The CIRCUIT DESCRIPTION CODE explained
1. Introduction

The Circuit Description Code (CDC) is the symbolic representation of an equivalent circuit model. Using
the CDC it is quite simpleto ingtruct the moddlling part of the program how to calculate the impedance or
admittance (or any other dispersion representation) given a set of parameter values. The program ‘ reads

the CDC from left to right and interprets the symbols for what action to take. A clear description of this
process, together with the relevant equations, is presented in [1].

Congtruction of the CDC is straightforward, but certain restrictions must be taken into account. Also one
should redlise that an equivalent circuit, and hence its ‘CDC', is only a modd. Reality may be more
complex, euding this s mple description method.

2. Définitionsand construction procedure

The circuit description code (CDC) is based on the assumption that every element of an equivaent circuit
can be regarded as a black box, having two (and only two) terminas and a known transfer function (i.e.
impedance or admittance function). Two types of dements are defined here, smple elements and
complex elements:

e A sdmpledement is defined as an e ement with
a (complex) transfer function, which cannot be
separated further into independent parts, e.g. a
resistance, capacitance, etc. Generdly a smple
element can berelated to a single (macroscopic)
physical process, for example the resistance of a
materia (R), the double layer capacitance (C) or
adiffusion related process which is represented
by aWarburg (W).

* A complex eement isdefined asatwo termina
box which interndly is build up out of either a
series or a parald circuit containing smple

CDC:[----]

and/or complex elements of a higher order.
These two different types of complex e ements
are shown schematically in Fig. 1.

From Fig. 1 it is obvious that there are two types of
complex elements, i.e. parale structure versus
series dructure internally. This is indicated in the
CDC by the brackets enclosing the complex
dement. A paralld interna arrangement (Fig. 1A) is
enclosed by a set of parenthesis: (RQC), while a
series internal arrangement (Fig. 1B) is enclosed by
aset of sguare brackets. e.g. [RQC]. The CDC-entry
software automatically selects the proper bracket,
hence in typing ‘[ and ‘(* are equivaent. The same
holdsfor ‘]’ and‘)’.

Figure 1. Schematic representation of two types of
composite elements. A) With a parald internal sub-
circuit (odd level, enclosed by parenthesis). B: With a
series sub-circuit (even level, enclosed by square
brackets). Solid lined boxes represent 'smple ele-
ments, broken lined boxes composite el ements.
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Figure 2 Type of eguivalent circuit that cannot be
represented by the Circuit Description Code (CDC).

The order of a complex element is defined here as the number of boxes in which the complex e ements
is contained, including its own box.



The essence of these definitionsisthat only equivaent circuits are considered which can be broken down
into two-terminal complex el ements of increasing order. Hence the circuit of Fig. 2 cannot be considered
asit can not be broken down into complex circuits of increasing order without violating the two-terminal
condition. Such acircuit would require a special transfer function. It will be considered in future software
developments.

The Circuit Description Code is the trandation of an

equivaent circuit into a representation that can be R C L
interpreted by the program. It has the form of a ":’—I I_\QQQ/"
string of symbols in which each symbol (character)

represents a specific type of dement, eg. R for CDC: RCL

resistance, C for capacitance, L for inductance, etc.

A list of currently supported elements and their  Figure3: Seriescircit of aresistor, R, acapacitor,
dispersion relations (transfer functions) is given in C, and an inductor, L.

Table 1., see page 8.

The smplest caseisa series circuit of simple elements, e.g. aresistance, capacitance and inductance (Fig.
3). The CDC issmply given by:

RCL )

All permutations of description (1) are of course
equivdent. The circuit is quite different if the
inductance is arranged in paralld to the capacitance
(Fig. 4). According to the definitions above, the
pardld part of the circuit can be regarded as a
complex eement (of order 1), asit can be enclosed
by a box with two terminals, outlined by the dashed
line in Fig.4. This complex element is signified in
the CDC by a set of parenthesis: (" and 7). In a Figure 4: Circuit of aresistor in serieswith a paral-
schematic representation: lel circuit of acapacitor and an inductor.

CDC: R(CL)

R (complex element) (@)

HereR, (" and’)’ are part of the CDC, 'complex element’ has to be replaced by a proper description of its
contents: asimple pardlé circuit of a capacitance and an inductance: CL. The CDC then becomes:

R(CL) 3

The left parenthesis is a reminder for the program
that the response of a complex eement has to be
calculated first. The right parenthesis signifies that
the response of the complex eement has been
evaluated and that it must be transformed and added
to the lower level (sub-) circuit disperson. Fig. 5
shows an arbitrary equivaent circuit with a more
complex structure. Establishing the CDC for this
circuit can best be done as follows. First locate the CDC: Ry(R,[W5(R,Cy)])

series circuit which is at the zero or ground level. It

isformed by R; and what ever is enclosed by box-1 Figure5: Arbitrary equivalent circuit. The rectan-
(dashed outline) which represents a complex gles (presented by the dashed lines) form the com-
element of order 1. The following step isto examine ~ plex elements (CE;) of order i.

box-1 using the recursive definition for the complex

element. It contains aparalld circuit build up by R, and a complex dement of order 2 enclosed by box-2.
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The next gtep is to consider box-2. On its turn it consists of a series circuit formed by the Warburg
dement W5 and the complex eement of box-3. This complex dement of order 3 contains a paralld
circuit of two smple dements, R, and Cs. Developing the CDC dong these steps, one can write down the
following sequence:

level-0: Ry ( box-1 )
leve-1: Ri( Ry | box-2 ] )
leve-22 R;( Ry [ W3 ( box-3 ) ] )
leved-3: Ry( Ry [ Wiz ( RsCs ) ] ) (4)

Theindices are only used here for illugtrative purpose. The actual Circuit Description Code for the circuit
of fig. 5will be:

R(R[W(RC)]) ©®)

From the foregoing it will be clear that a complex
dement of odd order will have a paralld interna
structure (fig. 1a), while a complex element of even
order will have series internal structure (fig. 1b).
Thus the ground level circuit (zero order) is a series
circuit, even if it contains only one complex element
(which is of order 1 and thus a paralldl circuit). The

V(\:/Irii)tiiel;]o;;he equivalent circuit of fig. 6 must then be CDC: (RCL)
(RCL) (6) Figure 6: Paralé circuit of aresistor R, a capacitor

C and aninductance L.

In short, the CDC for a complex equivalent circuit

can be obtained by locating the complex eement(s) of order 1. Subsequently these complex e ements are
devided into alternating series/pardld arrangements of smple and complex elements of increasing order,
until only simple elements remain. For a detailed description of how the CDC is interpreted by the
program see[1].

3. Summary of circuit eementsand their representations
3.a Sandard electrical dements:

Besides the three well known dispersive elements R, C and L, the CDC can accomodate four diffusion
related elements. These dements and the representation of their transfer functions will be discussed in
some detail below. For most elements the parameters must be passed to the program in the admittance
representation (ohm™ or Siemens related). The two exceptions are the resistance R, which must be given
in ohms, and the inductance L which must be given in Henri, thus both in the impedance representation.

3.b Warburg element:
A well known diffusional eement is the Warburg (CDC symbol: W), aso known as the semi-infinite

transmission line. The dispersion relation follows from Fick's second law for a (one dimensional) semi
infinite diffusion problem. The general formis.

Y(©) =Y,\[jo =Y, [Vo/2+ jVol2] 7



where Y, is the adjustable parameter containing the diffusion coefficient [2,3] and other parameters
which depend on the characteristics of the dectrochemical system. wisthe angular frequency: w = 21tf.

3.c Constant Phase Element:

A very general diffusion related element is the Constant Phase Element or CPE [4-6], CDC symbol: Q. It
is encountered frequently in solid state eectrochemistry, however no generd physical interpretation has
been given yet. The CPE behaviour of interfaces has been ascribed to a fractal nature (specia geometry
of the roughness) of the interface [7-9]. As for bulk effects no direct derivation has been given, but a
phenomenological approach by Jonscher [10] and Almond and West [11,12] looks promising. The
admittance representation of the CPE is given by:

Y(w) = Yo (jo)" = Yo " cog(NTV2) +j Yo " Sin(NTV2) (8)

In fact thisis avery genera dispersion formula. For n=0 it represents aresistance with R= Yy *, forn=1
acapacitance with C = Y,, for n= 0.5 aWarburg and for n = -1 an inductance with L = Yy ™.

3.d. Finite length diffusion elements, the FSW:

There are two diffusion-related elements dedling with finite length diffusion. The first one describes
diffusion through a medium where one boundary is blocking for the diffusing species, e.g. a (thin) mixed
conducting dectrode [2,3,13]. The result is adispersion relation with atangent-hyperbolic function (CDC
symbol: T):

Y(®) = Yo/ jo tanh[By/ je] ©)

where Yy and B contain the diffusion coefficient and other system dependent parameters. Separating this
formulainto areal and an imaginary component, one obtains:

o [sinhz-sinz L sinhz+sinz

Y(w)=Y,,|—
(©) =Y, ZH:oshz+cosz coshz+coszE

(10)

where z = B V2w. For large values of z equations (9) and (10) can be approximated by the Warburg
representation (eq. 6). For small values of z equation (10) reduces to the smple dispersion relation of a
resistance in series with a capacitance (for clarity in the impedance representation):

Z()=B/3Ys-j/YoBw (12)

This type of ‘finite length diffusion’ is often called the ‘ Finite Space Warburg' (or SFW), signifying the
limited space for the intercalating ion.

3.e. Finitelength diffusion e ements, the FLW:

The second finite length diffusion element deas with the case where one boundary imposes a fixed
concentration (or activity) for the diffusing species, thus it is permeable for the diffusing species. This
type of dispersion relation is generally found in oxygen conducting electrodes, as well as in corrosion
related diffusion [14,15]. The dispersion relation contains in the admittance representation a cotangent-
hyperbalic function (CDC-symbol: O):

Y(©) =Y,/ jo coth[ By jo] (12)



Separating equation (12) inarea and imaginary part yields.

o [sinhz+sinz L sinhz-sinz O

Y(®)=Y,,|—
(©) =Y, ZH:oshz—cosz Jcoshz—cos.za

(13)
which is closgly rdlated to equation (10). Again for large z we obtain the Warburg expression. For small
values of zaparalld circuit of acapacitance and aresistance is obtained:

Y(w)=Yo/B+jYyBw/3 (14)

As the diffusion takes place over a ‘finite length’ this eement is also caled the ‘ Finite Length Warburg',
or FLW.

3.f. Gerischer Impedance:
The Gerischer impedance combines Faradaic diffusion with a ‘non Faradaic’ reaction. This reaction
takes place aong the diffusion path and influences the concentration of at least one of the diffusing

species (e.g. by forming electrochemically inactive complexes). The genera admittance formula for
the Gerischer dispersion is represented by:

Y(o) =YK, + jo (15)

where K, is the net reaction rate. This equation can be split into areal and imaginary part:

Y(@):%ﬁj,/c&m; +K, + jyo? +K? —Kaﬁ (16)
or alternatively:
Y(CO):YO\/%[E\/\/“‘QZ+9+j\/\/1+92‘95 (17)

with g = K/w. For the impedance representation one obtains:

2 2 2 2
Z(@):%E\/,/m +KZ+K, —.\/w/(o +KZ-K, [ )

w®+K? J o’ +K? E

with Zo = (Yo)™. Asfor eq. (16) an alternative expression for eg. (18) can be given:

Z(o)=-Z JNITO 8 _; V1% 9 ;gH (19)
\/% 1+g 1+g

From egs (17) and (19) it is obvious that for g<1 (high frequencies) these equations change to the
Warburg or semi-infinite diffusion dispersion:

Y(@) = Yoi[jo =Y, (ol 2+ jVol2) (20)

For low frequencies the imaginary part disappears (=0) resulting in a dc-resistance with Ryc=Zo K5 %°.
It isimportant to notice that the diffusion processis semi-infinite, yet because of the side reaction, the
impedance reaches afinite dc value for w - 0.




For the representation of the Gerischer dispersion eg. (1) is used in the NLLSF-program. The CDC-
symbol is'G’. The parameters needed (or fitted) by the program are Y, (in ohm™s>?) and K, (in s™).
An example of the Gerischer impedance is presented in fig. 7. For display purposes the Gerischer
impedance has been offset by a series resistance (CDC: RG). Parameter values are: R=20 Q, Y,=0.01
S's*® and K,=2 s. Estimates for Y, can easily be found by using the 'Find Lin€e’ option in 'Data
Cruncher’ for the high frequency (Warburg like) part. The estimate for K, can be obtained from the
resistance value measured between the high frequency and the low frequency intercept, Ry, with the
real axis:

Ka=(Re)” (21)
For further reading on the Gerischer impedance see [16,17].
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Figure7: Example of the dispersion of a‘Gerischer’ element. For clarity a series resistance of 20 Q
is added. Parameters: Yo= 0.01 SI5*°, K, = 2 s*. For comparison the dispersion of aFLW s
added (Coth-function , open squares). Parameters: Y= 0.01 SIE°°, B = 0.7071 s*°. At high
frequencies the dispersion of both elements simplifies to a (identical) semi-infinite War-
burg response. Frequency range is 1 mHz to 100 kHz, 11 points/decade.



4. Examplesof CDC's

In figure 8 the well-known Randles circuit is shown.
The CDC for thiscircuit is given by:

Ri(Ca[RaW]) (22)

Where R; is the ionic resistance of the eectrolyte,
Cq is the double layer capacitance and R is the
charge transfer resistance. The semi-infinite
diffusion is represented by the Warburg (W).

Figure 9 shows the equivaent circuit of a mixed,
oxygen ion conducting ceramic with eectrode
disperson. The electronic resistance, Ry, is placed
directly between the €ectrodes.  The ionic
conduction path includes the ionic (bulk) resistance
and the grain boundary resistance. Frequency
disperson is introduced by the didectric
capacitance (bulk- or geometric capacitance) and the
capacitance related to the grain boundary interface.
The dectrode disperson depicts the reaction
between the oxygen ions and the oxygen in the
ambient at the eectrode surface. This sub-circuit is
quite a dgmplification of what generdly is
encountered. Cy and Ry represent the double layer

Figure 8: Simplest form of a Randles type equiva
lent circuit. CDC: R(C[RW]). Reye istheionic re-
sistance, R, of the electrolyte.

lonic-bulk  Grain boundary: Electrode
Cael]l:

.................................................

Electronic

Figure9: Complex equivalent circuit for a mixed
conducting oxide ceramic with reversible elec-
trodes. The CDC is: (R[(C[R(RC)])(C[RW])]).

capacitance and the charge transfer resistance. Zyy;. represents the adsorption-diffusion related processes,
here given as a Warburg impedance. The CDC for the circuit of fig. 9isgiven by:

(Ra [ (Cig [ Rion (Rgrb. Cgrn. )] ) (Cai [ Rt Waite. ] ) 1) (23)
The development of this CDC is presented in the graphical cartoon below (figure 10).

The best route for developing the CDC is to start from the ‘terminals’ of the equivalent circuit. Next
define the complex elements, starting with an internal parallel circuit (odd level). The next level of
complex elements must have an internal series circuit (even level).

(REC-)-)D

Cd\
Zdin

(RI(CIR (- ) I(CIRW])])

(RI(CIR(RC)(CIRW]))

Figure 10: Schematic development of the CDC from figure 8. The CDC starts with a complex element
‘(--)", which is a combination of Ry in parallel with a series complex element ‘(R[ - - ]'. The series com-
plex element consists of two parallel type complex elements: (R[ (-) (-) ]). These complex elements are
further developed. For the bulk response it consists of Cgg paralel to a series complex element,
(RI(CI-1) () 1), which can be resolved further into Riy, in series with the parallel combination of Cgy
and Ry p.: (RI(C[R(RC)]) () ] ). Finally the electrode response can be filled in, Cdl in parallel to a series
complex element consisting of RyandW: (R[ (C[R(RC)])(C[RW])]).



Table 1. List of elements, corresponding symbols and dispersion relations.

Element Symbol Dispersion relation Parame
description for ters
CDC Admittance Impedance
Resistance R 1/R R R
Capacitance C jwC -/ wC C
Inductance L -j /wb jooL L
Warburg W Yov(jw) 1/ YoV(jw) Yo
CPE Q Yo(jo)" ([OMAE Yo, N
FSW’ T Yov(jw) Tanh[BV(jw)] Coth[BV(juw)]/YeV(jw) Yo, B
FLW' O Yov(jw) Coth[BV(jw)] Tanh[BV(jw)]/YoV(jw) Yo, B
Gerischer G YoV(k+jw) (k+w) 7Y, Yo, k
Fractd F Yo (k+jw)* (k+w) /Yo Yo k a
Gerischer*
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