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Abstract

In this Report we present an approximate Riemann solver based on travelling waves. It is
the discontinuous Galerkin finite element (DG-FEM) analogue of the travelling wave (TW)
scheme introduced by Weekes [Wee98|. We present the scheme for the viscous Burgers equa-
tion and for the 1D Navier-Stokes equations.

Some steps in Weekes’ TW scheme for the Burgers equation are replaced by numerical ap-
proximations simplifying and reducing the cost of the scheme while maintaining the accuracy.
A comparison of the travelling wave schemes with standard methods for the viscous Burgers
equation showed no significant difference in accuracy. The TW scheme is both cheaper and
easier to implement than the method of Bassi and Rebay, and does not separate the viscous
part from the inviscid part of the equations.

We attempted to extend the DG-TW scheme to the 1D Navier-Stokes equations, but we have
not yet succeeded in doing so due to a large number of non-linear equations that have to be
solved. To avoid this problem, a first step is made in simplifying these equations, but no tests

have been done so far.
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1 Introduction

Many applications in fluid dynamics require the solution of the compressible Navier-Stokes
equations. For almost all applications, finding analytical solutions is impossible, but with
the aid of computers, one can numerically approximate the exact solution. This field of

numerically approximating fluid dynamics solutions is called Computational Fluid Dynamics

(CFD).

One numerical technique for computing solutions of PDE’s is the finite element method. In
this thesis we consider the discontinuous Galerkin finite element method (DG-FEM). In this
method the domain is partitioned by a finite number of non-intersecting elements. On each
element the exact solution is approximated by polynomials which are discontinuous across
element faces. In the present study we consider only linear polynomial basis-functions.
Some well known benefits of the DG-FEM method are: optimal flexibility for local mesh
refinement, adjustment of the polynomial order in each element (hp-adaptation) and excellent
performance on parallel computers. These benefits are the result of the very compact stencil
of DG methods.

DG was developed for first order hyperbolic equations and it was possible to compute solu-
tions for inviscid compressible flows. Viscous compressible flow equations described by the
compressible Navier-Stokes equations are not hyperbolic and new techniques had to be de-
veloped to discretize the diffusion operator. Bassi and Rebay [BR97] and Oden et al. [BO99]
provide such techniques, extending the DG formulation for hyperbolic equations developed
by Cockburn and Shu [CS01] to incompletely parabolic equations. In [BRM ], improvements
to the formulation in [BR97|, which showed a weak instability, have been made. These im-
provements were analyzed by Brezzi et.al. in [ABCM02, BMM™100]. A different technique
to deal with the diffusion operator has been proposed by Cockburn and Shu [CS98] with the
local discontinuous Galerkin method.

Other recent work in DG-FEM on compressible flows was the extension of DG-FEM to space-
time by van der Vegt and van der Ven [vdVvdV02a, vdVvdV02b] and Klaij, van der Vegt
and van der Ven [KvdVvdV].

All presently available DG methods split the viscous contribution of the flux from the inviscid
part and deal with them seperately in the numerical discretization.As mentioned above, in
DG-FEM the domain is partitioned by a finite number of non-intersecting elements and on
each element the exact solution of the equation to be solved is approximated by a polynomial.
Due to the discontinuous nature of the polynomial representation in each element the flux at
a face is not uniquely defined. To overcome this problem a numerical flux depending on the
left and right traces is introduced. At each face, a viscous Riemann problem must be solved:

Ut+Fe(U)x :FU(Ua Um):va
Up, if x <0,
Ue,0)=4 © "7
Ugr, if 2 >0,

with U a column vector of conserved variables, F¢(U) the inviscid flux, F'¥(U, U,) the viscous
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flux and Uz, and Ug the left and right traces at the face. In this Report we assume that
U+ F¢(U), = 0 is hyperbolic.

For certain equations (e.g. the Euler equations where F'Y(U,U,), = 0) it is possible to find
an exact solution to this problem. However, in practical computations this problem needs
to be solved many times, making the Riemann problem one of the most computationally
demanding parts in the numerical method. Therefore, instead of solving this problem exactly,

one approximates the numerical flux.

Much work has been done on approximating the numerical flux for inviscid problems. Some
examples are the HLL and HLLC Riemann solvers which are discussed in [Rhe05]. Less is
known about approximating the numerical flux for viscous problems. Instead, methods have
been developed splitting the flux at element faces into an inviscid and a viscous contribution.
In DG-FEM the method of Bassi and Rebay is a well known method for handling the viscous
contributions of the flux, while inviscid Riemann solvers are used for the inviscid contributions.
A drawback of this scheme is that a penalty term needs to be introduced for stability reasons,
penalizing the discontinuity at the element faces without making a distinction if it originates
from the physics or from the use of discontinuous polynomials. Furthermore, this is a costly
method based on mathematical properties rather than on the physics of the problem.

These drawbacks motivate the development of an approximate viscous Riemann solver. Trav-
elling waves will be introduced as approximate solutions to shocks. Travelling wave solu-
tions to viscous conservation laws are similarity solutions of the form U(z,t) = ¢(w), with
w = x — st, which are constant along lines with the slope dz/dt = s. Using these approxima-
tions it is possible to obtain a flux which does not separate the viscous part from the inviscid
part of the flux.

This Report is the second part of my Master’s thesis. Part I was a literature report. In this
Report we present an approximate Riemann solver based on travelling waves. The outline of
this Report is as follows: in Section 2 we consider the viscous Burgers equation. We show how
to solve this equation using the DG-FEM method of Bassi and Rebay and we will introduce
a new scheme for this equation based on travelling waves, the DG-TW scheme. The DG-TW
scheme is a travelling wave scheme based on the schemes introduced by Harabetian [Har90]
for finite difference methods and by Weekes [Wee98] for finite volume methods. In Section 3
the DG-TW scheme is extended to the 1D Navier-Stokes equations based on the analysis done
in [Wee98]. In the Appendix an approximate viscous Riemann solver is presented based on
the HLL and HLLC Riemann solvers.
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2 The viscous Burgers equation

In this chapter, we start by showing how to solve the viscous Burgers equation numerically
using the DG-FEM method of Bassi and Rebay (Section 2.1). Afterwards, in Section 2.2,
we consider two travelling wave schemes: by Harabetian [Har90] for finite difference methods
and by Weekes [Wee98] for finite volume methods. The travelling wave solution to a viscous
conservation law is a similarity solution of the form u(x,t) = ¢(w), where w = z — st. The
advantage of the travelling wave approach is that it does not separate the viscous part from the
hyperbolic part of the equation. Finally, in Section 2.3 we introduce an alternative DG-FEM
method based on travelling wave theory.

In this chapter we focus on the following situation:

up + f(u)y = pugy,  f(u) = 3u?, withz € R, t € RT, (2.1)
where p is the viscosity coefficient. Boundary conditions are given by:

lim u(z,t) =2, lim wu(z,t)=0, VteRT, (2.2)

T——00 r——400

and the initial condition is:
2

u(z,0) = T exp(@/) (2.3)

The exact solution of this problem is given by [Har90]:

2
Ut = T (@ = /)

2.1 Classic DG-FEM approach
2.1.1 Introduction

We consider the viscous Burgers problem as given by Egs. (2.1) and (2.2) with initial condition
given by Eq. (2.3).

To discretize the Burgers equation, we define the tessellation 7 of N elements K} in the open
spatial domain 2 € R as:

T ={K,:UN_ Ky =, and KyNKpy=0 if k#K,1<kk <N}

The approximations u;, and vy, of the variable u(z,t) and test function v(x) belong to the

space Vp,:
Vi, = {v e L*(Q) : v|k, € P (Ky),k=1,..,N}, (2.4)

in which P!(K}) denotes the space of linear polynomials, and L?(€2;,) the space of Lebesque
square integrable functions. DG was developed for first order hyperbolic equations so second
order derivatives cannot be treated directly. Therefore we apply the method by Bassi and
Rebay and start by introducing the necessary definitions and propositions [Kla04].
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Lot
Rh

Figure 1: The face between the elements K and K with outward normal vectors n” and
o

KR

nf (in one dimension). The trace of a function f from K’ is denoted f%, the trace from K%
is denoted fF%

The definitions and propositions given in this section are needed to deal with discontinuities
on element faces in which a function f is double-valued. This is the result of the discontinuous
functions approximation. For clarity and brevity f(z,t) is written as f.

At the internal faces S? = K N K% (see Fig. 1), the traces of a function f are defined as
i = lim, o f(x— en®) with n’ the outward normal vector. At boundary faces S® = K*NoQ,
the traces of a function f are just the value of f on the boundary.

Averages of a function f across an internal face are defined as {f} = %( L+ ). Across a
boundary face the average of a function f is the value of f on the boundary.

The jump [f] of the function f across an internal face is defined by [f] = f&n* + ffn® and
on a boundary face [f] = fn”. Since n” is the outward normal vector to K* and nf the

L_ _,R

outward normal vector to K%, by definition n —n't.

The jump and average are used to link the element boundary integrals with face integrals, as

stated in the next proposition:

Proposition 2.1. The following relation holds for arbitrary functions f and g:

L¢L L _
S [ ot st aton) = [ gobisias + [ Loty
where T' = {8} U {S®} is the set of all faces and T'" = {S'} the set of internal faces.

Besides jumps and averages across faces, we also define lifting operators which are used to
extend face data to the element:

Definition 2.1. (Lifting operators). The global lifting operator working on a function f
is defined in the weak sense as:

/ GR(f)dQ = / fg}fdr, VgeV
Q T

and the local lifting operator as:

/gRS(f)dQ ::/{{g}}fds, VS eT,
Q S

for all test functions g € V3. The difference between the local and global lifting operator is
that the local lifting operator is 0 everywhere except on the cells adjacent to the face under
consideration.



2 The viscous Burgers equation 5

2.1.2 The weak formulation

We follow the report of [Kla04] to apply the method of Bassi and Rebay to Eq. (2.1). The
method of Bassi and Rebay introduces an auxiliary variable o and Eq. (2.1) is written as a
system of first order equations:

u+ (f(u) —0)s =0 inQ,
o —pu, =0 in Q.

The auxiliary variable o will be eliminated from these equations later on. Because of the
discontinuous function approximation, a function f is double-valued on the element faces.
The definitions and propositions given in the previous section are used to deal with these
discontinuities.

The equation for the auxiliary variable is: pu, = o. Multiplying by a test function v and
partially integrating twice in space over an element K results in:

/ vad:n:/ VU, d,
K, K,
:—/ vxuudx—&-/ vpiunds,
Kp K},

= / vpug dr + / vu(t — u)nds,
K, 0K},

with n the component of the outward normal vector to 0K . Summing over all elements of
the tessellation 7j gives:

vad:n:/ vy dT 4 / w(t —u)nds.

The integral over the element boundaries can be transformed into an integral over the faces
using Prop. 2.1:

/thgdx:/thlﬁuxdw-i-/u{{v}}[[u—u]]ds+/ plv] € — u} ds. (2.5)

To find an expression for the auxiliary variable o we introduce the numerical flux @ = {u}
and we find from Eq. (2.5) and the definition of the global lifting operators:

o = pug — R([u]). (2.6)

Now we consider the equation u;+ (f — o), = 0. This equation is multiplied by a test function
w and integrated by parts over an element K to get:

/Kk (wut_wx(f—a))d$+/ w(f — 6)nds = 0.

oK

Summing over all elements of the tessellation 7} gives:

=(f — d+ / — ds = 0.
/Q(wutw( o) xz d)nds
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Using Prop. 2.1 to transform the integral over the element boundaries into an integral over
the faces, we find:

K

Using expression Eq. (2.6) for the auxiliary variable gives:

/ (wuy — we(f — pug + R([u]))) dw+/{w}}[[f—&]]ds+ Twlff—6}ds =0,
Qp T I

which is called the primal form as it is written in terms of the primary unknown u and the
generic numerical fluxes f and &.

We obtain the following weak formulation: Find a u € V}, such that B(u,w) = 0,Yw € V}
with:

B(u,w) = /Q (wuy — we (f — pug + R([u]))) dx

+/F{w}}[[f—c}]]ds—l—/ri[[w]]{{f—c}}}ds.

2.1.3 The numerical fluxes

As seen in the previous section, we require three numerical fluxes f , 4 and 6. We already
defined the numerical flux of u as the average of u of the face, & = {u}, and we now define
the numerical fluxes for o and f.

As seen in the previous section, we derived the following expression for o:

o = pug — R([u]).

We choose the numerical flux ¢ as:

& = {pu, —qR® ([u]) },

where the global lifting operator R was approximated by the local lifting operator R® with
weight n to ensure locality of the scheme. The weight n should be strictly larger than the
number of faces per element.

The numerical flux f is based on the exact solution of the Riemann problem for the inviscid
Burgers equation [Tor97]. The Riemann problem for the inviscid Burgers equation is:

wt f(u)e =0 with f(u) = u2,

(2,0) uy, if z <0,
u(x,0) =
up if x > 0.

The complete solution of this problem depends on the following cases:

o Ifuy > ug:

if £ < s,
w(w,ty =4 TE S (2.7)
ug if § > s,
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where s = %(u L +ur) and where uy, is the velocity immediately to the left and up the
velocity immediately to the right of an element face.

o Ifup, <upg:

ur, if § <wyp,
u(z,t) =<¢0 ifup < 7 <ug, (2.8)

ur if ¥ > ug.

We are interested in the flux on the face between neighboring elements. This is the case where
x = 0. The flux is defined as f(u) = %uQ. Using these facts combined with Eq. (2.7) and Eq.
(2.8), the following numerical flux can be derived:
%u% if 0 < sy,
h(ur,ug) =40 ifs;, <0< sg,

%u% if 0 > sg,
where s;, and sk are defined as:
s7, = min (%(uL —i—uR),uL), SR = max (%(U,L—FUR),U,R).

Note that by taking periodic boundary conditions, we can omit all boundary integrals.

2.1.4 Discretization

The domain 2 = [0,1] C R is partitioned by N + 1 grid points, & := {zx}_, defining N
elements. It is convenient to introduce a reference element, K = [—1,1], and the mapping
Fr : R — R between the reference element K and element K . as follows:

| Kk|€
2 b

2
2= Fi(€) = 3 mpmxm(€) = & +
m=1

where Kj = (zp,xk+1). The shape functions are x1(§) = (1 — £)/2,x2(§) = (1 + &)/2;
T %(mk + 2g41), and |Kg| = (zg41 — x). In the reference element K, we define basis
functions ¢ and ¢y as:

¢o(§) =1, and ¢1(§) =¢&.
Finally, the local basis functions in K are related to the basis functions in K}, as follows:
Pn(6) = on(Fr, (2)) = @p(x) for n=0,1.

The variable u and test functions v are approximated in each element Kj by their approxi-
mations up, and vy, given respectively by:

un (@, 1)1, = WKy, 8 (@) + @Ky, )¢ () and  op(a) = 0(Ky)eg (@) +0(Kp)eh (),
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where, since f(z) = 1, u(Ky,t) represents the mean of u(x,t) on |Ky|:

(K, t) u(z, t)de,

Kk Jk,
and U(Ky,t) the slope of u(z,t) on |Kg|. When discretizing the equations, a two points
Gauss scheme is used for the volume integrals. Furthermore we use the limits pf(z;) = 1
and gp’f(x,j) = —1, where z,, = lim|o(z; — ¢) and a;,i‘ = lim, o(x} + €).

Time integration is done by using a total variation diminishing (T'VD) third-order Runge-

Kutta discretization. The dynamical system % = R(u), is solved as follows:

uV) = u” + AtR(u™)
u® = 1(3u" + u + AtR(uV))
utt = T(u"+ 2u? + 2AtR(u(2))),
where u" = u(t) and u™*! = u(t + At). For stability, which requires a restriction on At, we
make use of the CFL and diffusion number. The CFL number is:

AAL
FL = 22°
C Az’

and the diffusion number, DN:

HAL
(Az)*”

DN =
where p is the viscosity. We define Az and \ as:
Az = mkin K|, A= ml?x(st,st).

The value of At used when implementing is:

2
At — min (C’FLA&: DN(Ax) >

A 1
Note that in the inviscid case Eq. (2.9) reduces to At = %LA”:.

Numerical results for this method can be found in Section 2.3.

2.2 Travelling wave schemes
2.2.1 Introduction

In this section we will consider the schemes introduced by Harabetian [Har90] and Weekes
[Wee98| for the numerical approximation of viscous perturbations of nonlinear hyperbolic
conservation laws. We will solve the viscous Burgers problem as given by Eq. (2.1) and
(2.2) with initial condition given by Eq. (2.3). For finite difference schemes, a standard
approach for these types of equations is to approximate the viscous term with a centered
difference approximation and a centered difference or an upwind difference approximation for
the hyperbolic term.
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In [Har90] a second order scheme is introduced using travelling wave solutions which does
not split the viscous term from the hyperbolic term. A travelling wave solution to a viscous
conservation law is a similarity solution of the form u(x,t) = ¢(w), where w = x — st. The
key idea of this scheme is to interpolate a piece of a travelling wave (TW) between grid points
and then let the exact solution operator to Eq. (2.1) act on it. Then, the flux pu, — f(u) at
the cell boundaries is evaluated. This scheme only works in the case a travelling wave exists
(ugb > uj +1)- If not, a centered difference scheme is applied to the viscous and hyperbolic
term.

The TW scheme introduced in [Wee98] is also second order accurate. The main difference
between the scheme by Weekes and by Harabetian is that the latter only considers the sit-
uation of shocks, resorting to centered difference schemes in the case of rarefactions. The
TW scheme by Weekes treats rarefactions as entropy-violating travelling waves maintain-
ing the travelling wave approach. Another improvement of the scheme by Weekes is that a
conservation requirement is imposed.

In Section 2.2.2 we derive Harabetian’s TW scheme. Weekes’ T'W scheme is derived in Section
2.2.3. Both schemes are tested in Section 2.2.4, where we also compare results.

2.2.2 Harabetian’s travelling wave scheme

Define the following (non dimensional) quantities:

/
- A
Re = M, Cell Reynolds number,
K (2.10)
/'] - At
A=———  CFL Number,
Ax

where |f’| = sup|f’(u)| and Az and At are the spatial and temporal mesh widths of the
discretization. As mentioned in the introduction, a travelling wave ¢ must be found such
that p(w), where w = x — st, is a solution to Eq. (2.1) and ¢(z;) = uj, p(xj41) = ujt1.
Substituting the travelling wave into Eq. (2.1) we find the following equation:

pe' = =sg + f(9), plag) =uj (@) = ujp, (2.11)

where the prime ' denotes differentiation with respect to w. Since this is a second order ODE
and the speed s is still undetermined, an extra boundary condition for ¢’ is prescribed, the
choice being dictated by stability and accuracy considerations. In [Har90] it is proven that if
uj > uj1 and ¢'(x5) = ¢ < 0, then there exists a unique s and ¢(z) that solve Eq. (2.11).
The speed s is found by solving;:

Uj+1 L
z=Ax .
/uj =s(z —uj) + f(2) = fuy) + pe] I ’ (212)

so that ¢(z) can be determined from the following formula:

o(x)
M — J— .
/uj T Ry OB A (2.13)
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CFL number A: 0 025 05 06 065 07 08 1

Reynolds number Re,(A): 2 26 36 39 41 43 45 49

Table 2.1: The range of CFL and Reynolds numbers for which Harabetian’s scheme is TVD.

Given uj, uj41 and gog-, the numerical flux for the travelling wave scheme as given in [Har90]

is defined by:

Hivjs = 19 (01 = 5508) = fp (4172 = 35A8)),

and the travelling wave scheme is:

At
n+l _ n TW TW
Uy = Uy — E(HjJrl/Q - ijl/Z)'
Define:
2 1
Re.(\) = su log | — ).
) nggl (1=X2)(1 —=2) 5 <Z>

To avoid oscillatory solutions around discontinuities, one would like the scheme to be total
variation diminishing (TVD). The travelling wave scheme is proven to be TVD in [Har90] if
the following is satisfied:

Re < Rex(N), (2.14a)
M2 41) <1 (2.14b)
Re - '

The upper limits of the Reynolds number as a function of A are given in Table 2.1. From Eq.
(2.14a) and (2.14b) it follows that 2A(1 — A) < Re < Re.(A). Since, according to Eq. (2.14b)
A < 1, this means that the TW scheme by Harabetian is restricted to cases with Re < 4.9
when one is interested in obtaining non-oscillatory solutions.

Optimal stability in the TW scheme by Harabetian is obtained by taking cp; = Uji11 — uj in
Eq. (2.12). Evaluating the integral in Eq. (2.12):

V20(uji1 —2;;) — (s — u;)? (ar(:tam<\/2M(7~tj+1ui+iliy‘;i (s — Uj)2>
- arctan< Y3 )) = Az, (2.15)

V20(uji1 — ug) — (s — uy)?

where:

2p(ujpr — uj) — (s —u;)” <0.



2 The viscous Burgers equation 11

To avoid having to work with complex numbers, we use the fact that arctan(iz) = iarctanh(z)
and write Eq. (2.15)as:

21 (arctanh((s — uj41)/A) — arctanh((s — uj)/A)>

— Az =0, 2.16
- : (2.16)
where:
A= /o1 —ug) — (5 —uy)?).
To find s a bisection method [vDDS™01] is used with left initial condition s; = —10 and right

initial condition the asymptote of Eq. (2.16): s, = %(U?H - U?)/(Uj+1 —u;) + p (see also Eq.

(2.12)). Analogously to deriving Eq. (2.16), we obtain from Eq. (2.13):

2u (arctanh((s —¢(x))/A) — arctanh((s — u])/A)>
A

—x+x; =0,
from which it follows that:

(2.17)

o(x) = 5 — Atanh <2ﬂ arctanh ((s — ZJZ/A) - xjm).

Differentiating the expression for ¢(z) in Eq. (2.17) we obtain:

() = ,24;; <tanh2 <2u arctanh ((s — u;Z/A) + (z — xj)A> B 1>.

Besides using a bisection method to determine s as mentioned above, we also consider an s

determined by using a 2-point Gauss method to evaluate the integral in Eq. (2.12) leading

to a quadratic equation for s. First we define a mapping F' : R — R between [—1, 1] and
[, ujy1] as:

Wji1 — U;

2= P(€) = 3(uj +ujn) + =5 —E

Using this mapping, Eq. (2.12) can be written as:

L (it — s ' K — Az
3 (41— ) / “S(F©) —wy) + F(FE) — fluy) T g, © =B (2.18)

Define G(¢) as:

B H
O = SO =) + FF©) — Fup) 1

By applying the 2-point Gauss integration technique on Eq. (2.18) we obtain the following

quadratic equation for s:

5(ujr — ) (G(=V/1/3) + G(V/1/3)) = Aw.
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Solving for s, the speed is given by the following expression:

—AD + h(CD + BE) — AB+ F
2hBD ’

S+ =
where:
A= Lulujin — ), B=o(—=V1/3) —u;, C = f(o(=+/1/3)) = f(u;) + pe

D = o(\/1/3) —uj, E = f(p(v/1/3)) — f(u;) + pe},
_l’_

F = ((AD)? — 2AD*CAz + 2ADBEAz + 2A’DB + (AzCD)? — 2Az*CDBE
+2A2CDAB + (AzBE)? — 2AzB2EA + (AB)?)*

We take s such that the entropy condition for a shock is satisfied. For the Burgers equation:
uj > s > uji1 (see also [Rhe05] for details on the entropy condition for shock waves).

As stated before, the travelling wave scheme can only be used if u} > w7, ;. If this is not
the case a centered difference scheme to the viscous and hyperbolic terms is used. We use

Richtmeyer’s two-step procedure:

n+1/2 1 n n At n n MAt n n n
ity = 5 (W +ufin) — 5= (f(ufn) = F(uf)) + g (uf = 2ufy o + ),

n n At n+1/2 n+1/2
=y - P - £ ).

As mentioned above, we take s such that the entropy condition for a shock is satisfied, but it

u

is possible that both s_ and sy do not satisfy the entropy condition. This occurs when the
difference between u; and u;11 is very small. To prevent this from happening we only use
the travelling wave scheme if ui —ujyy > 108, Furthermore, we do not use the travelling
wave scheme if the previous point was calculated with Richtmeyer’s procedure, for then no
travelling wave flux term has been calculated at that point which is needed to join the two

schemes together.

2.2.3 'Weekes’ travelling wave scheme

In [Wee98|] a function ®(x,t) is constructed to approximate the exact solution wu(z,t) of Eq.
(2.1). This profile, ®(x,t), consists of travelling waves ¢ i+l (w) that interpolate the data
at = xj and ¥ = x4 at time t,. Defining w =  — ;115 — sj11/2(t — tn), where
Tjy1/2 = %(mj + x11), the interpolation requirement for Pl is:

P+l (- 3Az) =uj, Pi+i (347) = ujy,. (2.19)

If u} < wuj,, there are no travelling wave solutions u = ¢ to Eq. (2.1) and Eq. (2.19). Instead,
@41 is taken to be a travelling wave solution to the modified PDE:
2
Ut + f(u)a: = Mgy, f(u) = %u27
where [i = ,usgn(u? — u?_H). The @i 1 are therefore solutions to the ODE:
2

—s¢’' + f(o) = p”. (2.20)
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Since this is a second order ODE and the speed s is unknown, three constraints are needed
to obtain a particular solution, ¢ j+1- Two constraints are given by the interpolation require-
2
ment. As a third constraint, ¢ il has to satisfy the conservation requirement:
2

%Ax Az, n n
/_leapj+% dw = S (uf +ufyq). (2.21)
2
Note the difference with the TW scheme of Harabetian. Harabetian did not have a con-
servation requirement, but instead prescribed ¢’, his choice being dictated by stability and
accuracy considerations.
The motivation behind the conservation requirement is that as p — oo, the travelling wave
profiles steepen and become step functions. The conservation requirement forces the discon-
tinuities to occur at cell interfaces, x;;1/o, at time ¢, and so, in the limit, the constructed
profile ®(x, t,,) agrees with the piecewise constant profile of Godunov’s method for the inviscid
problem.

In [Wee98] it is proven that if f(u) is convex, there exists an s and a ¢(w) that solve the
problem given by Eq. (2.19), (2.20) and (2.21). From Eq. (2.20):

i
dw = dep, 9.9
T (2:22)

where c¢ is a constant of integration. It follows that:

LA /W) / d (2.23)
w+ 5Axr = , .
2 U _590+f(()0)+c 4

J

and, using Eq. (2.19), the interpolation requirement becomes:

A /uj+1 i d 2.24
v Uj _890+f(90>+c & ( )

Multiplying Eq. (2.22) with ¢ we obtain:
fip
—sp+ flp) +c

pdw = de.

Using Eq. (2.21), the conservation requirement becomes:

LAZ(u; + uj41) /Uj+1 L2 d (2.25)
5 AT U5 U4 = . .
2 ! T U —Ssp + f((,O) +c v

The system consisting of Eq. (2.24) and (2.25) is solved simultaneously for the unknowns s
and ¢ and, along with Eq. (2.23), gives the solution for ¢(w).

In [Wee98] it is suggested to use Newton’s method to solve this system, and for the cases
where the Jacobian of the iteration matrix is large, to use asymptotic approximations for

ijJr%'
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As initial condition for the Newton method we use a 2-points Gauss method to evaluate the
integrals in Eq. (2.24) and Eq. (2.25). In Section 2.2.4 we show that using the s and ¢
calculated only with the Gauss method results in approximately the same solution as when
applying the Newton method. This is explained as follows:

An integral of the form:

Uj+1
I :/ f(u) du
uj
can be approximated with T using the 2-points Gauss method resulting in:
I =T+ 0(juj1 —ugl®).

Since |uj11 — u;| in our cases is small, O(|uj1+1 —u;|3) is small and T is a good approximation
to I resulting in good approximations for s and c.
Using a Gauss integration technique (as was done in Section 2.2.2) we can solve Eq. (2.24)

and Eq. (2.25) simultaneously to find the following initial expressions for s and ¢:

_tus Az(uf + i) + 120(uj1 — uj) + 4Azujuj4
2 ’ 12Az )

An expression for ¢(w) can be obtained by first evaluating the integral in Eq. (2.23) leading

to:
2 — u; —
S <arctanh<&> — arctanh<&>> =w+ %Ax.
52 —2c s2 —2¢ s2 —9c

This equation can be solved for p(w) leading to:

p(w) = s+ Atanh (4[‘ arctanh ((u; — 5)/A) = (2w + Aa:)A>,

4ji
where:
A=1+/s%—2c. (2.26)

It follows that:

A2 (tanh2 (4ﬂarctanh((uj*S)/A)f(ZerAx)A) _ 1>

/ 4
¢'(w) = 5

The numerical scheme for the viscous problem Eq. (2.1) is derived by integrating the equation
over the j* cell from time ¢, to time t, 1,

Tit} Tit} tn+1
u(z,tyy)de = u(z, t,) de — t (f(u) — Mum)(ijr%,t) dt
x x 1 n

i=3 i=3

[0 = e,y
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In [Wee98] three versions of a travelling wave scheme are given. We only consider the first
scheme since the other two schemes are simple extensions of the first scheme. Approximating
u;j with the cell average of u:

_ 1 Ti+d
= A_x/x *u(x,ty,) dz,
i

1
2
the travelling wave scheme is given by:

At
M=l — E(HTW(uj’ujJrl) — H™ (u;-1,uy)),

u

where:

1 tn+1
A (g0 = 57 [ (®) = p®o)lay, g 00

M (2.27)
- E/o (f(pjp1) = poy 1) (w) dw,

which, for fixed p is second-order accurate on smooth solutions. The stability condition is
satisfied if At is of order Az?.

As mentioned in the introduction, when u; < u;11, viscous rarefaction fans are replaced by
entropy-violating travelling waves. Numerically, this poses a danger only when the rarefaction
is sonic, that is, if the characteristic speeds, f’(u;) and f’(uj41), are of opposite signs. When
this occurs, a sonic entropy fix may have to be employed. The sonic point w = @ is found by
solving f/(¢(@)) = 0:

4parctanh(s/A) — 4parctanh ((s — u;)/A) — Az A
2A ’

(D:

with A given by Eq. (2.26). If & is beyond the region between 0 and —sAt, no entropy fix
is needed and H™W remains as in Eq. (2.27), where the total quantity of f(¢) — @’ that

passes through the interface To1 from time t, to t,41 as the travelling wave moves with its
2

speed s, is calculated. Otherwise, if & is between 0 and —sAt, HTW is computed as:

™Y = [ (0) = i) do + (=550 = ) (£ 0) — 1)@,

The travelling wave starts moving through the interface with speed s. When the sonic point
is encountered, the profile is kept stationary and the flux is calculated as if the wave speed
were zero. In the implementation the integral term is computed using the 2-points Gauss
integration method. In [Wee98] it is shown that with this entropy fix, the resulting flux is the
Godunov flux f((0)), plus an additional nonpositive term. Furthermore, with this entropy
fix, the TW scheme for 4 — 0 is first-order accurate and generates TVD, entropy satisfying
solutions.
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2.5 T T T T T T T
Exact
A Weekes
O  Harabetian
2 *  Centered difference | ]
15}
>
l -
0.5

Figure 2: The solution for u(z,t) calculated using the TW schemes by Harabetian and Weekes
and a centered difference scheme. In this case: A = 0.65, Re = 4.0, At = 0.01625, Az = 0.05
and 200 time steps. These parameters correspond to a viscosity coefficient of p = 0.025 and
a final time of ¢t = 3.25.

2.2.4 Numerical results

As mentioned in the introduction, we consider the travelling wave scheme for the viscous
Burgers equations given in Section 2.2.1.

Test case 1

For this test case we used the following parameters: A = 0.65, Re = 4, At/Ax = 0.325,
Az = 0.05 and we did a total of 200 time steps. This situation corresponds to a viscosity
coefficient of ;1 = 0.025, see Eq. (2.10). This is the same test case as was done in [Har90]. In
Figure 2 the solution for u(x,t) is depicted using the different schemes. In Section 2.2.2; we
mentioned that we consider calculating the speed s from Eq. (2.12) using a bisection method
or using a Gauss method. In Figure 3a we depict the pointwise error |uj — u| of the TW
scheme by Harabetian for both ways of calculating s.
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Harabetian Weekes Centered difference

Gauss Bisection | Gauss Newton

lup —ullz | 0.041  0.016 | 0.0043  0.0042 0.0126

Table 2.2: L2-norm of the error in the TW-schemes at ¢t = 3.25.

Similarly, for the TW scheme by Weekes, we considered calculating s and ¢ using a Gauss
method or applying a Newton method. The pointwise errors |u; — u| are depicted in Figure
3b. The reason for the different behavior of the pointwise error for Weekes” TW scheme
when using a Newton method as shown in Figure 3b for x € [2.4, 3] is because in this region
|uj — wujy1] is small. As mentioned in the previous section, in these regions Weekes [Wee98]
uses asymptotic approximations since the Newton method has difficulties obtaining a solution
when |uj — ;1] is small. We did not implement these asymptotic approximations.

From Figure 3 we see that the error in Weekes’ scheme is one order smaller than in Hara-
betian’s scheme. Furthermore, we see that in Harabetian’s scheme using the Gauss method
results in larger errors than when using a bisection method. For Weekes’ scheme the difference
between Gauss’ integration and the Newton method is minimal. This can also be seen by
looking at the L? error in Table 2.2.

Test case 2

In this test case we use the following parameters: Ax = 0.2, u = 0.5, a diffusion number of
DN = 0.05 (found by trial and error) and 2000 time steps. The time step At satisfies:

. 2
At < M’ (2.28)
7’

where DN is the diffusion number. We use At = 0.004. We only consider the TW scheme
by Weekes, because Harabetian’s method is not stable for these parameters. In [Wee98] no
stability or TVD analysis is given for the TW scheme we implemented, but we did not run
into any problems doing this test case. The solution of u(x,t) is depicted in Figure 4a. In
Figure 4b the pointwise error |uj — u| in the travelling wave scheme using a Gauss method
or a Newton method is depicted. As in the previous test case, the difference between Gauss’
integration and Newton’s method is minimal. This can also be seen by looking at the L2
error: for both methods [Juj — u/2 = 0.0058.
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(a) Harabetian’s TW scheme.
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(b) Weekes’” TW scheme.

Figure 3: The pointwise error |uj — u| in the travelling wave schemes at t = 3.25.
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(a) The solution for u(z,t).

—%— using Gauss
using Newton
107t ]

X
(b) The pointwise error |un — ul.

Figure 4: In this case: Az = 0.2, p = 0.5, diffusion number = 0.05, number of time steps
= 2000, At = 0.004, with the TW scheme by Weekes. The final time is ¢t = 8.
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Centered difference
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Figure 5: The solution for u(z,t) calculated using the TW scheme and a centered difference

scheme. The solution is depicted at t = 0.02. A viscosity coefficient of g = 2.0 and a spatial

mesh width of Az = 0.02 was used.

Test case 3

In our last test case we consider the viscous Burgers equations with periodic boundary con-

ditions:

ug + f(u)y = pugy, flu) = %u2, with x € [0,1], t € RT,

with initial condition given by:

u(z,0) = sin(2rx — §) + 1.

We use the following parameters: Ax = 0.02, u = 2.0, a diffusion number of 0.05 and 2000
time steps. Our time step is At = 1.0 - 1075 which satisfies Eq. (2.28). The solution u(z,t)
is depicted in Figure 5. The solution of the TW scheme calculated with the Gauss method is

exactly the same as the solution calculated with the Newton method and approximately the

same as the solution determined with the centered difference scheme.

2.2.5 Conclusions

We saw in the previous section that the error in Weekes’ scheme is much smaller than in

Harabetian’s scheme for the given test case. Furthermore, we saw that for Harabetian’s
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scheme to be TVD, the restrictions in Eq. (2.14a) and (2.14b) have to be satisfied where as
for the TW scheme by Weekes, we only need At to be of order Ax? for stability. Therefore
we continue with Weekes’ scheme. Another reason to use the TW scheme by Weekes is that
we do not have to use a different scheme for the case where a travelling wave solution does
not exist.

We also tested the TW scheme using the s and c¢ calculated using only the 2-points Gauss
method for the integrals in Eq. (2.24) and Eq. (2.25) and using the Newton method and saw
no significant differences, meaning we can use the cheaper Gauss method instead of Newton.
In the next section we will modify the TW scheme by Weekes slightly so that we can apply
the TW scheme to DG-FEM.

2.3 The travelling wave scheme in DG-FEM
2.3.1 Introduction

In this section we will modify the travelling wave scheme by Weekes such that we can apply
it to DG-FEM. We consider the viscous Burgers problem as given by Eq. (2.1) and (2.2) with
initial condition given by Eq. (2.3).

We will compare the results obtained with the DG-FEM travelling wave (DG-TW) scheme
to the results obtained with the method of Bassi and Rebay.

2.3.2 The DG-TW scheme

As in [Wee98|, we construct a function ®(x,t) to approximate the exact solution u(z,t) of
Eq. (2.1). This profile, ®(z,t), consists of travelling waves ¢;(w) that interpolate the data

at ¢z = T 1 and x = x_, 1 at time ¢,. Defining w =z —z; — sj(t — t,), the interpolation

2 Itz
requirement for ¢; is:

o(—haw) =

I pi(3Az) = u?, (2.29)

where Ax is the spatial mesh width and uj_y and u} are the mean values of u on cell j —1
and j, respectively, at time t = t,,. If uy_y <uj there are no travelling wave solutions u = ¢
to Eq. (2.1) and (2.29). Instead, ¢, is taken to be a travelling wave solution to the modified
PDE:

Ut + f(u)a: = Mgy, f(u) = %u27
where [i = ,usgn(ﬂ?_l — a?) The ¢; are therefore solutions to the ODE:
—s¢’ + f(p) = " (2.30)

Since this is a second order ODE and the speed s is unknown, three constraints are needed to
obtain a particular solution, ¢;. Two constraints are given by the interpolation requirement.
A third requirement that ¢; has to satisfy is the conservation requirement:

1Az
2 JAV A B
/1 pjdw = —=(aj_y +a5). (2.31)
b TAY



22 2 The viscous Burgers equation

Note that, unlike for inviscid numerical fluxes, we use the mean data of u in the (j —1)* and
7% element (which are second order approximations to u;_; and u; respectively) instead of
the left and right trace of u on the j* face. The motivation behind this is the following:

Let wup(x,t)|x, = @j + @xtpj(x) be the approximation of u(x,t) on the j* cell, then:

/ u(z,t)de = / up(r,t)|Kk,_, dv —|—/ up(v,t)|k, dx
K',lUKj K;_1 K,

J J J

= / Uj—1 dr + / Uj dx (2'32)
K;_q K

J J

= Am(ﬂj_l + ﬁj),

and so the conservation integral of u(x,t) over both cells adjacent to face j equals the integral
of the means of u(z,t) on both cells adjacent to face j. Therefore, if we halve the cell size we
should obtain:

%AJ}
/ u(z,t) de ~ %(ﬂ?_l + u}),

1
§AJ1

from which Eq. (2.31) follows. If we were to take the traces of u on the j' face, we would
not satisfy the conservation constraint, Eq. (2.32). Note that we do not take:

Ax Ax

/ u(z,t)de = / pjdw = Ax(ui_; +uf), (2.33)
—Azx —Azx

as conservation requirement, even though this is an exact expression. The reason for this will

become clear soon.

In [Wee98] it is proven that if f(u) is convex, there exist an s and a ¢(w) that solve the

problem given by Eq. (2.29), (2.30) and (2.31). From Eq. (2.30):

LA o) i d 2.34
+ 541 = : :
R / “spt f(@) te "t (239

where c is a constant of integration. The interpolation requirement, Eq. (2.29), becomes:

UJ' Ia
Ar = dp, 2.35
! /uj1 “sp+ fp) re Tt (2.35)

and the conservation requirement, Eq. (2.31), becomes:

Az (= = " IE’SD
S (Uj—1 T uj) = dep. 2.36
2 (U:j 1 U:j) /le —sp+ f(QO) +e % ( )

If we had taken the conservation requirement satisfying Eq. (2.33) we would not have been
able to obtain Eq. (2.34), (2.35) and (2.36) since ¢(—Az) and ¢(Ax) are unknown.

The system consisting of Eq. (2.35) and (2.36) is solved simultaneously for the unknowns s
and ¢ and, along with Eq. (2.34), gives the particular solution for ¢(w).
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As stated in Section 2.2.3, one could use a Newton method to solve this system or we could
use a 2-points Gauss method. By applying the Gauss integration method (see Section 2.2.2
for more details on how to do this) on the integrals in Eq. (2.35) and (2.36) we obtain a
simple system which can be solved simultaneously for s and c:

. Uj—1 + Uj

S—f, c=

Az(ai ) +u3) + 120(tuj — Gj-1) + 4Aza; 11,
12Ax '

An expression for p(w) can be obtained from Eq. (2.34):

dfuarctanh ((@;-1 — s)/A) — (2w + Ax)A
‘Pj(W)ZS-i-Atanh( jrarctanh ((@; -1 42)/) (2w + Ax) >

where:

A=1+/s52—-2c.

It follows that:

A2 (tanh2 (4ﬂarctanh((ﬁjﬂZS)/A)7(2w+Ax)A) _ 1)

@i (w) = o7

If 4; > w41 we introduce the following numerical flux:

HPCIW (w1, 1;) = f(95(0)) = 1} (0), (2.37)

where w = 0 is the position of the discontinuity at time ¢t = t,,.
As in the previous section, if 4 < @;1, we determine the sonic point w = @, where f/(p(®)) =
0. If & > 0 or & < —sAt no entropy fix is needed and HP%~TW remains as in Eq. (2.37).
Otherwise, if & is between 0 and —sAt, HPE~TW is computed as:

DG-T - — ~ ~

HPS W (@51,15) = [(5(@)) — ne(@).

Multiplying Eq. (2.1) by a test function v in each element K}, integrating over each element
K}, and summing the local weak formulation over all elements, we obtain the following global
weak formulation for the viscous Burgers equation:
Find a u € V}, such that B(u,w) = 0, Yw € V}, with:

N
B(u,w) :/ wutdx—/ wxfdx—l—,u/ wmuxdm—i-Z/ wHDG*TW(ﬁj_l,aj)ds,
Qn Q Q i oKy,

where V}, is defined in Section 2.1.1.

2.3.3 Testing the DG-TW scheme

In this section we will test the DG-TW scheme against the method of Bassi and Rebay.
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exact
A DG-TW| A

u(x,t)

20 40 60

Figure 6: The solution for u(z,t) calculated using the DG-TW scheme. The solution is
depicted at ¢t = 0.02. A viscosity coefficient of 1 = 2.0 and a spatial mesh width of Az = L/64
was used.
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Test case 1

We will determine the solution of Eq. (2.1) and (2.2) with initial condition given by Eq.
(2.3) at time ¢t = 0.02 using a viscosity coefficient of u = 2.0. We consider a spatial domain
of length L = 120 with Q = [—60,60]. See Figure 6 for the solution. The solutions of the
DG-TW scheme are compared to solutions calculated with the method of Bassi and Rebay.
We determine the L?- and L*-norms of the errors as follows:

uF = oo := max{|uf —u;| : 1 < i <n},

n 1
ol o= (203 (= 0)*)
i=1

where k is the number of cells in the grid, Az = 1/k the cell width on the coarsest grid and
x; is the i*" grid point on the grid with & cells.
The results of the order behavior are depicted in Figure (7). We see that there is no significant
difference in the solution when using the DG-TW scheme or the method of Bassi and Rebay.
Both schemes show second order behavior. We also see that determining the solution by using
Gauss or Newton makes no difference. These can also be seen in Table (2.3).
To determine how much the viscosity plays a part in the scheme, we determine the ratio
viscous/inviscid contributions in the method of Bassi and Rebay and of the DG-TW scheme.
This ratio was determined in the calculation of the means as well as in the calculation for
the slopes. In Figure 8 these ratios are depicted along the x-axis. We see that in the shock
region, x € [0,20], the viscous contributions certainly play a major part in the solution. We
also see that the ratio in the calculation of the means are similar for the Bassi and Rebay
method and the DG-TW scheme, but the peaks of the ratios in the calculation of the slopes
between both methods are slightly apart.

Remark. In the calculation of the ratio viscous-/inviscid contributions, we set the ratio equal

to 0 if the inviscid contributions were 0.

Test case 2

To show that the DG-TW scheme also works for other problems, we considered the viscous

Burgers equation with periodic boundary conditions:

up + f(u)y = pugy,  f(u) =4u?, with 2 €[0,1], t € RY,
and initial condition given by:

u(z,0) = sin(2rx — ) + 1.

Figure 9 depicts the solution using the DG-TW scheme and the method of Bassi and Rebay
at t = 0.02 calculated on a grid using 64 cells, a viscosity of 2.0 and a diffusion number of 0.05.
The difference between the DG-TW solution and the Bassi and Rebay solution is depicted in
Figure 10. We see that the DG-TW scheme and the method of Bassi and Rebay agree very
well with each other. We do not test this any further for a scalar equation.

Remark. Doing these test cases, no situations occurred in which the entropy fix had to be
applied.
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Figure 7: Comparing the order behavior of the DG-TW scheme against the order behavior

using the method of Bassi and Rebay. In this case: pu = 2.0, diffusion number DN = (.05,
time ¢ = 0.02.
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Figure 8: Comparing the ratio viscous/inviscid contributions, in the calculations of the means
and slopes, in the method of Bassi and Rebay and in the DG-TW scheme. In this case:
p = 2.0, diffusion number DN = 0.05, time ¢ = 0.02 and Az = L/512 with L = 120.



28 2 The viscous Burgers equation

Bassi and Rebay DG-TW Gauss/Newton
Ar | flun—ulle P flun—ullz p | llun—ullc p  [lun—ull2 p
L/16 | 0.0796 - 0.307 - 0.0789 - 0.305 -
L/32 | 0.0442 0.8 0.128 1.3 | 0.0440 0.8 0.127 1.3
L/64 | 0.0121 1.9 0.0361 1.8 | 0.0121 1.9 0.0359 1.8

L/128 | 0.00343 1.8 0.00929 2.0 | 0.00344 1.8 0.00929 2.0
L /256 | 0.000867 2.0 0.00234 2.0 | 0.000872 2.0 0.00235 2.0
L/512 | 0.000218 2.0 0.000586 2.0 | 0.000220 2.0 0.000591 2.0

Table 2.3: Norms of the method of Bassi and Rebay and the DG-TW scheme. The order is
denoted as p.

Bassi & Rebay
18p *  TW-Gauss )

161

14}
12 A
0.84 A

0.6

u(x,t)

0.4

0.2

Figure 9: The solution for u(z,t) calculated using the DG-TW scheme and the method of
Bassi and Rebay. The solution is depicted at ¢ = 0.02. A viscosity coefficient of y = 2.0 and
a spatial mesh width of Az = 1/64 was used.
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Figure 10: The difference between the DG-TW solution and the Bassi and Rebay solution for
u(zx,t). This difference is depicted at t = 0.02. A viscosity coefficient of ;1 = 2.0 and a spatial
mesh width of Az = 1/64 was used.

2.4 Conclusions

In this section we considered travelling wave schemes introduced in [Har90] and [Wee98]. It
turned out that the TW scheme introduced by Weekes is more suitable to use than the TW
scheme introduced by Harabetian. We also considered two ways of finding roots of the non-
linear equations. In [Wee98] it is suggested to use a Newton method to find these roots. We,
however, found that using a Gauss method gave the same results at much lower cost.

We modified Weekes’ TW scheme in Section 2.3 so that it could be applied to DG-FEM. This
resulted in the DG-TW scheme. The DG-TW scheme was compared to the method of Bassi
and Rebay, the standard way of treating second order derivatives in a DG method, in a test
case of which we verified that the viscous contributions in the algorithm play an important
part in the solution. We see that there was no significant difference in the solution when
using the DG-TW scheme or the method of Bassi and Rebay and that both schemes show
second order behavior. We also see that using Gauss or Newton in the DG-TW scheme gives
the same results.

Furthermore, the DG-TW scheme is easier to implement than the Bassi and Rebay method,
since, once the inviscid Burgers equation is implemented, one needs only to modify the flux
function and add a viscous volume term. It is therefore also cheaper than the Bassi and
Rebay method: the costly lifting operators and viscous contributions are not needed.

The DG-TW scheme is a scheme evolving from the physics of the system. Inviscid and viscous
contributions are not split. The method of Bassi and Rebay, on the other hand, is a scheme
separating the flux at element faces into an inviscid and a viscous contribution. A penalty
term is introduced for stability reasons, penalizing the discontinuity at the element faces
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without making a distinction if it originates from the physics or from the use of discontinuous
polynomials. So, besides being easier to implement and less costly, the DG-TW method is
also based on the physics rather than only the mathematical properties.
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3 1D Navier-Stokes equations

In this chapter we analyze the TW-scheme introduced in [Wee98] for the 1D Navier-Stokes
equations. Afterwards we will adapt this scheme so that it can be applied to DG as was done
in the previous chapter for Burgers. We start this chapter by deriving a dimensionless form
of the 1D Navier-Stokes equations (see [Kla04]).

3.1 Dimensionless form

Consider the Navier-Stokes equations in dimensional form:

Ut + Fe(U):v = Fv(Ua Um):va

where:
P pu 0
U= |pul|, FU)=| pu>+p |, F°(UU,)= %,uum ,
pE u(pE + p) % puty + KT,

Here p is the density, u the velocity, p the pressure, £ = e + %uQ the total energy, e the
internal energy, T the temperature, y the dynamic viscosity coefficient and k the thermal
conductivity coefficient.

Assuming a calorically perfect gas, the pressure p and internal energy e are given by the
equations of state:

p = pRT,

e=c,T,

where ¢, and ¢, are the specific heats respectively at constant pressure and constant volume
and R = ¢, — ¢, is the specific gas constant.

The magnitudes of the dimensional quantities involved in the Navier-Stokes equations are
given in terms of the four fundamental magnitudes mass [M], length [L], time [T] and tem-
perature [#]. Our non dimensionalization is based on the recurrent set of reference values
{Poos @oos T, L} With an, the free-stream speed of sound defined as:

oy = /VPoo’
Poo
and L a characteristic length scale. The dimensionless form of the Navier-Stokes equations
[Kla04] is given by:
C(Ut” + Fe(U)j — FU(U, Ni‘)i‘) =0,
where:
p i 0
U= |pu|, FU) pil+p |, FU(U,
pE a(pE + p) 1 pai; + RT;

§

8
S~—
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Sy Lol
=
=3
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and:
Pooloo/ L 0 0
C= 0 Poot’. /L 0
0 0 Poctle/L

Since the form of the dimensionless equations is identical to the dimensional equations, the
tilde notation is ommited from now on. We consider flow problems defined by the following
eight parameters:

e the characteristic length L,

e the free-stream density poo, velocity us, and temperature T,

e the gas constant R and the specific heat at constant pressure c,,

e the free-stream dynamic viscosity pio, and thermal conductivity Koo,

Since the equations contain four fundamental magnitudes, according to the Buckingham’s Pi
theorem, four dimensionless Pi groups can be formed:

e the free-stream Mach number My, = s /oo,

e the ratio of specific heats v = ¢, /¢y,

e the free-stream Reynolds number Res = pootioo L/ fioo,
e the Prandtl number Pr = ¢ppioo /Koo,

The flow parameters can now be expressed in terms of the dimensionless Pi groups and the

recurrent set {poo, Goo, T, L}:

L
Po . _ 711R’ oy = Pootec Cphoo

Reow = 0 Pr°

R =
PooT oo

By definition poo = 1, @ =1, Too = 1 and L = 1 so that all values can be calculated once

Moo, Res and Pr are given:

R 1 1 M Moo
= — Cpy — ——— = — K = Cn.
AV Hoo Resw’ 0 RegPr?

Using these expressions we can write the dimensionless Navier-Stokes equations as:
U+ F(U)y = F*(U,Up)a,
where:
P pu 0

U= |pul|, FU)=| pu>+p |, F°(UU,)= %,uum ,
pE u(pE + p) %,uuum + kT,
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with:

Res’ Pr’

1

In [Wee98] a Prandtl number of Pr = 0.75 is assumed resulting in x/c), = % w. For a calorically
perfect gas, the enthalpy is given by:

h =c,T.

Using these assumptions, and using e = h — p/p, the Navier-Stokes equations are given as:

Ui + FE(U)GC = FU(Uv Ua&)xa (3.1)
where:
p pu 4 0
U= |pu|, F¢U)= pu>+p |, F'(UU,) = 3H Uy
pE pu(h + $u?) (h+ %uQ)m

In [Wee98], the following form of the Navier-Stokes equations is used:

Ui+ F(U)y = pG(U) 3, (3.2)
where:
p pu
1
U=|pu|, FU) =| pui2+p |, G(U):% u . (3.3)
pE pu(h + 3u?) T+ Tu?

For us it is unclear how the step is made from Eq. (3.1) to (3.2) since (y + 1)/2y = 4/3
results in a v smaller than 1 which is physically not possible. However, we do continue with
the dimensionless form given by Eq. (3.2).

3.2 Weekes’ travelling wave scheme

The travelling wave scheme is based on assuming travelling wave solutions of the viscous Rie-
mann problem. In [Wee98] a travelling wave scheme was developed for the one-dimensional,
compressible Navier-Stokes equations. This scheme is different from other methods in that
the viscous part is not split from the hyperbolic part of the equations. In this section a viscous
Riemann solver is derived solving the local Riemann problem by interpolating each adjacent
data pair via three waves.

A function ® will be constructed to approximate the exact solution U(x,t) of Eq. (3.2), which
will interpolate the given data such that:

q)(xj’tn) = U(xj’tn)a V. (3'4)

The Navier-Stokes equations admit three distinct eigenvalues, A < X2 < XB3) Agsociated
with A1) and A®) are genuinely nonlinear characteristic fields and associated with A\ is a
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Figure 11: Structure of the solution for the viscous Riemann problem

linearly degenerate field. Within the genuinely nonlinear fields, shock waves or rarefaction

waves are formed. Since we want to approximate the exact solution U(x,t) of Eq. (3.2)

with travelling waves, rarefaction waves are treated as entropy violating shocks. Consider the

profile & = @, 1 joining U; to Ujiy as being made up of a I travelling wave <I>]I.+1 (x,t) =
2 2

<p]1.+ 1 (w) with speed s connecting Uj to a state U}, followed by a diffusion wave @Jli 1 (z,t) =
2 2

gpﬁ_%(w) connecting U to a state U; in the second field, and @;ilé (x,t) = gpjf,f% (w), a IIT
travelling wave with speed s3 connecting Uj to Uj;1. Here w = x — Tjpl =Sl (t —t,) and

Tj1= %(mj + 2;41). The profile ® therefore can be described as:

_ 1 . I gprx 11T pr*
q)jJr% —Uj= <q)j+; - UJ) + <q)j+; U1> + <¢j+2 U2>' (3.5)

See Figure 11 for the structure of the Riemann problem.
There is conservation of U in the sense that:

Tj4+1
/ ’ ®(z,t,) dr = 2Ax(Uj + Ujp).
z;

or equivalently:

o-([ B ) do - 82U, + un)+(/ P ) ds - 27 + )

1 1
SAx SAz

1Az

2

w0 - s+ U
~1Az

The viscous Riemann solver which gives the ¢ and U; and Uj is described in Section 3.2.2.
Using the travelling wave scheme, Weekes introduces three numerical fluxes, H, OT W HTW and
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HQT W which are calculated via a standard flux-difference splitting formulation:

H{Y (U}, Uj) = F(U;) = [HE(U;, UY) — F(Uy)]
+ [H(UY, U3) = F(UY)] + [HY (U3, Uj1) — F(U3)),
where k = 0,1,2, and H, i the numerical flux corresponding to the Riemann problem in which
only the i-th wave appears. In Section 3.2.4 we give the analysis for the H rw flux, the other

two fluxes are simple extensions of the Hg W flux and are not needed when deriving a DG
version of the flux.

3.2.1 Travelling wave solutions of the Navier-Stokes equations

When the velocity on the right of a discontinuity is less than that on the left, there are no
travelling wave solutions U = ® for Eq. (3.2). We consider therefore, in the first and third
wave fields, travelling wave solutions,

of the modified Navier-Stokes equations:

where i = —sgn(u’/(w))u. The tilde notation will be used for the modified Navier-Stokes
equations. These tildes have no relation with the dimensionless form of the Navier-Stokes
equations. As in the scalar case, if u; < uj41, viscous rarefaction fans are replaced by entropy
violating travelling waves.

In this section we derive an equation from which we can determine ¢(w).

We start by transforming the problem to a frame moving with the shock. Denote the shock
speed by s, then the flow speed relative to the shock is v = s — u. The Rankine-Hugoniot
conditions (derived in Appendix A.2) give:

Q = pLVL = PRVUR, (3.6a)

v+ dv v+ dv
P = T8 = yre ,
pLvi + pL + 2y ’u<dw> = prV% + PR + 2 M(dw) (3.6b)

, 1,2 y+1./4d 1,2 1,2 y+1_(d 1,2
€= (hutded oo (b )>L = (bt gur)oront=g =i go(ht5v) )
(3.6¢)

and @Q, P and £ are constants. Note that v is measured positive in the negative w direction.
We can reduce the system to two equations for v and h, using p = ph(y —1)/:

7+1~dv_ vy—1h
g Q<v+ 12, (3.72)
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v+1

3
Consider now the case that w — oo, then the flow tends to a uniform state. From Eq. (3.7b),
since d(-)/dw = 0, this results in hy + 303 = £/Q, where (-)2 denotes the state at w — oco.
Therefore, according to [Whi74], the only solution that is bounded as w — —oo is:

d
jﬁ;@+%&):5—@@+%#) (3.7b)

h+ 10 =H, (3.8)

throughout, where H = £/Q. It follows that h+ %02 is the same on the two sides of the shock
as well as throughout the shock. Using Eq. (3.8) we can write Eq. (3.6b) as:

y+1_dv y+1 vy—1H

—j—=P- — — . 3.9
T =r-a( e (39)
The constants P, () and £ must be such that the right hand side vanishes for both v = v
and v = vy so:

+1 —1H
P:Q(V 7}1+7 _>
2y 7o

<7+1 7—1H>
= Vo + — .
2y Y V2

It follows that H must be such that:
+1 —1H +1 —1H
Q(v o4 2 —)—Q<7 S —>:0.

2y 7on 2y v ov2
We find:
v+1
2y — 1)1}102,
and P follows as:
P = ng;l(vl + vg).

Substituting these expressions into Eq. (3.9) we find:

(v1 — v)(v — v9) dv

Q - = i, (3.10)

with the relation:

2(y—1)
= —FH. 3.11
o = 2 (31)
Here (-); and (-)2 denote the states at —oo and +o0o0. From Eq. (3.10), we see that in the
limit Re — oo, so u — 0, we obtain v = v; and v = vy as the trivial solutions for v. From

Eq. (3.10) it follows that:

(Y

i
Q (v —v1)(v —v2)

dv = dw, (3.12)
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leading to:
v [L v w
- dv:/ dw, 3.13
Q= T Lia, (313)

which results in the following equation for v(w):

mw( )‘”““(

Solving for v(w) gives the travelling wave p(w) = s — v(w). In the next section we show how

v(w) — vg v(w) — vy

>) =w+ 1Az (3.14)

Vj — U2 V; — U1

to determine uy, uo and s where:

U =8 — U1, Uy =S5—Va. (3.15)

3.2.2 The viscous Riemann solver, I and 1] wave

The task of the viscous Riemann solver is to find the profiles ¢¢(w) for i = I, I, III and the
middle states U{ and Uy, given the states U; and U;jy1 at z; and xj41. How the profiles and
middle states are found is discussed in this and the following section.

Travelling wave solutions ¢! (w) and ¢!!!(w) are obtained by imposing requirements of inter-
polation and conservation. Given a middle velocity u, = u] = uj, we interpolate a travelling
wave solution, over wave I, such that:

Pl(—382) =U;, ! (3A2) = us, (3.16)

and require that the mass is conserved:

%Ax I )
| o) do = 4aale; + o). (3.17)
—5Az
Similarly, over wave I11, the interpolation requirement is:
P (A0) = Uy, ulf(~ bAx) — .
and the conservation requirement:
%Ax 117 1
[ @) o = $aales + pi)
—5Az
From Eq. (3.13) it follows that:

v} ﬂ v %A$
——= dv :/ dw,
/u- Q (v —v1)(v —v2) ~1As

J

which, by using Eq. (3.16), results in the interpolation equation for wave I:

(e ([2222]) o ([222))) - e -

vl — 2 vl — v

’U]'—UQ ’Uj—’Ul
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Multiplying Eq. (3.12) by the density p!(w), and using Q = pv from Eq. (3.6a) we obtain:

i
(v —v1)(v—v9)

dv = p(w) dw,

resulting in:

v = w w.
b (0= v)(v— ) ias”

J

From the mass conservation requirement, Eq. (3.17) we obtain:

(=l

Solving Egs. (3.11), (3.15), (3.18) and (3.19) for w1, uz and s would allow us to define (!
1

vl — v vl — v

’Uj—’UQ

>> = 38z(pj + pi).- (3.19)

’Uj—’Ul

completely. Similarly, the analogous equations over wave III can be solved to obtain ¢
Where this inversion is to difficult, Weekes used asymptotic approximations to the viscous
profiles [Wee98|.

We guessed u, to obtain solutions for v}, u5 and s*, k = I, III. To determine whether the
guess is correct we need to determine the pressures in the intermediate states. The pressures
p] and p3 have to be equal since across a contact wave the pressure remains constant. If the
pressures p] and p3 are not equal a new u, has to be determined and u’f, ug and s¥, k=1, 111
have to be calculated again.

We have uy, s, p], Ej and u; for the first intermediate state. We can now determine the
pressure pj. From Eq. (3.8) and h = y(E — $u?) we obtain:

H=~(E; — %u?) + %(s — uj)2,
= (B} — $ud) + 5(s — u.)?,

which is constant. It follows that:

N 1
E} = ;(H — %(s — ui)) + %uz

Knowing that p = (E — %u2) p(y — 1) the pressure in the first intermediate state equals:
pi = (B — 3u)pi(y — 1)

The pressure in the second intermediate state, p3, is determined similarly. We need to deter-
mine the difference between the pressures p} and ps:

P(u.) = pT — p3. (3.20)

If P(us) # 0 then a new guess for u, can be obtained by using a bisection method for P(u.)
and the process of finding u’f, ug and s*, k = I, 111, needs to be repeated.

If u, = ul (3Az) = wH(—1Az) is such that p} = p/(3Az) and p; = p!/(—3Ax) are equal,
hence P(us) = 0, then we define:

Uf = ¢! (%Am),
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and:
= o ()

Since pu = sp — @), conservation of momentum over a travelling wave automatically follows

from conservation of mass, but since:

h H —1
pE = ,0(— + %u2> = (— + %32>p+ <LQ>U —sQ,
Y Y 2y

conservation of energy does not. Over the I wave an error Errl is made:

1
H 1 §Am
%Am<?+%52> (pj+p’{)—Ast+<77Q> / vdw = Az (p; Ej+piEY)+Errl, (3.21)

1
—5Az

and similarly, over the 111 wave an error Err3 is made.

3.2.3 The viscous Riemann solver, I] wave

As with a contact wave occurring in a solution to the Euler equations, the velocity is kept
constant at u, = uj = u3 across the II wave. A profile propagating with this contact speed
will be looked for. On either side of a contact the densities p] and p3 are not equal. These
will be connected through a monotone diffusion wave convecting with speed u,. The profile

is taken to be a function of the similarity variable w =z —z; 1 — Uy (t — tp):
2

o1 () = pa+ pberf(%), (3.22)

where erf(z) = % fox e~t*dt. The values pa and py, are such that p’! interpolates p} and pi:

p”< - %Aw> = /1, p”<%Aw> = 5.

As . — 0, the profile tends to a step function with states p} and p} on the left and the right,
moving with speed u, which is exactly the situation for an inviscid contact. In [Wee98] this
profile choice is motivated by observing the form of the solution to the convection-diffusion
problem Dy + aD, = vD,, [Liu86]. By choosing the density profile Eq. (3.22), the density is
symmetric about the line p = p(0) = 2(p} + p3), and conservation of mass,

342 11 1 x| %

/ P (w)dw = 5Az(py + p3),
—%Ax

holds automatically. Since u is constant over the profile, momentum conservation also follows.

So far, conservation of mass and momentum hold over all three wave. A pressure profile p'/ (w)

will be constructed to ensure energy conservation.

A similarity solution for the pressure p’!(w) is assumed with a profile given by the diffusion

P (w) = p. +po<eXp < — %) —exp ( — i—f)), (3.23)

wave:
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such that:
p”(—%Aw> =p} =ps, p”(%Afv> = pb = Pa-

The function for p!! given in Eq. (3.23) is symmetric with a centered bump with width
and height diminishing with p to give a constant pressure profile in the limit. This function
is assumed so that energy conservation over the waves can be achieved by choosing the pg

appropriately.
Since pE = % + pu:
%Ax 1 %Ax %A$
/ pEdw=—— P (W) dw + / su?dw, (3.24)
—%Ax Y= 1 —%Ax —%A$

has to hold. We know that in the intermediate states u = wu, is constant. Furthermore, we
know that mass and momentum are conserved. Using the definition @ = pv, from Eq. (3.24)
we obtain that the following must hold:

1Az 1 1Az 34z
/ pEdw=—— P (W) dw + / (2pu? — u.Q) dw, (3.25)
—%Ax Y- 1 —%Ax —%A$

however, from Eq. (3.21) we know that an error Errl is made as well as an error Err3. In

Eq. (3.25) the last integral on the right is conserved. For energy to be conserved, pg is chosen
such that:

1

1 sAx .

LI P (W) dw = Az P

Y1/ 1ae Y-

. (Errl+ Err3),

where p, is the constant value of the pressure in the intermediate states and pg was introduced
in the pressure function Eq. (3.23) to obtain energy conservation.

3.2.4 The numerical flux

Once the Riemann problem has been solved and ®(x,t) has been defined, the numerical flux

that defines the TW scheme in the finite volume context is given by:

i L[t i i
Ty Uy = 7 [ (P8 = nG@),) ) (3.26)

where s = I,11,111.
We will start computing Hy in the first and third fields, where ®%(x,t) = ¢*(w) are travelling
wave solutions to Eq. (3.2) with p replaced by ji. Substituting ¢¢(w) into Eq. (3.2) with u
replaced by ji and integrating, we obtain:
‘ - 4G(e")
At (o) = —\ 7/
st + F(p') = i—~

where k is an integration constant which is determined by taking the limit w — —oo for then

+ k,

—sp1 + F(¢1) = k, where ¢ is a constant state of the profile ¢ at —oco. It then follows that:

F(@) — pG(@); = Flgn) + 5(¢' — 1) + (i 1) 202, (3.27)
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Using Eq. (3.26):

Hi 1 /tn+1 (F( ) ) it + 1 /tn+1 ; N (N )dG( Z) it
= — -5 -— s — )= .
0= At . ¥1 $1 At J, ¥ H=p dw ¥

Use w = —s(t —t,) at © = x; to transform the second integral. We obtain:

; 1 tnt1 1 —sAt i - dG i
HOZE (F(gol)—ssol)dt—w ; sp +(u—u)%(s0)dw,

tn
resulting in:

o~ —sAt
Hy = Flen) = sor+ E52(Glo) - Glo) - 35 [ #odd (3.28)

with @5 = p(—sAt) and @9 = ¢(0). We have used travelling waves to approximate the
exact solution, so ¢, and ¢y approximate us = u(xj,tp41) and ug = u(xj,t,) respectively. It
therefor holds that vs = s — s and vg = s — ¢g. From Eq. (3.3) and Eq. (3.8), we obtain:

G(ps) — Glpo) = o

To evaluate the flux integrals in Eq. (3.28), using Eq. (3.6a) and Eq. (3.8), it is only necessary
to know the integral formulae for p(w) and v(w). From Eq. (3.10) and by using the definition
@ = pu we obtain:

i
(v —v)(v —v9)

pdw = dv,

resulting in:

L[ 1o ji
= do = — d
At /wd paw At /va (v —v)(v —v9) v

:m@“(

Also from Eq. (3.10):

Vp — V2

)

Vg — V2

v’

Qv1 —v)(v —v2)

dv,

vdw =

resulting in:

Lo 1 (% fiv?
At /wa v = At /va Qv1 —v)(v — ) w

_ P, (2
- QAt (Ua Ub) + AtQ(Ul - 1)2) <U2 In (

where w, and wj, are arbitrary and v, = v(w,) and vy = v(wp).

Vp — V2 Vp — U1

)-in

)

Vg — V2 Vg — V1
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If /i is negative, so i = —pu, the characteristic speeds on the left and right of ¢(w) need to
be checked to see whether the rarefaction is sonic. If u; —a; < 0 < u] — a] on wave I or
uy +ay < 0 < wujyr +ajer on wave I11, then the respective rarefaction wave is sonic and a
sonic entropy fix to the HI" flux is made. As in the viscous Burgers case (see Section 2.2.3),
we integrate Eq. (3.27) until the sonic point w = @ is encountered, after which the profile
of the travelling wave is kept stationary and the flux calculation is continued as if the wave
speed were zero. From Egs. (3.26) and (3.27), using w = —s(t —t,) at © = x; and employing

the entropy fix, we obtain:

Ho==ox; | (Plor) + 5o - 1) 2 ) do

—sAt
- /w (F(®) —u%(@)) dw,

which, after evaluating the integrals, results in:
P2, @ I @ . dG
Hy = 2 G(0)~Glen)— Sy (Flon-se)-; [ wloitor (145, ) (P (2D

The term dG/dw is found as follows: by using Egs. (3.3) and (3.8) we find:

dG v+1 Cgt
W)=y i
7|4

a5 (H — 50° + 5u?)

Using u = s — v and du/dw = —dv/dw we obtain:

dG v+ 1dv
=1
dw 2y dw
-5
The numerical flux with the entropy fix replaces Eq. (3.28) if the sonic point w lies between 0
and —sAt. The sonic point is where & = a for wave I and where © = —a for wave [11, where

a is the speed of sound. For a polytropic gas, a? = % = (v — 1)h, so we solve:

2= (y—h=(y—1)(H— L5
( 2> (3.29)

1 1
= %UQ—s(fy—l)u—(*y—l)<H—532> =0,

for u < 0 for wave I and for u > 0 for wave I11. Having u, the value of @ is calculated from
Eq. (3.14).

Next we look at the IT wave. The velocity in the intermediate states is constant and equal to
us. Therefor, define w as: w =z — Tjp1 = Us (t — t,,). Using this definition, so d/dx = d/dw,
d/dt = —usd/dw and w = —u.(t — t,,) in = = Tl the integral in Eq. (3.26) is transformed
to an integral over w:

L /t“l(F@”) GO, ) (a1 t) dt = — /”*Atﬂ 1y LGy a
&) " D@y td =7 | ') = p—G(e'") dw.
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Evaluating the integral over %G(cpl ) we obtain the contribution of the contact field:

I -1 —ux At I o
Hy = F d G -G
0= ft/o (") (w)dw + 7= (Glps) = Gleo)),
where @5 = p(—usAt), 0 = ¢(0). Across the contact, u, is constant, so one need only

calculate the integrals of p!! and p! to obtain [F.
The ODE, Eq. (3.10) gives the derivative of v(w), and from Eq. (3.6a) and Eq. (3.8), the
derivatives of the components of ¢ are computed as follows:

dp _ i(%) __Qdv (3.30)

dv  dw v2dw’
The derivative d(pu)/dw is determined as:

d(pu d du d dv
(pu) :u—p—l—p—:(s—v)é—p%.

Using Eq. (3.30) and the definition @ = pu:

2
(S_U)@_ @:<S_U+ﬂ>@:5@,
)

dw P 0 )do ~ “dw
so:
d(pu) _ dp
W =5 (3.31)
The derivative d(pE)/dw is determined as:
d(pE) h 1 9\dp vy+1 \dv
_ (P 12)dp @ 3.32
dw (7 +3s dw + 2y dw ( )

3.3 The DG-TW scheme for 1D Navier-Stokes equations

In this section we will discuss the modifications that have to be made to the TW scheme by
Weekes so that it can be applied in a DG context.

In a DG context, we only require finding the travelling waves !, ! and 1. We do not
need to determine integral terms as given in Section 3.2.4. The TW scheme by Weekes is
developed for a finite volume scheme. In such a scheme the discontinuities do not arise on
the vertices contrary to DG schemes. To make the scheme applicable to DG, we consider the
vertex x; in which the solution has a discontinuity due to the discontinuous nature of the
approximations. Since in our DG approximation we use linear basis functions, we need to be
careful as how to define the interpolation and conservation requirements. As explained in the
scalar case, we do not use the traces at the face j, but the means of the approximation in
each cell adjacent to face j. Defining w as w = — x; — s;(t — t,,), we impose the following
requirements:

For the I wave the interpolation requirement is:

O (- 400) =Ty ol (bAn) .
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and the conservation requirement:
%A:}: s )
[ @)= 4aalpia+ o)
—5Az

Similarly, over wave 111, we require:

QDIII(%Ax) :Uj, uIII(_%Ax) = Uy,

and:
%A:B JIT 1
| @) o = dasles + gy
fﬁA:v

With these requirements we can solve a similar system as is done by Weekes, given a middle
velocity u, = uf* = u}', to obtain the travelling waves ¢! and !/
For the I-wave we need to solve the system consisting of Eq. (3.11) and:

~ I I
1% I I Uy — U« I I Uy — U«
——— (s —uy)In | |———| ) — (s —uj)In | | —— = Ax, 3.33
Qub —ul) <( 2) ( Uy — Uj—1 ) ( Y < ul — >> (3.33)
—7 (|7 | = 5RT\Pj—-1 T P1), .
(uh — uf) uj — Ui uf — ;-1 S '

for ul, uf and s.
Similarly, for the I1I-wave the system consisting of Eq. (3.11) and:

11T 117

M <( Ir _  II1 < Ug ~ — U ) Ir _  II1 Uy~ — Us _
QUi — I w7 7, ol
(3.35)
~ I _ = I _ =
(Wb — o ITT) <ln < N, ) —In < Wl o, >> = 3Az(p; + p3)- (3.36)

needs to be solved for u{!, ulf! and s'?!. If u, is such that p7* = p! (1 Az) and p!! (- Az) =
py are equal we define U™ = ¢/ (3Axz) and U3* = ¢/ (—4Az). As in the previous section,
there is no conservation of energy so we determine Errl as in Eq. (3.21). The conservation

error over the I11-wave. Err3 follows from a similar equation.

For the flux calculation we seck a solution for U in « = x; at t = ¢,,. In the above, the domain
has been scaled to [—~Axz/2, Az /2] with —Axz/2 corresponding to T 1, Ax/2 to Tl and 0
to ;. With uy, ug and s known for waves I and 1] we can determine u!(0) = s’ — !(0)
and w1 (0) = sTH — ©!11(0) by solving (see also Eq. (3.14)):

%(W —u3)In ( w > —(s' —uf)In ( M >) = LAz, (3.37)
Q(uy — uy) Uy — Uj-1 Uy — Uj—1
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u{ll uIII(O)
III .

Uy — Uy

= —1Az, (3.38)

0N gy

111 ,
Uy Uy

Qu é”u ui') ((sf”—ugffnn(

respectively. Knowing u/(0) and u//Z(0) the other variables, p, p and E, at w = 0 for each
wave can be calculated using Eq. (3.6a), (3.8) and the definitions of internal- and total energy:
p 1,2
e=———, EF=e+su
p(y—1)

IT ig gimilar to that found for the finite volume case, with the dif-

The travelling wave ¢
ferences being that w is defined as w = = — x; — s;(t — t,,) and we use the means of the
solutions instead of the traces. On the Il-wave we know that the velocity is constant and
equal to u,. Using Eq. (3.22) and (3.23) and the definitions of internal- and total energy,
pt(0), uf1(0), p’(0), and E'1(0) can be determined.

Derivatives of the components of U in w = 0 on each wave are computed analogously to the
computation discussed in Section 3.2.4, but using the means of the solutions instead of the

traces. We now have enough information to determine the flux in w = 0 for each wave:

v+ 1dG

o —(U*0)), for k=1I,1I,III. (3.39)

Hy(Ur, Ur)(0) = F(U*(0)) — p——

In [Wee98] the fluxes are calculated via a standard flux-difference splitting formulation. In
our case this results in:

H(U;-1,U;) = F(Uj-1) + (H1(U;j-1,U7)(0) = F(Uj-1)) + (Hi (U7, U3)(0) — F(UY))

+ (Hrr(Us, U;)(0) — F(U3)).  (3.40)

If an entropy fix is needed we do not consider the solution at w = 0, but in the sonic point
w=w (see Eq. 3.29). Summarizing, the algorithm for the flux computation is as follows:

1. Guess the middle velocity us, = ul* = uy’.

2. Solve the system Eq. (3.11), (3.33) and (3.34) for u{, uf and s’ and the system Eq.
(3.11), (3.35) and (3.36) for ul!? ul!! and s’ using Newton’s method (see also Ap-
pendix C).

3. If P(us) = p* — py* # 0, then use a bisection method for the equation P(u.) =0 (Eq.

(3.20)) is used to obtain a new guess for u, and return to step 2.

4. Solve Eq. (3.37) and Eq. (3.38) using a Newton method to obtain u(0) and u!/?(0),
respectively. p¥(0), p¥(0) and E*(0) with k = I, III then can be computed.

5. Determine Errl from Eq. (3.21). Err3 follows from a similar equation.

6. The variables on the IT-wave in w = 0 can be determined using Eq. (3.22) and (3.23)

and knowing that u = u, is constant.

7. Determine the derivatives of the variables in w = 0 using Eq.(3.30), (3.31) and (3.32).
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8. Determine the fluxes in w = 0 on each wave using Eq. (3.39).

9. The travelling wave flux can be computed using Eq. (3.40).

3.4 Numerical results
3.4.1 Test case confirmation

In this section we consider a test cases described in [Wee98]. This test case has a very small
viscosity coefficients, so the goal of this section is to show that viscosity plays a significant
role in the solution. We use the method of Bassi and Rebay for the Navier-Stokes equations,
Eq. (3.2), and compare with classic DG-FEM for the Euler equations using a stabilization
operator to prevent oscillations around solutions with sharp gradients [vdVvdV02a] and the
HLLC approximate Riemann solver. In the implementation we take the term (y + 1)/(27)
in Eq. (3.2) equal to 4/3, so that Eq. (3.1) and Eq. (3.2) are the same. Furthermore, each
element of the approximate solution vector are such that they belong to the space V}, (Eq.

(2.4)).

We consider the following test case:
x € Q=10,1], u = 0.04, Az = 0.02 with initial data:

(pr ur pr) = (1 236643 1), for x < 0.4

3.41
(pr ur pr) = (2.66667 0.88741 4.5), forz > 0.4 (3.41)

The solution of the density, p(x,t), velocity, u(z,t), and the total energy, E(x,t), at time
t = 1.12 are depicted in Figure 12.

For this test case, the following parameters are constant: CFL number = 0.5, diffusion number
= 0.02, stabilization factor in the method of Bassi and Rebay 1 = 3.5 and a ratio of specific
heats v = 1.4. As can be seen in Figures 12, these test cases are suitable for the Navier-Stokes
equations since the viscosity plays a significant part in the final solution.

3.4.2 Testing the DG-TW flux on the mass-equation

The travelling wave flux for DG-FEM as presented in Section 3.3 will be tested in this section
for the Navier-Stokes equations. We do not consider entropy violating shocks. At this moment
it is not possible to do more than four time steps using the DG-TW flux on all equations.
Therefore, we only use the DG-TW flux for the mass equation. The method of Bassi and
Rebay is used for the momentum and energy equation as well as for situations where an
entropy violating shock occurs. It is also not possible yet to consider the test case from
Section 3.4.1. Instead, we consider the following test case:

x € Q=10,1], p = 0.01, Az = 0.02 with initial data:

(pr ur pr) = (1.25 1.85 1.656875), for z < 0.4

3.42
(pr ug pr) = (1.45 1.65 2.046675), for = > 0.4 (3.42)
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2.8

— Navier-Stokes
— — — Euler b

p (x.H

Navier-Stokes
— — — Euler

u(x,t)

Navier-Stokes
— — —Euler 4

E(x,t)

Figure 12: Solutions of the Navier-Stokes equations and the Euler equations for test case Eq.
(3.41). Used parameters: p = 0.04 and Az = 0.02. The solution is depicted at time ¢ = 1.12.
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The solution of the density, p(z,t), velocity, u(z,t), and the total energy, E(z,t), are depicted
in Figures 13, 14 and 15 at time steps 5, 20, 40 and 60. It is not possible yet to do more
than 60 time steps. For this test case, the following parameters are constant: CFL number
CFL = 0.5, diffusion number DN = 0.02, stabilization factor in the method of Bassi and
Rebay 1 = 3.5 and the ratio of specific heats v = 1.4, where CFL, DN and 7 are found by
trial and error. We see that the total energy starts to overshoot due to the small difference
in the density solution between the DG-TW and Bassi and Rebay method. As mentioned in
Section 3.3 various numbers of Newton iterations had to be performed. Although we know
in which domain the solution has to lie, and so we can implement restrictions which the
solution has to satisfy, the Newton iterations form the biggest problem in this method. It is
possible that asymptotes are present in the domain in which we seek a solution resulting after
a certain number of iterations in solutions which are not desired. The Newton iterations are
also very costly since they have to be performed more than once (in step 3 of the summary
of the algorithm in Section 3.3, u, has to be such that the pressures p{* and p5* are equal)
and are probably more expensive than the lifting operators and viscous contributions in the
Bassi and Rebay method.

Remark. Since at time step 60 we are only at time ¢ = 0.022, the solution of the Bassi and
Rebay method still contains small peaks. These peaks dissappear as the number of time steps
is increased.
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(a) 5" time step.
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(b) 20™ time step.
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(c) 40*" time step.
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Bassi & Rebay
- — —-DG-TW

15F B

. . . . . . . . .
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
X

(d) 60*® time step.

Figure 13: Results of the density solution determined with DG-TW compared to results
determined with the method of Bassi and Rebay. The Weekes flux was only used for the
mass equation. The method of Bassi and Rebay was used for the momentum and energy
equation. Used parameters: CFL number = 0.5, diffusion number = 0.02, number of cells
= 50, viscosity coefficient p = 0.01, stabilization factor for the method of Bassi and Rebay
1n = 3.5. Results determined for 5, 20, 40 and 60 time steps.
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(c) 40*" time step.
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(d) 60*® time step.

Figure 14: Results of the velocity solution determined with DG-TW compared to results
determined with the method of Bassi and Rebay. The Weekes flux was only used for the
mass equation. The method of Bassi and Rebay was used for the momentum and energy
equation. Used parameters: CFL number = 0.5, diffusion number = 0.02, number of cells
= 50, viscosity coefficient p = 0.01, stabilization factor for the method of Bassi and Rebay
1n = 3.5. Results determined for 5, 20, 40 and 60 time steps.
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Figure 15: Results of the total energy solution determined with DG-TW compared to results
determined with the method of Bassi and Rebay. The Weekes flux was only used for the
mass equation. The method of Bassi and Rebay was used for the momentum and energy
equation. Used parameters: CFL number = 0.5, diffusion number = 0.02, number of cells
= 50, viscosity coefficient p = 0.01, stabilization factor for the method of Bassi and Rebay
1n = 3.5. Results determined for 5, 20, 40 and 60 time steps.
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3.5 Simplifying the system

In the previous section we saw that it was not easy to obtain a solution to the 1D Navier-
Stokes equations. The main problem is solving the system given by Eq. (3.11), (3.33) and
(3.34) and the system given by Eq. (3.11), (3.35) and (3.36). In this Section we will simplify
these equations in order to be able to solve them more efficiently.

3.5.1 Analysis of the shock speed s

In Appendix C we explain how to find the following expression for s by solving Eq. (3.11):

—b+ b2 — 4dac

2a

S+ =
where:
a=1-18,b=—u —up+ Buj_1, c=wuy — ByE;_1 — 1(1 —)Bu;_,.

and:

20 —1)

P==

Define the following small parameters:
€1 = Ul — U2, €2 = Uj—1 — U2,

then:

\/g;:jL;;::N/@“ _1m)24_2ﬁ(u1——ﬂj_l)uu-—i%_1)4-257(2_‘ﬂ)(iy—1__%6?71)
- \/6% —26(e1 — €2)ea +267v(2 — B) (Ej—1 — %ﬂi—l)

;u¢mh@—ﬁxﬁf¢—%@q)+0@)

We can therefore approximate the shock speed as:

@“+ug—ﬂ@;pt¢mﬁ@—ﬁﬁﬁri‘%@4)
23 ’

which is an expression for the shock speed that is linear in w; and us. We continue by using

S =

the following expression for s:
s=¢&(u +ug) + A, (3.43)

with:

. 1 e —Buj 1+ \/2ﬁ7(2 —-B)(Ej1— %ﬂ?_ﬂ.

ot 273 (3.44)
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3.5.2 Simplifying Eq. (3.33) and (3.34)

We will simplify Eq. (3.33) and (3.34) using Taylor series expansions. Remember that
u1 > Uj_1 > Uy > ug in the case of a shock wave. We assume a smooth solution for the flow
and therefore we take |u; — ua| < 1 (this can always be achieved for smooth solutions by
decreasing the mesh width, Az). We introduce the following small parameter:

E=1U2 —Uy. (345)

Consider first Eq. (3.34). Substituting € into Eq. (3.34) we can write Eq. (3.34) as :
In (
We know that p} = Q/(s — uy) and Q = p;j_1(s — uj—1) so, from Eq. (3.46):
MU g <€A—~xﬁj1 (1 T a“))

UL — U 20 S — Uy

Assume that eAz/f is small, then, using Taylor series expansions, we find:

i A .
U — Uj—1 %1_,_2%_1(1_,_%)_ (3.47)
U] — Uy 20 S — Uy

) _ A (Pj-1+p1) (3.46)

U2 — Ux U — Uj—1

U] — Us 20

U — Uj—1

U9 — Uk

Ug — Uj—1

U9 — Uk

U — Uj—1

We know that in the case of a shock w1 > @;—1 > u, > ug (or in the case of a rarefaction
Uy < Uj—1 < Uy < uz) so we can omit the absolute bars. By using the expression for s given
by Eq. (3.43) and by introducing the constant s defined as:

Ax
K= —ﬂﬁjfl, (3.48)

we can write Eq. (3.47) as:

E(ur + ug) +A—ﬂj1>>

(u2—u*)(ul—ﬂj,1) = (U2—1_Lj71)(u1 —u*)<1—{—li(u2—U1)<1+ é‘(ul _|_uQ) + A— U

or:

o = y2) + (a1 = ) = (o = ) + (2 = ) )

<2/{§u% + (f +26A — k(uyx + ﬂj,l))m + ug + A — uy — 26€u2 — 25 Aug + Kug (us + aj1)>

§uz + §ut + A — uy

(3.49)

where £ and A are defined in Eq. (3.44). For notational purposes introduce the following
parameters:

a1 = Ul — Uj-1, ay = U(Uj—1 — u1),

a3 = U] — Us, ay = ﬁj_l(u* — ul),

as = E426A —K(ux +15-1), a5 = Eup+ A—u. —2kéu — 26Auy + Kug (us + Uj-1),

a7 = §U1+A—U*,
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then Eq. (3.49) is equivalent to:

2/<;5u§ + asus + ag
Eug + a7

ugary + g = (ugaz + ay)
which can be written as the following cubic equation for us:
us (2r€az) +ud(azos +26Eay — a1 &) +us(azag+agas — oy ar—Eas) +(uag—asar) = 0. (3.50)

Using again the parameter given in Eq. (3.45), Eq. (3.33) can be rewritten as:

(s—uz2) —(s—ul)
In < ) _ QeAx

By again using Q = p;j_1(s — @;j—1) and « as defined in Eq. (3.48), Eq. (3.51) can be written

U9 — Uk Ul — Ux

. (3.51)

Uy — Uj—1 U — Uj—1 w

as:

U — Ui (s—u2) uy — u (s—u1)
_ =—= exp (2rk(ug —u1)(s —ui—1)). 3.52
(=) (o) (202 — )5 — 151) (352)
Assuming again that eAx/f is small, so k(ug — uq) is small, then using Taylor expansions

and the expression for s given by Eq. (3.43), rewrite Eq.(3.52) as:

( Uy — Us >(EU1+U2(£—1)+A) B < Ug — Uy >(u1(f—1)+£u2+A)

Uy — Uj—1 U — Uj—1

(1 + 2H(U2 — ul)(f(ul + UQ) + A — ﬂj_l)). (3.53)

where £ and A are defined in Eq. (3.44). Once ug has been determined from Eq. (3.50), Eq.
(3.53) has just one unknown, namely u;. Use a 1D Newton method or a bisection method to
solve u; from Eq. (3.53).

3.5.3 Summarizing

Instead of solving the system given by Eq. (3.11), (3.33) and (3.34), we have obtained an
easier system to solve. By using a shock speed given by:

s==¢&(uy +ua) + A, (3.54)

with:

1 ) —PBujq1 & \/2ﬁ’7(2 —B)(Ej1 - 5u2_))
5 - ma - 9 _ B )

we need to solve the following two equations for w1 and wus:

Eq. (3.33) has been simplified to:

( Uy — Us >(§u1+UQ(£—1)+A)

< Ug — Uy >(U1(E—1)+EU2+A)
Uy — Uj—1

U — Uj—1
(1 + 2H(U2 — ul)(f(ul + UQ) + A — ﬂj_l)), (3.55)
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Eq. (3.34) has simplified to:
us (2rEaz) +ud(azos +26Eay — a1 &) Fug(azag+agas — oy ar—Eas) +(uag—asar) = 0, (3.56)
with the a’s given by:

Q= up —Uj-1, ay = U(Uj—1 — u1),

UL — Us, Qy Uj—1(us —ur),

&+ 2rA — K(uy + Uj—1), ag = Eup+ A—u, —2r€u? — 25 Auy + Krug (us + Uj—1),
ar = Sup+ A — u,

a3

a5

First solve the cubic equation given by Eq. (3.56) for uy. Substitution of this solution into Eq.
(3.55) results in an equation that has to be solved for u;. For this we can use a bisection or a
1D Newton method. There is no unique solution to these equations so we need requirements
to obtain the physically correct solutions. One requirement is: wq > @;—1 > uy > us (in the
case of a shock wave) or u; < ;1 < ux < uz (in the case of a rarefaction wave) . The big
advantage of solving the system given by Eq. (3.55) and (3.56) instead of the system given
by Eq. (3.11), (3.33) and (3.34) is that we do not need a two-dimensional Newton iteration
process.
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4 Conclusions and future work

Conclusions

In this thesis we present an approximate Riemann solver for viscous flows based on travelling
waves. The purpose of the Riemann solver is to solve the local (viscous) Riemann problems
occurring at the element faces due to the discontinuous nature of the polynomial represen-
tation in each element of the DG-FEM method. A standard way in DG-FEM to solve this
problem is by splitting the viscous and inviscid contributions of the flux, solving an inviscid
Riemann problem for the inviscid contributions and using the method of Bassi and Rebay
for the viscous contributions of the flux. However, physically, there is no reason to split the
flux. This method is based on mathematical properties. The DG-TW scheme presented in
this thesis is a scheme based more directly on the physics of the problem in which the viscous
and inviscid contributions are not split.

We tested the DG-TW scheme by solving the viscous Burgers equation. No significant dif-
ferences are observed in the solution when comparing the DG-TW scheme to the method of
Bassi and Rebay. We also obtained exactly the same order behavior with the DG-TW scheme
as with the method of Bassi and Rebay. We also notice a great simplification in implementing
the DG-TW scheme compared to Bassi and Rebay. Once the inviscid Burgers equation is im-
plemented, we just need to modify the flux function and add a viscous volume term while, for
the method of Bassi and Rebay, a number of viscous contributions have to be implemented.

We also attempted to develop a travelling wave scheme for the 1D Navier-Stokes equations,
but we have not yet succeeded in doing so. The problems we have are the large number
of non-linear equations that have to be solved. We made a first step in simplifying these
equations, but no tests have been done so far.

Future work

We have shown that for the viscous Burgers equation it is possible to use travelling wave
solutions to obtain a numerical flux in which viscous and inviscid contributions are not split.
We tried taking the next step, namely applying travelling wave solutions in the 1D Navier-
Stokes equations, but we have not yet succeeded. As mentioned above, this is due to the large
number of non-linear equations that have to be solved. We made a first step in simplifying
these equations. Future work will be to test these simplifications or to find other ways of
solving the non-linear equations than using a 2D Newton iteration method. Once the 1D
Navier-Stokes equations have been solved, the step to the 2D Navier-Stokes equations will
have to be made.
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| .

Figure 16: Definition of the support of the function ¢, from [Smo94]

A Rankine-Hugoniot relations

In this section we derive the Rankine-Hugoniot relations in viscous problems. In Section A.1
we do this for a general equation in which the shock is moving. In Section A.2 we derive the
Rankine-Hugoniot relations for the 1D Navier-Stokes equations in a frame moving with the

shock.
A.1 Rankine-Hugoniot conditions for viscous problems

In this section we will derive the Rankine-Hugoniot relations following [Smo94] and [vdVB03]
for the following viscous problem:

U+ FU), =F°'(UUy,), r e, teRT, (A.1)
with initial condition:
U(z,0) = Up(x). (A.2)

We assume for now that the solution U of Eq. (A.1) is smooth. Later the problem will be
extended to non-smooth solutions. We let ¢ be a continuously differentiable function, which
vanishes outside of a compact subset in ¢ > 0, i.e., (support ¢) N (t > 0) C D, where D is
the rectangle 0 < ¢t < T,a < x < b, so chosen that ¢ = 0 outside of D, and on the lines
t=T,r=a and x = b, see Figure 16. Hence, ¢ € C&.

Multiplying Eq. (A.1) with ¢ and integrate over the domain R x R* results in:

b T
/ / (U + Fo(U), — F*(U, Uy ), )6 dar dt = 0.
a JO

Integrate by parts to obtain:

/ab/OTthbdxdt:/:Uqb!i:Tdm—/b/TU@dxdt
/an( dex—// Uy da dt,

/oT/ab(Fe(U)—F”(U,U) )ad da dt = / / (FC(U) = F*(U,U,))by da dt.

and:
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Combining these terms, we can rewrite Eq. (A.1) as:

b
//t>O(U¢t + (F¢(U) — F°(U,Uy,))¢y) dx dt + / Uo(z)p(z,0)dx = 0. (A.3)

If the solution U(x,t) is a classical solution, U € C!, then both formulations, Eq. (A.1) and
Eq. (A.3) are the same. If, however, U and Uy are merely bounded and integrable, then Eq.
(A.3) still makes sense as long as it is valid for all functions ¢ € C'!, even when discontinuities
develop. The formulation of the conservation laws can therefore be generalized:

Definition A.1. A bounded integrable function U (x,t) is called a weak solution of the initial
value problem Eq. (A.1l), with bounded and integrable initial data Uy, provided Eq. (A.3)
holds for all ¢ € Cg.

The weak formulation is considerably more general than the formulation using the differential
equation, but the weak formulation is non-unique. An additional requirement, the entropy
condition, is imposed to obtain a unique, physically relevant solution.

Using the weak formulation, it is possible to solve problems with discontinuities, but not all
discontinuities are permissible and the weak formulation imposes restrictions on the disconti-
nuity. To analyze these conditions, a smooth curve I' across which U has a jump discontinuity
is considered. The solution U is smooth in the domain on both sides of the curve I' and has
a clear limit on both sides of I.

Let P be any point on I', and let D be a small sphere centered at P. Assume that in D
the curve I' is given by = = x(¢). The sphere around P can be split into two parts, D and
D,, which are on either side of T, see Figure 17. Let ¢ € C$(D), hence ¢ is a continuously
differentiable function in D and is zero at the boundary of D. The weak formulation, Eq.
(A.3), is transformed into:

/ / Uy + (F(U) — F*(U,Uy))bx) dc dt = / / (Udr + (F(U) — F*(U,U,)) ) dc dt
D D1

+ //DQ(U@ + (FE(U) — F*(U, Uy,))¢s) dz dt,

where the integral of Uy at initial time ¢ = 0 in Eq. (A.3) disappears since ¢ is zero on the
boundary of D. Using the fact that U is C! in D;, i = 1,2, the integral over each sub-domain
can be further transformed into:

//Di(Uﬁbt + (FY(U) = FY(U,Us))¢z) d dt = //D ((U¢)t + ((F(U) - FY(U, Ux))qb)x) e dt
- //D (Ut +(F(U) - F(U, Um));;;)(ﬁdmdt
- //D <(U¢>t + ((Fe(U) = FU(U, Ux)>¢>)m> da dt,

since U satisfies the differential equation Uy + (F¢(U) — F*(U,U,)), = 0 in D; because the
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Figure 17: Domains used in the derivation of the Rankine-Hugoniot relations, from [Smo94]

solution is smooth outside I'. Applying the divergence theorem, we obtain:

I | (<U¢>t + ((FU) - F(U, Ux>>¢>$) dadt = | N ¢( ~Uds + (FO(U) - F*(U,T2)) dt)
= /Fq§< —Udz + (F¢(U) — F*(U,U,)) dt),

since ¢ = 0 on all boundaries of D; except along I'.
By defining U, = lim. o U(z(t) — ¢,t), Ug = lim. o U(x(t) + &,t), UL = lim. o Uy (z(t) — e, )
and Ul = lim, o Uy (2(t) + &,t) we then find:

/aDl¢<—de+(F6(U)—Fv(U,Ux))dt> :/ib¢<_ULdm"’(Fe(UL)—FU(UL,UxL))dt>,
(A.4)

/8D2¢<—Uda:+(Fe(U)—F”(U, Us)) dt> = —/?2qﬁ(—URder(Fe(UR)—F”(UR,Uf)) dt>,
(A.5)

where the minus sign in front of the integral on the righthand side in Eq. (A.5) is due to
the fact that the integration path along I' for domain D5 is in opposite direction from the
integration path along I' for domain D;. Combining Eq. (A.4) and Eq. (A.5), we find:

0= /nga( — [U] dz + [Fe(U) — F*(U,U,)] dt),

where [U] = Ur, — Ug, the jump across I', and similarly, [F¢(U) — F*(U,U,)] = F¢(UL) —
FY(Up,UE) — F¢(Ug) + F¥(Ug,UL). Since ¢ was arbitrary, we conclude that:

S[Ul = [F(U) = F*(U, U )], (A.6)

at each point on I', where S = dx/dt is the speed of the discontinuity. This relation is the
Rankine-Hugoniot condition for viscous equations.
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A.2 Rankine-Hugoniot derivation for 1D Navier-Stokes in a moving frame
of reference

In this section, by following [Whi74], we shall derive the Rankine-Hugoniot relations for the
1D Navier-Stokes equations in a frame of reference moving with the shock.

Consider the following form of the Navier-Stokes equations:

Pt + (pu)$ - 07
2 v+
(pu)t + (pu +p)m = qumma (A?)

+1
(0B)s + (pulh + §u))s = p 5=+ 50}
The flow is steady relative to the shock, therefore all flow quantities are functions of w = x— st
alone. It holds that:
0 d 0 d

ot~ Tdw Or  dw
so that Eq. (A.7) can be rewritten as:

dp | d(pu)
g -0
* dw * dw ’
dlpu) d , , v+ 1d%u
dw * dw (pu”+p) = 2y dw?’
d(pE) d 1,2 T+1 & 1,2
N bt L = (pal
or, after integration:
—sp+ (pu) = A, (A.8)
2 v+ 1du
_ _ -~ _BRB A9
s(pu) + (pu” +p) — p 5y dw ; (A.9)
vy+1d
—5(pE) + (pu(h + 3u*)) — /JW@(}L +3u%) =G, (A.10)

where A, B and C are constants of integration. Note that these relations can also be found
by substituting U, F¢(U) and F*(U,U,), where

P - 41
U= |pul, Fe(U) = pu2 +p ) FU(U’ U:B) = ,LL2— x )
pE pu(h + 1u?) 7 (h+ %uQ)x
into Eq. (A.6).
Define the relative velocity v = s — u, then from Eq. (A.8):
pv=Q, with Q@ =—A. (A.11)

From Eq. (A.9), by noting that:
du d dv

= (S—U):—@,

dw ~ dw



A Rankine-Hugoniot relations 65
and:

pu(u —s) = —spv + pv? = pv? — sQ,
we obtain:

d
pU +p+ui—v =P, with P =B+ sQ. (A.12)
2y dw

By noting that:

(%u2 +e)pu+pu = (%u2 + h)pu
and that E = e + 2u?, Eq. (A.10) can be written as:

1/ dh d

—vp(3u® +e) + (s —v)p — u%(a—i—u%) =C.

Since p = (v — 1)ep and u = s — v it follows that:
1 y+1,dh d 4 5 dv

—vp(3(s —v)* + 7e) + sp — Mw(@ + @(5” ) - s =C

Using h = ve:
1d 1d

vp(h—|—%v2)—|—,ufy2—; 0 —(h+ 30 +vp(3s —sv)—sp—spfy;y é =—-C. (A.13)

From Eq. (A.12) we obtain:
1d
%% = sP — spv® — ps.
Substituting into Eq. (A.13):
1d
vp(h + 3v?) + ,Lﬂ i (h+3v*) =€, with &= -C+sP - 3s°Q. (A.14)

27d

From Eq. (A.11), (A.12) and (A.14) we obtain the following form of the Rankine-Hugoniot

relations for the 1D Navier-Stokes equations:

Q = pv,
1d
P =pv +p+u7+ !
2 dw’
_ 1.2 7+1d 1.2
E—Up(h—FiU)—FHW%(h—FiU ),

where P, Q and £ are constants.
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B Approximate viscous Riemann solvers

In this section we will introduce some ideas for an approximate viscous Riemann solver. We
will present a scheme and test it on the viscous isothermal equations. We use the viscous
isothermal equations since in these equations only two waves occur, each wave separating a
constant state. This makes it possible to apply the HLL flux.

Deriving the approximate viscous Riemann solver we will consider conservation laws given

by:

U+ FU), = F°(UU,), re, teR", (B.1)
with initial condition:

U(x,0) = Up(z). (B.2)
Let the inviscid part of the equation admit two real and distinct eigenvalues so that the
inviscid part of the equation is hyperbolic. Physically, the eigenvalues represent the speeds
of propagation of information.

B.1 An approximate viscous Riemann solver

In this section an approximate viscous Riemann solver will be presented using the Rankine-
Hugoniot conditions as derived in Section A.1 and transformations as in [vdVKO03].
As in Section A.1, we consider the following equation:

U+ FU), — F'(UU,), =

but now in a control volume Q = [z,zg] x [0,7]. On the domain Q9 U Q3, where the
open domain {25 is bounded by waves Sy and S}, and the open domain Q3 by Sy; and Sg
respectively, see Figure 18, the solution is smooth, so in this region we can express the weak

formulation as:
/ (Ut + F¢(U), — F*(U, Ux)m> dz dt = 0. (B.3)
QQUQS

Using the transformations as in [vdVKO03], we can rewrite Eq. (B.3):

tSar
// Uy dx dt = / / Uy dx dt
Qo t=0 J z=tSp,
Sm
- / / tdfdt
t=0 J¢
SM
- / / Uet de dt
t=0 J¢
SIVI
= —T/ / Ug{dfds
s=0J&=
Skr
—T/ <U§ —/ Udg) ds
5=0 ST, S,

1 _ 1 Swm
— —T/ (SMU}(4 - SLUz> ds + T/ / U(€) de ds,
s=0 s=0JE&=Sg,

(B.4)
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SL t Sm SR

(U=up (U=UR

Q1 Q
(u=u) (U=UpR

XL 0 XR

Figure 18: Wave pattern used in the definition of the HLLC flux function. Here S; and Sg
are the fastest left and right moving signal velocities. The solution in the star region U™ is
divided by the wave with velocity Sy;.

where U; and U]’(Z denote the trace of U in 25 at Sy, and Sy, respectively. Similarly we find

over the domain (3:

1 1 Sk
// U dx dt = —T/ <SRU}§ — SMU]’(J> ds + T/ / U(f) d€ ds, (B.5)
Qs s=0 s=0JE{=Sn

where U}(} and U}, denote the trace of U in 23 at Sy; and Sg, respectively.
Define the averaged star state U* as:

B 1 TSR
== / U(z,T) dx.
T(Sr—SL) Jrs, (@.T)

Using the self similarity of U(x,t) in the star region, the average of the exact solution U* can

also be expressed as:

1 Sr

ﬁ*:Z§Ei?ESL; U (€) de. (B.6)

Using Eq. (B.6) we can combine Eq. (B.4) and Eq. (B.5) to:

1 _ 1 SR
// U, de dt = —T/ (SMU;\; _5.U} +5RU;;—SMU;(}> ds+T/ / U* () d€ ds
QQUQg s=0 s=0JS5,

1 1
= —T/ <SMU;\</I — SLUz —i—SRU}*% — SMUX/;F> dS+T/ (SR — SL)U* ds.
s=0 s=0
(B.7)

Analogously to the above relations we can find expressions for the integral over the domain
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Qo U Qg for the inviscid and viscous fluxes:

//92 (FG(U)JC — FY(U, Ux)x> da dt = /tTO /:ZL (F@(U)gg — FY(U, Ux)gﬁ) da dt

tSn
_ T/ ((F@(U) _ P, Ux)> > ds.
s=0 tSy,
Similarly, over 23 we find:

F(U), — F°(U,U,), | dzdt =T ! PO - UL Sk
//93 ( ) /so <<

Combining Eq. (B.7), Eq. (B.8) and Eq. (B.9), we find the following expression for the

average of the exact solution:

(B.8)

> ds.  (B.9)

tSnr

1

Tk e [T virrk prL* e/rrxt vkt Mt e[TT* v TR R*
0" = g (PP UE 1o - PO U2 )=o)+ U UF)
R — XL

— F(UR) — P (U3 U ) = SuUi + SuUsy — Uif) + Sl ). (B.10)

Using the Rankine-Hugoniot relations as given in Section A.1, this expression can be trans-
formed into an expression of only known variables. Over the Sp-wave we have the Rankine-
Hugoniot expression:

Fe(UL) — S UL — FU(UL, UL = Fe(U}) — S U — FU(US, UE),
over the Sp-wave:
—F*(UR) + SrUR + F*(Up,UR) = —F(U}) + SrU}, + FU (U5, UE),

and over the Sj/-wave:

- - —_ * *+
—FUs )+ Su(Ujy = Uy )+ FU(Ui ;UM )+ Fe(UL ) — FP (U3, UM ) =o.

Expression Eq. (B.10) becomes:

1

U =sn—s

(SRUR — S UL+ Fe(UL) — F¥ (U, UL — F&(UR) + F* (Ug, Uf)) . (B.11)

The flux along the t-axis is obtained by integrating Eq. (A.1) over part of Qs:

T 0
/ / (U + F(U)s — F(U,U,),) da dt.
t=0 Jx=tSp,

Analogously to the above relations we find:

T 0 1 1 0
/ / U, da dt = T/ SLUS ds + T/ / U(€) de ds,
t=0 Jx=tSp, s=0 s=0J£=S,
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s=0

and:

T 0 1 .
/ / Fe(U)y—FY(U,Uy)y da dt = T/ (FE(UO)—F”(UO,UE)—FE(UEHF”(UE,UJCL )) ds.
t=0 Jz=tS,

Combining these two expressions and using the Rankine-Hugoniot relation across the S -wave,

we obtain:

0
Fe(Uy) — F*(Uy,U%) = F¢(UL) — F¥ (U, UL) — S UL — / U(¢) dg.
£=Sr,
By replacing U(&) in the integral term by the average of the exact solution in the star state,
Eq. (B.11), we obtain:

Sr(Fe(UL) — F*(UL,UE)) — Sp(Fe(Ug) — F*(Ur, UR)) + SL.Sr(Ur — Ry)

Fe(Uo)—F*(Uy,U2) =

Sr—SL
(B.12)
which is the flux along the t-axis without considering contact waves.
B.2 Testing the viscous HLL-flux and conclusions
Consider the viscous isothermal equations:
U+ FU), — F'(UNVU); =0, (B.13)
with:
0
U= P , Fe(U) = 2p 2\ | F(U,VU) = :
pu p(u” +a?) g

In general, the weak formulation for Eq. (B.13) is given by:
Find a U € Wy, such that B(U,V) = 0,YV € W}, with:

N
VUtdx—/ VxFe(U)dx+/ V. F*(U,VU) dz+» H(UL,UR)V ds,
h Qp, Qp =17 0Kk

B(U,V) :/

Q

where H is the numerical flux from Eq. (B.12) ensuring continuous fluxes at each face and
Wi, is the discrete discontinuous finite element space given by:

Wy, ={V e L*(,) : V|k, € PY(Ky),k=1,..,N},

in which P1(K}) denotes the space of linear polynomials, and L?(£2;,) the space of Lebesque
square integrable functions.
We tested the numerical flux for a test case with the following initial condition:

10, forz <1
p(z,0) = 12 ,  pu(z,0) =0,
8, forz >3

)
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Figure 19: Order behavior of the density variable p. The method of Bassi and Rebay and the
viscous Riemann solver as given by Eq. (B.12) were used. As reference, an “exact” solution
was calculated with the method of Bassi and Rebay on a grid with 320 cells. Depicted are
the results at ¢t = 0.2 time units using a viscosity coefficient of u = 0.1.

and different values of the viscosity coefficient. For small values of the viscosity coefficient
the flux seems to work without any problems, however, increasing the viscosity coefficient
to a value of 4 = 0.1, the order behavior of the scheme deteriorates. In Figure 19 the order
behavior of the solution determined with the method of Bassi and Rebay and with the viscous
Riemann solver is depicted. We see that as the cell size decreases the order behavior of the
viscous Riemann solver deteriorates. For small values of the viscosity coefficient the viscous
terms in the numerical flux are insignificant explaining the good order behavior for these
cases. Increasing the viscosity coeflicient, the viscous terms in the numerical flux become
more important. In our case, increasing the viscosity coeflicient resulted in a deteriorating
order behavior, meaning that something is wrong with the viscous terms in our flux. We also
tested the numerical flux in a 2D-Navier Stokes code. We did a Couette test case and the
results were bad.

A reason why this viscous flux does not work for large viscosity coefficients: In Eq. (B.12) we
need, among other terms, the following: F(Uy,UZF) and F¥(Ug, UE). Since we are working
with linear approximations to the exact solution, we have values for UZ, the derivative of U
in the left state and UZ, the derivative of U in the right state. We therefore use these slopes
in F*(Ur,,UL) and F?(Ug,UR). This is, however, not consistent with the way the original
HLL flux is derived, since here it is assumed that all states are constant states, which in our
case results in FV(Up,UL) = F¥(Up,0) and F*(Ug,U) = F?(Ug,0). This has proven to be
a problem in many attempts to derive an approximate viscous Riemann solver. Taking all



72 B Approximate viscous Riemann solvers

states constant results in the removal of the viscous terms and taking U linear in all regions
can result in introducing new unknown terms which are absent if U is constant.
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C Newton’s method for a system of two equations

In this section we will explain how we implemented Newton’s method for solving the system

given by Eq. (3.33) and (3.34) for u{ and ul. The system given by Eq. (3.35) and (3.36) is

solved similarly for u{!! and ud!’.

First we determine s’ from Eq. (3.11):

_20v—-1)
V1V = ﬁH (Cl)

From Eq. (3.8):
H=h+ %1)2
=e+ P + %1}2
p

= ve+ %1)2

=+vE+ %1}2 — %'y(s —v)2.

We know the means of £ and u in cell j — 1 and we know that H is constant so:
H = ’ij,I + %(8 — ﬂj,1)2 — %’yﬂ?_l (02)
Define the following constant:

2y -1

b=

then, substituting v; = s — uj, v = s — ug and Eq. (C.2) into Eq. (C.1) we obtain:
(s —u1)(s —u2) = B(yEj—1 + 3(s — 4j—1)* — 37u7 1),

which can be rewritten as:
as®’ +bs+c=0,

where:

a=1-36, b=—us —us+ Puj_1, c=wus — fyEj_1 — 3(1 — ’Y)ﬁﬂgq-

It follows that:

b=+ Vb2 — dac

2a

S+

We do not know which s to take since in certain test cases both speeds, s_ and s; both
agreed to the entropy shock conditions. In the implementation we took s = s_ for the I-wave
and s = s for the I11-wave. This is based on trial and error. This choice proved to be the
most successful. A good condition still needs to be found for obtaining the wave-speed s.
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Write Eq. (3.33) as:

fi(ur,uz) = E <(s(u1,u2) —up)In (

pi—1(s(ur,u2) — j—1)(uz — u1)

U9 — Uy

)
)) — Az, (C3)

(o )~
)) 2Am<p]1+p]1 s(ui,ug) — uj >
(C.4)

Ug — Uj—1

Up — Uy

— (s(u,uz) — ul)ln<

Uy — Uj—1

and write Eq. (3.34) as:

U9 — Uy Ul — Uk

o

In these equations we used p} = Q/(s—uj) and Q = p;j_1(s—u;j—1), since the means of u and

Ug — Uj—1 Uy — Uj—1

p are known in cell j — 1 and @ is constant. We are now able to solve the system consisting
of Eq. (C.3) and (C.4) for u; and wug using Newton’s method.

Ui
u9 '

This system is solved using Newton’s method as follows:

Consider the system:

bl

, U=
f2

F(U)=0, F=

ot — o) _ (O - PU®)
ou ’

where OF/0OU is the Jacobian of F(U). We note that u; > @j_1 > us > ug. Therefore, as

initial guess, we take u; = @;_1 + € and up = uy — ¢ with € = 0.0001. We did not use the

exact Jacobian but an approximation:

OF fi(ui+d,uo)—f1(ur,u2)  fi(ui,ue+d)—fi(ui,uz)
~ 4 )
oU | f2(uitdua)—fo(uiug)  fa(ur,up+d)—fo(ur,ug) |
) )

with § = 1076, As stated before, u!?! and ul!! are determined similarly.
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