly indebted to Richard R. Hake; Indiana University Emeritus for thorough 
and fundamental review of this article. 
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