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Summary

Modelling of friction in deep-drawing process is critical to the design to the product. Typically,
the steel sheets used in deep-drawing are coated with a thin zinc layer by hot dip galvanization.
The zinc coated steel sheets are further lubricated and provided with the required surface
texture, amongst other things, to optimize the frictional stresses in a deep-drawing process. The
friction in deep-drawing during loading and sliding of the tool against the sheet, in boundary
lubrication regime, results from shearing of the interfacial layers, but also from ploughing of the
flattened sheet surface by rigid tool asperities. The asperities on the surface of the tool have
been mapped with elliptic bases of varying sizes and orientation relative to sliding direction.
The current thesis aims to model the ploughing behaviour by an elliptical asperity sliding
through a zinc coated steel sheet.

The friction in ploughing results from the plastic deformation of the sheet substrate and the
shearing of the interface between the asperity and the substrate. These two factors are also part
of a material point method (MPM)-based numerical ploughing model and a simplistic analytical
ploughing model. Both the numerical and the analytical models have been extended to calculate
the friction in ploughing of uncoated and zinc coated steel sheets by elliptical and spherical
asperities of varying sizes, ellipticity ratios and orientation relative to the sliding direction.
The analytical ploughing model has been developed for rigid-plastic material behaviour of
the substrate and a constant interfacial frictional shear strength. In contrast, experimentally
characterized material strength models, yield functions and interfacial friction models have been
implemented in the MPM-based ploughing model.

An experimental characterization technique to measure the interfacial shear strength has been
developed for unlubricated and lubricated, uncoated and zinc coated steel sheets at varying
loads and sliding velocities using line contacts in linear sliding experiments. Also an experi-
mental characterization technique to determine the yield criteria for the (anisotropic) temper
rolled zinc coating on steel sheet has been developed using Knoop indentations. The method
has also been applied on cold rolled steel sheet and validated using standard yield criteria. The
experimentally characterized parameters for the interfacial friction model, the yield function
and the yield criteria for the steel sheet and the zinc coating on steel sheet have been imple-
mented in the MPM model to perform simulations of ploughing asperities with properties close
to the reality.

Further ploughing experiments are performed using indenters with spherical tips of varying
sizes and indenters with ellipsoidal tips with varying size and orientation relative to sliding
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direction. Further, experiments have been performed with varying ploughing direction on
unlubricated and lubricated steel sheets, lubricated zinc block and lubricated, temper rolled
and unrolled zinc coated steel sheets under a range of applied loads. The developed MPM-based
ploughing model is validated using experimental results such as the measured friction force and
measured ploughing depth. The measured results are found to be in very good agreement
with calculations. The MPM-based ploughing model results are also compared and shown to
agree well with the analytical model results for simpler rigid-plastic material behaviour of the
substrate.

The developed MPM-based ploughing model and the analytical models can therefore be used
as robust tools in computing friction in single asperity ploughing. The models can be utilized to
accurately model friction due to ploughing for tool sheet contacts in a deep-drawing processes.
In this way, the models describing friction in deep-drawing processes can be improved.



Samenvatting

Modellering van wrijving in dieptrekprocessen is cruciaal voor het ontwerp van een diepgetrokken
product met bijbehorend productieproces. Typisch worden de staalplaten die worden gebruikt
bij dieptrekken bekleed met een dunne zinklaag door een proces zoals thermisch verzinken. De
verzinkte staalplaten worden verder gesmeerd en voorzien van de vereiste oppervlaktetextuur,
onder andere om de wrijving bij dieptrekken te optimaliseren. De wrijving bij het dieptrekken
gedurende het contact tussen het gereedschap tegen de plaat in het grenssmeringsregime, is het
gevolg van afschuiving in de contacten, maar ook van ploegeffecten van gereedschapsruwheid-
stoppen door het afgevlakte plaatoppervlak. In dit onderzoek worden de oneffenheden op het
oppervlak van het gereedschap gemodelleerd met elliptische ruwheidstoppen van verschillende
grootte en oriëntatie ten opzichte van de afschuifrichting. Het huidige proefschrift heeft als doel
het ploeggedrag te modelleren van elliptische ruwheidstoppen die ploegen door een verzinkte
staalplaat.

De wrijving bij het ploegen is het gevolg van de plastische vervorming van de plaat en de
afschuiving van het grensvlak tussen de ruwheidstop en het substraat. Deze twee bijdra-
gen aan de wrijvingskracht zijn te bepalen uit het ontwikkelde, op MPM (Material Point
Method) gebaseerde model en een analytisch model voor een ploegende ruwheidstop. De on-
twikkelde numerieke en analytische modellen zijn verder ontwikkeld om de wrijvingskrachten
te berekenen bij het ploegen door niet verzinkte en verzinkte staalplaten middles elliptische
en bolvormige ruwheidstoppen van verschillende afmetingen, elliptische verhoudingen en oriën-
tatie ten opzichte van de afschuifrichting. Het analytische ploegmodel is ontwikkeld voor het
geval van rigid-plastisch materiaalgedrag in het substraat en een constante grensvlakwrijving
(afschuifsterkte) op de interface. Experimenteel gekarakteriseerde modellen voor het vervorm-
ingsgedrag en afschuiving op het grensvlak zijn geïmplementeerd in het op MPM gebaseerde
ploegmodel om een zo realistisch mogelijk model te maken.

Een experimentele methode om de afschuifsterkte van het grensvlak te meten is ontwikkeld voor
niet-gesmeerde en gesmeerde, niet-gecoate en verzinkte staalplaten bij verschillende belastingen
en glijsnelheden. Hiervoor zijn lijncontacten gebruikt in experimenten met een lineair beweg-
ing. Ook is een experimentele karakterisatietechniek voor het bepalen van het vloeigedrag voor
de (anisotrope) zinkcoating op staalplaat ontwikkeld met behulp van Knoop-indentaties. Deze
resultaten zijn gevalideerd met bekende resultaten van experimenten gedaan op koudgewalste
staalplaat. De experimenteel bepaalde parameters voor het grensvlakwrijvingsmodel, de vloei-
functie en de vloeicriteria voor de staalplaat en de zinkcoating op staalplaat zijn vervolgens
geïmplementeerd in het MPM-model.
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Verdere ploegexperimenten worden uitgevoerd met bolvormige en elliptische indenters met ver-
schillende groottes, oriëntatie ten opzichte van glijrichting en walsrichting op niet-gesmeerd en
gesmeerd plaatmateriaal, een gesmeerd zinkblok en verschillende gecoate en niet gecoate soorten
plaatmateriaal onder verschillende belastingen. Het ontwikkelde MPM-gebaseerde ploegmodel
is gevalideerd met experimentele resultaten zoals de gemeten wrijvingskracht en ploegdiepte.
Als deze resultaten worden vergeleken, dan wordt er een goede overeenstemming gevonden
tussen model en experiment. De op MPM gebaseerde ploegmodelresultaten zijn ook vergeleken,
en blijken goed overeen te komen, met de analytische modelresultaten. Voor deze resultaten is
een eenvoudiger rigid-plastic materiaalgedrag van het substraat aangenomen.

Het ontwikkelde MPM-gebaseerde ploegmodel en de analytische modellen kunnen daarom wor-
den gebruikt als robuuste modellen bij het berekenen van wrijving bij ploegen met één ruwhei-
dstop. De modellen kunnen worden gebruikt om wrijving, inclusief het ploeggedrag, in het
grenssmeringsregime te berekenen voor het contact tussen ene gereedschap en de plaat in een
dieptrekproces. Op deze manier kunnen de wrijvingsmodellen voor dieptrekprocessen worden
verbeterd.
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Nomenclature

The list below describes several symbols that will be later used within the part I of the thesis.

Abbreviations and acronyms
err error

tol tolerance

ALE Arbitrary Lagrangian Eulerian

BL Boundary lubrication

EBSD Electron backscatter diffraction

EDT Electron discharge texturing

EDX Energy-dispersive X-ray spectroscopy

FEM Finite element method

GIMPM Generalized interpolation material point Method

HL Hydrodynamic lubrication

KHN Knoop hardness number

LAMMPS Large-scale atomic/molecular massively parallel simulator

LBT Laser beam texturing

MD Molecular dynamics

MP Mirror polished

MPM Material point method

ND Normal direction

OVITO Open visualization tool

PATAT Ploughing asperity tester at the University of Twente

xi



xii Nomenclature

RD Rolling direction

SEM Scanning electron microscope

SMD Smooth mach dynamics

SP Shine polished

SPH Smooth particle hydrodynamics

TD Transverse direction

TLSPH Total lagrangian smooth particle hydrodynamics

UMT Universal mechanical tester

Roman symbols: uppercase

Ā Ratio to real area of contact to nominal contact area

∆G Activation energy J

C Stiffness matrix

P Matrix with anisotropy parameters

J Jacobian matrix

S Spherical coordinate system

H̃ Ratio of hardness of the coating to hardness of the substrate

A/Ac Contact area of the asperity with substrate µm2

Ar Real area of contact µm2

A∆ Area of the surface element µm2

Axy Projected area in xy-plane µm2

Axz Projected area in xz-plane µm2

Ayz Projected area in yz-plane µm2

Bp Factor in expression for coefficient of friction in ploughing by a 2D wedge

Bp Factor in expression for coefficient of friction in wedging by a 2D wedge

C Centre of the elliptic contact base

Cp Coefficient of contact pressure in relation to interfacial shear strength

Cv Coefficient of sliding velocity in relation to interfacial shear strength

Dl Length of the longer diagonal of the Knoop indenter µm

Dp Degree of penetration



Nomenclature xiii

E Elastic modulus GPa

F Total force acting on the sliding asperity N

Fb Force acting on the blank holder kN

Ff Friction (Lateral) force acting on the sliding asperity N

Fn Normal force (load) acting on the sliding asperity N

Fp Force acting on the punch kN

G Shear modulus GPa

H Hardness MPa

I Identity matrix

I0 First influence factor in a coated system

I1 Second influence factor in a coated system

J1 First stress invariant

J2 Second stress invariant

K Bulk Modulus GPa

L End point of contact in z axis

Lx Projected length on the x-axis µm

M Plastic flow separation point in contact plane

N Contact end point in contact plane in +y axis

O Centre of the ellipsoidal asperity

P Hydrostatic pressure component

P0 Maximum contact pressure GPa

Pnom Nominal contact pressure GPa

Q Activation energy Jm

R0 Lankford coefficient along the rolling direction

Ra Mean surface roughness µm

Rq Root mean squared surface roughness µm

R45 Lankford coefficient at 45◦ the rolling direction

R90 Lankford coefficient along the transverse direction

S Contact end point in contact plane in −y axis

T Temperature K



xiv Nomenclature

T0 Room/reference temperature K

Tc Contact temperature K

Tm Melting point temperature K

U1, U2, U3 Parameters for yield stress in tension in Hill’s yield criteria

V Volume µm3

V1, V2, V3 Parameters for yield stress in simple shear in Hill’s yield criteria

Wnp Interpolation function from node to particle

Wpn Interpolation function from particle to node

Xx Axis length of ellipsoid projected in x-axis µm

Yy Axis length of ellipsoid projected in y-axis µm

Z Height of the ellipsoid in z-axis µm

Roman symbols: lowercase
∆q Heat generated J

ṫ Time s

∗
d Distance between KHN-based points and yield locus in plane-stress plane
_

SN Arc SN: semi-elliptic contact boundary

~n Normal vector to the surface of the indenter in contact with the substrate

~t Tangent vector to the contacting surface of the indenter along plastic flow

n̂ Unit normal to the surface of the indenter in contact with the substrate

t̂ Unit tangent to the contacting surface of the indenter along plastic flow

a Major axis of base of elliptic asperity µm

ac Contact radius for a (semi-)circular contact patch µm

ax Major axis of elliptic contact patch in x-axis µm

ay Major axis of elliptic contact patch in y-axis µm

az Reference contact radius for contact with an (semi-) elliptic contact patch
µm

b Contact width for a (line) rectangular contact patch µm

b0 Initial guess for contact width b µm

c Height of the elliptic asperity µm

cp Specific heat capacity J/kg.K



Nomenclature xv

d/dp Penetration/ploughing depth in the ploughed profile µm

d
′
/d

′′ Modified/corrected ploughing depth µm

de Penetration depth in a perfectly elastic substrate µm

dg Groove depth of the ploughed profile µm

ds Length of the shorter diagonal of the Knoop indenter µm

ex Ellipticity ratio of the asperity base in the x-axis

ey Ellipticity ratio of the asperity base in the x-axis

f/fhk Ratio of shear strength of the interfacial and shear strength of the bulk

g Strain hardening exponent (Bergström van Liempt model)

h Indentation depth in Nano-indentation µm

hpu Pile-up height µm

i Orientation of the Knoop indenter

j Dynamic stress power (Bergström van Liempt model)

k Boltzmann constant 8.617× 10−5 eV m

l Contact length in the (line) rectangular contact µm

ls Sliding distance mm

m Slope of the (semi-)elliptic contact patch boundary

ms mass scaling factor

n Strain hardening exponent

np Exponent of contact pressure in relation to interfacial shear strength

nT Exponent of contact temperature in relation to interfacial shear strength

nv Exponent of sliding in relation to interfacial shear strength

og Fitting factor for groove depth with asperity geometry

opu Fitting factor for change in pile-up height with asperity geometry

p Fitting factor for ploughing depth accounting for plastic flow change

ppl Contact pressure on the asperity/indenter due to plastic deformationMPa

q Fitting factor for ploughing depth accounting plastic flow distribution

r Radius of the (spherical) indenter µm

sij Elastic compliance 1/MPa

t Coating thickness µm



xvi Nomenclature

ua Fitting factor for interfacial shear component increasing ploughing depth

ub Fitting factor for interfacial shear component decreasing ploughing depth

v/vs Sliding velocity m/s

w Fitting factor for ploughing depth accounting for interfacial shear strength

x x-coordinate(abscissa)/axis

y y-coordinate(ordinate)/axis

z z-coordinate axis (also rolling direction)

Sub- and superscripts
ᵀ Transpose of the matrix

b/bl boundary layer

c coating

cs coated substrate

i/j Direction or iteration i/j = 1, 2, 3...

N applied load

p/pl resulting from plastic deformation of the substrate

s substrate

s/sh resulting from shearing of the interface

x along x-axis

y along y-axis

z along z-axis

Greek symbols
α Orientation of the c axis of zinc crystal with respect to indentation direction

σ̄ Stress ratio in deviatoric plane or plane stress plane

ε̄/ε̄ Strain ratio in deviatoric plane or plane stress plane

β Angle of orientation of asperity relative to sliding direction in xy-plane ◦

β0 Linear hardening parameter

χ Strain rate hardening coefficient (Johnson-Cook model)

δij Kronecker delta

ε̇p Plastic strain rate 1/s



Nomenclature xvii

ε̇0 Reference/initial strain rate 1/s

ε/ε Total strain

εd Deviatoric strain

εp Plastic strain

εv Volumetric strain

η Dynamic viscosity of the lubricant mPa.s

γ Angle of attack at the asperity-substrate contact ◦

ι Thermal softening exponent (Johnson-Cook model)

κ Shear strength of the bulk MPa

κT Thermal conductivity of the material W/mK

Λ Stiffness in nano-indentation N/m

λ Rate of the plastic multiplier in flow rule

µ Coefficient of friction

ν Poisson’s ratio

ω Remobilization parameter

Φ Yield (criteria) function

φ Polar angle in spherical coordinates ◦

ψM Angle subtended by a point on contact plane at the center O with z axis ◦

ρ Material density kg/m3

σ Total stress MPa

σd/σ
′
/σd Deviatoric stress MPa

σtrial
d Trial deviatoric stress MPa

σf Equivalent flow stress MPa

σy Yield stress (uniaxial) MPa

σV0 Maximum dynamic stress (Bergström van Liempt model) MPa

σy0 Initial yield stress MPa

τsh Shear strength of the interface MPa

θ Azimuthal angle in spherical coordinates ◦

υ Penetration of the indenter’s triangle into the MPM particle µm

ε0 Reference/initial strain



xviii Nomenclature

ϕ Transverse direction (polar angle in cylindrical coordinate) ◦

% Normal direction (radius in cylindrical coordinate) µm

ξ Strain hardening exponent (Johnson-Cook model)

ζ Strain hardening coefficient (Johnson-Cook model) MPa

dσm Stress increment parameter (Bergström van Liempt model) MPa
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The Thesis
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Chapter 1

Introduction

This chapter introduces the industrial relevance and the motivation behind the current research.
The previous works in understanding of processes in contributing to friction in deep-drawing
have been summarized into the understanding of the modelling of friction in deep-drawing. The
significance of a robust friction model in deep-drawing has been highlighted and relevance of
micro-scale ploughing of an elliptical shaped asperity through a zinc-coated sheet leading to a
friction model for deep-drawing has been pointed out.

3
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1.1. Industrial background
Sheet metal forming processes have been increasingly used to manufacture complex geometries
from metallic sheets by large scale deformation of sheet metal. Bending, deep-drawing and
stretch-forming are common examples of sheet metal forming process differing in tooling re-
quirements and material flow characteristics. The current thesis focuses on the deep-drawing
process of cold rolled sheet metals commonly used in manufacturing of domestic appliances,
automotive bodies as well as in packaging. A car door panel manufactured by a deep-drawing
process is shown in figure 1.1a. With increasing demand for new product design, there is an
increased need to have a feasible manufacturing system for the evolving products with reduced
failure cost and lead time.

(a) Door panel (TATA Steel) (b) Schematics of deep-drawing process

Figure 1.1: Deep-drawing product and process.

Cold rolled steel is commonly used as the work-piece in deep-drawing of automotive panels
due to its availability, cost effectiveness and desired material properties. In deep-drawing of
a sheet metal, the work-piece (sheet) is clamped between a blank holder and a die while the
shape of the punch tool and the die is transferred into the blank as the punch tool presses
into the cavity of the die as shown in figure 1.1b. The product quality in deep-drawing is
assessed by checking the geometric accuracy of the product and the presence of wrinkles and
scratches in the product.The friction forces resist the sliding between the tool and the work-
piece and control the deformation of the work-piece in the sheet metal forming process. Sheet
metal forming involves work-pieces with large surface area to volume ratio. Hence the frictional
forces acting on the surface are very influential in the process, behaviour and product quality
in deep-drawing.

The application of a zinc coating on steel sheets prior to deep-drawing has been very popular for
the purpose of improving the durability of the product by increasing the corrosion-resistance and
paintability of the product, see e.g. [1] and [2]. Typically, the deposition of the zinc coating
on the steel sheets is done by (continuous) hot-dip galvanization and electro-galvanization
processes [3]. During hot-dip galvanizing, depending on the requirements, the thickness of the
zinc coating is controlled to be between 10-100 µm by help of air knives after the rolled sheet
is passed through a molten zinc bath [4]. For deposition of thinner (1-10 µm) zinc coatings
with smoother and shinier surface finish, the steel sheets are passed as a cathode through
an electrolytic zinc bath with an metallic anode. The appearance, mechanical properties and
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corrosion resistance of the zinc coated sheets can be controlled by the composition of the zinc
coating. Annealing of galvanized sheets can be done to produce galvannealed steel containing
inter-layers of iron-zinc intermetallics [5]. By controlling the amount of elements like magnesium
and aluminum in the galvanizing zinc bath [6] also the properties of the coating can be changed
significantly.

The use of advanced lubrication systems includes the use of pre-lubes, additives booster lubes
and thin organic coatings (TOC). This results in a multi-layered system with a complex in-
terfacial behaviour. Moreover, the surface texture of galvanized/galvannealed steel sheets is
modified by (temper) rolling the sheets using roll mills. Shot blasting (SB), laser beam tex-
turing (LBT) and electrical discharge texturing (EDT) are the commonly used methods for
giving the desired texture to the rolls of a mill [7]. The texturing of the zinc coating along with
the orientation of its crystals induces an anisotropy in the mechanical properties of the zinc
coated sheet which also affects the frictional behaviour in deep-drawing. The surface texturing
process, the resulting roughness and the micro-structure of the coating, the substrate and the
tool result in a complex interplay. The properties of the surface will affect the deformation and
frictional behaviour in deep-drawing and later, the paintability of the final product, see [8] and
[9].

1.2. Modelling of friction in deep-drawing

Figure 1.2: Critical contacting regions in deep-drawing [11].

Loading of the punch with a force of Fp presses the sheet (work-piece) held between the black
holder and die, into the die cavity. The loading of the blank holder with a force of Fb, together
with the force Fp results in a sliding contact between the black holder and the sheet, the die
and the sheet and the punch tool and the sheet. Due to the nature of the process the operating
conditions for contact between the tool and the work-piece in deep drawing vary along the whole
sheet. Six regions have been specified on the sheet metal which are critical in determining the
friction in deep-drawing [10], as shown in figure 1.2. The flange regions 1 and 2 mark the
contact between the blank holder and the sheet and the die and the sheet. Region 1 and 2
experience tangential tensile stress and the contact pressure in these regions range between 1-50
MPa. The sheet metal slides along the blank holder and the die with a velocity ranging from
1-10 mm/s depending on the operational conditions and the location. The local conditions
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depend on the punch force, the black holder force, the mechanical properties and the roughness
of the contacting surfaces and lubricant. Depending on the operating conditions both boundary
lubrication of mixed lubrication are possible in region 1 and 2. The die rounding region 3 and
the punch rounding region 6 mark the contact between the sheet and the edge of the die and
the contact between the sheet and the edge of the punch respectively. These regions experience
severe stretching and bending resulting in circumferential compressive stress and radial tensile
stress along with contact pressures ranging from 10-100 MPa. A high friction is required in
region 3 and 6 for the sheet to follow the punch movement while a low friction in region 1 and 2
to prevent damage and fracture of the sheets. The contact between the punch flank and sheet
marked as region 4 and the contact between the punch base and sheet is marked as region 5.
These regions mostly experience stretching without any significant contact pressure and do not
have a significant contribution to friction in deep-drawing.

The contact in deep-drawing at different scales is illustrated in figure 1.3. As the lubricated
sheet is loaded with the punch tool and black holder, the sheet slides radially inward into the die
cavity. As the sheet slides into the die cavity, it experiences resistance due to friction resulting
in stretching with loading in normal and tangential direction. The loading of a section of the
sheet in figure 1.3a pertaining to region 1 in figure 1.2 is zoomed in and shown in figure 1.3b.
At the beginning of loading, the surface of the tool is relatively smooth compared to the surface
of the work-piece. As the flat tool comes in contact with the asperities of the softer work-piece,
it flattens the rough surface of the work-piece into plateaus and valleys as shown in figure 1.3c.
The real area of contact between the tool and the sheet Ar at the end of normal loading is
then calculated according to the available micro-contact models. As the sliding and stretching
begins, the effect of bulk straining is included with normal loading in the calculation of the real
area of contact. The lubricant in the valleys of the work-piece possibly generates potentially a
hydrostatic pressure in response to the normal loading of the tool and hydrodynamic pressure
in response to sliding of the tool. Also the hydrostatic and hydrodynamic pressures are included
in the calculation of the real area of contact in the mixed lubrication (ML) model as explained
in [12]. The section of the contact between the seemingly flat, smooth tool and the flattened
sheet (plateaus) in figure 1.3c, given by the calculated area of contact at the meso-scale is
zoomed in and shown in figure 1.3d. Now, the asperities of the rigid tool are in contact with
the flattened plateaus of the sheet. In the presence of a lubricant, the asperities of the tool are
separated from the surface of the sheet by a lubricant boundary layer. Loading and sliding of
the work-piece now results in ploughing of the tool asperities through the soft sheet resulting
in friction and possibly abrasive wear in boundary lubrication (BL) regime. The coefficient of
friction in the boundary lubrication regime µBL is calculated based on a micro-ploughing model.
The friction due to shearing of the lubricant film in the hydrodynamic lubrication regime µFL

is calculated based on the hydrodynamic lubrication (FL) model. The fractional contact area Ā
is given as the ratio between the real contact area and the nominal contact area of the tool and
the work-piece. The coefficients of friction µBL and µHL are multiplied with the corresponding
fractional contact areas Ā and 1 − Ā and summed to calculate the total coefficient of friction
µ at the macro-scale in equation 1.1.

µ = µBLĀ+ (1− Ā)µHL (1.1)

1.3. Towards understanding of friction in deep-drawing.
Modelling of friction in a deep-drawing process has been the topic research over the last few
decades. Considering deep-drawing as a lubricated process, both boundary lubrication, mixed
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(a) Schematic of deep drawing at macro-scale. (b) Loading and stretching of contact.

(c) Schematic of contact at meso-scale. (d) Ploughing of micro-contacts.

Figure 1.3: Processes in deep-drawing at different scales

lubrication and full film lubrication regimes can be present in deep-drawing, depending on the
contact and operating conditions [13]. To calculate the total friction force in deep-drawing,
it is important to also model the contact between the tool and work-piece. Two important
length-scales can be determined in a typical tool/sheet contact, namely the micro-and macro-
scale. It is also important to identify the factors contributing to friction at the micro- and
macro-contact scales in deep-drawing. Some of the initial work in understanding friction and
lubrication in sheet metal forming was done by Wilson [14] who categorized the lubrication
regimes occurring at various locations of a sheet metal during forming (deep-drawing) process
into thin film, boundary and mixed lubrication. In these studies, the effect of surface roughness
and lubricant film thickness over different regions of the sheet metal on the lubrication regime
was highlighted.

Friction and contact in the boundary lubrication regime was further analyzed in [15] by mod-
elling loading and flattening of wedge-shaped sheet asperities by a flat tool. The asperity
deformation models in [15] and [16] used plane stress and plane strain approximations utilizing
the upper-bound method to compute the real area of contact and effective hardness of the sub-
strate. Friction models for boundary and the thin film lubrication regime, were coupled to finite
element computation of nodal pressure and strains for sheet metal forming in [17]. The effect
of bulk straining, loading and sliding on friction in sheet metals, both coated and uncoated and
laminates with different tool roughness and lubricants was studied at the laboratory scale using
a test set-up designed in [18]. With the help of the sheet metal forming experiments for various
sheets materials and loading parameters, the effect of tool roughness and mechanical proper-
ties of the coated (galvanized and galvannealed) sheet was highlighted in [18]. For numerical
simulation of forming processes, computational tool [19, 20, 21, 22] have been developed and
continuously improved to model large deformations in deep-drawing process.

The effect of operating conditions on shearing of the interface and tool surface roughness (asper-
ity geometry) on ploughing of the substrate in boundary lubrication was studied by [11]. Based
on [15] and [16], [11] developed a contact model for calculating the real contact area for loading
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of sheets having arbitrary shaped asperities by a flat tool. The contact model developed in [11],
was extended in [23], by accounting for strain hardening and inter-asperity shearing during
flattening and rising of asperities due to loading and bulk straining of the sheet. The resulting
change in surface roughness during loading was calculated using energy and volume conserva-
tion laws. The contact model in [23] included summit based stochastic roughness parameters,
which was earlier determined from the height of surface points.

The effect of various coatings on blank holder and punch-tools and sheet metals in deep-
drawing was studied in [24]. The material behaviour of the coated tool and coated sheets has
been characterized as an input parameter to model the contact between a coated tool and a
coated sheet. In doing so, the work highlights the roughness properties of the tool where rigid
asperities of the tool plough through the flattened plateaus on the sheet. The ploughing of the
sheet combined with adhesion between the tool and sheet can result in wear due to material
transfer (galling) [24] in the case of e.g. aluminum or zinc coated sheet material. The summit
height distribution of the tool surface has been used and updated considering the material
transfer. The contact between asperity summits on the surface of the tool and flattened sheet,
has been mapped as a collection of elliptic contact patches with varying size and orientation as
per the contact model of [25]. The contact patches have been characterized as a height matrix
of pixels obtained from processing of the image observed under a digital microscope in [26].
Further understanding of the effect of tool roughness (asperity micro-geometry) in modelling
of ploughing friction and wear can be found in the work done on the effect of the size and
orientation relative to the sliding direction of an elliptic-paraboloid asperity on friction and
wear volume in [27], [28] and [29]. Both [30] and [31] have focused on modelling the contact of
a sliding rough tool through a flatted sheet and the resulting effect of asperity micro-geometry
on abrasive wear. Later, in [32], the mapped geometry of the contacting asperity summits has
been used to model friction and material transfer in ploughing of hexagonal-pyramid shaped
asperities through a plastically deforming substrate.

The sliding between two surfaces loaded in boundary lubrication results in ploughing of the
softer surface by the asperities of the harder surface. Friction forces and wear volumes in
ploughing of a soft, smooth substrate (sheet) by rigid (tool) asperities has been modelled using
slip line field theory by [33]. The friction in ploughing takes into account the resistance to
sliding due to plastic deformation of the substrate and shearing of the interface as explained
in [34]. The slip-line field solutions for friction have been extended to spherical asperities in
[35] by using the interfacial shear strength and the ratio between the ploughing depth and
contact radius, defined as ’degree of penetration’. In the work of [36] and [31], the ’degree of
penetration’ has also been modified for elliptical asperities and implemented in the calculation
of friction in ploughing for various values of geometrical parameters of asperities mapped from
the tool roughness. The effect of loading and reloading on the computing the contact and
friction in sliding of a single-asperity has been modelled in [37] and extended to the calculation
of contact and friction on macro-scale.

1.4. Optimizing friction in deep-drawing
The algorithm to model and optimize the friction in deep-drawing of zinc coated sheets has
been laid out in figure 1.4. It can be seen that development of a micro-friction model is essential
in modelling friction at a macro-scale in deep-drawing. Modelling friction at the micro-scale
is done with the help of micro-scale ploughing model and contact model. Furthermore, the
material behaviour and the interfacial shear strength are measured from experiments and fed
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Contact area Ar

Interfacial shear
strength

Mechanical
properties

Characterize

Experimental validation

Contact model

Ploughing model

Develop micro-
models for multi-
layered system

Surface tex-
ture model

Macro-friction
model

OPTIMIZE
FRICTION

Parametrisation:

• surface roughness (micro-geometry)

• surface mechanical properties

• operating parameters

Modify/advise:

• surface texture

• surface lubrication strategy

• tooling and press setting

Figure 1.4: Layout of the approach towards modelling of friction in deep-drawing (highlighted
steps are included in the current micro-scale ploughing model).

as input into the micro-friction model. The developed ploughing model will be validated with
the ploughing experiments for different material and operating parameters. The friction force
obtained from the ploughing model in combination with the contact model will be used to
compute the over all friction force as per equation 1.1. The optimal friction is obtained by
designing the surface texture to realize a certain desired friction level.

As shown in figure 1.4, a multi-scale friction modelling approach has been adapted. The
research project has been divided into two parts. The current thesis work aims to build the
friction model at micro-scale (see figure 1.3d) and characterize the relevant material behaviour
at roughness scale. The coefficient of friction in the boundary lubrication regime µBL, mainly
attributed to the ploughing of the flattened substrate surface by the rigid tool asperities, is
modelled using a micro-ploughing model. The development of the macro-friction model and
the contact model will be covered in the thesis work of another PhD student [38]. The friction
in the full film lubrication regime, attributed to the hydrodynamic and hydrostatic effects of
the lubricant film in the tool-sheet contact µFL will be modelled in the macro-friction model
is not a part of the current research. The contact model calculating the ratio of real area of
contact to total nominal contact area Ar between the tool and the sheet is also done at macro
level and is also not a part of the current research. The current research focuses on development
of the ploughing model for multi-layer system with the help of experimental characterization
of the mechanical properties of the sheets and interfaces and validation of the model results, as
encircled and highlighted in figure 1.4.
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1.5. Problem definition
In order to have an efficient and flexible deep-drawing process, with the ability to manufacture
new products, it is critical to have a numerical tool that can predict the required friction forces
for the given product design. It is well-understood from section 1.3 that the friction force
varies locally based on the contact conditions at different scales. The friction force in boundary
lubrication results from ploughing of the tool asperities through the surface of the sheet metal
as shown on micro-scale in 1.3. The geometry of the tool asperities have shown to affect the
ploughing behaviour in the work of Bowden and Tabor [34] and Challen and Oxley [33]. The
geometry of the tool asperities is mapped by modelling the tool-flattened sheet contact as
shown in figure 1.5 and incorporated in the ploughing model for calculation of friction as given
in figure 1.4.

The initial statistical contact models by [39] have characterized surface roughness using spher-
ical asperities of varying sizes. However, the characterization of the contact between a hard,
rough surface in contact with a smooth surface has been done by describing the contact as
interacting contact patches in [25]. These contact patches have been described as a connected
height matrix of pixels mapped from asperity image-processing as shown in figure 1.5. Based
on the contact patch geometry and height distribution, the asperity geometry has been mapped
as elliptic-paraboloid or ellipsoid of varying sizes and orientations in [26]. The contact between
(anisotropic) rough surfaces have also been characterized using elliptic-paraboloids in [40]. The
size of the elliptic base of the asperity is parameterized by the size of the major axis a and
minor axis b of the elliptic contact patch. The orientation of the asperity is given by the angle
β the major axis of the contact patch makes relative to the sliding velocity vector vs. The
height of the asperity, as well as the radii of curvature Rx and Ry are obtained from the height
distribution of the connecting pixels [26].

The friction force acting on an asperity has been shown to be a function of the angle γ, which
is the tangent of the asperity-substrate contact relative to the sliding velocity vs [33], see figure
1.5. For three dimensional asperities, the angle γ is expressed in terms of the ratio of the
penetration depth and contact length in the sliding direction i.e. the degree of penetration
of the asperity [35]. Initial work on modelling the contact and wear for sliding of elliptic-
paraboloid asperities through a metallic substrate in terms of their degree of penetration was
done in Masen et al. [30] and [31]. The forces acting on an elliptic-paraboloid asperity sliding
through a rigid-plastic substrate was computed by approximating a hexagonal pyramid to an
elliptic-paraboloid shaped asperity in [28] and [32]. Here the friction forces acting on the face
of the hexagonal pyramid computed from forces due to the contact pressure generating from
the plastic deformation of the substrate and the force due to shearing of the interface.

Hence the development of a single-asperity ploughing model is critical to the modelling of
friction in deep drawing. The available models for contact between tool and sheet have tool as-
perities characterized as elliptic-paraboloids with varying size and orientations. The developed
ploughing model must include elliptic asperities to account for the anisotropy in the micro-
geometry of the tool surface roughness. The ploughed sheets are zinc coated steel sheets. The
zinc coating in the sheet is known to have anisotropic material behaviour resulting from the
orientation of the zinc grains [41, 42] and temper rolling of the sheets with textured rolls prior
to deep-drawing. Therefore, it is important to include anisotropic behaviour in the ploughing
model for zinc coatings. As a starting point it can be summarized that, in order to compute
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Figure 1.5: Ploughing by an elliptic-paraboloid shaped asperity resulting from loading and
sliding of tool against sheet [29, 26].

the friction in boundary lubrication in deep-drawing the current research must:

• develop single-asperity ploughing model which,

• includes an elliptical asperity geometry where the asperities can have different orientations
with respect to the sliding velocity vector and

• models anisotropic material behaviour in the zinc coating

1.6. Research scope
In can be concluded that it is critical to have a robust micro-ploughing model in order to model
friction in deep-drawing. The development of a single asperity ploughing model is fundamental
to develop a multi-asperity ploughing model. Hence, different aspects in single-asperity plough-
ing model are analyzed. Previous studies have shown that modelling of ploughing of hard tool
asperities through a metallic sheet substrate is complex due to the large scale localized plas-
tic deformation. Further, the shear strength of the interfacial boundary layer is important to
model friction in ploughing. Taking into account the industrial background of the current work
and the understanding of the friction in ploughing from section 1.2, the factors that have been
identified to have possible influence on ploughing behaviour of a single asperity sliding through
a coated metallic sheet are shown in figure 1.6 and listed as:

• Operating conditions: contact pressure, temperature and sliding velocity.
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• Surface texture of the tool: length of the axes of the elliptical asperity, height of the
asperity, angle of orientation of the asperity with respect to sliding velocity vector.

• Stiffness of the tool asperity.

• Adhesion between the tool and the (coated) substrate.

• Surface texture of the substrate: texture size, depth and orientation.

• Shear strength of the interfacial boundary layer.

• Stiffness of the (coated) substrate: elastic moduli, Poisson’s ratios of the coating and the
substrate.

• Yield properties of the (coated) substrate: yield strength, hardness of the coating and
the substrate.

• Degree of anisotropy in the (coated) substrate: Anisotropic yield criteria constants (Lon-
gitudinal and transverse strain ratios), Anisotropic hardening constants, Stiffness matrix
constants.

• Thickness of the coating in the coated substrate.

Figure 1.6: The tribological system in single-asperity sliding contact showing the factors affect-
ing friction in ploughing.

Based on the defined problem, the industrial relevance and the possible factors affecting friction
in ploughing, the scope of the current research includes the following goals:

• The development of a numerical model for an elliptical asperity ploughing through zinc
coated steel sheets to compute friction forces and ploughed profile on the substrate.

• To validate the developed ploughing model with ploughing experiments using both zinc
coated and uncoated steel sheets under varying loading conditions, interfacial shear
strengths and asperity geometries.

• To analyze of effect of the aforementioned parameters in the tribological system (see figure
1.6) for a single-asperity sliding on the friction force and wear volume in ploughing.
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1.7. Outline of the thesis
The thesis has been designed into the following chapters. Chapter 2, titled ‘Theoretical back-
ground’ provides and overview of the relevant literature on single-asperity ploughing models
and the relevant material characterization for the development of the aimed ploughing model.
The gaps in the available models and characterization methods are highlighted leading up to
the setting of the objective and outline of the current research. The main body of the thesis
is presented in Chapter 3, 4 and 5. Chapter 3, titled ‘Development of single asperity plough-
ing models’ explains the development of the Material Point Method (MPM) based numerical
ploughing model. The chapter also explains steps in calculation of forces acting on an elliptical
asperity sliding through a rigid-plastic substrate with the help of an analytical model. Chapter
4, titled ‘Experimental procedure and characterization’ explains preparation of tool and sheet
specimens and experimental set-ups for both experimental characterization of test specimen
and experimental validation of the numerical ploughing simulation. The characterization of
the shear strength of the interfaces and the yield curve and yield function for both coated and
uncoated sheets are further explained in chapter 4. The friction and wear results from the
ploughing simulation are presented in chapter 5 titled ‘Results and discussion’. The numerical
results are validated with experiments for both zinc coated and uncoated steel sheets. The
numerical results are also compared with the results obtained from the analytical model for
an ideal (rigid-) plastic material model. Chapter 5 also highlights and discusses the effect of
geometrical parameters of the asperity such as shape, size and orientation with respect to the
sliding direction, interfacial shear strength, coating thickness and anisotropy on friction and
wear in ploughing. Finally the main conclusions and recommendations for future research are
given in chapter 6.





Chapter 2

Theoretical background

The relevant background on modelling of friction in ploughing has been summarized in the
current chapter. Friction in ploughing has been attributed to the plastic deformation of the
substrate and the shearing of the interface. To model the deformation of the substrate, the
available studies on characterization of the material behaviour of the substrate has been high-
lighted. Likewise, the studies on measurement of the interfacial shear strength have been
summarized to model the shearing of the interface. Both analytical and numerical models
available to compute friction in ploughing have been studied. Based on the limitations and
advantages of the available numerical and mathematical tools, the approach towards modelling
ploughing will be motivated. The gaps in characterization techniques for material properties
of zinc coated steel sheets and the shear strength of interfaces have also been highlighted while
setting the objectives of the work done in the current dissertation. To reach the research aims,
both numerical and analytical approaches are combined to model the ploughing behaviour of
elliptical asperities. The combined approach will enable modelling a computationally efficient
and physically accurate single-asperity ploughing model with the possibility to apply the model
in a multi-asperity model.

15
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2.1. Literature review: Single-asperity ploughing model

(a) Ploughing by a single-asperity as seen
under SEM at 400x magnification [27].

(b) Ploughing model by an elliptical asperity of a
coated substrate.

Figure 2.1: Single-asperity ploughing.

Ploughing is defined as the displacement of substrate material from the path of an rigid, sliding
asperity, without any actual removal of material, (see figure 2.1a). A ploughing model is critical
to the understanding of friction and wear (deformation). The simulation of ploughing by an
elliptical asperity through a coated substrate has been illustrated in figure 2.1b. In literature,
both analytical models and numerical simulations have been developed to study the ploughing
behaviour of rigid asperities on soft/smooth substrates. Generally, analytical methods provide
fast solutions for the coefficient of friction and wear volume with simplified assumptions of ideal
(elastic-plastic) material behaviour. Furthermore, by varying the geometrical parameters for
a single asperity each asperity geometry in the analytical model can be taken as a unit event
and be used to develop a multi-asperity ploughing model. However, real materials have com-
plex mechanical and interfacial behaviour. Hence, numerical models are required to simulate
ploughing of real materials and provide a deeper insight into the effects of different factors con-
tributing to the friction and wear in single-asperity sliding. Generally, accounting for a more
realistic representation of ploughing numerical models can result at high computational cost.
The accuracy of the model in replicating ploughing behaviour should be tested by physical
validation of the model results using the results obtained from laboratory or industrial scale
experiments.

The friction Ff in sliding of a rigid asperity through a smooth deformable substrate has been
attributed to the (1) force due to the contact stress resulting in deformation of the substrate Fpl

and (2) force due to the shear stress at the interface Fsh [34] as shown in equation 2.1. In order
to compute the force due to deformation of the substrate, it is important to characterize the
material behaviour of the substrate. Likewise, in order to compute the force due to shearing
of the interface, the interfacial shear strength must be determined. The characterization tech-
niques for material behaviour and interfacial shear strength, specific to coated metals, available
in the literature have been studied in the subsequent subsection 2.1.1 and 2.1.2. Also, the
available analytical methods and numerical tools to model ploughing by a single-asperity in
metallic substrates has been discussed in subsection 2.1.3 and 2.1.4. In choosing the numerical
tools for the current research, the scope of the the discussed methods to model ploughing by
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an elliptical asperity in an anisotropic-coated system has been focused.

~Ff = ~Fpl + ~Fsh (2.1)

2.1.1. Material characterization

In sheet metal forming operations like deep-drawing, the steel sheets (work-pieces) are made by
the process of cold rolling. Further, the steel sheets are hot dip-galvanized to provide them with
zinc coating. Typically, the zinc-coated sheets are temper rolled (commonly called skin-passing)
to provide them with the desired surface texture and flatness. The rolling process results in
thickness reduction and directional strain hardening of the sheet metals. Rolling also introduces
a deformation texture along the rolling, transverse and normal directions (orthogonal) which
result in an induced anisotropy in the plastic deformation of the sheets (elastic deformation is
negligible in sheet metal forming). The zinc grains in the coating are formed as pancakes of 100
µm size and 10 µm thick [41]. The difference in the size and amount of zinc along the thickness
and surface plane could also be attributed to the anisotropy in the mechanical properties zinc
coatings. Additional anisotropy is inherent to the zinc grains due to their hcp (hexagonal closed
pack) crystal structure. The variation in their critical resolved shear stress (CRSS) in the slip
and twinning systems of the hcp zinc crystal structure results in basal slip and twinning being
the predominant deformation modes in zinc coating [43]. The preferential deformation mode
and the dissimilar hardening of the slip systems result in anisotropy in elasticity, yielding and
hardening in zinc [43, 44] .

Some of the initial work in characterizing the elastic moduli of zinc crystals was done in [42] by
the use of both static (longitudinal tension test) and dynamic (composite oscillator method)
methods. The elastic, shear and bulk moduli and the Poisson’s ratio of zinc crystals were
reviewed and listed in [45]. Later, the deformation properties of multi-crystalline zinc in zinc
coated steel were studied with the help of a tensile test and EBSD (electron back-scatter
diffraction) technique. The critical resolved shear stress (CRSS) and the hardening parameters
for the different slip systems for the zinc coating were identified and the evolution of the CRSS
with plastic slip was given by the hardening law in [43] and [44]. The deformation and damage
modes of both the temper rolled and non-temper rolled zinc coating resulting from the dominant
slip planes in the deformed and cracked grains were analyzed using FE calculations and EBSD
in [43] and [46]. The interfacial fracture and the coating-substrate adhesion in zinc coatings
was further analyzed for various grain sizes and grain orientations by experiments and FE
calculations in [47] and [48]. A strain-hardening law, given in equation 2.2a and 2.2b, for the
zinc coatings in [47] used averaged, nano-indentation based material parameters given in table
2.1 [41]. For the isotropic steel substrate, the Bergström-van Liempt material model (hardening
law) can be used to compute the yield stress as a function of the strain, strain rate and working
temperature [49].

σ = Eε ∀ε ≤ εy (2.2a)

σ = σy

(
1 +

E

σy
(ε− εy)

)n
∀ε > εy (2.2b)

The nano-indentation of the zinc coating was done for zinc grains with different indentation
angles αi (grain orientation) which is the angle between the indentation normal and c-axis of
the hexagonal zinc grains as shown in figure 2.2a. The elastic modulus Ec and hardness Hc
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Table 2.1: Macroscopic properties of the zinc coating in equation 2.2a and 2.2b [41, 50, 47].

Property Value (range)

Ec 70 GPa
σy 75 MPa
n 0.14
Hc 1.1 GPa
νc 0.3

(a) Indentation of zinc grains at various αi.
(b) Variation of hardness and elastic modulus with αi

[41].

Figure 2.2: Effect of orientation of zinc grain on elastic modulus and hardness.

of the zinc grains were plotted as a function of the orientation of the crystal as shown in 2.2b
[41]. The variation in Ec and Hc with respect to αi have been listed in table 2.2. Based on the
relationship between the elastic modulus and the crystallographic orientation of the crystal,
given in equation 2.3, the independent elastic compliance s11, s12, s13, s33 and s44 were obtained
and listed in table 2.2. The elastic compliance can thus be used to obtain the Poisson’s ratio and
Young’s moduli and hence the elasticity matrix of poly-crystalline zinc [41] and [50]. Using the
elasticity matrix obtained by nano-indentation, the anisotropy in the elastic deformation in the
zinc coating can be modelled by decomposition of total stress into hydrostatic and deviatoric
components as shown in [51].

1/Eα = s11 sin
4 α + (2s13 + s44) sin

2 α cos2 α + s33 cos
4 α (2.3)

Modelling of plastic deformation in a sheet requires knowledge of its yield criteria and hardening
function. The initiation of yielding in a slip system is given by its CRSS which are summa-
rized for zinc crystals in [44]. The evolution of CRSS with plastic slip is used to represent
the hardening of the zinc in [44]. However, for large scale (anisotropic) plastic deformation
occurring at both micro-(asperity ploughing) and macro-scale in deep-drawing, the yield cri-
teria and hardening laws must be based on continuum plasticity rather than crystal plasticity
as the deformation occurs over multiple grains in the coated sheet. In modelling the plastic
deformation in an isotropic material, the von Mises yield criteria is commonly used. On the
other hand, Hill’s yield criteria [52] is used for modelling of plastic deformation of an anisotropic
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Table 2.2: Variation in mechanical properties of zinc grain as a function of the angle of inden-
tation αi and elastic compliance based on equation 2.3 [41].

Elastic compliance Value [10−13m2/N ]

s11 81.7
s12 5.0
s13 60.7
s33 259
s44 263

Property Value (range)

αi 3o − 84o

E 39 - 124 GPa
H 0.6 - 1.54 GPa
ν̄ 0.23 - 0.34

(a) Schematic of an indentation measurement.

(b) Vickers (top-left), Berkovich (top-
right) and Knoop (bottom) indenta-
tion marks showing diagonal lengths. (c) Load-depth plot from nano-indentation.

Figure 2.3: Measurement of hardness using (Knoop) indentation.

material. Recently, the Vegter yield criterion [53] has also been used for plane stress situations
in sheet metals. For determining the parameters of the anisotropic yield criteria, and hence
the yield loci, uniaxial, equi-biaxial, pure shear and plane strain tests are typically performed
on bulk specimens. However, determination of the anisotropic yield parameters for a coated
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system using bulk loading tests is challenging due to the difficulty of separating the anisotropy
in the thin film from the anisotropy in the substrate due to the large difference in properties
of the coating and bulk material. Indentation based methods are generally able to measure
the mechanical properties of the (coated) surfaces as shown in figure 2.3a. Nano-indentation
based measurement have been able to calculate the stiffness and hardness of the materials from
the load-depth curves as shown in figure 2.3c. The stiffness Λ is given as the slope of the
unloading curve which extrapolates to the depth hf . The maximum load Fm correspond to
maximum depth hm. The hardness is obtained from the maximum load and contact depth hc.
Nano-indentation in combination with orientation imaging microscopy (OIM) has been used
to characterize the anisotropy in zinc crystals. The hardness and Young’s modulus have been
plotted for various crystallographic orientations on the surface of the zinc coating using nano-
indentation measurements in [41] and [50]. The measurement of anisotropic plastic behaviour
using micro-hardness indentations by indenters such as Vickers and Berkovich (see figure 2.3b)
is challenging as the directionality in the material properties is averaged out by the symmet-
ric geometry of the indenters. Hence, in characterizing the yield criteria of highly anisotropic
sheet metals and alloys, the asymmetric Knoop indenter has been commonly used [54, 55, 56],
although not at all for coatings or in a nano-indentation set-up.

In using the Knoop hardness number (KHN) to plot the yield curve of a specimen, it is assumed
that the ratio of deviatoric stress resulting in plastic flow along the diagonals of the indenter
is proportional to the ratio of lengths of the diagonals of the Knoop indenter [54]. By aligning
either of the diagonal of the indenter along the orthogonal axis, i.e. rolling direction, trans-
verse direction and normal directions, six Knoop indentations correspond to six points on the
deviatoric stress plane. The KHN data has been used to plot the yield loci on the plane-stress
plane by using strain and stress ratios derived using the Lévy-mises and the volume constancy
equations. The KHN is equated with the equivalent yield stress in the yield criteria to ob-
tain the coordinates on the plane-stress plane corresponding to the indentation in [55]. The
KHN-based yield loci have been validated to good agreement with the conventional yield loci
at 0.01 and 0.1 strain in [55] and [56] for various titanium and magnesium alloys respectively.
Although KHN-based yield loci have also not been accurate for highly anisotropic materials
that have a difference in compressive and tensile yield stresses at low strains [56], it has shown
considerable agreement with the conventional bulk test-based yield loci for most materials [57,
58, 59]. Furthermore, the stress ratios for all six indentations were corrected by taking the
degree of anisotropy into account [56]. Recently, a Knoop indenter has been used to perform
depth-sensing nano-indentations on various materials, [60]. However, due to the axi-symmetric
geometry of the indenter calculation of stiffness from the unloading curve using the Oliver and
Pharr method [61] is challenging. The hardness is best calculated from the maximum depth
in the load-depth curve or size of the indentation imprint as shown in figure 2.3b and 2.3c.
Thus far the parameters of the anisotropic yield criteria have been best evaluated by Knoop
indentation. However, an extension of the Knoop indentation technique to evaluate the yield
criteria for anisotropic (zinc) coatings is not available in literature and has to be developed.

2.1.2. Interfacial shear strength characterization

In the presence of a lubricant at the interface, the lubricant molecules attaches itself to the
metallic surface forming a boundary layer. At low contact pressure, for non-polar lubricants
and inactive metallic surface, boundary layer is formed through physical adsorption of lubricant
molecules to the surface due to Van der Walls interaction as shown in figure 2.4a. At high
contact pressure, for polar lubricants and an activated metallic substrate, the (polar) functional
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(a) Physical adsorption. (b) Chemical adsorption.

Figure 2.4: Mechanisms for boundary layer formation [34].

group of the lubricant molecule attaches it self to the metallic ions on the surface to form
the boundary layer through chemical reaction and adsorption as shown in figure 2.4b [62,
63, 64]. The tip of the lubricant molecule adsorbed on the substrate along with its long
chain hydrocarbon tail form vertically adsorbed mono-layers at the interface called ‘boundary
layers’ which prevent direct metal-to-metal contact. The shear strength of the boundary layers
has been shown to depend on the contact pressure, sliding velocity and contact temperature
[65]. The boundary layer shear strength has been expressed as the resistance to movement of
dislocations in the Eyring’s model [66] which is a function of the aforementioned parameters.
By doing experiments to measure the boundary layer shear strength of lubricated (coated) glass
and mica for varying loads, sliding velocity and temperature and fitting the expressions derived
from [66], empirical relations of a boundary layer shear strength have been derived, in [65], [67]
and [68].

The effect of contact pressure, sliding velocity, temperature and number of monolayers in the
boundary layer on the boundary layer shear strength τb from various studies has been sum-
marized in [11]. Power law relationships between the boundary layer shear strength and the
nominal contact pressure and the boundary layer shear strength and the sliding velocity were
proposed. Also the boundary layer shear strength has been expressed as an exponential function
of the temperature. Combining all these relations, a general empirical-theoretical expression
for τb as function of P , T and vs is given in equation 2.4a in terms of constants τ0, n0, R̄, Q and
q. Here R̄ is the ideal gas constant. By taking the anti-log on both sides, equation 2.4a can be
deduced, see equation 2.4b. The boundary layer shear strength for metallic contact lubricated
with stearic acid was studied in [69] using aluminum and gold coated glass. The boundary layer
shear strength for deep-drawing steel sheet lubricated with forming oil was first measured using
a lubricated line contact in [29] and expressed to be a power-law relationship with the nominal
contact pressure (see equation 2.4c). The experimental techniques to measure the boundary
layer shear strength of a metallic contact lubricated with forming oils for (zinc) coated sheets
still remains unexplored.

ln τb = τ0 ln vs +
Q

R̄T
+ n0 lnP + q (2.4a)

τb = CP npvnv
s exp

(
Q

R̄T

)
(2.4b)

τb = 0.96P 0.88 (2.4c)
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2.1.3. Analytical ploughing models

Ploughing friction has first been analyzed analytically in [34] where a spade, sphere and a
cylinder were ploughed through a smooth metallic substrate. Later [33] proposed steady state
solutions for the coefficient of friction and wear rate based on slip-line field theory for deforma-
tion of two-dimensional wedge shaped asperities as shown in figure 2.5. The abrasive wear due
to deformation of the asperities was classified into the three regimes, i.e. ploughing, cutting
and wedging. As further explained in [35], the material of the substrate was displaced from
the sliding path/wear track of the rigid asperity in the ploughing wear mode, the material of
the substrate was removed as chips in the cutting wear mode and the material of the substrate
was lumped in front of the sliding asperity as wedges in the wedging wear mode with possible
transfer to the surface of the asperity on unloading. The expressions for the coefficient of fric-
tion for two dimensional wedge shaped asperities were extended to three dimensional spherical
asperities, as listed in equations 2.5a-2.5c. The coefficient of friction in cutting µC , wedging
µW and ploughing µP is expressed as a function of the degree of penetration Dp of the asperity
into the substrate and the interfacial friction factor f . The ’interfacial friction factor’ is the
ratio of the boundary layer shear strength τb to the bulk shear strength κ of the substrate. The
‘degree of penetration’, defined as the ratio of the depth of penetration to the contact length
of the asperity sliding through the substrate, is a function of the asperity geometry (angle γ
shown in figure 2.5).

µC = tan γ − π

4
+

arccos f

2
(2.5a)

µW =
(1− 2 sinAw +

√
1− f 2) sin γ + f cos γ

(1− 2 sinAw +
√
1− f 2) cos γ − f sin γ

(2.5b)

µP =
Bp sin γ + cos (arccos f − γ)

Bp cos γ + sin (arccos f − γ)
(2.5c)

where, for 2D wedge-shaped asperities,

tan γ =
h

a

and for (3D) spherical asperities
1− cos γ

sin γ
=
d

a
= Dp

f =
τb
κ

Aw = γ − π

4
− arccos f

2
− 2γ − arcsin

( sin γ√
1− f 2

)
Bp = 1 +

π

2
+ arccos f − 2γ − 2 arcsin

( sin γ√
1− f 2

)
Slip line field solutions for plane stress and plain strain boundary value problems for yielding of
rigid-plastic solids have also been commonly used for modelling the coefficient of friction for two-
dimensional geometries. Slip-lines have been constructed by use of chords in studying friction
due to ploughing by curved surfaces in [70]. The method of generating slip line fields by chords
and logarithmic curves has been further studied and adapted in experimental investigations of
friction in circular and two dimensional cylindrical asperities in [71] and [72] respectively. Due
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(a) Ploughing (b) Wedging (c) Cutting

Figure 2.5: Wear modes using slip-line field theory (blue lines: slip lines) [33].

to the limitation of slip-line field method in calculating friction for two-dimensional asperities
only, upper-bound methods have been used to study ploughing by three-dimensional asperities.
Upper-bound methods are based on minimization of the velocity field around the asperity
resulting in minimization of work due to plastic deformation and interfacial friction. Upper
bound methods have been used to estimate the force on pyramidal [73] and conical asperities
[74] where the configuration of the plastic zone are known a priori. To capture pile-up of
substrate material in ploughing, the shape of the pile-up has been determined on a rigorous
basis while updating the upper bound solution in [75] and [76]. Although the effects of asperity
geometry have been captured using pyramidal indenters with varying tip and side angles [28],
prior estimation of plastic zone is challenging for a complex asperity geometry.

As studied in [39], [25] and [26], and shown in chapter 1, asperities in contact with a rough
surface are represented by elliptical paraboloids of different sizes and orientations. The slip-
line field theory and upper bound theory are limited in modelling of friction in ploughing by
either two dimensional asperities or three dimensional pyramid and conical shape asperities.
Upper bound models also need to approximate for the deformation and pile-up in the substrate
prior to modelling friction. However, in using the theory given by Bowden and Tabor [34],
shown in equation 2.1, the total friction acting on the face of an asperity is resolved into a
friction force due to contact pressure from plastic deformation acting along the normal into the
surface and friction force due to shearing of the interface acting tangent to the surface along the
plastic flow. The plasticity theory has been successfully used to compute friction in ploughing
by hexagonal pyramids [32] and spheres [77]. Hence, calculation of the friction forces as the
product of contact area and contact stress and interfacial shear stress tensors seems effective
in developing an analytical ploughing model.

2.1.4. Numerical ploughing models

Both mesh-based and mesh-less methods have been used to model ploughing in coated and
uncoated systems. Among the available mesh-based methods to model ploughing, finite element
(FE) methods have been preferred to model single-asperity sliding through both coated and
uncoated substrates. 3D FE packages have also been used to study scratching of hard elastic
coatings on metallic substrates [78, 79] and multi-layer polymeric coating-substrate systems [80,
81]. The FE models have focused on studying the pile-up by varying the material parameters
of coating and the substrate such as Young’s modulus, yield stress, hardening parameter and
interfacial friction coefficient [82]. The selected FE packages have used methods such as adaptive
re-meshing, element deletion and differential meshing to avoid element distortion due to large
scale plastic deformation and wear and to reduce the computational cost of the simulation [83,
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84, 85, 86, 79]. The FE-based ploughing models have typically used bi-linear-elastic plastic or
the Johnson’s Cook material model along with Columbic or Coulomb-type friction frictional
contact at the interface [78] and [87]. To the author’s knowledge, FE models have not been
used for detailed study on ploughing behaviour in soft metallic coatings.

Figure 2.6: Modelling of ploughing using particle based method (showing stress in the sub-
strate).[95]

In the recent years, particle based methods such as Molecular Dynamics (MD) have been used as
numerical tool to study friction and wear in the sliding of a single asperity through the substrate
at a nano-scale. Interfacial shear and plastic deformation of the substrate has been explained in
MD by the help of movement of dislocations and voids [88]. The active slip systems and crystal
surface orientations specific to pile-up in scratching of titanium and magnesium having a hcp
crystal structure like zinc have been studied in [89]. MD simulations of scratching have been
done using different asperity geometries ploughing through a smooth substrate in [88]. Also
MD simulations of sliding of rough, coated and lubricated surfaces have been done in [90]. One
of the critical steps in MD simulations is the choice of the correct interaction potential which
is not straight forward. Furthermore in order to physically validate the MD simulations results
attempts have been made to couple MD models with macro-scale models [91]. Typically particle
base methods such as Smooth Particle Hydrodynamics (SPH) have been used in modelling of
large arbitrary deformations in fluids. The use of SPH in modelling deformation in solids have
dealt with numerical problems of rank deficiency and tensile instabilities. To model ploughing
at the laboratory scale, the SPH forulation has been extended to a robust meshless Total
Lagrangian formulation (TLSPH ), although limited by the amount of substrate deformation
[92]. TLSPH has been used in [93] and [94] where the constitutive material behaviour has been
used to model frictionless scratching behaviour in metals. Hence an accurate experimental
validation of the overall friction is absent in [93]. Figure 2.6 show the equivalent von-Mises
stresses in ploughing using the particle based TLSPH method.

The use of hybrid numerical tools which combine mesh and particle based methods has helped
to tackle the numerical problems in modelling of scratching. These methods often use an Arbi-
trary Lagrangian Eulerian (ALE) formulation which combines the features of pure Lagrangian
analysis (in which the mesh follows the material) and Eulerian analysis (in which the mesh
is fixed and the material flows though the mesh) [96]. Among them SPH has been used in
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combination with FEM to model orthogonal cutting with varying damage criteria and particle
density [97]. A Lagrangian FEM method, Particle FEM (PFEM) has been used with re-meshing
to simulate formation of continuous chips in metal cutting processes [98]. Likewise the Ma-
terial Point Method (MPM) is also a hybrid method which combines a background mesh as
well as concepts of particle methods derived from the earlier Particle-In-Cell (PIC) techniques
[99]. Historically MPM has been a popular numerical tool for modelling two-phase analysis
and large scale deformation in soil penetration and structural collapses in geo-mechanics [100].
Recently the standard material point method has been generalized using a variational form
and a Petrov–Galerkin discretization scheme resulting in the meshless Generalized Interpola-
tion Material Point (GIMPM) method[101]. Both MPM and GIMPM have been recently used
in machining applications like orthogonal cutting [102] and micro-milling [103]. Recent studies
have presented GIMPM as a numerical tool in modelling large scale deformation [103].

The FE simulation of ploughing have dealt with numerical problems resulting from large scale,
localized and dynamic plastic deformation. On the other hand, purely particle methods like
MD models for ploughing at an atomistic scale have difficulty in accounting for the macro-scale
factors of plastic deformation and shear and hence face the challenge of physical validation
of numerical results. To successfully model friction in ploughing a numerical model must be
adaptable to include the parameters affecting ploughing as discussed in chapter 1. However,
GIMPM, a hybrid on particle and mesh based method uses the benefits of both techniques
and has shown to model large scale deformation processes at a laboratory scale successfully.
Moreover, GIMPM has been implemented as a user package in the open-source LAMMPS
code [104]. The availability of GIMPM as an open source package (USER-SMD) combined
with its modelling capabilities as discussed before encourages its implementation for ploughing
simulations.

2.2. Research gap
Experimental techniques to characterize the boundary layer shear strength and material char-
acteristics of the coated-substrate with varying operating parameters, critical to the design of
the ploughing model, have not been fully explored in the available literature. Characterization
of the soft zinc-coating with low thickness in the order of 10µm makes the characterization of
coating related properties challenging. Bulk characterization methods for characterizing the
yield properties sheet metals cannot be applied to coated sheets, while the micro-indentation
based characterization coating on the cross-section is limited by the coating thickness. Nano-
indentation techniques have been more effective in characterizing the variation in Young mod-
ulus and hardness with crystallographic orientation of anisotropic coatings. Knoop indentation
hardness has also been used to evaluate the yield criteria mostly for uncoated anisotropic met-
als. However, a Knoop indenter based nano-indentation method has not been used so far to
evaluate anisotropic yielding in coated sheets, although it has been used in bulk materials.

The current studies have shown that a robust ploughing model at micro-scale is key to modelling
friction in deep-drawing. However, modelling of ploughing on micro-scale for metallic, coated
contacts is complex and is affected by various aspects as shown in section 1.5. Moreover, the
anisotropy in roughness and texture of tools and the substrate have shown to greatly affect the
friction and wear in the sliding contact between a hard tool and a soft sheet substrate. The com-
plex micro-geometry of the tool asperities, modelled as elliptic paraboloids, combined with the
asymmetry in the resulting plastic flow makes development of an efficient multi-asperity model
a challenging process. In this regard, analytical methods to compute friction and deformation
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in ploughing by elliptical asperities with variable size and orientation with respect to sliding
are not available. Currently, both numerical and analytical models to simulate ploughing by
taking into account realistic material deformation and interfacial shear behaviour are absent.
Firstly, analytical models to compute friction are limited to 2D wedges and cylinders using
the slip-line field theory and simpler pyramidal and conical geometries using the upper bound
theory. Secondly, the numerical simulation of ploughing using FE packages has been mostly
limited to model small scale deformations and hence the use of simple bi-linear elastic-plastic
material models and Coulomb friction law at the interface. Furthermore the MD simulations
of ploughing are limited to nano-scale. Most of the numerical simulations of ploughing, both
mesh-based FE methods, particle-based MD and TLSPH methods have not been able to ac-
curately validate the friction and wear results with ploughing experiments. Although hybrid
numerical tools such as the GIMP method has shown to be promising in modelling large scale
plastic deformations including dynamic friction laws, their implementation to single-asperity
ploughing still remains unexplored.

Hence it is important to take into account all the aforementioned factors in the chosen numerical
ploughing model for a single-asperity. Based on the theoretical background of the available
ploughing models, the effect of the following factors have yet not been fully considered in the
calculation of friction and the ploughing behaviour:

• size and orientation of elliptical asperities with respect to the sliding direction.

• shear strength of the interface under various lubricating and operating conditions.

• anisotropy in the deformation of the zinc coating.

• zinc coating thickness.

2.3. Aim of the research
Based on the above research gaps obtained from the available literature survey and the problem
definition for the proposed research, the following research objectives have been laid out:

• To build a numerical model to simulate the single-asperity ploughing behaviour for the
tool-work-piece micro-contact (tool asperities sliding through the work-piece) in deep-
drawing. The numerical model should consider the factors affecting friction and wear in
ploughing behaviour listed in section 1.5. The designed ploughing model should include a
zinc coated-substrate and take into account the effect of the boundary layer. The model
should also include an elliptical asperity of varying size and orientation relative to the
sliding direction, being able to adapt the characterized geometrical parameters of the
ploughing asperity.

• To develop an analytical model for ploughing of an ideal (rigid-) plastic substrate by
an elliptical asperity with varying size and orientation relative to the sliding direction.
The analytical model in combination with the numerical model should be able to explain
and account for the factors contributing to the friction in ploughing. The analytical
model should be used to model one micro-contact in a multi-asperity contact for friction
computations on macro-scale.

• To develop or adapt an experimental technique to measure interfacial shear strength for
a lubricated boundary layer on an uncoated and coated surface.
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• To develop or adapt an experimental technique to characterize the yield behaviour (yield
criteria and coating hardness) for the zinc coating of a zinc coated steel sheet.

Although friction forces are considered, in the development of the aforementioned theory and
ploughing model, abrasive wear resulting in the calculation of material removal is not part of
the research.

2.4. Research outline

Model input
characterization

Computational
simulation

Experimen-
tal set-up

Analytical model

Model out-
put validation

Figure 2.7: Flowchart of modelling single-asperity sliding.

The current research studies the sliding behaviour of a single-asperity through a substrate by
numerical modelling and ploughing experiments. The study is done in a three-step procedure
as listed in the flowchart in figure 2.7. The first step is model build-up which includes the
development of a generalized interpolation material point method (GIMPM) based numerical
model for simulating ploughing behaviour. Based on the observations from the numerical
ploughing model, an analytical model to compute forces and wear in ploughing is developed
with the aim to be implemented in a multi-asperity model. The numerical and analytical
models will be able to model the ploughing behaviour of different ellipsoidal-shaped asperities
under different orientations relative to the sliding direction. The numerical model has also
been extended to incorporate experimentally derived interfacial shear strength relations and
constitutive behaviour of steel substrates and zinc coatings taking into account the isotropic
and anisotropic material deformation behaviour.
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Development of single-asperity ploughing models

This section describes the development of a numerical model, an analytical model and an
experimental set up to study the ploughing behaviour of a single-asperity sliding through a
substrate. The generalized interpolation material point (GIMP) method has been used to build
a computational model of a single asperity sliding through a zinc coated substrate. The model
does so by implementing the interfacial shear and material properties obtained experimentally.
The measurement methods and results will be explained in chapter 4. The numerical model
has been built to simulate single-asperity sliding behaviour for anisotropic material behaviour,
elliptical asperity geometry, various substrate texture and lubricating conditions.

The developed numerical model will be further validated with ploughing experiments in chapter
5.The theory of friction in ploughing given by Bowden and Tabor [34] has been used to develop
an analytical model for understanding the forces, deformation and wear in single-asperity sliding
through a plastically deforming substrate. The analytical model has been built to be the basis
of a friction model describing friction between a tool and a sheet surface, so a multi-asperity
contact. The purpose of having an analytical model in combination with an experimentally
validated numerical model for the single-asperity sliding is to build a robust tool to predict
friction in deep-drawing process. The analytical model results are discussed in chapter 5 and
compared with the numerical model results for ideal (elastic/plastic) material behaviour.

The contents of this chapter can be referred from the appended papers A [95], B [105], C [106]
and F [107]. Further details on each section of the chapter can be seen in the following papers:

• Numerical simulation: Paper A [95], Paper C [106] and Paper F [107]

– Paper A explains the build up of the numerical model.
– Paper C and Paper F explain the implementation of ellipsoidal asperity geometry

and coated substrate into the numerical model respectively.

• Analytical modelling: Paper B [105], Paper C [106] and Paper F [107]

– Section 3.2.1-3.2.5: Paper B computes ploughing friction for a constant ploughing
depth. Paper C takes into account the variation in pile-up to compute the ploughing
friction by implementing the model in paper B.

– Section 3.2.6-3.2.7: Ploughing model for coated substrates is explained in Paper F.

29
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3.1. Numerical simulation
As discussed in chapter 2, the Generalized interpolation material point (GIMP) method has
been chosen to model ploughing of the sheet by a rigid asperity. This section briefly discusses
the fundamentals of the MPM-based ploughing model and elaborates on the modifications and
extensions done in the model to simulate ploughing behaviour. The modifications done in the
MPM model to include the effects of micro-geometry of the tool asperities, coating, anisotropic
material model and a coated system have also been elaborated. The model parameters are
listed in table 3.1. Further details on the development of the the numerical model can be found
in [95], [106] and [107] (appended paper A, paper C and paper F).

(a) Ploughing of MPM substrate by
an indenter visualized in OVITO.

indenter-substrate−−−−−−−−−−→
contact

(b) Schematics of contact forces between inden-
ters mesh triangle and substrates MPM particles.

Figure 3.1: MPM-based modelling of ploughing.

The GIMP method is commonly referred as material point method (MPM) and incorporates
features of a particle and mesh based method. In a way it is similar to the arbitrary lagrangian
and eulerian (ALE) method. Based on the more common, particle in cell (PIC) method,
MPM uses an interpolation function to transfer information on history dependent variables
between the nodes and the particles. The GIMP method has been implemented in the user-
SMD (smooth mach dynamics) package of the open source molecular dynamics code, LAMMPS
[104]. Two main code classes are key to modelling ploughing using MPM. The first class called
‘MPM-linear pair style’ class defines the algorithm for interaction between the particles in the
substrate. The rigid indenter/asperity which is modelled as a STL file with triangular mesh
elements. The modelled asperity is rigid and has no self-interaction. The triangular elements of
the indenter interact with the MPM-particles in the substrate using ‘Tri-smd pair style’ class.
The features of both the classes have been briefly explained in this section, for details see [95].

Here, revision 70 of the user-SMD package is used to model single-asperity sliding. A simulation
domain of dimensions accommodating the asperity and the substrate was set with fixed bound-
aries in all axes except for the periodic boundaries in the sliding direction. A semi-cylindrical
region was generated and filled with substrate particles, as shown in figure 3.1. A spherical in-
denter composed of a triangulated mesh was exported from the corresponding *.STL file where
the nodes of each triangular element, grouped as a particle type were predefined. The indenter
is run with constant load or depth depending on the simulation, as the model is able to simulate
both load-controlled and depth-controlled scratch tests.
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Table 3.1: MPM ploughing model parameters.

Parameters Symbol Values/expression

Rigid spherical indenter radius Ri 0.2mm, 0.5mm and 1.5mm
Semi-cylindrical substrate radius Rs 0.25mm

Sliding distance of indenter l 0.6mm
Semi-cylindrical substrate length ls l + 2ri
Substrates MPM particle cell size rp 5, 10, 15 and 20 µm

Indenters triangulated mesh element size rt 5, 10 and 20 µm
Sliding velocity of indenter vs 0.1 mm/s

Mass scaling factor ms 1e6
Boundary conditions p, f, f periodic, fixed, fixed

For faster computations, parallel processors using the message passing interface (MPI) tech-
nique and spatial decomposition of the simulation domain were used on a Linux-based cluster
consisting of 2 processors with 12 cores each to run the user-SMD code. In MPI simulation
runs, the number of cores is also increased to reduce the net CPU time. A high-sliding ve-
locity also leads to reduced simulation run time. However, for a fast moving indenter both
the un-transmitted thermal stress (high Peclet number) and the stress waves reflected from
the substrate boundary in previous time steps can interfere and cause large fluctuations in the
stress generated. Although the sliding velocity can be varied within a given range for accurate
results, it is kept optimal for fast and stable simulations. Like many mesh-based methods,
MPM uses mass scaling to scale-up the mass of the particle that has the smallest time step,
thereby increasing the time step size and reducing the total computational time. The mass
scaling factor, has been optimized (ms= 1e6 in current simulations) to achieve a low compu-
tational cost as well as stable and accurate results. Since the simulation results are resolution
dependent, both the particle-size in the substrate and the element size in the indenter were
reduced step wise from 20 to 5 µm to obtain accurate results independent of discretization
effects by extrapolating the converging data at 0 resolution.

3.1.1. Asperity-substrate contact

The contact between the asperity and the substrate is modelled based on the penalty algorithm.
As the asperity approaches the substrate the pair style detects the possibility of contact. For
MPM particles whose point of contact falls within the projected area of the triangle and whose
distance r from the triangle is less than their diameter, contact is detected. Once contact is
detected, the contact force between the particle and the triangle is calculated by assuming
the particle as an elastic cube being uni-axially compressed by the surface of the triangle.The
contact force is calculated as the product of the contact stress and the contact area. The
contact stress is given as the product of elastic modulus E and strain ε. For particle of radius
rc, penetration υ of the triangle is r−rc. The strain ε is given as υ/rc. The contact area Ac per
particle-triangle contact is given as 4r2c . The elastic modulus is modified to E ′ by multiplying
E with 1 − ε2 to account for large penetration. The contact force acts along the direction of
the line joining the center of the contacting triangle and particle cell into the contact plane
given by unit vector n̂. Taking all the above expression into account, the contact force for the
contact between a triangular element of the asperity and MPM particle in the substrate is given
in equation 3.1.

~Fn = −4E
′
(r − rc)rn̂ (3.1)
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The contacting triangles and particles experience a tangential force due to shearing of the
contacting interface. The friction force due to interfacial shear acts on the triangle in the
direction opposite to the relative tangential velocity of the triangle with respect to the MPM
particle given as unit vector t̂. The interfacial friction force is given as the product of the
interfacial shear stress τb and the contact area Ac. The interfacial shear strength is calculated
based on two methods. In the first method, the interfacial shear strength is calculated as
a power law function of the operational parameters such as nominal contact pressure Pnom,
sliding velocity vs and contact temperature Tc as given in equation 3.2c. In the second method
the boundary layer shear strength is given as a fraction fhk of the bulk shear strength κ of
the substrate in equation 3.2b. For perfectly plastically deforming substrate the bulk shear
strength is assumed to be equal to κ = σy/

√
3 [108] where σy is the uniaxial yield strength of

the substrate. The coefficients Cp, Cv and CT and exponents np nv and nT in the boundary
layer shear stress equation are found by fitting the experimental results as further explained in
chapter 4.

~Ft = −4τbr
2t̂ (3.2a)

τb = fhkκ (3.2b)

τb = CpP
np
nomCvv

nv
s CT exp−

(
nT

Tc

)
(3.2c)

3.1.2. MPM particle-particle interaction

The particles interact with an auxiliary background mesh grid by the help of an interpolation
function W . W is a compact function as it interacts with the nearby nodes up to a distance
of twice the mesh node spacing. It is given by a dyadic product of one-dimensional cubic B-
splines. The information about mass, velocity, stress, external forces, thermal energy, volume,
and deformation gradient are stored with the particle at the beginning of each time step. The
properties evolve as per the modified stress update last (MUSL) scheme as shown in figure 3.2.

The mass, heat, velocity and external forces of the particle are first interpolated to the nearby
nodes using interpolation function W at time ṫ using mass, energy and momentum conservation
laws. The forces in the grid are computed from the product of particle stress, volume and
particle to node interpolation function Wpn. The heat rate in the grid is given as the product
of thermal conduction coefficient and spatial second derivative of heat distribution at nearby
nodes. From the forces and heat rate computed at the grid node the velocities and heat for time
ṫ +∆ṫ at the node are time integrated using Euler forward update. The velocity, acceleration
and heat of the particles are now interpolated back using the node to particle interpolation
function Wnp. The update of the velocity of the particle is done using two ways, one of which
is the pure PIC (particle in cell) update using the interpolation function, while the other is the
pure FLIP (fluid implicit particle method) which uses the acceleration of the particle at time ṫ.
The MPM-linear pair style uses a combination of both these methods using a parameter with
a value of 0.99 in order to avoid strong dissipation and numerical noise which are inherent to
the PIC and FLIP method respectively. The position of the particles is updated in the next
time step from the updated particle velocities. The updated velocities of the particles are again
interpolated to the grid using Wpn . The velocity gradient of the particle locations is computed
from the gradient of the grid velocity of grid and interpolation function Wpn.The velocity
gradient of the particle is then used to update the deformation gradient. The determinant of
the updated deformation gradient is used to update the particle volume. The particle strain
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Figure 3.2: Flowchart for the MUSL algorithm used in GIMPM.

increment is also computed at from the updated velocity gradient for time step ∆ṫ. Finally the
particle stress is updated from the particle strain using the material constitutive laws.

3.1.3. MPM-material model

The constitutive laws describing the stress strain relationship, comprises of a material model
which computes the deviatoric and hydrostatic components of stress based on deviatoric and
hydrostatic strains/deformations respectively. The stress tensor can be decomposed into inde-
pendent volumetric and deviatoric components for an isotropic material as given in equation
3.4. However, the decomposition of the total stress into volumetric and deviatoric stress is not
independent of the corresponding volumetric and deviatoric strains in an anisotropic material.
Several studies have been done to explain the stress-strain relationship and decomposition for
anisotropic materials (orthotropic) [109, 51, 110, 111]. The total stress tensor σn is given as
the sum of the hydrostatic stress tensor −PI (P is the hydrostatic pressure computed using
the equation of state model and I is the second order identity tensor) and the deviatoric stress
tensor σd, as given in equation 3.4. A linear equation of state is used to relate the change in
volume εv = J1 − 1 to the hydrostatic pressure using the bulk modulus as shown in equation
3.5. The deviatoric stress tensor σd is computed from the product of devaitoric strain tensor εd
and shear modulus G. {

σ
}
=
[
C
]{
ε
}

(3.3)

σn = −PI + σd (3.4)

P = K(J1 − 1) (3.5)

The deviatoric strain tensor is the computed difference between the total strain tensor ε and
volumetric strain tensor, εv = J1 − 1. The deviatoric stress is computed using the plasticity al-
gorithm termed as ‘radial return’ [112] for plastically deforming material. The second deviatoric
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stress invariant J2 is calculated from the norm of the matrix-vector product of the transpose of
the trial deviatoric stress σtrial

d
ᵀ vector, the anisotropy matrix P and the trial deviatoric stress

as per the Hill’s yield criteria [52] as given in equation 3.6. The Hill’s constants U1, U2, U3, V1, V2
and V3 comprising the anisotropy matrix P will be characterized experimentally for both the
zinc coating and an uncoated steel sheet to study the anisotropic yielding behaviour (see chap-
ter 4). The second deviatoric stress invariant for isotropic materials is calculated from the norm
of the trial deviatoric stress in the von Mises yield criterion.

Φ = U1

(
σd22 − σd33

)2
+ U2

(
σd33 − σd11

)2
+ U3

(
σd22 − σd33

)2
+ 2V1σd

2
23 + 2V2σd

2
31 + 2V3σd

2
12 − σ2

f

(3.6)

Yielding occurs if the equivalent flow stress
√
3J2 exceeds the tensile yield strength of the

material σy. If the yield condition is satisfied, the material model updates the plastic strain
increment and deviatoric stress for the next time step. The updated deviatoric stress is used to
calculate the the increment of un-rotated deviatoric stress ∆σd which is then used in the elastic
trial update in the next time step. Likewise the updated strain increment is used to calculate
the plastic strain in the next time step. If the yield criteria is not satisfied, the material still
has purely elastic deformation as a result of which there is zero plastic strain increment and
the trial deviatoric stress is taken as the deviatoric strain at the next time step given as:

σtrial
d = σṫ

d + 2G∆εd (3.7)

The plastic strain computed in the ‘radial return’ plasticity algorithm is used to model the
yield strength of the substrate (MPM particles) using the yield functions. The yield stress is
calculated based on the yield function from the plastic strain increment in the time step. For
comparing the results of the analytical model, rigid-plastic material behaviour is incorporated
in the MPM ploughing simulations. Assuming, adiabatic conditions, the heat generated ∆q due
to plastic deformation results in a temperature change ∆T which is calculated as ∆T = ∆q/mcp
using the specific heat capacity cp and the mass of the particle m = ρV (material density ρ and
cell volume V ). The heat transfer is calculated using thermal conductivity κt. The material
parameters for calculation of temperature change is given in table 3.2.

Table 3.2: Material model rigid–plastic parameters for analytical validation.

Parameters Symbols Values

Substrate and indenter material (steel) density ρs 7850 kg/m3

Substrate and indenter specific heat capacity cps 502 J/kgK
Substrate and indenter thermal conductivity κts 50 W/mK

Coating material (zinc) density ρc 7140 kg/m3

Coating specific heat capacity cpc 377 J/kgK
Coating thermal conductivity κtc 116 W/mK
Poisson’s ratio of the substrate νs 0.3

Initial yield stress of the substrate σy0 150 MPa
Hardness of the substrate Hs 3σy0

A constant yield strength σy is taken for rigid-plastic (no elastic recovery) material behaviour.
The analytical model developed in the section 3.2 will use the rigid-plastic material behaviour
to compute the friction in ploughing. For rigid-plastic materials, the interfacial shear strength
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Table 3.3: Model parameters for rigid–plastic coated system used in analytical validation.

Parameters Symbols Values

Elastic modulus of the substrate Es 210 GPa
Poissons ratio (coating and substrate) ν 0.3

Elastic modulus of the coating Ec 80 GPa
Reference hardness of the coating Hc0 225/450 MPa

Reference hardness of the substrate Hs0 450/900 MPa
Reference coating thickness t0 25 MPa

Relative hardness of coating H̃ 0.1-10
Thickness of coating t 0-200 µm

Interfacial shear stress τsh H/3
√
3 [113, 24]

can be given as a fraction f of the bulk shear strength κ in equation 3.2b. The bulk shear
strength κ is given as H/3

√
3 where H is the hardness of the substrate [113, 24]. In a coated

system, the hardness of the coating Hc will be varied relative to the hardness of the substrate Hs

along with its thickness t to study its effect on ploughing friction and ploughing depth. Table
3.3 lists the parameters for rigid-plastic material that will be used in the analytical model for
a coated system.

In the current thesis, the yield strength is computed from the physically based isothermal
Bergström van Liempt hardening relation [49]. The hardening relation has been modified by
Vegter for sheet metals used in deep-drawing [114] where the yield strength σBL

y is given in
equation 3.8a as the sum of the static-work, strain hardening stress σwh and dynamic stress
σdyn. The dynamic stress includes both the strain-rate and the thermal effects as shown in
the equation 3.8a. The hardening model includes for interaction processes between dislocations
in cell structures including the changing shape of dislocation structures. The Bergström van
Liempt (BL) material strength model is based on strain ε, strain rate ε̇ and temperature T
and is used for the steel substrate whose parameters are listed in chapter 4. The parameters
of the Bergström-van Liempt material model for DX56 steel are listed in table 3.4. The yield
strength of the zinc coating is calculated by a work hardening model similar to the Swift (S)
strain hardening relationship given in equation 3.8b. The yield strength is computed by the
work hardening exponent n, elastic modulus, E and initial yield strength σy0 which are listed
from literature [47] in table 3.6. The yield strength of the bulk zinc is calculated using the
Johnson-Cook material model. The Johnson-Cook material model also accounts for the strain
ε, strain-rate ε̇ and thermal (temperature) T effects as shown in equation 3.8c.

σBL
y = σwh + σdyn =

σf0 + dσm

(
β0(ε+ ε0) +

(
1− exp

(
− ω(ε+ ε0)

))g)
+ σv0

(
1 +

kT

∆G0

ln
ε̇

ε̇0

)j (3.8a)

σS
y = σy0

(
1 +

E

σy0
(ε− ε0)

)n
(3.8b)

σJC
y =

(
σf0 + ζεξ

)(
1 + χ ln

ε̇

ε̇0

)(
1−

( T − T0
Tm − T0

)ι)
(3.8c)
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Table 3.4: Bergström-van Liempt material model parameters for DX56 steel.

Parameters Symbols Values

Initial static stress σf0 82.988 MPa
Stress increment parameter dσm 279.436 MPa
Linear hardening parameter β0 0.482
Remobilization parameter ω 6.690
Strain hardening exponent g 0.5

Initial strain ε0 0.005
Initial strain rate ε̇0 10−8s−1

Maximum dynamic stress σv0 1000 MPa
Dynamic stress power j 3.182

Activation energy ∆G0 0.8
Boltzmanns constant k 8.617 ×10−5eV

Table 3.5: Johnson-Cook material model for pure zinc block [115].

Parameters Symbols Values

Initial yield stress σy0 82.51 MPa
Strain hardening constant ζ 288.34 MPa

Linear Strain hardening exponent ξ 0.1786
Strain rate hardening constant χ 0.0202

Reference strain rate ε̇0 1s−1

Reference temperature T0 298K
Melting point of zinc Tm 693K

Thermal softening constant ι 0.843

Table 3.6: Material model for 10µm thick zinc coating on steel substrate [116, 41].

Parameters Symbols Values

Initial yield stress σy0 85 MPa
Strain hardening exponent n 0.14

Young’s modulus E 80 GPa

The parameters for the yield function given in equations 3.8a, 3.8b and 3.8c for steel, zinc coat-
ing and are listed in table 3.4, 2.1 and 3.5 respectively. The USER-SMD class ‘smd-material-
model’ gives the possibility of incorporating different yield criteria and material models in the
GIMP code. For anisotropic material behaviour, a suitable model needs to be implemented.
Material models such as the strain, strain rate and temperature dependent Johnson-Cook ma-
terial model are already present in the GIMP package.
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3.2. Analytical modelling
An analytical model has also been developed with the aim to gain a deeper understanding of
the single asperity ploughing behaviour and to represent the numerical model results. The
analytical model focuses on computing the ploughing forces acting on the elliptical asperity.
The model will also aim to predict the ploughed profile of the uncoated substrate. The general
concepts of the model have been described further in [105], [106] and [107] (appended paper B,
paper C and paper F).

The total force acting on a ellipsoidal asperity ploughing through a substrate can be decomposed
as the sum of the force due to contact pressure on the deforming substrate and the force due
to shearing of the asperity-substrate interface acting on each surface element. The contact
pressure ppl is generated due to the plastic deformation of the substrate and is assumed to be
equal to the hardness H of the substrate. The shearing of the interface results in an interfacial
shear strength τsh. Both the stress components act on the total contact area Ac. The force
due to plastic deformation acts in normal direction n̂ into the asperity, while the force due
to interfacial shear acts along the tangent t̂ along the direction of relative plastic flow of the
substrate with respect to the asperity. The total force acting on the asperity is given as ~F in
equation 3.9.

~F = pplAcn̂ + τshAct̂ (3.9)

3.2.1. Calculation of surface unit vectors

(a) Discretization of the surface of the el-
lipsoidal asperity into triangular elements.

Zooming into−−−−−−−→
an element

(b) Tetrahedral element OBCD along unit
normal n̂ and unit tangent vector t̂ .

Figure 3.3: Analysis of the forces acting on a elemental area of an ellipsoidal asperity [28].

To compute the forces acting on an ellipsoidal asperity ploughing through a rigid plastic sub-
strate, the surface of the asperity is divided into infinitesimally small triangular elements as
shown in 3.3a. The discretization of the surface is equivalent to meshing the surface with tri-
angular elements. The tetrahedral element OBCD has side-lengths of l, w and h from vertex
O to base triangle ∆BCD as shown in 3.3b. Taking the center of the ellipsoid as the origin of
the Cartesian coordinate system, the sides OC, OB and OD are orthogonal to each other and
along the x, y and z respectively. The points B, C and D are given in the Cartesian coordinate
space as (0, w, 0), (l, 0, 0) and (0, 0, h) respectively. The normal vector ~n∆BCD into the surface
element ∆BCD is given as the cross product of its two sides ~BC and ~BD as given in equation
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3.10a. The unit normal vector n̂ is obtained by dividing the normal vector ~n∆BCD with its
magnitude and is expressed in terms of the ratio of projected area of ∆BCD in the xz, yz
and xy planes with the total area of ∆BCD expressed as Axz, Ayz, Axy and A∆ respectively
in equation 3.10b.

~n∆BCD = ~BC × ~BD = −wĥi − lĥj − wlk̂ (3.10a)

n̂ =
~n∆BCD

| n∆BCD |
=

−wĥi − lĥj − wlk̂√
(wh)2 + (lh)2 + (wl)2

= −Ayz

A∆

î − Axz

A∆

ĵ − Axy

A∆

k̂ (3.10b)

The relative velocity ~x, of an tetrahedral element of an ellipsoidal asperity sliding in the x
direction with velocity v is given in the Cartesian coordinate as l̂i. The tangent vector ~t∆BCD

to ∆BCD is given by minimizing the inner product ~x.~t∆BCD in the plane described by ~x and
~n∆BCD. Thus the tangent vector to the elemental ∆BCD is given as the double cross product
of ~x and ~n∆BCD and ~n∆BCD in equation 3.11a. Likewise the unit tangent vector t̂ is obtained
by dividing the normal vector ~t∆BCD with its magnitude and is expressed in terms of the ratio
of function of projected areas of ∆BCD in the xz, yz and xy planes with the total area of
∆BCD in equation 3.11b. The expressions for unit tangent and unit normal vectors for the
surface element remains unchanged for all orientations of the element with respect to the center
of the ellipsoid and for surface elements with higher sided-polygon base [28].

~t∆BCD = (~x × ~n∆BCD)× ~n∆BCD = −l((lw)2 + (lh)2)̂i+ w(lh)2ĵ + h(lw)2k̂ (3.11a)

t̂ =
~t∆BCD

| t∆BCD |
=

−((lw)2 + (lh)2)̂i+ (hw)(lh)ĵ + (wh)(lw)k̂√
(lw)2 + (lh)2

√
(lw)2 + (lh)2 + (wh)2

(3.11b)

t̂ = −
√
A2
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yz
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A∆

√
A2

xy + A2
yz
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√
A2
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yz

k̂ (3.11c)

3.2.2. Calculation of the elemental projected area

The geometry of an ellipsoidal asperity sliding through the substrate along the x direction is
defined by its major axis a and minor axis b for the central elliptic base in the xy (sliding)
plane. The height of the ellipsoidal asperity is given by the other axis c in the z direction. The
orientation of the ellipsoid in the sliding plane is given by the angle β between its major axis
and the global x axis. The spherical coordinates of a point are given by the its radial distance
r from the origin, its polar angle φ from the zenith direction and the azimuth angle θ of its
orthogonal projection on the plane through the origin and perpendicular to the zenith. The
points on the surface of an ellipsoid (asperity) are given in the spherical coordinates system
in equation 3.12a. For the rotation of the ellipsoidal asperity by an angle β, the points on
the ellipsoid are given by multiplying the points for the x and y coordinates with the rotation
matrix R, given in equation 3.12b. The points on the rotated ellipsoidal asperity in the spherical
coordinate system are given in 3.12c.

[x, y, z] = [a cos θ sinφ, b sin θ sinφ, c cosφ] ∀θ ∈ [0, 2π];φ ∈ [0, π] (3.12a)

(
xr yr zr

)
=
(
x y z

)
×

cos β − sin β 0
sin β cos β 0
0 0 1

 (3.12b)

[xr, yr, zr] = [(a cos θ cos β − b sin θ sin β) sinφ, (a cos θ sin β + b sin θ cos β) sinφ, c cosφ]

∀θ ∈ [0, 2π];φ ∈ [0, π]; β ∈ [−π/2, π/2]
(3.12c)
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For mathematical convenience, the expressions for the unit normal and the unit tangent vector
given in equation 3.11a and 3.11b are now expressed in the spherical coordinate system. In order
to calculate the expressions for the elemental area and its projections in spherical coordinate
system the Jacobian determinant JS

C = det | ∂C/∂S | is used to transform the Cartesian
coordinate system C(x,y,z) to the spherical coordinate system S(θ,φ,r). The expressions for the
projected areas of an tetrahedral element in the xy, yz and zx planes are given as Axy, Ayz and
Axz in the spherical coordinate system in equations 3.13a -3.13c respectively. The unit normal
and the unit tangent vectors are now expressed in equations 3.14a and 3.14b respectively, terms
of the projected area in the spherical coordinate system by applying the Jacobian (determinant)
transformation on both the numerator and denominator terms in equation 3.11a and 3.11b.

dAxz = dxdz = Jφθ
xz dφdθ = l(θ, φ)dφdθ (3.13a)

dAyz = dydz = Jφθ
yz dφdθ = m(θ, φ)dφdθ (3.13b)

dAxy = dxdy = Jφθ
xy dφdθ = n(φ)dφdθ (3.13c)

n̂ =
−m(θ, φ)dφdθ

dA∆(r, θ, φ)
î− l(θ, φ)dφdθ

dA∆(r, θ, φ)
ĵ − n(φ)dφdθ

dA∆(r, θ, φ)
k̂ (3.14a)

t̂ =
−f(θ, φ)dφdθ
dA∆(r, θ, φ)

î− g(θ, φ)dφdθ

dA∆(r, θ, φ)
ĵ − h(θφ)dφdθ

dA∆(r, θ, φ)
k̂ (3.14b)

where,

JCD
AB = det

∣∣∣∣ dAdC dA
dD

dB
dC

dB
dD

∣∣∣∣
l(θ, φ) = c(a sin θ cos β + b cos θ sin β)(sinφ)2

m(θ, φ) = c(a sin θ sin β − b cos θ cos β)(sinφ)2

n(φ) =
ab

2
sin 2φ

f(θ, φ) =
√
(n(φ))2 + (l(θ, φ))2

g(θ, φ) =
l(θ, φ)m(θ, φ)

f(θ, φ)

h(θ, φ) =
n(φ)m(θ, φ)

f(θ, φ)

3.2.3. Calculation of boundaries of contact/plastic flow

As the ellipsoidal asperity ploughs through the rigid-plastic substrate with sliding velocity vs in
the x direction, the mean penetration of the asperity in the substrate is given by ploughing depth
d. Assuming the initial ploughing depth is constant over the contact patch, the boundaries of
the contact are obtained. The initial contact patch in the sliding plane is shown to be semi-
elliptic for a rigid-plastic substrate with no elastic recovery. The deformation behaviour of the
rigid-plastic substrate is assumed to be viscoplastic resulting in plastic flow of the deformed
substrate around the sliding asperity. The plastic flow of the deformed substrate around the
sliding asperity is illustrated in figure 3.4a. In order to calculate the total force acting on an
asperity due to plastic deformation of the substrate and the interfacial shear, the discrete force
components acting on the surface elements of the asperity in contact with the substrate must
be integrated over the contact boundary, i.e limits of the contact region.
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(a) Schematic of an ellipsoidal asperity.

on xy−−−→
plane

(b) Projection of the asperity on the xy plane.

Figure 3.4: Schematic of an ellipsoidal asperity sliding through a rigid-plastic substrate oriented
at an angle β with the sliding velocity vs in x direction and its projection in the horizontal
sliding (xy plane). The section with horizontal and vertical shades have plastic flow component
in -y and +y directions respectively. The green dots are the separation point of plastic flow
or first contact while the red dots are the end point of plastic flow/contact. The dashed black
arrows show the direction of plastic flow. The dashed green lines/arcs mark the separation of
plastic flow and the dashed blue lines/arcs mark the end of contact. The dashed red/orange
lines mark the bounding box.

As the ellipsoidal asperity slides through the rigid-plastic substrate in the x direction oriented at
an angle β, the deformed substrate comes in contact with the ellipsoidal cap as shown in figure
3.4. The projection of the ellipsoidal cap in the sliding xy plane is encapsulated by a rectangular
bounding box at a given point of time whose sides are tangential to the semi-elliptic patch.
This is done to derive the coordinates of boundaries of plastic flow of the substrate around the
asperity. As explained in previous section the plastic flow of the substrate is in the direction
opposite to sliding velocity following the curvature of the asperity. The contact/ plastic flow
is initiated in a point on the semi-elliptic contact patch NMSC at the point corresponding
with maximum abscissa (xmax), since the sliding direction is along x axis. The maximum
abscissa corresponds to point M which also corresponds to the point on the vertical side of the
bounding box with infinite slope (m = ∞). As the plastic flow of the substrate follows the
curvature of the asperity, the deformed substrate in contact with the asperity flows in +y and
−y direction after the plastic flow separation at point M . As the plastic flow continues along
the elliptic arcs

_

MN and
_

MS in the +y and −y direction the contact/plastic flow is terminated
in the points corresponding to maximum ordinate (ymax), as there is no elastic-recovery. The
maximum ordinate corresponds to the points N and S which also corresponds to the point
on the vertical side of the bounding box with zero slope (m = 0). In the absence of elastic
recovery the contact/plastic flow in the z direction also terminates at point L which corresponds
to the point on the asperity with minimum z coordinate. Consequently the arc of separation
of plastic flow on the ellipsoidal cap is given by

_

LM and the arcs of discontinuity/bounds of
contact/plastic flow are given by

_

LN ,
_

LS and
_

SN .
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The center of the ellipsoidal asperity is taken as the origin of the coordinate system. In order
to obtain the coordinates of the points (bounds of contact) L,M,N and S in the xy plane,
the equation of the contacting (semi-)ellipse in the contact plane, i.e. px2 + qy2 + rxy + t = 0
is solved for its intersection with the bounding box. The equation of the ellipse results in
one solution for its intersection with the bounding box, tangential to the ellipse. Hence the
determinant of the quadratic equations is zero taking x = xmax for point M and y = ymax for
point N . The equation of the contacting ellipse rotated by an angle β in the sliding plane with
major axis ax and minor axis ay is given in equation 3.15e. Solving the two quadratic equations
for a unique (single) solution resulting from equation 3.15e taking y and x coordinates as ymax

and xmax for the intersection of the bounding box and the ellipse, the x and y coordinates are
given for points N,M and S. The z coordinates of points N,M and S are obtained from their
ploughing depth dN , dM and dS relative to point L i.e. the separation of the corresponding
points from the center of the asperity.

L(x, y, z) = (0, 0,−c) (3.15a)

N(x, y, z) =

(
− r

2p
Ny,

√
pt

(r/2)2 − pq
,−(c− dN)

)
(3.15b)

M(x, y, z) =

(√
qt

(r/2)2 − pq
,− r

2q
Mx,−(c− dM)

)
(3.15c)

S(x, y, z) =

(
r

2p
Ny,−

√
pt

(r/2)2 − pq
,−(c− dS)

)
(3.15d)

px2 + qy2 + rxy + t = 0 (3.15e)

where,
p = [(ay cos β)

2 + (ax sin β)
2]

q = [(ax cos β)
2 + (ay sin β)

2]

r = (a2x − a2y) sin 2β

t = a2xa
2
y

The coordinates of the points N,M, S and L in the spherical coordinates system are obtained
by equating the x, y and z coordinates of N,M, S and L given in equations 3.15a-3.15d to that
given in equation 3.12c. The azimuthal angles θM and θN are obtained equating the ratio of the
x coordinate and the y coordinate of points M and N obtained in equations 3.15b and 3.15c
with their corresponding expressions in spherical coordinates in equation 3.12c. The azimuthal
angle θS is the of the angle θN . The polar angles φM , φS, φL and φN are obtained by equating
the z coordinates of points M,S, L and N with the expression for the z coordinate in spherical
coordinate system in equation 3.12c. Since all the points lie on the surface of the asperity, their
radial coordinate is the reference radius of the ellipsoidal asperity r. Hence the coordinates of
boundaries of the ploughed profile is obtained with equations 3.16a-3.16d. The expression for
the ploughing depths at points M,S and N will be derived in subsection 3.2.4.
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L(θ, φ, r) = (0, 0, r) (3.16a)

N(θ, φ, r) =

(
arctan

(
a

b

Ny cos β −Nx sin β

Ny sin β +Nx cos β

)
, arctan

(
1− dN

c

)
, r

)
(3.16b)

M(θ, φ, r) =

(
arctan

(
a

b

My cos β −Mx sin β

My sin β +Mx cos β

)
, arctan

(
1− dM

c

)
, r

)
(3.16c)

S(θ, φ, r) =

(
θN − π, arctan

(
1− dS

c

)
, r

)
(3.16d)

3.2.4. Calculation of ploughed profile

The ploughing depth of an asperity sliding through a deforming substrate is computed by equat-
ing the applied load to the reaction force due to the contact stress underneath the substrate.
For a plastically deforming substrate, the normal stress is given as hardness H of the substrate.
The contact area A of an ellipsoidal asperity bearing the load F is obtained from equation 3.17a
and corresponds to the frontal half of the elliptical contact area for the case of an indentation.
The contact area is expressed in terms of the reference contact length az. The ploughing depth
d of the asperity is obtained from the reference contact length and the ellipticity ratios of the
asperity as given in equation 3.17b.

F = HA = πaxay/2 = πexeya
2
z/2 (3.17a)

d = r −
√
r2 − a2z = r −

√
r2 − 2F

πHexey
(3.17b)

However, the skewness in the shape of an ellipsoidal asperity and the resulting asymmetry in
plastic flow around it results in variation in ploughing depth along the contact profile of the
asperity. The variation in plastic flow is seen as the change in pile-up height hpu and groove
depth dg whose sum is taken as the total ploughing depth dp. These variations in pile-up
height and groove depth are obtained from the ploughed profile of the substrate obtained in
the MPM-based ploughing simulations of ellipsoidal asperity and input in the analytical model.
The analytical model incorporates the variations in ploughed profile for varying indenter size
and orientations with respect to sliding directions by using fitting factors p, q and w which
are further explained in this subsection. Therefore, the ploughed profile around the ellipsoidal
asperity is calculated by calibrating the ploughing depth over the contacting region based on
inputs from the numerical model. Ploughing is assumed to be a dynamic, plastic event where
the initial deformation of the substrate is followed by the subsequent shearing of the interface.

3.2.4.1. Variation in ploughing depth due to shape of the asperity

Pile-up height of the deformed substrate around the ellipsoidal asperity is affected by the
slope of the asperity in the sliding (xy and xz) planes and projected area in the (yz) plane
perpendicular to sliding. For rotation of an ellipsoidal asperity, with its major axis along the
x axis, the projected length Ly and the projected area Ayz increases with angle β as shown
in figure 3.5a. The increase in Ayz increases the resistance to plastic flow in the x direction
resulting in an increased pile-up of the deformed substrate in front of the sliding asperity as
shown in figures 3.6a and 3.6b. The increase in pile-up height is further assisted by the increase
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in slope of the ellipsoidal asperity in the xz plane with a decrease in projected length Lx with
increase in angle β as shown in figure 3.5b. The ‘sharpness of the asperity’, i.e. radius of
curvature in the xy plane decreases with rotation of the asperity as shown in figure 3.5b. This
results in a higher resistance to plastic deformation and separation of plastic flow around the
asperity and hence a higher pile-up height. Since the total applied load on the asperity is shared
by the deformed substrate in the pile-up material and under the ploughed groove, an increase
in pile-up height results in a decrease in the groove depth as shown in figures 3.6a and 3.6b.

(a) Projection of the contact in the xy plane. (b) Projection of the ellipsoid in the xz plane.

Figure 3.5: Projection of ellipsoidal contact region in the xy plane with projected lengths of
the major axis in x and y axis for two asperity orientations β1 (blue) and β2 (grey) in the xz
plane showing effect of asperity shape on direction of plastic flow. The slope in the xz plane
mxz, curvature in the xy plane 1/rxy and the direction of plastic flow around the asperity in xy
plane (dashed arrow) and under the asperity in xz plane (dotted arrow) is shown.

So the pile up height hpu is proportional to Ly/Lx. As the pile-up height does not follow the
profile of the asperity, the average pile-up height is expressed by fitting the power l to Ly/Lx in
equation 3.18a. Likewise the average groove depth is given by fitting the power n to Ly/Lx. The
total ploughing depth d in equation 3.17b is calibrated to the ploughing depth d′ by accounting
for the variations in pile-up height and groove depth due to the shape of the asperity as given
in equation 3.18a. The total ploughing depth is now given by fitting the power p to Ly/Lx.
The projected lengths Ly and Lx are given by 2yN and 2xM as seen from figure 3.6. So the
mean ploughing depth d′ is obtained from the initial ploughing depth d by multiplying it with
yN/xM fitted with power p as expressed in equation 3.18b.

d
′
= hpu + dg = d

(
Ly

Lx

)opu

+ d

(
Lx

Ly

)og

∀opu, ogε[0, 1] (3.18a)

d
′
= d

(
Ly

Lx

)p

=

(
yN
xM

)p

∀pε[−1, 1] (3.18b)
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(a) Projection of the ellipsoid in the yz plane at β = 0◦ orientation.

(b) Projection of the ellipsoid in the yz plane at β = 90◦ orientation..

Figure 3.6: The projection of the ploughing ellipsoid (a) in the yz plane showing effect of
orientation β = 0◦ and (b) β = 90◦ on the ploughed profile. The corresponding ploughed
profile is scaled down and plotted on the right showing groove depth dg and pile-up height hpu
at points M and S where the dotted black line is undeformed surface height. The encircled dot
points out of the plane.

3.2.4.2. Variation of the ploughing depth due to orientation of the asperity

The asymmetry in the shape of the ellipsoidal due to its orientation angle (βε(0o−90o)) results
in asymmetry in plastic plow around the asperity which causes a difference in ploughing depth
on either sides of the ploughed profile in +y and −y direction. This difference in ploughing
depth d∗ is expressed by fitting the factor q to the ratio of the difference in projected contact
lengths of elliptic arcs

_

MN and
_

MS, given by 2xN (see figure 3.7b), to the un-rotated contact
length ax along the x axis. Since the increase in plastic flow on one side of the asperity results
in the decrease in plastic flow on the other side of the asperity, the ploughing depths at point N
and S are given by d′ −d∗ and d′

+d∗ respectively in equations 3.19a and 3.19b. The ploughing
depth at point M is given as the sum of reference ploughing depth at point N dN and additional
pile-up height at point M hM as shown in 3.7a. The additional height hM is obtained from the
similar triangles ∆NSS ′ and ∆NMM

′ formed by the additional pile-up heights SS ′ and MM
′
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and projected contact lengths SN and MN in the y direction as shown in figure 3.7a. The
projected contact lengths SN and MN are given as 2yN and yN −yM while the additional pile-
up height at S is given as dS −dN . By equating the ratios of the contact lengths and additional
pile up heights at M and S the additional height hM is given as (yN − yM)(dS − dN)/2yN . The
ploughing depth at point of separation of plastic flow dM is given in equation 3.19c.

dN = d
′
(
1− q

xN
ax

)
(3.19a)

dS = d
′
(
1 + q

xN
ax

)
(3.19b)

dM = d
′
(
1− 2q

xN
ax

yM
yN

)
(3.19c)

(a) Projection of the ellipsoid in the yz plane.

(b) Projection of the ellipsoid in the xz plane.

Figure 3.7: The projection of the ploughing ellipsoid at β = 45◦ orientation on the (a) yz plane
and (b) the xz plane showing the effect of orientation of ploughed profile. The corresponding
ploughed profile is scaled down and plotted on the right showing the asymmetry is distribution of
ploughing depth due to orientation. The projected contact length, pile-up height and ploughing
depth at points M,S and N are also shown.
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3.2.4.3. Variation in ploughing depth due to interfacial shear

The applied force in equation 3.17a is balanced only by the contact pressure due to plastic
deformation. However, as the asperity slides through the substrate the vertical z component of
the force due to interfacial shear F sh

z also contributes to balancing the applied load along with
the force due to plastic deformation F pl

z . The force F sh
z acts on the substrate in the direction

opposite to that of plastic flow at the interface. On one hand, the force F sh
z restricts the plastic

flow of the deformed substrate and tends to reduce the ploughing depth. On the other hand the
forces F sh

z and F pl
z in opposite directions on the elements of deforming substrate resulting in a

bi-axial tensile state.This assists the deformation of the substrate and increases the ploughing
depth. Taking the contrasting effects of the interfacial shear the reaction force due to interfacial
shear F sh

z has been corrected by the fitting factors ua and ub. The final ploughing depth d
′′ is

then given by the equation 3.20.

d
′′
= r −

√
r2 − 2

F pl
z − uaF sh

z + ubF sh
z

πHexey
(3.20)

(a) Projection of ellipsoidal asperity in yz plane (b) Projection of ellipsoidal asperity in xz plane

Figure 3.8: Projection of the ellipsoidal asperity in the vertical yz and xz planes showing the
contact region with plastic flow in the +y direction shown by vertical lines and in the −y
direction shown by horizontal lines. The green arcs LS, LN and LM show the boundaries of
plastic flow. The angle ψM , ψN and ψS show the angle subtended by the points M,S and N
at the center of the ellipsoid O with the z axis.

3.2.5. Calculation of the total force components

The components of the total force acting the the ellipsoidal asperity sliding through the rigid-
plastic substrate is given along the Cartesian coordinates Fx, Fy and Fz. These components of
the total force are further resolved into the force due to plastic deformation of the substrate
F pl and force due to shearing of the interface F sh as given in equation 3.9. The components of
elemental forces are calculated using the expressions for the unit normal and unit tangent vectors
in equations 3.10b and 3.11c in section 3.2.1 which are expressed in terms of the elemental
projected areas. The unit normal and unit tangent given in the spherical coordinates in section
3.2.2 are integrated over the boundaries of contacting region given in section 3.2.3 to obtain
the components of total force.



Chapter 3. Development of single-asperity ploughing models 47

In order to obtain the components of force acting on the asperity, the total contact area between
the asperity and the substrate resulting in the corresponding component of plastic flow is
calculated. The asperity-substrate contacting region can be given as the sum of the ellipsoidal
cap with horizontal base at N and the ellipsoidal segment between S and N. The area of such
an ellipsoidal segment is approximated as half the area of the ellipsoidal band, which is the
surface of the asperity bounded by horizontal planes intersecting at S and N. In calculating the
total force due to ploughing and shearing in the x and z direction the integration of elemental
forces is done over the ellipsoidal cap with base at N and the ellipsoidal segment between S and
N as shown in figure 3.8a and given in equations 3.21a, 3.21c, 3.21d and 3.21f. In calculating
the total force due to ploughing and shearing in the y direction, the component of force in
the -y axis F−y is subtracted from the component in the +y axis F+y. F+y is calculated by
integrating over the region bound by the elliptic cap with base plane at M and elliptic segment
between S and M , while F−y is calculated by integrating over the region bound by the elliptic
cap with base plane at N and elliptic segment between N and M as shown in figure 3.8b and in
equations 3.21b and 3.21e. The friction force in the x and y directions is calculated by summing
the respectively components of Fpl and Fsh. The total magnitude of friction force is

√
F 2
x + F 2

y .

F pl
x = ppl

∮ S

N,L

dA∆ n̂ î ≈ ppl

(∫ φN

0

∫ θS

θN

| m(θ, φ) | dθdφ+
1

2

∫ φS

φN

∫ θS

θN

| m(θ, φ) | dθdφ

)
⇒ F pl

x ≈ pplc

2

(
cosφN sinφN − φS + cosφS sinφN − φN

)(
a cos θN sin β + b sin θN cos β

)

(3.21a)

F pl
y = ppl

(∮ S

M,L

dA∆ −
∮ M

N,L

dA∆

)
n̂ ĵ ≈ ppl
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1
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φS − φN

)
+ 2φM − cosφS sinφS + cosφN sinφN − 2 cosφM sinφM
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(
a cos θN cos β − b sin θN sin β

)
(3.21b)

F pl
z = ppl

∮ S

N,L

dA∆ n̂ k̂ ≈ ppl

∫ φN
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∫ θS
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2
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8
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) (3.21c)

F sh
x = τsh

∮ S
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F sh
y = τsh
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(3.21e)

F sh
z = τsh

∮ S

N,L

dA∆ t̂ k̂ ≈ τsh

∫ φN
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| h(φ) | dθdφ+
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| h(φ) | dθdφ (3.21f)
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3.2.6. Calculation of contact area in ploughing of a coated substrate

An analytical model is developed to calculate the coefficient of friction in coated systems as a
function of the hardness of the coating relative to the substrate and the coating thickness. The
analytical model is based on the concept of load sharing in a coated system in contact with a
rigid-counter face, given in [117], [118], and [119]. Rigid-plastic material behaviour is chosen for
the coated system. The analytical model will consist of a contact model to compute the contact
area between the asperity sliding through the coated substrate. Using the calculated contact
area and the hardness of the coating, substrate and the coated system the ploughing friction
will be calculated. The analytical model will be used to understand the factor contributing to
ploughing friction and to compare and explain the results obtained from the numerical (MPM)
ploughing model and ploughing experiments on coated systems respectively. Further details
can be found in paper F [107].

The response to loading (indentation) of a coated system is determined from its effective hard-
ness Hcs [117]. The effective hardness of a coated system Hcs is given by combining the hardness
of the substrate (Hs) and the hardness of the coating (Hc) typically by using some rule of mix-
tures. Typically Hcs is obtained as a function of coating thickness t from the indentation
response to a spherical indenter. For thin, soft coatings on hard substrates the effective hard-
ness is given using equation 3.22 [3]. The value k1 = 125 was obtained by experimentally fitting
the indentation response of spheres of various radii r on a coated substrate, where Hcs ≈ Hc

for values of t/r ≥ 0.04 [3].

Hcs = Hs + (Hs −Hc) exp

(
− k1

t

r

)
(3.22)

A rigid spherical indenter sliding through a rigid-plastic coated system could result in two
contacting conditions. In the first case, the spherical indenter is only in contact with the
coating, i.e. the ploughing depth dp is less than the coating thickness t. In the second case, the
spherical indenter is in contact with both the coating and the substrate, i.e. the ploughing depth
is more than the coating thickness. For a spherical indenter of radius r, ploughing through the
coated substrate, the contact radius is taken as a. Considering the frontal half of the indenter in
contact during ploughing only through the coating in rigid-plastic coated-substrate (see figure
3.9a), the horizontal projection Axy = Ash of the total contact area is given in equation 3.23a.
By equating the applied load Fn with the contact pressure Ppl over the horizontal projection of
the contact area Ash is obtained. For normal loading of a plastically deforming coated substrate,
the contact pressure Ppl equals the effective indentation hardness Hcs of the coated system. The
ploughing depth dp for a spherical indenter of radius r is obtained from its contact radius as
given in equation 3.23b The (vertical) cross-sectional contact area Ayz = Apl for a spherical
indenter ploughing in x direction is given as the area of the segment formed by the intersection
of the contact plane on the indenters mid yz-plane and is expressed in equation 3.23c (see figure
3.9b).

Ash =
πa2

2
=

Fn

Hcs

(3.23a)

dp = r −
√
r2 − a2 (3.23b)

Apl = r2 − arctan
a

r − dp
(3.23c)
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(a) Projection in xz plane. (b) Projection in yz plane. (c) Projection in
xy plane.

Figure 3.9: Schematic of a spherical indenter of radius r ploughing through a rigid-plastic
coated substrate, with coating thickness t, coating hardness Hc, substrate hardness Hs and its
projection in xz, yz, xy planes.

Figure 3.9 shows the case of a rigid spherical indenter ploughing through both the coating
and the substrate. The total ploughing depth dp is given as the sum of ploughing depth in
the substrate ds and ploughing depth in the coating dc. In this case, dp > t, resulting in
dc = t. The applied normal load Fn is now carried by both the coating and the substrate
over the total contact area Ash = Ashc + Ashc where Ashs is the contact area of the substrate
and Ashc is the contact area of the coating, (seen figure 3.9c). It is assumed that the contact
pressure generated in the coating equals the effective hardness of the coated system Hcs, while
the contact pressure in the substrate equals hardness of the substrate Hs. The contact area of
the coating with the indenter Ashc (the area of the annular semi-circle in figure 3.9c) is given
in equation 3.24a in terms of the ploughing depth in the substrate ds, indenter radius r and
coating thickness t (using equation 3.23b for dp = ds + t). By equating the applied load to the
contact pressure in the contact area with the coating and the substrate in equation 3.24b and
substituting expression of Ashc from equation 3.24a, the expression of ds is given by solving
the resulting quadratic equation in equation 3.24c. The horizontal and vertical projections of
the contact area with the substrate Ashs and Apls can be computed using equation 3.24d and
3.24e. The total horizontal projection Apl of the indenter with the coated substrate is now
given by substituting dp = ds + t in equation 3.23c. The vertical projection of contact area of
the indenter with the coating Aplc is given in equation 3.24f is given as the difference between
Apl and Apls as shown in figure 3.9b.

Ashc = Ash − Ashc =⇒ Ashc = 0.5πt(2(r − ds)− t) (3.24a)
Fn = HsAshs +HcsAshc (3.24b)

ds = −B +
√
B2 − 4AC

2A
∀A = 0.5πHs, B = π(Hcst−Hsr), C = Fn − 0.5πt(2r − t)Hcs

(3.24c)

Ashs = 0.5π(r2 − (r − ds)
2) (3.24d)

Apls = r2 − arctan
a

r − ds
(3.24e)

Aplc = Apl − Apls (3.24f)
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Input:
Hc, Hs, t, r and Fn

• Load balance:
HcsAsh = Fn

• Plastic contact:
π
2
a20 = Ash

Calculate dp0 =

r −
√
r2 − a20

If dp0 ≤ t dp = dp0

• Plastic contact:
Ashc + Ashs = Ash

• Load balance: Fn =
HsAshs +HcsAshc

Calculate dps
dp = dps + t

Output:
Apls , Aplc , Ashs , Ashc

Output: Apl, Ash

yesno

Figure 3.10: Algorithm to calculate the projected contact areas in the horizontal xy plane Ash

and vertical xz plane Apl for a rigid-sphere ploughing through a rigid plastic coated system in
x direction.

An algorithm to compute the projection of contact area of the indenter sliding through a
coated substrate is shown in figure 3.10. The algorithm accounts for both the cases of contact
between the indenter and the coated substrate, i.e. indenter with the coating and the indenter
with both the coating and the substrate. An initial prediction of the ploughing depth of the
spherical indenter is made by equating the applied load with the effective indentation hardness
Hcs. The ploughing depth is compared with the coating thickness to categorize the contact
condition among the two cases described above. Following the set of equations 3.23a-3.23c and
equations3.24a-3.24f the algorithm computes the contact areas for each of the cases.

3.2.7. Calculation of ploughing friction components in coated system

The ploughing friction is calculated as the sum of the friction force due to plastic deformation of
the ploughed specimen and the friction force due to shearing of the interface [34]. The friction
force Ff acting on a spherical asperity ploughing through a specimen is given in equation 3.25a.
The friction force due to ploughing is given as the product of the contact pressure due to the
plastic deformation of the substrate Ppl and the area of the ploughed cross section Apl. The
friction force due to shearing of the interface is given as the product of the interfacial shear
strength τsh and the contact area between the indenter and the specimen at the surface Ash.
The overall coefficient of friction µ is calculated using equation 3.25b.
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Ff = Fpl + Fsh = PplApl + τshAsh (3.25a)

µ =
Ff

Fn

=
Fpl + Fsh

Fn

= µpl + µsh (3.25b)

µpl =
Fpl

Fn

=
HsApls +HcAplc

Fn

(3.25c)

µsh =
Fsh

Fn

=
fsHsAshs + fcHcAshc

3
√
3Fn

(3.25d)

In ploughing through an rigid-plastic coated substrate, the stress acting on the ploughed cross
section ppl, is taken as the hardness of the coating Hc or hardness of the substrate Hs. The
coefficient of friction due to plastic deformation of the coated system µpl is obtained using
equation 3.25c, where the friction force due to ploughing is shared by the vertical projected areas
of the coating Aplc and the substrate Apls .The shear stress at the indenter-coating interface and
the indenter-substrate interface is taken as fractions fc and fs of the maximum shear strength
of the coating τshc and the substrate τshs respectively. Typically for uncontaminated surfaces,
f = 1. For a rigid-plastic material, its shear strength τsh is given as a factor 1/k0 of its hardness
H. Typically for metals k0 = 3

√
3 [113] and [24]. The interfacial friction is due to shearing

of the substrate and the coating is given the shear stress fsτshs and fcτshc distributed over the
horizontal projected areas Ashs and Ashc respectively. The coefficient of friction due to shearing
of the interface µsh in a coated system is given in equations 3.25d. If dp < t, the coefficient of
friction is given by substituting Apls = 0 and Ashs = 0 in equation 3.25c and 3.25d respectively.
The results obtained from the analytical ploughing model for a coated substrate are given in
Paper F[107].

3.3. Summary
A Material point method based, numerical ploughing model has been developed in this section.
The section summarises the material models and the contact (friction) models in the building
of the MPM based ploughing model. An analytical model to compute the ploughed profile and
ploughing forces has also been developed. The analytical model has incorporated the changes in
pile-up for various asperity geometries from the MPM ploughing model to accurately calculate
the ploughed profile and hence the ploughing friction. Both the models can compute the
ploughed profile and ploughing friction for both on uncoated and coated substrate ploughed
by ellipsoidal asperities with varying sizes, ellipticity rations and orientation relative to sliding
direction.





Chapter 4

Experimental procedure and characterization

Experiments have been done to serve two objectives. The first objective is to characterize
the required properties of the specimen to input into the numerical and analytical model.
The second objective is to reproduce the single-asperity sliding behaviour for validating and
comparing the results with that of the numerical and analytical model. The section describes the
experimental set-ups such as the linear friction tester and nano-indenter used for measurement
of the friction force and elastic and plastic properties of the coating and the substrate. The
specimens are then analyzed using different microscopy techniques. The preparation of the
tools and sheets for the experiments are also explained.

The interfacial shear strength is measured for both zinc coated steel and uncoated steel sheets
which are covered with a stable oxide film or with boundary layers using two different form-
ing oils. The measured interfacial shear strength is plotted as a function of contact pressure
and sliding velocity. An algorithm is designed to measure the effective indentation hardness
and elastic modulus of the zinc coated sheets in combination with indentation experiments.
The yield locus for an uncoated steel sheet is plotted based on the Knoop hardness data and
compared with the yield locus obtained from standard bulk test. The Knoop hardness data is
further utilized to plot the yield locus of the zinc coating.

The chapter has been categorized into two sections. In the first section the experimental
set ups used in the experimental validation and characterization are explained. The second
section explained the characterization procedure and the characterized material properties.
The contents of this chapter can be referred from the following appended papers:

• Experimental procedure:

– Ploughing set-up and experiments: Paper A [95], Paper C [106] and Paper F[107].
– Indentation set-up: Paper E [120]

• Experimental characterization:

– Hardness and Young’s modulus of the coated system: Paper D [121]
– Interfacial shear strength: Paper D [121]
– Yield criterion and yield function: Paper E [120]

53
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4.1. Experimental procedure
The experimental set-ups are chosen and the experimental methods are designed to serve a two
fold purpose. One is to characterize the properties of the lubricant boundary layer, substrate
material and the tool and substrate surface in order to provide input values to the ploughing
model. The second is to simulate ploughing at a laboratory scale and validate the characterized
friction and wear profiles for different parameters with the results of the numerical model.
The experimental set-ups consist of a line contact shear test set-up, a scratch test set-up, an
indentation set up and different imaging/microscopy set up all of which will be described in
this section. Further details on the experimental characterization procedure and results can be
referred to [121] and [107] (appended paper D and E).

4.1.1. Materials

The materials for the ploughing experiments will be categorized into tools interacting with
a sheet metal substrate. The tools used are the cylindrical rollers for sliding, the diamond
indenters and the pins for ploughing. Cylindrical rollers with a logarithmic profile were used
in a line contact set-up for measurement of the interfacial shear strength. The Knoop indenter
has been used in the micro-hardness tester and the Nano-indentation tester over a varied range
of loads. The measurements from indentations of varying sizes has been used to the study
effect of indentation size of measured surface properties such as hardness. Berkovich and
Vickers indenters have also been used for reference indentation measurements and to compute
the average indentation hardness. The ploughing experiments were performed using pins with
various tip geometries representing the micro-geometry of the tool-asperities in deep-drawing.
Elliptical pins and spherical pin have been used to replicate the size and orientation relative to
sliding direction for tool asperities. Pins with ellipsoidal tips of varying size, ellipticity ratio
have been designed as further explained below. Spherical balls have also also mounted on pin
tips and used for experimental validation of the numerical model.

The substrate was designed from the sheet used as work-piece in deep-drawing. The steel sheet
was coated with a layer of zinc deposited by the process of continuous hot-dip galvanization.
The sheet was drawn into a molten zinc bath with traces of aluminum. As the sheet was
drawn out of the zinc bath, the excess zinc was removed from the substrate using air-knives
thus controlling the coating thickness on the steel sheet. The sheet metals are polished to the
required roughness in order to avoid any unwanted roughness effects during characterization
and experimental validation. The lubricants used in deep-drawing process is applied on the
steel sheet prior to the ploughing experiments.

4.1.1.1. Sliding tools

A cylindrical roller with a logarithmic profile is used to measure the interfacial shear strength
by loading and sliding the cylinder over its curved surface as shown in figure 4.1b, resulting
more or less in a line contact with the substrate. Without any edge profile in the cylinder,
the discontinuity of contact results in increase in contact pressure and singularity of contact
pressure at the edge of the line contact. Logarithmic crowning at the edges of the cylindrical
rollers is shown to reduce the concentration of contact pressure at the edge of the roller [122].

For several ploughing experiments, spherical balls are mounted on top of cylindrical holders
(see figure 4.1a). The top of the holders are designed to be able to hold balls of various
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(a) Pin, spherical ball of 3mm
dia. at tip.

(b) Pin, logarithmic crowned
roller of 10mm dia.

Figure 4.1: Image of the pin tips/tools used in the Linear friction tester.

Table 4.1: Measured axes lengths and roughness values of ellipsoidal pins.

Pin name a [µm] b [µm] Ra [µm] Rq [µm]

A1 1000±55.8 375±24.1 0.83 0.43
A2 833.3±21.8 300±1 0.82 0.48
A3 666.7±32.4 250±6.9 0.77 0.12
B1 250±12.2 500±10.3 0.84 0.15
B2 333.3±2.2 500±4.3 0.72 0.91
B3 417.5±10 500±5.5 1.01 0.33
B4 500±4 500±5.5 0.63 0.53
B5 600±11.2 500±6.7 0.71 0.54
B6 750±7.1 500±7.2 1.38 0.58
B7 1000±32 500±7.3 0.97 0.53
C 2000±153.6 500±10.4 0.60 0.192

diameters ranging from 0.3-3mm. The balls are made of chrome steel termed AISI 52100
(100CrMn6) and are mounted on the top of the holder by using industrial glue which prevents
any possible movement of the ball with respect to the holder. The spherical balls have highly
precise diameters and mean surface roughness of 0.025 µm. Typically spherical balls of 1mm
and 3mm diameter are used in the ploughing experiments for validation of the results obtained
from numerical simulations. Pins with smaller tip diameters of 0.1 and 0.2mm were made by
grinding and polishing a hardened conical tip pin with base radius of 6mm.

The ellipsoidal pin tips are made out of D2 tool steel (DIN 1.2379) cylinders which are heat
treated to a hardness of 62±2 HRC (746HV or 7.32GPa). The base of the heat-treated cylinder
then undergoes the process of grinding followed by high precision milling and polishing to obtain
the designed ellipsoidal shape at the tip with the required roughness as shown in figure 4.2a.
The process has been used to design 11 different ellipsoidal pin-tips as listed in table 4.1. The
length of one axis of the base of the ellipsoidal tip is increased while the length of the other
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(a) View of the tip (b) View of the base

(c) Height distribution of the pin tip (d) Surface roughness of the pin tip

Figure 4.2: Image of the ellipsoidal pin (a = 1mm, b = 0.25mm) with distribution of tip height
and roughness as seen under the confocal microscope at 50x magnification.

axis is kept constant for 7 pins named B1-B7. In 3 other pins namely A1-A3, the length of
the axis of the base of the ellipsoid is changed such that the length of the other changes as the
reciprocal of the first axis. A large ellipsoidal pin C with axis length of 2mm was also designed.
The reference radius (axis length or height) of the ellipsoidal pin was taken as 0.5mm. The
ellipsoidal pins A1-A3 and C were marked by lines with angular separation of 15◦ while the
markings are made along the major and minor axes of pins B1-B7 at the edge of the base as
shown in figure 4.2b. This allows a defined angle between the ploughing asperity and the sliding
velocity vector. As an example, the geometry of the pin tip with length of its axis a = 1mm
and b = 0.25mm is shown in figure 4.2c. The roughness of the pin tip is obtained by removing
the designed shape of the pin tip from the measured surface heights and is shown in 4.2d. It
can be seen from table 4.1 and figure 4.2c and 4.2d that the geometry of pin tips are within
the 10% of the design tolerance while the mean surface roughness Ra and root-mean-square
roughness Rq is in the range of 0.6-1.4µm and 0.1-0.9µm respectively.

4.1.1.2. Substrate specimen

Ploughing experiments are performed on both coated and uncoated sheets. The (uncoated)
substrate is made up of cold rolled deep-drawing DX56 steel sheet. The steel sheet is coated
with zinc coating with an amount varying from 100-275 g/m2 which corresponds to a coating
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thickness of 7-25µm. The zinc coated steel sheets DX56 Z100/275 EDT are then temper
rolled using EDT (electrical discharge texturing) roll mills to give them with required surface
texturing. Due to the prior rolling processes, the sheets have an initial surface roughness
ranging from 1-2µm as shown in 4.3a. For characterization of the properties of the sheets
and for performing ploughing experiments the effects of roughness on the substrate should be
minimized. Hence the surface and the cross-section of both the coated and uncoated sheets
were polished to a mean surface roughness of 0.05 µm.

Hot mounting of the sheets on 50mm Bakelite discs were done after laser cutting them to the
required size of 32.5mm × 32.5mm using a hot mounting machine, prior. The powdered Bake-
lite’s resin was put on top of the cut sheets and pressurized at a load of 1kN at a temperature
of 180oC for 7 minutes and then cooled to room temperature by water for 7 minutes. Similarly,
the sheets were cut both along the rolling as well as in the transverse direction into rectangular
specimens of 15mm length and 5mm width. For indentation experiments, the cross-section of
the sheets were hot mounted on a 25mm Bakelite’s disc with the support of rings.

The polishing of the hot mounted-sheets was done using "Struers" automatic/polishing ma-
chine. Initially, grinding of the steel sheet was done using a 220P grade sandpaper with 68µm
size silicon carbide particles at 25N load at 150 rpm for 3 minutes to remove any unevenness
and waviness, resulting in flat sheets. The lapping of the steel specimens was then done using
9 µm size diamond suspension for at 40 N load for 5 minutes. At this stage the steel sheet is
polished to a mean surface roughness of 0.03µm as shown in figure 4.3b. This will result in a
‘shine-polished’ specimen with a stable layer of metallic oxide on its surface. Further polishing
of the steel sheet can be done using diamond suspension of 3µm particle size at an applied load
of 20N at 150 rpm for 4 minutes. The final polishing step uses silica suspension of particles
size 0.04µm at a load of 15N at 150 rpm for 3 minutes. All these polishing steps results in a
‘mirror-polished steel’ sheet of 0.005µm mean surface roughness. The mirror-polished specimen
can be also used to study the micro-structure of the steel sheet as shown in figure 4.3c.

(a) Before polishing (b) After shine polishing (c) After mirror polishing

Figure 4.3: Image of the steel sheet at various stages in polishing as seen with an optical
microscope at 50x magnification.

The zinc coated sheets were polished by using water less suspension as the softness of zinc
and its reaction with water can leave the coatings with scratches, discolored or even etched.
Two separate procedures were followed for the polishing of the surface and cross sections of the
zinc coated sheets. Firstly, grinding of the mounted cross-section of the sheets was done using
320P grade sandpaper for 2 minutes with 46 µm silicon carbide particles at 30N load and 300
rpm. Then the lapping of the flattened cross-section of the sheets was done using diamond
suspension with particle size 9 µm at 30N load, 150rpm for 4 minutes. The fine polishing of the
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cross section of the sheets consisted of water-less steps using yellow, alcohol-based lubricants.
Firstly, the cross section was polished with a poly-crystalline diamond slurry suspension of
3µm particle size and the lubricant at 25N load, 150rpm for 4 minutes. Then a diamond slurry
suspension of 1µm was used with the lubricant at 20N load and 150 rpm for 4 minutes. Finally
the cross-section of the sheets was polished using de-agglomerated gamma alumina powder
of 0.05 µm particle size mixed with ethanol denatured with iso-propyl alcohol at 15N and
150rpm for 2 minutes. The fine polished steps were repeated for polishing of the surface of the
coating surface as grinding of the coating removed the zinc from the sheet. All the specimens
were cleaned using industrial ethanol in an ultra-sonic bath at the end and within each step
and heated in vacuum oven to remove any dirt before storing the samples in a dehumidifying
chamber.

4.1.1.3. Indenters

Indentation techniques are commonly used to characterize the material behaviour of coated
specimens. Typically Vickers indenters are used for micro-hardness measurement studies. Vick-
ers indenters have a square pyramidal base with an included angle of 136◦ between plane faces
of the indenter tip as shown in figure 4.4a. Berkovich indenters have a three-sided pyramid
geometry with a total included angle of 142.3◦ (see figure 4.4b) and have the same projected
area to depth ratio as Vickers indenter. Berkovich tips are commonly used in nano-indenters
as the tip is better defined for a three sided pyramid than for a four sided pyramid.

(a) Vickers indenter (b) Berkovich indenter

(c) Knoop indenter

Figure 4.4: Geometry of pyramidal indenters and their corresponding indentation marks.
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A Knoop indenter is a pyramidal shaped indenter with a rectangular base and a tip with ratio
of the diagonals equal to 7:1. This results in an angle of 172.5◦ between the faces including
the long diagonal and angle of 130◦ between faces including the short diagonal as shown in
figure 4.4c. The depth of the indentation is approximated to be 1/30th of the long diagonal of
the imprint of the indent. As the Knoop indenter is relatively blunt, it cause a lot of plastic
deformation at low indentation depth. Hence, Knoop indenters have been used to measure
hardness of brittle materials and thin coating films. Also, due to the long slender geometry
of the indenter resulting in its asymmetric shape, the Knoop indentation has been used to
measure the properties of the coating cross-section and also measure the direction dependent
properties of materials. By aligning the diagonals of the Knoop indenter with the direction
of anisotropy of the material, the yield loci of the material has been plotted from the Knoop
hardness number (KHN) [54].

4.1.2. Methods

This section deals with the various set ups for characterization of the specimens, ploughing
experiments and analysis of the characterized and ploughed profile of the specimens. The
characterization of the sheets is done by indentation set ups at both micro and nano scales.
The ploughing experiments are done using a linear friction tester with 2-D and 3-D load cells
namely PATAT (ploughing asperity tester at Twente) and Bruker’s UMT-2 (Universal Mechan-
ical Tester) respectively. In all cases, the experiments were repeated three times to check the
repeatability and variation in results. The ploughed profile and the indentation marks are an-
alyzed using various microscopes. Confocal microscopes are used to analyze the surface height
data, while optical and scanning electron microscopes are used to image and analyze the profile
at high magnification. Scanning electron microscope in combination with Energy-dispersive X-
ray spectroscopy (EDX) as well as Electron back-scatter diffraction (EBSD) is used to study the
chemical composition of the specimen and the orientation of the crystals, grains and presence
of phases in the prepared sheets.

4.1.2.1. Ploughing set-ups

(a) Forces acting on the pin: UMT-2 (b) Coefficient of friction at various loads: PATAT

Figure 4.5: Friction and coefficient friction plots vs sliding distance.

An experimental ploughing set-up consists of a mechanism to load and slide the pin through
a clamped substrate. The ploughing set-up should also include a device for measurement of
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friction forces in the sliding plane. The available ploughing set-up, namely PATAT measures
friction only in the sliding direction. However, for pins with (asymmetric) ellipsoidal tips,
friction forces acts on the sliding pin both in the sliding direction and perpendicular to the
sliding direction. Hence a ploughing experimental set up is designed using the available UMT-2
using a 3D load sensor as explained further in the section below. The measured friction force
is taken as the mean of the steady-state section of the friction signal as shown in forces acting
on the pin in figure 4.5a. Similarly the plot for the coefficient of friction is obtained by dividing
the friction force at a given point by the corresponding normal load as shown in figure 4.5b.
The mean coefficient of friction and friction force is computed in the steady state for a sliding
distance of 0.6 times the total siding distance. This avoids the initial friction and tail end of
the sliding measurements as seen in figure 4.5.

Linear friction tester A: PATAT

(a) PATAT set-up

(b) Loading parts.

(c) Schematic of part A and B.

Figure 4.6: Image of the linear friction tester A, PATAT, for boundary shear characterization
and ploughing experiments showing schematics of loading tip A and sliding part B [28, 95].

The linear friction tester A, namely PATAT (Ploughing Asperity Tester At Twente) was also
used for the characterization of boundary layer shear strength and experimental validation of
the friction during ploughing for the case of coated and uncoated sheets and pins with spherical
tips. The PATAT consisted mainly of two working parts, namely the loading part A and the
sliding part B as shown in figure 4.6 and 4.6a. The sliding part B consists of a XY linear
positioning stage driven separately by actuators as shown in figure 4.6c. A horizontal beam
supports the loading tip and moves the z-stage using a linear and piezo-actuator for coarse
and fine displacement respectively while applying the normal load. The normal load is applied
using a force controlled piezo-actuator, connected to a PID (proportional integral derivative)
control loop feedback system so the system can operate load controlled. The friction forces are
measured by a piezo-sensor along the loading tip as shown in figure 4.6b.

Linear friction tester B: UMT2

The Bruker UMT-2 (Universal Mechanical Tester) tribometer was used to carry out the plough-
ing experiments using pins with ellipsoidal tips. The tribometer has been adapted to be a
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(a) UMT-2 set-up

(b) Loading tip
(c) Schematic of UMT-2

Figure 4.7: Linear friction tester B image for ploughing experiments using ellipsoidal-tip pins.

scratch test set-up as shown in figure 4.7. The UMT-2 scratch set-up consisted of three stages
for motion in all three directions. The (ellipsoidal) indenter was mounted on the z-carriage.
The z-carriage was also used to adjust the height of the ellipsoidal pin while also applying the
given load on the contact. The pin was slid along the x axis using the x-slider. The xy-stage
was used to mount the specimen to be tested and also used as the main actuator for the plough-
ing experiments. The z-carriage, x-slider and y-stage were moved using a stepper motor drive
by translating rotational into a linear motion using a lead screw and guide rails. The y-stage
consisted of an eccentric screw which was used to clamp the disc specimen to the two fixed
screws on the stage. The y-stage was connected to the motor using a lead screw of 2 mm pitch.

The load applied on the pin and the friction in both x and y direction were measured using the
ATI F/T mini 40 (3D) load sensor with a load range of 0-60 N and 0.01 N resolution in the
z-axis and a load range of 0-20 N and 0.05N resolution in the x- and y-axis. In this way, the
force components involved in ploughing with an elliptical indenter can be measured. The 3D
load sensor was connected to the pin holder using a mount and to the upper drive stage using
a suspension block as shown in figure 4.7c. The suspension block with its spring plates helped
in adjusting for possible shock loads. The pin holder consisted of a hole with inner diameter
the same as that of the base of the pin and a marking along the x-axis, i.e. direction of x-slider
to adjust the orientation of the ellipsoidal pin. Load controlled tests were performed at 7N and
16N normal loads for the different pin sizes and orientation along the sliding direction.

4.1.2.2. Indentation set-up

The Anton Paar Nano-indentation tester (NHT 3) has been used to perform indentation based
characterization of the uncoated DC04 steel and zinc coated steel specimen. The indentation
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of both the coated and the uncoated sheets are performed using a nano-indentation set-up
as shown in figure 4.8. The nano-indenter uses depth-sensing indentation where the applied
load and the penetration depth of the indenter into the specimen are recorded and used to
determine the mechanical properties of the test specimen [123]. The penetration depth is
constantly measured in the nano-indentation set-up by a changing displacement sensor which
is typically an inductance or a capacitive sensor with sub nm resolution. The normal force
on the indenter is continuously controlled by a feedback loop. The force is applied during
indentation by a piezo-electric actuator with a feedback control. In the current work, the
Nano-indentation tester can apply a load up to a maximum force of 500 mN at a resolution of
0.02 µN and a maximum penetration depth of 200 µm at a resolution of 0.01 nm. An anti-
vibration table is provided for the Nano-indentation tester which is placed in the laboratory
with the least external vibration. The Nano-indentation tester used, has a noise floor value of
± 0.5 µN for load controlled indentation which indicates the maximum resolution with which
noise is precisely measured [124].

(a) The nano-indentation set-up. (b) Schematic of the Nano-indentation setup.

Figure 4.8: Nano-indentation using a Knoop indenter.

The shape function of the indenter gives the projected area of the indentation at the contact
depth hc and is approximated by fitting a polynomial function to the experimentally calibrated
data. The shape function takes into account the curvature of the indenter tip in the mea-
surement of the projected contact area. By indenting the calibrated fused silica specimen and
curve-fitting the experimental data as shown in figure 4.9a the shape function of the Knoop
indenter in nano-indentation was obtained in equation 4.1. The curve fit was implemented in
the calibration file of the nano-indenter for Knoop indentation.

Ac(hc) = 97.77h2c + 5.57× 10−6hc + 5× 10−14 (4.1)

In depth sensing nano-indentation technique [61], the hardness and the elastic modulus of the
specimen are measured using the loading and unloading curves as shown in figure 4.10b. During
loading the load is increased to the set maximum load Fm for a time duration of 30s. At the
maximum load Fm the load is kept constant for a dwell time duration of 10s to avoid creep
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(a) Curve-fit of Knoop indenter shape function.
(b) Knoop indent on
coated cross-section.

Figure 4.9: Calibration of Knoop indenter for nano-indentation.

effects. The unloading is done at a similar rate as loading for a duration of 30s. The loading
and unloading sequence and the corresponding penetration depth is plotted in figure 4.10a.
The hardness of the specimen is measured from the ratio of the applied load to the indentation
area Ac which corresponds to the maximum penetration depth hm as given in equation 4.2a for
Knoop indenter. The unloading of the indenter is followed by elastic recovery of the substrate.
The stiffness of the substrate can be given as the slope of the unloading curve in figure 4.10b.
The constant ci (figure 4.10b depends on the indenter geometry. The residual elastic modulus
of the indenter substrate system Er is calculated by 4.2b. The elastic modulus of the substrate
is calculated using the given value of elastic modulus of the diamond indenter in equation 4.2c.

H =
Fm

Ac

∀Ac = 65.44h2 (4.2a)

Er =

√
π

2

Λ√
Ac

∀Λ =
dF

dh
(4.2b)

1

Er

=
1− ν2i
Ei

+
1− ν2s
Es

(4.2c)

The hardness and the elastic modulus can also be measured from the geometry of the indent.
The Knoop hardness is given using the length of the longer diagonal D of the indentation
imprint by equation 4.3a. The elastic modulus of the specimen can also be obtained using the
ratio of final (recovered) diagonal lengths of the Knoop indent from equation 4.3b [125].

KHN =
Load(Fm)

Indent area(mm2)
= 139.54

Fm

D2
l

MPa = 14.23
Fm

D2
l

kgf

mm2
(4.3a)

ds
Dl

=
1

7.114
− 0.45KHN

E
(4.3b)

It can be deduced from figure 4.11 and 4.12 that the size of the grains is typically in the order
of the size of the Knoop indent (see figure 4.9b). If the grain size is larger than the indentation
size, then the grain size and orientation has a major effect on the properties obtained from
the indentation [41]. Hence larger loads are chosen for Nano-indentation keeping in mind
the coating thickness for zinc coated specimens. Furthermore, multiple indentations (20-50 in
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(a) Load vs time plot and
penetration depth vs time plot. (b) Hardness and stiffness from load-depth plot.

Figure 4.10: Measurement of material properties from nano-indentation.

number) have been performed as a matrix spread out over a region of the specimen and the
average of the data obtained from the indentations is taken. This helps in averaging the effect
of local grain orientation and size of the data obtained from the Knoop indentation.

4.1.2.3. Confocal and electron microscopes

The surface profile of the ploughed surface and the pins are checked for calculating the wear
volume, ploughing depth and any possible material transfer to the surface of the pin. The
confocal microscope illuminates a section of the surface by focusing laser light and detecting
back the emitted signal, while cutting off out of focus signals using a pinhole. The height
distribution in the surface is viewed in 3D by using a raster scan where several optical planes
are scanned and stacked using a suitable microscopy deconvolution software (z-stack). Figure
4.11 shows the height profile of the surface of a polished zinc coated sheet obtained by confocal
microscopy at 150x magnification.

(a) GI sheet under optical microscope (b) Confocal image showing surface height profile

Figure 4.11: Image of polished GI sheet surface seen at 150x magnification.



Chapter 4. Experimental procedure and characterization 65

(a) Cross-section of rolled GI sheet in SEM.

(b) Inverse pole figure-Z (EBSD).

(c) Surface of rolled GI sheet in SEM.

(d) Inverse pole figure-Z (EBSD).

(e) Surface of unrolled GI sheet in SEM.

(f) Inverse pole figure-Z (EBSD).

Figure 4.12: Measurement of grain orientation and structure from EBSD SEM analysis of
cross-section and surface of (rolled and unrolled) zinc coated steel sheet.
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In many experiments SEM was used to study the micro-structure and composition of the
specimens. The emitted X-ray is characteristic to the atomic composition of the specimen
and can be analyzed in Energy-dispersive X-ray spectroscopy (EDX) was used to analyze the
composition of the zinc coated sheets. By orienting the specimen at an angle of 70◦ to the
electron beam, the electrons are diffracted by the atomic layers in the crystalline materials,
which is the basis of Electron backscatter diffraction (EBSD). The diffracted electrons are
detected on a phosphor screen and the electron backscatter patterns are studied to obtain
information about the crystal/grain structure, orientation and phase of the zinc and steel in
the zinc coated sheets [126]. The Inverse pole figures (IPF) showing the orientation and size of
the grains of the zinc coating and the steel substrate are shown in figure 4.12.

Figure 4.12a shows the cross-section of the zinc coated steel sheets cut along the rolling direction.
The zinc grains are present as columns and orient along the rolling direction in figure 4.12b.
The grain size of the iron in the substrate is much smaller at around 10-20µm as seen from
figure 4.12a. The grains in the substrate are are randomly oriented body centred cubic crystals.
The surface of the rolled zinc coating is shown in figure 4.12c. The average grain size of the
zinc coating can be estimated to be around 100-200µm. It can be seen that the zinc grains are
aligned as pancakes with a thickness of 20µm. The zinc grains are mostly oriented along their
(hcp hexagonal closed packed crystal) c axis almost normal to the sheet plane. However certain
grains can be seen elongated and aligned along the rolling direction in the inverse pole figure
4.12d. Multiple pyramidal slips and twins can be seen throughout the grain matrix as well. In
case of the surface of unrolled zinc coating on steel sheet, shown in figure 4.12e, the alignment
of the zinc grains with their c axis normal to the sheet plane is less as compared to the rolled
zinc coating (see figure 4.12f). Furthermore, the zinc grains are not elongated and are devoid
of slips and twins in unrolled zinc coating. Hence the rolling process clearly has an effect on
the deformation texture in the sheet resulting in the anisotropic behaviour of the zinc coating.

4.2. Experimental characterization
The characterization experiments of the properties of the experimental specimens, coated and
uncoated steel sheets and lubricants have been divided into three sections. The first section
deals with the individual hardness and elastic modulus of the coating and the substrate and
effective hardness and Young’s modulus of the coated system. Further details about interfacial
shear strength characterization is explained in paper D [121]. The second section deals with
the interfacial shear strength of the lubricant boundary layers and oxide layers formed at the
interface of the zinc coated and uncoated steel sheets and the pins at various contact pressure
and sliding velocities. The final section plots the anisotropic yield criteria for the zinc coating
based on Knoop indentation experiments. Also the measured parameters for the yield function
of the zinc coating and the substrate will be discussed. Further details about anisotropic yield
loci characterization is explained in paper E [120].

4.2.1. Hardness and Young’s modulus of the coated system

In loading a coated surface, the effective hardness and stiffness of the sheet determines its
deformation behaviour. The effective Young’s modulus and stiffness of the zinc coated system
is obtained based on the indentation behaviour of the zinc coating. The effective Young’s
modulus is used to determine the line contact width of a cylindrical roller loaded on the zinc
coated sheet. The hardness of the zinc coated sheet Hcs is measured by equation 4.4 using the
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substrate hardness Hs, coating hardness Hc, coating thickness t and indenter radius r [117].

Hcs = Hs + (Hs −Hc) exp

(
− 125

t

r

)
(4.4)

The reduced Young’s modulus in the tool-sheet contact E∗ is defined in equation 4.5a by the
Youngs modulus and the Poisson’s ratio of the coated system Ecs and νcs, and that of the
indenter tool Ein and νin respectively (equation 4.5b). The reduced elastic modulus of the
coated system with n layers of coating is calculated from the Young’s modulus and Poisson’s
ratio of each layer and two influence factors I0 and I1 as per equation 4.5c [127]. The influence
factors I0 and I1 are calculated in equations 4.5d and 4.5e respectively with i = 1 as the bottom
layer and i = n as the top layer. The equations use the relative coating thickness t̄i, the ratio
of the total layer thickness up to layer i (t1, t2, ..., t) and the contact radius a and the mean
Poisson’s ratio of all layers ν̄ in equations 4.5f and 4.5g respectively [127, 128]. For zinc coated
steel with one coating layer and taking the same Poisson’s ratio of zinc and steel the effective
Young’s modulus of the zinc coated steel is given as Ecs in equation 4.5h [128].

b =

√
4Fnr

πlE∗
(4.5a)

1

E∗ =
1− ν2cs
Ecs

+
1− ν2in
Ein

(4.5b)

1− ν2cs
Ecs

=
1− νs −

∑n−1
i=1 I1(νi − νi+1)− I1(νn − νs)

Es

1+νs
+
∑n−1

i=1 I0

(
Ei

1+νi
− Ei

1+νi+1

)
+ I0

(
En

1+νn
− Es

1+νs

)
(4.5c)

I0 =
2

π
arctan t̄i +

(
(1− 2ν̄)t̄i ln

1+t̄2i
t̄2i

+
t̄2i

1+t̄2i

)
2π(1− ν̄)

(4.5d)

I1 =
2

π
arctan t̄i +

t̄i
π
ln

1 + t̄2i
t̄2i

(4.5e)

t̄i =
i∑

k=1

tk
b

(4.5f)

ν̄ =
1

n

n∑
i=1

νi (4.5g)

Ecs = Ec + (Ec − Es)I0 ∀n = 1, νc = νs (4.5h)

The expressions for the influence factors used to compute the effective Young’s modulus use
the contact length b in the indentation (expression of relative coating thickness in 4.5f). As
the effective Young’s modulus is used to compute the contact width of the line contact, an
optimization algorithm, shown in figure 4.14, is developed to compute Ecs using equation
4.5h for zinc coated steel. The hardness of the bulk zinc, zinc coating and the steel sheets
were measured using indentation experiments. The hardness and Young’s modulus of the zinc
coating are taken as 0.5GPa and 70GPa while that for the steel substrate is taken as 1.4GPa
and 210GPa respectively, making zinc coated steel a soft, ductile coating on a hard, stiff
substrate. Hence as the thickness of the coating increases the effective hardness and Young’s
modulus (stiffness) of the coated system tends towards that of the zinc coating as shown in figure
4.13a. The effective Young’s modulus of the zinc coated system is plotted against the coating
thickness for a range of applied loads in figure 4.13b. The stiffness of the coated system tends
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(a) Hcs and Ecs vs t (b) Ecs vs t and Fn

Figure 4.13: The effect of coating thickness t on effective hardness Hcs and Youngs modulus
Ecs of a coated system and (b) the effect of applied load on Ecs obtained using equation 4.5a
and equation 4.4 and material data from table 4.2.

to be closer to the substrate than the coating at a higher applied load, i.e. higher penetration
depth. The effective Youngs modulus Ecs ranges between 92.5-135.1 GPa and the effective
hardness Hcs is 1.046 GPa is obtained from equation 4.5h and 4.4 respectively for the given
zinc coating thickness of 20µm and applied load of 1 to 16N . The layer hardness for the zinc
coating is obtained using indentation to be 800.1 MPa with standard deviation of 18.8 MPa.

4.2.2. Interfacial shear strength

The shear strength of the interface is calculated from the linear sliding experiments using
the logarithmic profiled cylinder. The experiments are designed such that the friction force
measured is purely attributed to shearing of the interface. The interfacial shear strength τb is
given as the ratio between the measured friction force Ff and the contact area A.

The contact area in the line contact between the cylindrical roller and (zinc-coated) sheet is
measured for a range of loads such that the resulting nominal contact pressure is kept below
the yield strength (σcs = Hcs/

√
3 [113]) of the zinc coated steel. The contact area for the

logarithmic profiled cylindrical roller (uncrowned) of length l with semi-contact width b is
given as Ac = 2bl. The contact width is calculated from the effective Young’s modulus of the
pin-substrate contact E∗ using the algorithm in figure 4.14. In order to compute the contact
width in a line contact for the case of a cylindrical roller in contact with a flat surface, using
the effective elastic modulus of the coated system, an initial guess for the contact width b0, is
used to calculate the line contact width b. The calculated contact width b is then corrected by
adding the difference | b−b0 | and used as the new value to recalculate b. The steps are iterated
until the difference | b− b0 | is minimized below a given tolerance of tol = 0.001µm as shown by
the algorithm in figure 4.14. The algorithm calculates the line contact area for a single layer of
(hot dip galvanized) zinc-coated steel sheet using the effective Youngs modulus Ecs computed
by the equation 4.5h, deduced from equation 4.5c for n = 1 and νs = νc. The contact width
measured using the analytical method in the algorithm agrees well with that obtained from
the FE (finite element) method as shown in table 4.3. The maximum contact pressure P0 is
measured from the nominal contact pressure in equation 4.6. The material parameters for the
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specimens used in the interfacial shear strength characterization experiments are listed in table
4.2.

P0 =
4

π
Pnom ∀Pnom =

Fn

2bl
(4.6)

Material properties:
Ec, Es, Ein, νc, νs, νin,

t,Hc, Hs

Initial guess b0Calculate b

If err > tol

Contact width b

Nominal contact
pressure Pnom

If Pnom ≥ σy P = Pnom
Indenter ge-
ometry r, l

Applied load Fn

E∗ b∗0

| b− b0 |= err

b0 = b0 + erryes

no

noyes

Fn ↓
r, l ↑

Figure 4.14: Flow chart to calculate contact width and contact pressure in coated systems.

The coefficient of friction vs sliding distance, obtained for different loads, is plotted in figure
4.15a. The mean friction force is calculated for the sliding length of 14mm in the middle of
total sliding distance of 20mm. The coefficient of friction due to shearing of the boundary
layer decreases with increasing load. The steady state friction force is obtained after multiple
traverses as shown in the steadying of the average coefficient of friction after initial decline
due to running-in with each traverse in figure 4.15b. The average steady state friction forces
measured from the sliding experiments is divided by the computed Hertzian contact area to
obtain the boundary layer shear strength τ .

The mean coefficient of friction for the shear experiments is plotted against various sliding veloc-
ities in figure 4.16. It can be seen that the boundary layer shear strength is not greatly affected



70 Chapter 4. Experimental procedure and characterization

Table 4.2: Material parameters for interfacial shear strength characterization

Parameters Substrate Coating Tool/Pin

Geometry Circular sheet
of thickness 1
mm and dia.
50mm

Circular sheet
of thickness 1
mm and dia.
50mm

Cylinder/roller
with logarith-
mic crowning

Radius at cen-
ter of roller

− − 5mm

Uncrowned
contact length
of the roller

− − 5mm

Total length of
the roller

− − 10mm

Material DX56 steel Zinc coated
DX56 / Galva-
nized steel

AISI 52100
bearing steel

Coating thick-
ness

0 20 µm 0

Young’s modu-
lus

210 GPa 70 GPa [47] 210 GPa

Hardness 1.4 GPa 0.5 GPa [28] 8.2 GPa
Poissons ratio 0.3 0.3 0.3
Lubricant A Viscosity η40◦C Lubricant B η40◦C
Quaker FER-
ROCOAT
N6130

23 mPas Fuchs Anticorit
PLS100T

90 mPas

Table 4.3: Contact width and contact pressure for line contact on zinc coating

Load
Fn

Contact width b
-analytical (µm)

Contact width b
-FEA (µm)

Contact pressure- an-
alytical Pnom[MPa]

1 8.44 11.8 23.7
2 11.68 13 34.4
4 16.01 17.2 30.3
7 20.06 23 68.3
11 25.32 28.8 87.3
16 30.02 34.2 106.7

by the change in sliding velocity. The boundary layer shear strength, for the Quaker lubricant
marginally increases with sliding velocity while that for the Anticorit lubricant marginally de-
creases with sliding velocity, as shown in figure 4.16a and 4.16b respectively. For experiments
done with the Quaker lubricant, the effect of shear strain rate, i.e. for boundary layer thickness
seems to dominate, as a result of which τQ increases with sliding velocity. For experiments
done with the Anticorit lubricant, the visco-elastic effect, i.e. for sliding distance d, seems to
dominate, as a result of which τA decreases with sliding velocity. The effect of visco-elastic
retardation due to compression and strain rate was first accounted for in the measurement
of boundary layer shear stress in the work of Briscoe and Tabor [67], where for high sliding
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(a) Coefficient of friction for various normal loads. (b) Running-in, friction with each traverse at 16N.

Figure 4.15: Friction measurements with the linear sliding friction tester.

velocity, the visco-elastic term diminishes while for low sliding velocity the strain rate term
diminishes. In the visco-elastic effect (the response time to compression/contact pressure), the
effect contact pressure P̄ ∝ P/ exp vs/a in response to application to normal stress (contact ra-
dius a) reduces with vs as a result of which τA decreases with vs [67]. The relationship between
the interfacial shear strength and sliding velocity obtained by performing these experiments is
given in equation 4.7a and 4.7b for both the lubricants. Each experiment has been performed
(repeated) three times.

τQI = 13.13× 107v0.018s (4.7a)
τAI = 9.32× 106v−0.053

s (4.7b)

(a) Quaker Ferrocoat N136. (b) Fuchs Anticorit PLS100T.

Figure 4.16: Boundary layer shear strength vs sliding velocity plots for DX56 lubricated sheet.

The characterization of the boundary layer shear strength for Quaker Ferrocoat N136 and Fuchs
Anticorit PLS100T lubricated and unlubricated DX56 steel sheets with varying contact pres-
sures was done using the linear sliding friction experimental set-up, shown in figure 4.6. Figure
4.17 shows the variation of boundary layer shear strength with (applied load) nominal contact
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pressures for both lubricated and unlubricated steel sheets. As explained in the literature [65],
a higher contact pressure increases the potential barrier for the shearing of the boundary lay-
ers, thereby increasing the interfacial shear strength. It can be seen from figure 4.17 that the
rate of increase in boundary layer shear strength decreases with change in the nominal contact
pressure. Hence, the boundary layer shear strength (at constant sliding velocity and tempera-
tures) has been plotted against the contact pressures by fitting the experimental data with the
power law relation (based on equation 2.4b) in equations 4.8a-4.8c. Both the lubricants have
interaction with the surface, generating boundary layers with different shear strength. The
shear strength of the Quaker lubricated interface is lower than that of the Anticorit lubricated
interface. The shear strength of the unlubricated interface has been measured for experiments
with stable friction behaviour where galling is absent. The absence of a lubricant boundary
layer results in a high shear strength of the interface, see figure 4.17b.

τQI = 1.34P 0.88
nom (4.8a)

τAI = 0.64P 0.93
nom (4.8b)

τUI = 2.05P 0.88
nom (4.8c)

(a) Quaker Ferrocoat N136. (b) Comparison of interfacial shear with both lubri-
cated and unlubricated sheet-sliding pin interfaces.

Figure 4.17: Curve fit boundary layer shear strength vs nominal contact pressure plot for Quaker
Ferrocoat N136 on DX56 sheet; comparison with Fuchs Anticorit PLS100T, unlubricated case.

The characterization of the boundary layer shear strength for experiments done with zinc coated
DX-56 steel was also carried out using sheets lubricated with Quaker and Anticorit lubricants.
The unlubricated shear experiments done with zinc coated steel were avoided as steel pins sliding
through zinc coated sheets have shown a higher affinity for material transfer and resulted in
galling. The mean friction forces obtained from the shear experiments were divided by the
contact area calculated for the coated system in section 4.2.1. The boundary layer shear
strength was plotted against applied nominal pressure for experiments done with lubricated GI
sheets (at constant temperature and velocity) and fitted with power law expressions derived in
equation 2.4b in figure 4.18. The expressions for both the lubricants for the case of zinc coated
sheets are given in equation 4.9a and 4.9b:

τQGI = 0.32P 0.95
nom (4.9a)

τAGI = 7.34P 0.78
nom (4.9b)
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(a) Comparison of interfacial shear with various lu-
bricants on zinc coated steel sheet.

(b) Comparison of interfacial shear with zinc
coated and uncoated steel sheet.

Figure 4.18: Comparison of boundary layer shear strength vs contact pressure plots for lubri-
cated steel and zinc-coated sheets (Quaker Ferrocoat N136, Fuchs Anticorit PLS100T).

4.2.3. Yield criterion and yield function

For indentations with the longer diagonal of the Knoop indenters base, along and perpendicular
to the axes of anisotropy, the strain ratio ε̄ follows from the ratio of the length of the diagonals
and is equal to 7. Following Levy-Mises equations for isotropic, ideal plastic materials, the
strain ratio equals the deviatoric stress (σ′) ratio. In order to plot the yield locus in the
deviatoric plane, the points corresponding to the KHN for each of the six indentations namely
ia, ib, ic, id, ie, if lie on lines with the slope equal to the deviatoric stress ratio σ̄ as shown in
equation 4.10 [54] (In the deviatoric plane the rolling direction is given as z, transverse direction
as ϕ and normal direction as %). In the deviatoric stress plane, the position of the point on the
line for the particular indentation is equal to its KHN. Using volume constancy, the net strain
increment dεr + dε + dεz = 0. Then all six strain ratios are given as elements of vector ε̄ in
equation 4.11 [55].
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σ

′
z

σ′
ϕ

= 7; σ̄ib =
σ

′
z

σ′
ϕ

=
1

7
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′
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′
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σ′
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1

7
; σ̄ie =

σ
′
%

σ′
z
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σ′
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=
1

7
;

(4.10)

ε̄ =

[
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dεϕ
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1
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dεϕ
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]
(4.11)

In plane stress σ3 = 0, the yield locus Φ is described by a family of ellipses in the σ1−σ2 principal
stress plane in equations 4.12a and 4.12b. The curvature of the yield locus between two points
is obtained from the normality-flow rule which states that the plastic strain-increment vector
is normal to the yield locus, dε = λ∂Φ/∂σ (λ is the rate of the plastic multiplier). The stress
ratio is corrected and expressed in terms of strain ratios R0, R90 and ε̄ in equation 4.12c and
4.12d (R0 and R90 are known as Lankford coefficients). The KHN is taken in kg/mm2 units and
equated to the equivalent yield stress for Hosford yield criteria as given in [55]. This method
has been commonly used to plot the yield locus based on Knoop hardness number in plane
stress plane in [55, 57, 56]. Following the previous works, equating KHN to the equivalent yield
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(a) The geometry of a Knoop indent. Lengths
of short diagonal ds and long diagonal Dl.

(b) The orientation of six Knoop indentations
ia, ib, ic, id, ie and if with Dl and ds along RD
(rolling direction) ,TD (transverse direction) and
ND (normal direction).

Figure 4.19: 6 orientations for Knoop indentations.

stress σy for anisotropic Hill’s 48 yield criteria [52], the coordinates of points corresponding
to KHN of each indentation Khni and its stress ratio σ̄i (iε[ia, ib, ic, id, ie, if ]) are given in the
σ1 − σ2 plane in equation 4.13 by taking σ1 and σ2 as common factor out of the right hand
side of equation 4.12b. The six indentations namely ia, ib, ic, id, ie and if correspond to the
diagonals of the Knoop indenters are oriented along the principal coordinate direction which
are also aligned along the axes of anisotropy: RD (rolling direction),TD (transverse direction)
and ND(normal direction) as shown in figure 4.19.

Φ = σ2
1 −

2R0

R0 + 1
σ1σ2 +

R0(R90 + 1)

R90(R0 + 1)
σ2
2 − σ2

y (4.12a)

KHNi ∼

√
σ2
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2R0

R0 + 1
σ1σ2 +

R0(R90 + 1

R90(R0 + 1)
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2

(4.12b)
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P (R + 1)
(4.13)

To further analyze the data, an algorithm to plot the yield locus from the KHN data (table
4.4) and calculate R0, R90 and σy has been developed (see paper E [120]). Initially, points are
plotted on the deviatoric plane in figure 4.22 from KHN, using σ̄ from equation 4.10 (σ̄ = ε̄)
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and 4.12b (R0 = R90 = 1) respectively. However, the yield locus obtained in the deviatoric
plane or for that matter in the plane-stress plane with an isotropic assumption of R0 = R90 = 1
is not accurate for anisotropic material. Also, typically sheet metal processes have used plane
stress assumptions in expressing anisotropic material behaviour. Hence, an algorithm has been
developed to optimize the value of R0 and R90 and use the optimized values to plot the yield

locus in the plane-stress plane. The algorithm minimized the distance
∗
d between the points

plotted on the plane-stress plane using KHN-data and the yield locus plotted on the plane
stress plane using the chosen values of R0, R90 and σy.

Hence, the initial KHN-data points are plotted on the plane-stress plane by taking initial values
of R0 = R90 = 1. The yield locus is solved for the plotted points from which values of R,P
and σy are obtained. The values of R0 and R90 are used to correct σ̄ and re-plot the yield locus
until the difference in the distance between iterated KHN-data points and the yield loci from
the values of modified R0, R90 and σy is below tolerance. The optimized KHN-yield locus is
plotted on the plane-stress plane in figure 4.23 and its R0, R90 and σy are listed in table 4.4 and
compared with those obtained from the bulk loading tests of DC04 steel. The close agreement
in both the methods sets the possibility of using Knoop (Nano-)indentation with the developed
algorithm given in figure 4.20 to characterize the yield locus for thin, zinc coatings in galvanized
steel sheets [120].

Table 4.4: Knoop hardness data and the yield loci parameters for DC04 steel [129].

KHNi Value [GPa] Yield loci parameters Value

KHNia 118.25 Rbulk
0 1.93

KHNib 115.1 Rbulk
90 2.21

KHNic 177.35 σy
bulk 157.8 MPa

KHNid 167.4 RKHN
0 1.80

KHNie 136.55 RKHN
90 2.34

KHNif 141.35 σy
KHN 168.5 MPa

Multiple indentations have been done, shown as an indentation matrix in figure 4.21b. The size
of the Knoop indentation have been measured by observing them under the confocal microscope.
The length of the long diagonal Dl, short diagonal ds and indentation depth h of the Knoop
indent mark is measured from the height profile of the indent as shown in figure 4.21a.

Table 4.5: Knoop hardness data and the yield loci parameters for Zinc coating steel.

KHNi Value [GPa] Yield loci parameters Value

KHNia 51.04 Rbulk
0 −

KHNib 59.77 Rbulk
90 −

KHNic 66.16 σy [47] 50-110 MPa
KHNid 37.23 RKHN

0 0.45
KHNie 53.67 RKHN

90 1.56
KHNif 78.28 σyKHN 57.7-81.7 MPa
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Six Knoop
indentations (KHN)

Identify R0, R90

Initial guess
R0 = R90 = 1

• Calculate σ̄ with R0, R90

• Plot KHN-data points in
σ1 − σ2 plane

• Solve yield locus of KHN
points in σ1 − σ2 plane

• Obtain R0, R90 and σy

Measure distance d between
KHN points and yield-loci

If
∗
d < tol

R = R0 + c1∆R0

R90 = R90+c2∆R90

Obtain
R0, R90 and σy

no
yes

Figure 4.20: Flowchart showing the optimization algorithm to obtain values of R0, R90 and σy.

(a) The height profile and size of the Knoop indent
on DC04 steel at 50g load.

(b) Image of matrix of Knoop indents on
DC04 steel at 20 mN load.

Figure 4.21: Measurement of indent size from nano-indentation of DC04 steel.
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Figure 4.22: Yield locus for DC04 steel sheet in the deviatoric plane in the rolling direction z,
transverse direction ϕ and normal direction % with KHN scale in kgf/mm2.

Figure 4.23: The yield loci obtained from KHN data on the plane-stress plane optimized for
anisotropy and compared with that obtained bulk tests on DC04 steel sheet.

Multiple indentation have also been performed on the cross-section of the zinc coating as shown
in figure 4.24a. The indentation load is limited to 50mN in order to keep the indentation size
within the coating thickness of 20 µm as shown in figure 4.24b. The average value of the
measurements of the indents are taken to reduce the local effects of anisotropy due to grain
size and orientation.

Having validated the yield locus obtained from the Knoop indentations of DC04 steel sheet
with that obtained from the bulk tests, the Knoop indentation characterization technique of
yield locus has been extended to the zinc coating on steel sheets. The KHN data has been
taken for 6 Knoop indentations in table 4.5. The points are plotted on the plane stress σ1 − σ2
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(a) The height profile and size of the Knoop in-
dent on zinc coating cross-section at 50mN load.

(b) Image of matrix of Knoop indents on cross-
section of the zinc coating at 50 mN load

Figure 4.24: Measurement of indent size from nano-indentation of zinc coating on steel.

Figure 4.25: The yield locus obtained from KHN data on the plane-stress plane optimized for
anisotropy for zinc coating on steel sheet.

plane. taking initial values of R0 = R90 = 1. The values of R0, R90 and σy are then varied
(increased/decreased) using constants c1, c2 as shown in the algorithm in figure 4.20. The
distance d between the measured KHN-data points on the plane stress plane and the yield

locus based on R0, R90 and σy is computed. The values of R0, R90 are accepted for values of
∗
d

below a given tolerance tol. Finally the optimized yield locus for the zinc coating on the steel
sheet is plotted by optimizing the KHN-data points in figure 4.25.

The parameters for the Hill’s quadratic yield criteria [52] can be calculated from the Lankford
coefficients (R0, R90 values) obtained from the KHN based yield locus of the DC04 steel sheet
and the zinc coating on the steel sheets. The Hill’s quadratic yield criteria is given in equation
3.6 in terms of constants U1, U2, U3, V1, V2 and V3. The Lankford constants are defined for a
sheet metal as the ratio of the strain εϕr in the plane of loading at the angle of orientation ϕr

with respect to the rolling direction to the strain out of the plane εz. The relationship between
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the three Lankford coefficients R0, R90 and R45 and the parameters of the Hill’s quadratic yield
constants are given in equation 4.14a. By expressing the Hills quadratic yield criteria in plane-
stress plane in terms of both the Hill’s constants U1, U2, ..., V3 (taking σ13, σ23 and σ33 = 0 in
equation 3.6 in chapter 3 section 3.1.3.) and the Lankford coefficients as given in equations
4.14b and 4.14c, the relationship between the Hill’s constants and the Lankford coefficients
are in equation 4.14d. Solving equation 4.14a and 4.14d, and assuming planar anisotropy the
parameters for the Hill’s quadratic yield criteria for both DC04 steel sheet and zinc are listed
in table 4.6. The value of R45=1.44 is given for DC04 steel but no such value is obtained for
the zinc coating. Hence, the constants of the shear stress in the Hills quadratic equation in
equation 4.14d are taken N=1.5, M=1.5 and L1.5 for the zinc coating.

R0 =
U3

U2

=
dεϕ=0◦

dεz
;R90 =

U3

U1

=
dεϕ=90◦

dεz
;R45 =

U3

U1 + U2

− 1

2
=
dεϕ=45◦

dεz
(4.14a)

2Φ(σij) = (U2 + U3)σ
2
11 − 2U3σ11σ22 + (U1 + U3)σ

2
22 + 2V3σ

2
12 = 1 (4.14b)

f(σij) = σ2
11 −

2R0

R0 + 1
σ11σ22 +

R0(R90 + 1)

R90(R0 + 1)
σ2
22 +

(R0 +R90)(2R45 + 1)

R90(R0 + 1)
σ2
12 = 1 (4.14c)

U1 =
R0

R90(R0 + 1)
;U2 =

1

R0 + 1
;U3 =

R0

R0 + 1
, V3 =

R0 +R90

R90(R0 + 1)

(
R45 +

1

2

)
;V2 =

3

2
;V1 =

3

2
(4.14d)

Table 4.6: Parameters for Hill’s quadratic yield criteria for DC04 steel and zinc coating [129].

Hill’s 48 DC04 Steel Zinc coating

U1 0.298 0.2
U2 0.341 0.69
U3 0.659 0.31
V3 1.274 1.5
V1 1.5 1.5
V2 1.5 1.5

4.3. Summary
The experimental set-up and specimens used in characterization of the material properties
and ploughing behaviour of uncoated and zinc coated steel sheets have been described in this
chapter. To summarize the methods to determine the interfacial shear strength and the yield
locus of uncoated steel sheet and zinc coating on steel sheet have been elaborated in this
chapter. Firstly, an experimental characterization technique to measure the boundary layer
shear strength of uncoated and zinc coated steel substrate with varying applied load and sliding
velocities has been developed. Secondly, a combined numerical and experimental method to
plot the anisotropic yield locus based on Knoop indentation has been developed. The yield
parameters are optimized to plot the best fit yield locus from the KHN data. The method
has been implemented to plot the yield locus for DC04 steel sheet and validated against bulk
tests. The method has been extended to plot the yield locus of the zinc coating on steel sheet.
The Knoop indentation based method has been used effectively to compute the parameters
of the anisotropic Hill’s quadratic yield criteria (for coated systems) which has been typically
calculated by bulk tensile tests. The parameters for the Hill’s 48 yield criteria for the zinc
coating, i.e. U1, U2, U3, V1, V2 and V3 are calculated using the Knoop-indentation method in
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table 4.6 have been implemented in the equation 3.6 (Hill’s 48 yield criteria) in chapter 3,
section 3.1.3 for building the anisotropic material model. The anisotropic material model is
used in ploughing simulations of the rolled zinc coated sheets in chapter 5 [120].



Chapter 5

Results and discussion

In this chapter, results will be shown for the developed model being the components of the
coefficient of friction, depths of the ploughed profile and the wear mode. The results will be
discussed in terms of the effect of the model parameters (see section 1.5) such as asperity geom-
etry, interfacial shear strength, anisotropy and thickness of the zinc coating and applied loads.
The numerical results have been compared with the analytical results for ideal (rigid-) plastic
and elastic material behaviour. The numerical results have also been validated with the results
obtained from the ploughing experiments and will be shown to be in good agreement. The
results will illustrate the limitations and possibilities of the MPM based model to simulate the
ploughing behaviour of an elliptical single-asperity sliding through both coated and uncoated
substrates with anisotropic material behaviour.

The chapter will provide an overview of the results obtained from the appended papers A
[95], B [105], C [106], D [121], and F [107]. This will include results from the developed
numerical(MPM) model in chapter 3 section 3.1, the analytical model described in chapter 4
section 3.2., and the experiments performed using the experimental set-ups described in chapter
4 section 4.1. The input to the numerical MPM model will be given from the characterized
material properties given in chapter 4 section 4.2 and the data listed in tables 3.6, 3.4 and
3.5. Some experimental results on the effect of (ellipsoidal) asperity geometry and material
anisotropy on friction in ploughing of (temper-rolled) lubricated zinc coated steel sheets will
also be presented.

81
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The results will be presented, categorized into two sections. The first section will deal with
the coefficient of friction results regarding the friction forces in ploughing obtained from the
analytical and numerical models and the ploughing experiments. The second section will deal
with the ploughing depth results regarding the ploughed profile as obtained from the analytical
and numerical model and the ploughing experiments. Each section is divided into subsection
on the results specific to the ploughing of uncoated steel and zinc coated steel sheets. The
results presented in this section are categorised and are referred to the appended papers as
given below:

• Ploughing depth

– Ploughed profile in uncoated steel sheet: Paper A[95], C[106], and D [121]

∗ Comparison of the the simulated profile depth with the analytical model: Paper
A[95] and C[106]

∗ Comparison of the simulated profile depth with ploughing experiments: Paper
A[95] and D[121]

– Ploughed profile in zinc-coated steel sheet: Paper F[107]

• Friction force

– Friction in ploughing of uncoated substrates: Paper A[95], C[106], and D [121]

∗ Comparison of the simulated friction force with the analytical model: Paper
A[95] and C[106]

∗ Comparison of the simulated friction force with ploughing experiments: Paper
A[95] and D[121]

– Friction in ploughing of zinc-coated substrates: Paper F[107]
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5.1. Ploughed profile

(a) Surface height of ploughed profile (MPM sim-
ulations) Highlighted region for ploughed cross-
section.

(b) Average position of the particle group under
the indenter for duration of sliding.

(c) Surface height of ploughed profile obtained
from ploughing experiments.

(d) Comparison of the profile of the ploughed
cross section from experiments and simulation.

Figure 5.1: Ploughed track for a lubricated-7N load controlled scratch test using a 1mm indenter
in 1: linear sliding friction tester as seen using confocal microscope 50x magnifications 2:
MPM simulation (5µm particle resolution) showing position of particle group at center of
ploughed profile over sliding distance (duration) and the profiles of the ploughed cross-sections
obtained from MPM-ploughing model and ploughing experiments. The results ofor ploughing
on uncoated substrate can be refereed to paper A [95], paper B [106] and paper D [121].

The ploughing depth of the wear track is computed for the analytical model, MPM-simulations
and the ploughing experiments. The analytical model computes the ploughing depth of the
points on the contact boundary by the equations 3.19a-3.19c in section 3.1.4. The MPM-based
ploughing simulation selects groups of particles in the cross section of the surface of the substrate
perpendicular to the sliding direction as shown in figure 5.1a. The final average position of the
group of particles is measured at the end of the simulations and the profile of the cross-section
on the wear track is mapped out as shown in figure 5.1b. The ploughed wear track is observed
under the confocal microscope at 50x resolution for the surface height profile as shown in 5.1c.
The height of the cross-section of both the plough profiles obtained from the MPM-simulation
and ploughing experiments, when compared, are in good agreement, see figure 5.1d.
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5.1.1. Ploughed profile in uncoated substrates

The ploughing depth is measured from the simulated ploughed profile of an uncoated DX56
steel substrate ploughed using spherical and ellipsoidal indenters. The ploughing depth obtained
from the simulated ploughed profile is compared with the ploughing depth obtained using the
analytical model in section 3.2 and using ploughing experiments. The results shown below can
be referred to paper A [95], paper C [106] and paper D [121].

5.1.1.1. Comparison of the the simulated profile depth with the analytical model

For validation purposes, the penetration/ploughing depths obtained by the MPM-model and
the analytical model are compared with each other for a range of applied loads on substrates
with perfectly elastic and perfectly plastic material behaviour [95, 106]. The penetration depth
for the contact length a by a spherical indenter of radius r is given as d = a2/r. In the
MPM-model, the penetration depth of the spherical indenter is computed by the difference in
the position of the centre of mass of particle-group on the surface of the substrate which are
deformed from their reference position as the sliding-indenter comes in contact with them. For
a perfectly elastic substrate the penetration depth is obtained from the expression for Hertzian
point contact and given as de in equation 5.1a. For the ploughing of a rigid-plastic substrate
with a spherical indenter the ploughing depth dp is given using the load balance from equation
3.17a and expressed in equation 5.1b.

(a) Perfectly elastic substrate (b) Perfectly (rigid-) plastic substrate.

Figure 5.2: Penetration/ploughing depths vs applied loads for ploughing through a perfect
elastic and a rigid-plastic substrate.

In order to study the ploughed profile, and compare the results to the numerically simulated
ploughing depths, a section of the substrate material surface was chosen as shown in figure 5.1a.
The section comprised of different regions with size of a unit particle volume and the average
position of each of the region was plotted as a function of the sliding distance. Figure 5.1b
shows the average position of the particle in the region under the central axis of the asperity in
the sliding direction over the whole sliding distance, shown as black mark in figure 5.1b. The
ploughing depth dp is calculated as the sum of the pile-up height and groove depth (see figure
5.1d) in the ploughed profile. The ploughed profile is obtained from the final average position
of the particles in the ploughed cross section as shown in figure 5.1b and 5.1d. It can be seen
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from figure 5.2a and 5.2b that the depth of penetration/ploughing obtained from the MPM
simulations agrees well with the analytical results for the given range of loads.

de =

(
9F 2r(1− ν2)2

16E2

) 1
3

(5.1a)

dp =
2F

πHr
(5.1b)

(a) Effect of orientation on ploughing depth (b) Effect of size on ploughing depth.

Figure 5.3: Comparison of MPM-ploughing model results with analytical model results (section
3.2.4) for a ploughing of a rigid-plastic substrate by an ellipsoidal asperities with (a) axes size
a = 100µm, b = 200µm, c = 200µm and (b) ellipticity ratio ey changing such that ex=1 and
exey=1 at an applied load of 1N. (marks: MPM model, line: analytical model).

Following equation 3.17b (section 3.2), the ploughing depth is independent of the orientation
and size of the asperity and is assumed constant over the ploughed profile. However, the
developed model has accounted for the plastic and shear flow behaviour to develop fitting
factors to compute the ploughing depth as a function of asperity orientation. Figure 5.3 shows
the ploughing depth obtained from the analytical and numerical model for various orientation,
size and ellipticity ratio of the ellipsoidal asperity. In figure 5.3a we consider ploughing by an
elliptical asperity with its major axes b = 200µm (minor axis a = 100µm) perpendicular to
the sliding direction. The pile-up height in front of the given asperity decreases with increase
in β from 0◦ to 90◦ due to decrease in the projected area in yz-plane (see section 3.2.4). The
decrease in the pile-up height of the ploughed profile with β corresponds to the increase in the
groove depth to balance the load shared by the piled-up substrate in front of the asperity (see
section 3.2.4). The groove depth dominates the fraction in the total ploughing depth for an
elliptical asperity. The depth of the final ploughed track increases for an increase in β from 0◦

and 90◦ as shown in figure 5.3a.

The asymmetric separation of flow due to asymmetry in the ploughing asperity results in a
variable ploughing depth on either ends of the ploughed track (points S and N shown in figure
3.7 and 3.8 in chapter 3, section 3.2), as given in figure 5.3a. The change in asperity orientation
from 0◦ and 90◦ results in an rapid divergence in ploughing depths dNp and dSp on either side
of ploughed wear track followed by their steady convergence as shown in figure 5.3a. This
behaviour is explained by the variation in distribution of piled-up substrate material in front of
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the asperity to its periphery with β, as shown in section 3.2.4 using equations 3.19a and 3.19b.
The ploughing depths for the ellipsoidal asperity increase with a decrease in ey only following
load balance and plastic flow correction as shown in figure 5.3b. However the ploughing depth
increases with ey, which increases as reciprocal of ex, due to increase in the resistance to plastic
flow. The numerical ploughing depth dp does agree fairly well with the analytical ploughing
depths.

5.1.1.2. Comparison of the simulated profile depth with ploughing experiments

(a) Effect of r and Fn on ploughing depth (b) Effect of τ and Fn on ploughing depth

Figure 5.4: Ploughing depths for load controlled test carried out with indenters of diameter
1mm and 3mm on lubricated and unlubricated steel sheet with the linear sliding friction tester
and MPM-ploughing model that includes the Bergström-van Liempt material model parameters
given in table 3.4 and interfacial shear stress model given in equations 4.8a and 4.8c.

Initial experimental validation of ploughing depth obtained from the MPM ploughing model
was done using ploughing experiments using pins with spherical balls at their tips [95, 121].
The applied loads were varied from 1-46 N while 1mm and 3mm spherical ball diameters were
used at the pin tips for ploughing on a DX56 steel sheet lubricated with ‘Quaker’ oil. The
applied loads were chosen such that ploughing was the sole wear mode where the material was
displaced from the groove into the piled-up ridges as the indenter slid through the substrate,
thereby avoiding the generation of any wear debris. As no material was removed or detached
from the substrate, both the material under the ploughed groove and in the piled-up ridge
supported the applied load during the ploughing of the steel substrate. In another case the
ploughing experiments were performed using a 3mm diameter spherical ball for ploughing on
the steel sheet with a stable oxide layer prepared by shine polishing (see section 4.1.1.2) in the
absence of any lubricant. The ploughed profile obtained from the experiment and the MPM
simulations are compared as shown in figure 5.1d. The ploughing depth was calculated as the
sum of the pile-up hieght hpu and groove depth dg. The total ploughing depths calculated from
the ploughing experiments and the MPM model were plotted in figure 5.4a for two indenters
of different radii over a range of loads. The MPM model can be seen to accurately compute
the ploughing depths for an asperity sliding through the steel substrate.

The ploughing depths obtained from the MPM-based ploughing simulations for ploughing of
lubricated and unlubricated steel substrate by a 3mm diameter indenter have been validated
against ploughing experiments in figure 5.4b. The ploughing simulation results agree well
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with the experimental results for the given range of loads both in lubricated and unlubricated
conditions. It can be seen that the increase in interfacial shear strength, in the absence of a
lubricant, increases the deformation of the substrate and hence the ploughing depth. The force
on the substrate due to interfacial shear acts in the opposite direction, −F s

z h (see section 3.2.4.3
and 3.2.5). Thus a component of the force acts on the substrate in the +z axis due to interfacial
shear and a component of force acts on the substrate in the –z axis due to plastic compressive
pressure. Hence, the forces acting on the asperity-substrate contact due to interfacial shear and
plastic deformation result in a bi-axial tension on the deforming substrate elements. Such a
stress-state caused faster yielding and increases the ploughing depth to maintain load balance.

(a) Ploughed track (Experimental) for asperity
β = 0◦.

(b) Ploughed track (Experimental) for asperity
β = 30◦.

(c) Ploughed track (MPM simulation) for asper-
ity β = 0◦. (d) Comparison of ploughed cross-section (Expt.

vs MPM) for asperity β = 0◦.

Figure 5.5: Confocal image at 50x magnification of the ploughed track showing surface height
distribution of a substrate ploughed by a load of 7N using an ellipsoidal asperity of axes size
a = 1000µm, b = 250µm orientated at angle with respect to sliding direction (a) β = 0◦, (b)
β = 30◦ obtained from experiments and (c) MPM simulation (highlighting ploughed cross-
section) and (d) comparison of ploughed cross-section from experiments and MPM simulations
using material parameters from table 3.4 and interfacial friction model in equation 4.8a.

The ploughing depth d was obtained as the sum of the maximum groove depth, dg and the
maximum pile-up height hpu on either side of the ploughed wear track for both the experiments
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as well as the simulations. The ploughing depth on the +y axis was given as d+y and on the –y
axis was termed as d−y. The ploughed track that was observed under the confocal microscope
for experiments done at different orientations for a ellipsoidal asperity with an ellipticity ratio
exy of 4 are shown in figure 5.5. It can be clearly seen particularly in figure 5.5a that for an
orientation of 0◦ (and 90◦), the ploughing depths on either side of the wear track are more or less
similar. Any possible difference in the ploughing depth can be due to the sliding misalignment
in clamping the ellipsoidal pin mark with the pin holder marking to set the require orientations
of 0◦ and 90◦. When the ellipsoid is oriented at an angle of for e.g. 30◦ there is a difference
in the ploughing height on either side of the ploughed wear track as seen in figure 5.5b. This
behaviour has also been seen in the MPM simulation of ploughing by the ellipsoidal asperity of
the same size as oriented at an angle of 30◦ as seen in figure 5.5c. Comparison of the ploughed
profile by taking a cross-section on the ploughing track as shown in figure 5.5d results in good
agreement between the MPM-model and ploughing experiments.

(a) Effect of asperity’s ellipticity ratio ex and
load Fn on ploughing depth

(b) Effect of asperity’s ellipticity ratio ex and
load Fn on ploughing depth.

Figure 5.6: Comparison of ploughing depth d for applied loads of 7N and 16N (subscript)
obtained from MPM-based ploughing simulation (superscript: m) and ploughing experiments
(superscript: e) for varying ellipticity ratio along the (a) x- axis (sliding direction) and (b)
y-axis .

The total ploughing depths obtained from ploughing experiments and simulation has been
plotted as a function of the ellipsoid size in x and y direction for applied loads of 7N and 16N
as shown in figure 5.6 [106]. It can be seen in figure 5.6a that the ploughing depth decreases
with increase in size of the ellipsoidal indenter as also follows from the load balance given in
equations 3.17a and 3.17b. The ploughing depths for pins with ey between 0.5 to 1 is higher as
compared to the pins with ex between 0.5 to 1 as shown in figure 5.6. This follows from equation
3.18a and 3.18b where a smaller axes size in y-direction results in a lower resistance to plastic
flow, and hence a higher penetration of the pin into the substrate. However, both the numerical
and experimental ploughing depths decrease as ex and ey increase from 1 to 2, the experimental
ploughing depth in fact increases as the ellipticity ratio ex increases from 1 to 2. The increase
in ploughing depth could be due to misalignment of the ellipsoidal pins in the vertical plane
which results in deeper penetration of the pin into the substrate. As discussed previously, an
ellipsoidal pin with its major axis in the sliding direction is sensitive to misalignment in the
x or y axis. The increase in ploughing depth for larger pins in figure 5.6a also explains the
increase in their corresponding coefficient of friction as shown in figure 5.17a.
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(a) Size of ellipsoidal pin a = 1000µm, b =
250µm Load = 16N

(b) Size of ellipsoidal pin a = 833µm, b = 300µm
Load = 16N

(c) Size of ellipsoidal pin a = 667µm, b = 375µm
Load = 16N

(d) Size of ellipsoidal pin a = 1000µm, b =
250µm Load = 7N

Figure 5.7: Comparison of ploughing depths d along the periphery at +y and −y axis (subscript)
obtained from MPM-based ploughing simulation (superscript: m) and ploughing experiments
(superscript: e) for varying angle of ellipsoid orientation β

It can also be seen that the ploughing depths for the ellipsoidal pins in experiments are smaller
than those obtained from the simulations. The difference in penetration can be attributed to
the relatively high surface roughness of the pins as listed in table 4.1. To compare the effect
of roughness on penetration, when a highly polished reference spherical ball of 0.5mm radius
was used instead of pin B4 of radius 0.5mm which was made by milling method (roughness
Ra = 0.6µm, see table 4.1), the ploughing depth obtained was about 1.5 2 times higher.
The effect of roughness is mostly prominent for ellipsoids with low ellipticity ratio and large
size where the geometry of the ellipsoid doesnt allow for deeper penetration and the surface
roughness affects the ploughing depths. However, for high ellipticity ratio the numerical and
the experimental wear profile compare very well as shown in figure 5.5d. The ploughing depth
obtained from experiments and simulations for either side of the ploughed track are plotted for
applied loads of 7N using ellipsoidal pins of ellipticity ratios 4, 2.8 and 1.8 and applied load of
16N for ellipticity ratio 4 as shown in figure 5.7. It can be seen from figure 5.7a and 5.7d that for
high ellipticity ratio of 4, the ploughing depths obtained on the +y and –y axis of the ploughed
tracks are in good agreement for both experiments and simulation for both applied loads of
7N and 16N. However, as the ellipticity ratio decreases and the ellipsoidal pin is closer to a
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spherical shape, the roughness effects sets in and the experimental ploughing depths decreases
on either side of the ploughed track (see [106]). This results in experimental ploughing depth
being lower as compared to the simulated ploughing depth for ellipsoidal pins with ellipticity
ratio of 1.8 and 2.8 at 16N load as shown in figure 5.7b and 5.7c. Details can be seen in paper
C [106].

5.1.2. Ploughed profile in coated substrates

The ploughing depth is measured from the simulated ploughed profile of (zinc) coated (steel)
substrates ploughed using spherical indenters. The ploughing depth obtained from the sim-
ulated ploughed profile is compared with the ploughing depth obtained using the analytical
model in section 3.2 and using ploughing experiments. The results in this presented below are
referred from paper F [107].

5.1.2.1. Comparison of the simulated profile depth with the analytical model

In this section, the ploughing depths obtained from the theory given in chapter 3, section
3.2.6 have been plotted and compared with those obtained using the MPM simulations for
rigid-plastic coated-substrate. The effects of relative hardness of the coating with respect to
the substrate H̃ and the coating thickness t on the coefficient of friction and the ploughing
depths has been studied. The material parameters used in the MPM-simulations of the rigid-
plastic coated-substrates to be compared with the analytical model are listed in table 3.3.
The ploughing depth and coefficient of friction are obtained for the MPM simulations utilize a
0.4mm diameter indenter at 3N load. A coating thickness of t = 25µm is used in the first study
where the relative hardness of the coating H̃ is varied from 0.1 to 10 and the interfacial shear
strength constant or taken as a factor of hardness of the coating and substrate. In the first
case, the interfacial shear strength of the coating τc and the substrate τs is kept constant at
H0/k0 where H0 = 450MPa and k0 = 3

√
3. In the second case, the interfacial shear strength

of the coating and the substrate is taken as per τ = H/k0 where H = Hs for the substrate
and H = Hc for the coating. In the second study, the coating thickness is varied from 0µm for
uncoated substrate to 200µm, where coating material is the bulk. The relative coating hardness
is varied for two different cases. In first case, H̃ = 0.5 (Hc = 450MPa,Hs = 900MPa) and in
the second case, H̃ = 2 (Hs = 900MPa,Hc = 450MPa).

The total ploughing depth obtained from the ploughing simulations is compared with that
obtained by the analytical model in figure 5.8 using equations 3.23b and 3.23b in chapter 3,
section 3.2.6. It can be seen that, the ploughing depths obtained by the analytical model agree
well for those obtained from the ploughing simulations for both studies [107].

In the first study, where the relative hardness H̃ is varied from 0.1 to 10, the ploughing depths
obtained using the analytical model and the MPM simulations decrease with H̃ and are shown
to agree for H̃ ≥ 0.5 in figure 5.8a. For low values of H̃ (coating hardness), the ploughing
depths obtained from the MPM model slightly exceed those calculated by the analytical model.
Also for low values of H̃, the indenter penetrates more into the coating and the simulated
ploughing depths exceed the coating thickness resulting in the wear of the coating material in
the corresponding MPM ploughing simulations but not in the analytical model which assumes
only ploughing.
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(a) Effect of H̃ on dp. (b) Effect of t on dp.

Figure 5.8: Ploughing of rigid-plastic substrate by 0.4 mm diameter ball at 3N load. (a) Effect
of relative coating hardness (t = 25µm) on the total ploughing depth with a constant interfacial
shear and with interfacial shear τ = H/k0. (b) Effect of coating thickness on the total ploughing
depth for a hard coating (H̃ = 2) and a soft coating (H̃ = 0.5). (r = 200µm, k1 = 12.5) (Marks:
MPM model, Lines: Analytical model). CW: Coating wear/degradation.

In the second study, the total ploughing depths for a hard coating (H̃ = 2) and for a soft coating
(H̃ = 0.5) are studied as a function of the coating thickness t as shown in figure 5.8b. The
ploughing depths obtained from the MPM ploughing simulations agree well with those obtained
from the analytical model. The ploughing depth for the soft coated system increases with
coating thickness, as the effective hardness of the soft coated system decreases with the increase
in coating thickness. Consequently, the ploughing depth for the hard coated system decreases
with coating thickness as the effective hardness increases with the coating thickness (equation
3.23b). The slope of the ploughing depth plots changes at a coating thickness tc = 5.75µm
for the soft coating and tc = 4.3µm for the hard coating where dp = t after which increase in
t results in transition of the contact of the indenter from both the substrate and the coating
to the coating only. So, the ploughing depths are calculated accurately by MPM for all cases
[107].

5.1.2.2. Comparison of the simulated profile depth with ploughing experiments

The total ploughing depths obtained from the uncoated steel sheet [95] and the zinc block
lubricated by Quaker lubricant and ploughed by a 1mm diameter ball were compared and
found to be in good agreement from figure 5.9a. The zinc block having lower yield stress
compared to the DX56 steel sheet (see figure 10a) resulted in a higher ploughing depth for all
the loads. The ploughing depth for the zinc blocks also increased faster than that of the DX56
steel sheets due to the lower strain hardening of the zinc block at high loads compared to the
DX56 steel sheet (see figure 10, table 3.4 and table 3.5). Having validated the ploughing depth
for bulk zinc and steel, the numerically calculated ploughing depths will be also validated using
zinc coated steel sheet [95].

The total ploughing depth obtained from the ploughing experiments and simulations with the
zinc coated steel sheet for a load range of 1-46N was compared for spherical indenters of 1mm
and 3mm diameter and found to agree well as shown in figure 5.9b. The larger 3mm diameter
indenter penetrates less compared to the 1mm indenter owing to its larger contact area to carry
the applied load.
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(a) Effect of Fn and substrate type (zinc/steel) on
ploughing friction

(b) Effect of Fn and r (zinc coated steel sheet) on
ploughing friction

Figure 5.9: Comparison of the ploughing obtained from MPM model and ploughing experiments
on Quaker lubricated zinc block, 15 µm zinc coated sheet and DX56 steel sheet by 1mm and
3mm diameter balls. Material model parameters given in tables 3.6, 3.4, 4.5b and interfacial
friction model in equation 4.8a and 4.9a for zinc (coating) and steel.

(a) Effect of Fn and substrate type: bulk/coated
substrate on ploughing friction.

(b) Effect of Fn and t (zinc coating thickness) on
ploughing friction.

Figure 5.10: Comparison of the total ploughing depths obtained from MPM model and plough-
ing experiments on Quaker lubricated zinc block, 15 µm zinc coated sheet and DX56 steel sheet
by 1mm diameter balls and on various zinc coating thickness.

The differences in the ploughing depths obtained from experiments with steel sheet, zinc coated
steel sheet and the zinc block are summarized over loads ranging from 1-46N in figure 5.10a.
As the thickness of the zinc coating is increased from 10 to 15, 30, 40 and 55µm, the ploughing
depths are also shown to increase for three different loads in figure 5.10b. The increase in
ploughing depth with coating thickness is due to the decrease in the effective hardness for the
soft zinc coated system with increase in coating thickness (as per equation 3.22 [117]). The rate
of increase in ploughing depth with respect to the coating thickness increases with increase in
the applied load. The MPM simulations have a larger increase in ploughing depth compared
to that of the experiments with coating thickness above 30µm, as shown in figure 5.10b. The
lower penetration depths obtained from the ploughing experiments for large coating thickness
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can be explained by the unpolished rougher surface of thicker zinc coatings which is in contrast
with the thinner zinc coatings. Further the yield strength of the zinc coating used in the MPM
simulations is measured by nano indentation for a coating thickness of 10µm [41]. For higher
coating thickness, the size of the zinc grains could have significant effects in the measured
yield strength and hardness. As the thickness of the coating decreases, deformation during
indentation is localized with the plastic flow being restricted by the substrate [130]. This could
lead to a lower yield strength and hence effective hardness for thinner zinc coatings.

5.2. Friction force
In this section, the components of friction acting on a ploughing asperity will be shown with
the normal load being applied in the z direction and sliding in the x direction as shown in figure
5.11. For an ellipsoidal indenter, the axes sizes are taken as a, b and c. The ellipticity ratios
are ex = a/c and ey = b/c. The orientation relative to sliding direction is β. Load controlled
ploughing simulations and experiments were carried under a constant load. Some results are
shown in figure 5.12a. Depth-controlled ploughing simulations have also been carried out for
comparison with analytical models. During the sliding of the indenter through a rigid-plastic
substrate, the material in contact with the frontal half of the indenter is permanently deformed
and lose contact with the rear half of the indenter as the indenter slides over it.

Figure 5.11: An ellipsoidal asperity ploughing through a coated substrate with its axes sizes
a, b and c and orientation β relative to sliding direction. The loading direction and sliding
direction are also shown.

During the depth-controlled ploughing of a rigid- plastic substrate, as the contact area is halved
(frontal part of indenter in contact), the reaction force Fz is halved in order to maintain the
contact pressure as shown in figure 5.12b. The coefficient of friction obtained from the MPM
ploughing simulations has been compared with the values obtained from the analytical model
and the ploughing experiments. The forces acting on the sliding asperity have been divided by
the applied load to obtain the coefficient of friction. The coefficient of friction obtained from the
analytical model has been compared with the numerical model for ideal (rigid-) plastic material
behaviour. Likewise the coefficient of friction obtained from the ploughing experiments has been
compared with the values obtained from the numerical simulations for zinc coated and uncoated
DX56 steel sheet.The results will be shown below.
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(a) Load controlled ploughing (b) Depth controlled ploughing

Figure 5.12: Forces acting on the asperity in x, y and z directions for load controlled ploughing
simulations.

5.2.1. Friction in ploughing of uncoated substrates

The friction force in ploughing of uncoated steel substrate is measured from the MPM based
ploughing model (shown in chapter 3 section 3.1 and compared with the results from the
analytical model in chapter 3 section 3.2 and the experimental results using the experimental
set-up explained in chapter 4, section 4.1. The material parameters for the steel substrate are
given in table 3.4 and interfacial friction model used is given in equation 4.8a and 4.8c for the
MPM ploughing simulation of an uncoated DX56 steel substrate. The results described below
are referred from paper A [95], paper C [106] and paper D [121].

5.2.1.1. Comparison of the simulated friction force with the analytical model

Initial load controlled ploughing simulations have been done in a rigid-plastic substrate in the
absence of interfacial shear strength (τsh = 0) [95]. The coefficient of friction is obtained as
the ratio of the tangential force in the x direction and the applied load in the z direction.
The tangential force in the x direction is measured from the contact pressure due to plastic
deformation of the substrate over the vertical projected area Ayz. The applied load Fn is
balanced by the horizontal projected area Axy and the pressure resulting in plastic deformation
of the substrate, which is given by its indentation hardness H. The friction coefficient for a
spherical asperity sliding through a frictionless rigid-plastic substrate is thus determined by
equation 5.2a. In the presence of an interfacial shear τsh, the forces F pl and F sh act on a
spherical asperity in x and z directions due to the plastic deformation pressure ppl and due to
interfacial shear as given in equations 5.2b- 5.2e [77]. The MPM-ploughing simulations have
shown good agreement with the friction forces and coefficient of friction obtained for both
analytical models with and without friction/shear at the interface as shown in figures 5.13b
and 5.13a respectively (see paper B [105]).
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(a) Load controlled ploughing validation. (b) Depth controlled ploughing validation.

Figure 5.13: Validation of simulated friction forces using MPM acting on a spherical asperity
ploughing through a rigid-plastic substrate with analytical models using equations (5.2a-5.2e)
[77]. Model parameters refereed from table 3.2.

The coefficient of friction plot due to plastic deformation and interfacial shear was resolved into
the components in the x and y axis and plotted for different axis size and load in figure 5.14.
The coefficient of friction in x-direction due to plastic deformation µp

x increased with β from 0◦

to 90◦ due to increase in projected area along the plane perpendicular to the x-axis as shown in
equation 3.21a. The coefficient of friction in the y-axis due to plastic deformation µp

y increases
to its maximum at 30◦ due to the difference in the net projected area perpendicular to the
y-axis for positive plastic flow from equation 3.21b and is 0 at 0◦ and 90◦ due to the symmetry
of the ellipsoid along the x-axis. The coefficient of friction due to interfacial shear along x and
y axis, i.e. µs

x and µs
y remain constant and close to zero respectively. Following equations 3.21c

and 3.21d, the projected area in the horizontal plane dominates µs
x while the net projected area

perpendicular to the x-axis for net positive shear flow dominates µs
y. The coefficient of friction

decreases for all of its components as the ellipticity ratio is reduced close to unity as shown in
figure 5.15a. This is because both the projected area for net plastic and shear flow are reduced
and the ploughing depth reduces with the major axis of the ellipsoid. A higher applied load
increases the ploughing depth and magnifies the effect of asperity orientation on coefficient
of friction components as shown in figure 5.15b. For an ellipsoidal asperity with major axis
perpendicular to the sliding direction, the trends in the coefficient of friction are reversed as
shown in figure 5.14b. The asymmetric pile-up of substrate material around the ellipsoidal
asperity due to the asperity shape and orientation results in variable ploughing depth across
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(a) a=500µm, b=80µm, c=200µm. (b) a=100µm, b=200µm, c=200µm.

Figure 5.14: Effect of orientation on forces acting on an ellipsoidal asperity with axes size a,
b and c. The markers represents the coefficient of friction obtained using MPM simulations
while the lines are obtained from the analytical model using equation set 3.21a-3.21f. Model
parameters given in table 3.2.

the ploughed profile. The results obtained from the numerical ploughing simulation for a rigid
plastic substrate are in good agreement with those obtained from the analytical model, taking
into account the modified ploughed profile including pile-up as discussed in chapter 3, section
3.2.4.

(a) ex varies; ey = 1 and exey = 1 for 1N load. (b) ey varies; ex = 1 for 1N and 2N loads.

Figure 5.15: Effect of asperity size and load on forces acting on ellipsoidal asperity of reference
size c 200 µm. The markers represents the coefficient of friction obtained using MPM simu-
lations while the lines are obtained from the analytical model using equation set 3.20. Model
parameters listed in table 3.2.

The effect of asperity size and applied load on the coefficient of friction due to plastic deforma-
tion and interfacial shear has been shown for three different cases in figure 5.15. For the case
where the ellipticity ratio ex is increased while keeping ey as 1, the coefficient of friction due to
ploughing decreases. This is because the ploughing depth decreases with increase in asperity
size to maintain the same contact area for a given load. However if the ellipticity ratio ex is
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increased such that ex = 1/ey, the coefficient of friction due to plastic deformation decreases
due to the decrease in projected area perpendicular to the sliding direction. The depth also
increases with ex as explained in 4.1.2., which combined with the change in projected area
results in the friction plots in figure 5.15a. In the third case, as the ellipticity ratio ey increases
keeping ex as 1, the ploughing depth decreases while the projected area perpendicular to the
sliding direction increases. This decreases the coefficient of friction due to plastic deformation
with increase in ey, although at a lower rate compared to the previous two cases. The coefficient
of friction due to plastic deformation increases with load while that due to interfacial shear re-
mains mostly constant as shown in figure 5.15b. However for low values of ey, µs increases with
ey due to the faster increase in projected area perpendicular to the x-axis due to an increase in
ploughing depth. The analytical model shows good agreement with the numerical model except
for small ey, where cutting effects the numerically determined friction force, while analytical
model assumes ploughing.

5.2.1.2. Comparison of the simulated friction force with ploughing experiments

Ploughing experiments were performed on uncoated DX56 steel sheet lubricated with ‘Quaker’
forming oil using pins with a spherical ball in the linear sliding friction tester PATAT. Spherical
balls of 1mm and 3mm diameter were used for ploughing experiments and simulations. Loads
ranging from 1N to 46N were applied during sliding of the spherical balls and the coefficient of
friction was calculated with a set of 3 experiments. The ploughing simulations were performed
with substrate particle and indenter triangle(mesh) sizes of 5, 10 and 20 µm. The simulation
results were converged to mesh/particle size of 0 µm, independent of particle/mesh resolution
and the extrapolated coefficient of friction was compared with that obtained from ploughing
experiments. The coefficient of friction obtained from the MPM-based ploughing simulation
agreed very well with the values obtained from the experiments for both the indenter sizes and
load ranges as shown in figure 5.16a.

The coefficient of friction obtained for ploughing with 1mm balls was higher than for 3mm
balls (see figure 5.16a) as the smaller size of the indenter resulted in higher penetration depth
(see figure 5.4a) [95]. The coefficient of friction increases at a higher rate with respect to
the applied load for the smaller size indenter. A higher ploughing depth resulted in a larger
asperity-substrate contact area which causes higher plastic deformation of the substrate and
shearing of the interface. The smaller asperity (indenter) size also resulted in higher strain
rates which cause higher hardening of the substrate. This results in a higher hardness of the
substrate and hence a faster increase in the coefficient of friction with increase in applied load.

The shear strength of the interface will also increase by changing the interfacial condition,
for example equation 4.8a to equation 4.8c when changing from the Quaker forming lubricant
to unlubricated sheet with a stable oxide film [121]. The absence of a lubricant resulted in
an increase in shear strength. The relationship between the interfacial shear strength and
applied nominal contact pressure (load) given in equation 4.8a and 4.8c was adopted into the
MPM-based ploughing model. Ploughing experiments were also performed on the unlubricated
uncoated DX56 steel specimen prepared as described in section 4.1.1.2. The coefficient of
friction results obtained from the MPM-simulations showed good agreement with the values
obtained from the unlubricated experiments as well for most of the loads ranging from 4-29N.
At higher loads the wear mode in the sliding asperity was predominantly wedging wear (shown
as WW in figure 5.16b) which resulted in transfer of substrate material onto the surface of the
indenter as lumps. This caused an increase in friction coefficient in the experiments compared
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(a) Effect of r and Fn on ploughing friction. (b) Effect of τ on ploughing friction.

Figure 5.16: Validation of friction forces acting on a spherical asperity ploughing through a steel
substrate with experiments. (WW:Wedging wear/Galling, AI:Asperity Interaction). Material
model parameters listed in table 3.4 and interfacial friction models are obtained from equations
4.8a and 4.8c.

to the simulations as shown in figure 5.16b [121]. The friction at lower loads increases in
unlubricated tests due to the interlocking of the asperities (AI Asperity interlocking in 5.16b)
of the rough substrate with the asperities on the indenter.

(a) Effect of ex and Fn on ploughing friction. (b) Effect of ey and Fn on ploughing friction.

Figure 5.17: Comparison of coefficient of friction µ for applied loads of 7N and 16N (subscript)
obtained from MPM-based ploughing simulation (superscript: m) and ploughing experiments
(superscript: e) for varying ellipticity ratio along the (a) x- axis (sliding direction) and (b) y-
axis. (CW: cutting wear, MA: misalignment). The ploughing model uses material parameters
from table 3.4 and interfacial friction model in equation 4.8a.

The effect of asperity geometry on the ploughing behaviour in single-asperity sliding was studied
using the ellipsoidal shaped indenters as designed in section 4.1.1.1. Ploughing experiments were
performed in the UMT-2 based linear sliding tester designed with the 3D force sensor at loads
of 7N and 16N as described in section 4.1.2. Figure 5.17a shows the variation in coefficient of
friction with the increase in the size of the axis of the ellipsoidal pin in the direction of sliding.
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The penetration of the pin into the substrate has been shown to increase with a decrease in
size of the indenter. This results in higher ploughing friction for a smaller size of the asperity.
Furthermore the increase in the size of the asperity axis in the sliding direction results in an
increase of the groove depth of the asperity as explained in section 3.1.4. A lower axis size
along the sliding direction also increases the pile-up height and angle of attack in the deforming
substrate. This results in a transition of the wear mode from ploughing to cutting in the
ploughing experiments. Hence the experiments result in a higher friction force compared to
the simulations for smaller ellipticity ratio ex in sliding direction. For a less skewed indenter,
with ellipticity ratio closer to unity the MPM-simulations have shown good agreement to the
ploughing experiments as can be seen in figures 5.17a and 5.17b.For a larger ellipticity ratio,
the coefficient of friction results are highly sensitive to the orientation of the ellipsoidal pin with
respect to both loading and sliding direction. Hence we see an increase in coefficient of friction
for pins with a large axis size along and perpendicular to the direction of sliding in figures 5.17a
and 5.17b.

(a) Effect of β on µ for ex/ey = 1.78, 7N load. (b) Effect of β on µ for ex/ey = 2.78, 7N load.

(c) Effect of β on µ for ex/ey = 4, 7N load. (d) Effect of β on µ for ex/ey = 1.78, 16N load.

Figure 5.18: Validation of friction forces acting on an ellipsoidal asperity ploughing through
a steel substrate with varying orientation and shape. MPM-based ploughing model (super-
script:m) Ploughing experiment (superscript:e). The ploughing model uses material parameters
from table 3.4 and interfacial friction model in equation 4.8a.
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The coefficient of friction was studied as a function of the angle of orientation with respect to
the sliding direction β for ellipsoidal pins with varying ellipticity ratio and applied load [106].
The ellipticity ratio of the axes ex/ey in the sliding plane was varied from 1.78 to 4 such that the
product exey was 1 and the coefficient of friction was plotted in figures 5.18a, 5.18b and 5.18c
respectively. A load of 7N was applied to avoid any cutting effects and maintain ploughing wear.
The load was changed to 16N for an ellipticity ratio of 1.8 and the coefficient of friction was
plotted in figure 5.18d. For a lower ellipticity ratio of 1.8 the coefficient of friction plots both
in the x and y axis 7N and 16N are shown in figure 5.18a and 5.18d. However, as the ellipticity
ratio of the pins was increased to 2.8 and 4, the coefficient of friction plots both in x and y axis
obtained from the ploughing experiments slightly exceeded those obtained from the numerical
simulations for lower β values. The spread in values of the measured coefficient of friction can
be attributed to the high sensitivity of the friction force with respect to misalignment for highly
skewed and long indenters. A small forward tilt along the indenter in the x and y axis could lead
to an increase in the friction force experienced by the indenter in the experiments. Although
theoretically the coefficient of friction for angle β = 0◦ should reduce with increasing ellipticity
ratio due to a decrease in projected area in the sliding x direction, the observed increase in
friction with increasing ellipticity ratio could be explained due to a minor misalignment and
subsequent increase in contact area and friction due to interfacial shear.

Friction and wear (deformation of the substrate) in single-asperity ploughing experiments is
also shown to be affected by the interaction of the micro-asperities on the rough tool surface
and the misalignment of the ellipsoidal pins which increases the contact area and resulting
penetration of the pin into the substrate. Details are given in paper C [106].

5.2.2. Friction in ploughing of coated substrates

The friction force in ploughing of uncoated steel substrate is measured from the MPM based
ploughing model (shown in chapter 3, section 3.1 and compared with the results obtained from
the analytical model in chapter 3, section 3.2 and the ploughing experiments using the set-up
explained in chapter 4, section 4.1.2. The material parameters for the bulk zinc are given in
table 3.5 and for the zinc coating in table 2.1. The interfacial friction model used is given in
equation 4.9a for the MPM ploughing simulation of zinc coated DX56 steel sheet and equation
4.8a for uncoated DX56 steel sheet. The details of the work can be referred to paper F [107]

5.2.2.1. Comparison of the simulated friction force with the analytical models

The coefficient of friction µ, obtained from the MPM ploughing simulations is compared with
the coefficient of friction obtained by the analytical model using equations 3.25b-3.25d in section
3.2 which combines components of µ for plastic deformation µpl and interfacial shear µsh for a
coated substrate. The results are shown to agree well in both the case studies in figure 5.19.
The calculated coefficient of friction plotted against H̃ for a constant interfacial shear stress,
in figure 5.19a shows good agreement with the simulated coefficient of friction. The ploughing
depth at H̃ = 0.46 corresponds to the coating thickness t = 25µm (see figure 5.8a). Hence,
for MPM simulations at lowerH̃ and dp > t, there is coating damage. The coating wear is
not captured by the analytical model in chapter 3, section 3.2.7, resulting in the difference in
friction computed by the MPM model and the analytical ploughing model. For the case with
constant interfacial shear in the coating and the substrate τshc = τshs , the ploughing depth
dp and consequently projected contact areas Apl and Ash decrease with H̃, thereby decreasing
µpl and µsh. However in the case where interfacial stress is a function of the hardness of the
coating and the substrate τsh = H/k0, the friction due to interfacial shear Fsh = τshcAsh,
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(a) Effect of H̃ on µ. (b) Effect of t on µ.

Figure 5.19: Ploughing of rigid-plastic substrate by 0.4 mm diameter ball at 3N load. (a)
Effect of relative coating hardness (t = 25µm) on the overall coefficient of friction with a
constant interfacial shear and with interfacial shear τ = H/k0. (b) Effect of coating thickness
on the overall coefficient of friction for a hard coating (H̃ = 2) and a soft coating (H̃ =
0.5). (r = 200µm, k1 = 12.5) (Marks: MPM model, Lines: Analytical model). CW: Coating
wear/degradation.

increases with Hc(H̃), in spite of the decrease in Apl and Ash. Therefore the total coefficient of
friction increases with H̃ as shown in figure 5.19a.

The coefficient of friction has been plotted as a function of the coating thickness t for a hard
coating (H̃ = 2 ) and a soft coating (H̃ = 0.5) in figure 5.19b. The coefficient of friction
obtained from the MPM simulations agrees well with the values obtained from the analytical
model. For a low coating thickness, the indenter is in contact with both the coating and the
substrate. In figure 5.19b, µ is shown to initially increase and then decrease with t for the hard
coating. The initial increase in µ corresponds to the increase in contact area due to increase
in the thickness of the hard coating which thereby requires a higher friction force to shear and
deform. However, once the indenter is in contact with only the hard coating (t > 7.8µm), the
coefficient of friction plot follows the ploughing depth plot given in figure 5.8b, and decreases
with increase in t (Hcs) for the hard coating. Using the same reasoning, the coefficient of
friction first decreases and then increases (t > 6.5µm) with coating thickness for a soft coating.
A fitting factor of k1 = 12.5 is used to calculate Hcs for r = 0.2mm in equation 3.22 [117] as
the substrate used in MPM model(200µm thick keeps affecting Hcs for thickness coatings as
well.

5.2.2.2. Comparison of the simulated friction force with the ploughing experi-
ments

The coefficient of friction is obtained for the MPM ploughing simulations on the zinc block
and the DX56 steel substrate lubricated with Quaker oil by a 1mm diameter ball is shown in
figure 5.20a. The results are in good agreement over the load range of 1-46N. The coefficient of
friction for ploughing of the zinc block is slightly higher than for the DX56 steel sheet for most
of the load range. The higher coefficient of friction results from the larger plastic deformation
of the bulk zinc during ploughing as can be seen from the higher ploughing depths for the
bulk zinc in figure. However, in spite of a large difference in ploughing depths between bulk
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(a) Effect of normal load Fn and substrate (zinc
block and steel sheet) on ploughing friction

(b) Effect of normal load Fn and indenter radius
r (zinc coated steel sheet) on ploughing friction

Figure 5.20: Comparison of the coefficient of friction obtained from MPM model and ploughing
experiments on Quaker lubricated zinc block, 15 µm zinc coated sheet and DX56 steel sheet
by 1mm and 3mm diameter balls. Material model parameters given in tables 2.1, 3.4, 4.5b and
interfacial friction model in equation 4.8a and 4.9a for zinc (coating) and steel.

zinc and steel sheet, resulting in a large ploughing component of coefficient of friction µpl, the
difference in overall coefficient of friction is minimized for ploughing of the zinc block and steel
sheet. This is due to the large contribution of the coefficient of friction due to interfacial shear
µsh to the overall µ (as shown in paper D) [121]. As the boundary layer shear strength τbl
lubricated zinc is also lower than that of the lubricated steel sheet as seen from figure 4.18b,
this reduces the overall coefficient of friction. The coefficient of friction at lower loads is higher
for the ploughing experiments compared to the MPM simulation due to the possible asperity
interlocking of the surface at low penetration depths [107].

The mean coefficient of friction obtained from both ploughing experiments and MPM sim-
ulations was plotted over a range of loads (1-46N) for spherical indenters of 1mm and 3mm
diameters sliding over zinc coated steel sheet in figure 5.20b. The coefficient of friction obtained
from the MPM ploughing model is very close to those obtained from the ploughing experiments.
The coefficient of friction obtained for ploughing with a 1mm diameter ball increases steadily
with the applied load range of 1-46N. However, as the size of the indenter is increased to 3mm,
the coefficient of friction drops significantly. The increase in indenter size reduces the pen-
etration of the indenter into the coating required to balance the applied load. The effective
hardness of the coated system in response to penetration by a larger indenter is also higher
as shown in figure 4.13a [117]. Furthermore, the increase in indenter size also increases the
relative contribution of interfacial shear strength to the coefficient of friction as shown in [121].
Consequently, the coefficient of friction due to interfacial shear reduces with increase in applied
load. Hence, for large indenters, although the coefficient of friction due to ploughing increases
with load, the large contribution of the decreasing coefficient of friction due to interfacial shear
results in a slight increase and almost a constant coefficient of friction over all coefficient of
friction over the range of applied loads. See also paper F [107] for further details.

The presence of zinc coating on the steel substrate results in a reduced coefficient of friction in
ploughing as compared to both the zinc block and the steel substrate (see figure 5.20). This is
because the presence of hard steel substrate underneath the zinc reduces the ploughing depth in
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(a) Effect of normal load Fn and substrate (zinc
block, zinc coating and steel sheet) on ploughing
friction.

(b) Effect of normal load Fn and coating thick-
ness t (zinc coated steel sheet) on ploughing fric-
tion.

Figure 5.21: Comparison of the coefficient of friction µ on Quaker lubricated zinc block, zinc
coated sheet and DX56 steel sheet by 1mm diameter balls and the effect of coating thickness
or µ obtained from MPM model and ploughing experiments.

the zinc coating compared to bulk zinc (see figure 5.9a) and hence the component of coefficient
of friction due to plastic deformation µpl. Furthermore, the interfacial shear strength of the
Quaker lubricant on zinc coating is lower as compared to that on DX56 steel substrate as
shown in figure 4.18b. As interfacial shear has a major contribution to the overall coefficient
of friction for large indenters [121], the lower boundary layer shear strength of the zinc coating
combined with its deformation due to ploughing results a lower coefficient of friction compared
to bulk zinc and steel. For low loads however, both the bulk zinc and the zinc coating have high
coefficient of friction due to possible asperity interlocking. The surface roughness in a coating
also increases the coefficient of friction in experiments compared to the ploughing of perfectly
smooth surfaces in the MPM simulations [118].

The effect of coating thickness on the overall coefficient of friction for the (soft) zinc coating
on the steel substrate is shown in figure 5.21b. The coefficient of friction was measured from
ploughing experiments on zinc coatings with coating thickness of 10, 15, 30, 40 and 55 µm for
11, 22 and 37N loads. Also, MPM simulations for the same coating thickness at 22N load have
been performed. The coefficient of friction decreases with an increase in coating thickness up to
15µm. The change in coefficient of friction with zinc coating thickness matches the approximate
theoretical relation between the coefficient of friction and the coating thickness for soft coatings
shown in figure 5.19b. The relationship between the coating thickness and the coefficient of
friction for a soft coating on a hard substrate can be derived from equation 3.25b in chapter
3, section 3.2.6. A higher coefficient of friction for thicker coatings, obtained with the MPM
simulation could be explained due to the increase in ploughing depth for the MPM simulations
(see figure 5.10b).
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Effect of anisotropy in zinc coating and asperity geometry on ploughing friction

Experiments were also done to evaluate the effect of the orientation of the direction of anisotropy
in the zinc coating relative to the sliding direction on the coefficient of friction. Two different
zinc coated sheets with a coating thickness of 7 µm (Z100: 100 g/m2 of zinc on steel sheet) and
20 µm (Z275: 275 g/m2 of zinc on steel sheet) were ploughed using a ball of 1mm diameter. It
can be seen from figure 5.22 that in both the zinc coatings, a higher coefficient of friction was
obtained while sliding along the rolling direction (RD) than transverse to the rolling direction
(TD).This can be explained by the lower yield stress and hence the decreased hardness of the
zinc grains in the rolling direction as shown in the yield locus of the zinc coating in figure 4.25
(table 4.5) in chapter 4, section 4.2.3. The friction due to plastic deformation of the coating in
rolling direction increases with decrease in hardness of the coating along the rolling direction.
The substrate for the Z275 coating was harder than the substrate of the Z100 coating. The Z275
coating, owing to a harder substrate has higher effective hardness and hence a lesser ploughing
depth which results in a lower coefficient of friction for the range of loads compared to the
Z100 zinc coating. The decrease in friction with increase in coating thickness in 5.22 follows
the figures 5.19b and 5.21b. The rolling process induced anisotropy in the deformation of the
zinc coating definitely seem to affect the friction in ploughing of a zinc coated steel sheet.

(a) Z100 zinc coating with t = 7µm. (b) Z275 zinc coating with t = 20µm.

Figure 5.22: Effect of orientation of axis of anisotropy relative to sliding direction vs on coef-
ficient of friction. Sliding velocity vs is along rolling direction (RD) and transverse to rolling
direction (TD) at different loads ploughing unpolished rolled zinc coated sheets of two different
zinc coating thicknesses.

Initial experiments were also performed using ellipsoidal pins of axis sizes a = 833µm, b = 333µm
, c = 500µm and a = 1000µm, b = 250µm, c = 500µm such that ellipticity ratios ex/ey = 2.8
and ex/ey = 4. The components of friction in the x and y direction obtained from ploughing
experiments done using ellipsoidal pin having ellipticity ratio ex/ey = 2.8 at 16N load on un-
coated steel and zinc coated steel substrate are compared in figure 5.23a. The components of
ploughing friction obtained for the zinc coated steel sheet are lower that those obtained for the
uncoated steel sheet. The difference in the x component of ploughing friction is maximised as
β approaches 90◦. The increase in projected contact area with β increases the resistance to
plastic flow around the indenter. This increases the pile-up and therefore decreases the groove
depth (section 3.2.4). The decrease in groove depth reduces the restriction to flow of a soft
coating on the hard substrate under the indenter. Similarly, the difference in pile-up heights
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(a) µ vs β for Z275 zinc coating compared with
steel for asperity with ex/ey = 2.8 at 16N load.

(b) µ vs β for vs along RD and along TD for
asperity with ex/ey = 4 at 16N load.

Figure 5.23: Effect of orientation of an ellipsoidal asperity on components of coefficient of fric-
tion along x and y direction with change is substrate (uncoated steel and 20µm thick zinc coated
steel) and change in orientation of axis of anisotropy (RD/TD) relative to sliding direction vs.

on the periphery of the asperity is maximum for β = 30◦ resulting in the difference in the y
component of ploughing friction between zinc coating and uncoated steel. The components of
coefficient of friction are plotted against orientation β of ellipsoidal asperity having ellipticity
ratio ex/ey = 4 at 16N load for orientation of axis of anisotropy (RD and TD) of the Z275
zinc coating with respect to the sliding velocity vs in figure 5.23b. The x component of the
coefficient of friction is higher for sliding along the rolling direction in the zinc coating. The y
component of the coefficient of friction is slightly higher for sliding along the transverse direc-
tion in the zinc coating. The higher friction force components Ffx and Ffy in rolling direction
and in transverse direction respectively is in agreement with the lower hardness (Hc = 3σy) of
the zinc coating in rolling direction. The yield strength of the anisotropic zinc coating in the
TD is higher than the RD (see yield locus of the zinc coating in figure 4.25 in chapter 4, section
4.2.3).

5.3. Summary
The numerical MPM model developed in this research has shown very good agreement with the
analytical model for uncoated and coated substrates with for rigid-plastic material behaviour
and also with ploughing experiments for both uncoated steel and zinc coated substrates. The
validation of the friction results obtained from the MPM-based model is shown to be limited
to the ploughing wear mode only. The formation of wedges and chips in front of the asper-
ity resulting from the wedging and cutting wear modes results in unstable and high friction
forces which cannot be captured by the current MPM-model. However, both the developed
analytical model and the MPM model can be used to compute friction and the ploughed profile
in ploughing for a range of operating conditions (loads) for elliptical asperities ploughing on
coated substrates. The MPM model can use the material model given in section 3.1.3 to model
plastic deformation in ploughing of the anisotropic zinc coating and validate the experimental
results plotted for ploughing of anisotropic zinc coatings by ellipsoidal asperities.





Chapter 6

Conclusion and recommendations

Based on the discussed results in the chapter 5, and the objectives set for the research in chapter
2, a set of conclusions have been drawn in the current chapter. The conclusion highlights the key
findings of the research and the limitations and scope of the developed ploughing model. Based
on this, recommendations have been made in the context of extending the developed model to
include the factors left out from the research scope in the current thesis. Also applications of
the developed ploughing model to other aspects related to modelling friction and wear in the
deep-drawing process have been recommended.
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6.1. Conclusions
The material point method has been used to calculate friction forces and ploughing depth in
simulating single-asperity sliding on metallic substrate. The model has been validated success-
fully using both elastic as well as pure plastic material behaviour with available single asperity
sliding friction theories. Also results obtained using more complex material and friction laws
have been compared with experimental data and found to be in good agreement with the
experimental results.

In the context of building and validating the MPM-based ploughing model, it is important to
note that the aim is to model only the ploughing behaviour of a single asperity sliding through
a steel substrate. The MPM based model incorporates features of both mesh and particle-based
numerical methods to model the complex ploughing behaviour. With respect to material choice,
zinc coated DX56 steel and Quaker Ferrocoat N136 lubricant are commonly used in forming
process for making automotive bodies and metallic packaging. Moreover, the ploughing model
can be further validated with similar metallic substrates given the physical models and their
parameters for calculating material strength and interfacial shear stress. The current work
sets the platform to further extend the model to compute friction and wear in multi-asperity
ploughing. However, unlike ploughing, for modelling other abrasive and adhesive wear modes
which involves generation of wear debris and material removal, further work has to be done on
the damage and adhesion models which is not in the scope of the current thesis.

An analytical model to study the effect of geometry of an elliptic-paraboloid and ellipsoid shaped
asperity ploughing through a rigid-plastic substrate has been developed. The model calculates
the components of force acting on the asperity, resolved in the three Cartesian coordinates,
due to the plastic deformation of the substrate and interfacial shear at the contact. The effects
of asperity orientation with sliding direction and axes sizes have been studied and discussed
separately and simultaneously for both load and depth controlled ploughing. The model has also
been verified with similar versions of analytical models for elliptic-paraboloid shaped asperities
available in the literature [32], [28] and spherical asperity available in [77]. The analytical model
computes forces acting on an asperity ploughing through a rigid plastic substrate where there
is no material removal from the substrate.

The developed analytical model has been used to study and evaluate the variation in compo-
nents of total force (friction) along the coordinate axes, acting on elliptic-paraboloid asperities
with varying sizes, ellipticity ratios and orientations. An elliptic-paraboloid asperity with given
geometrical parameters of reference axis size c, ellipticity ratios (ex, ey ), orientation β and
penetration/contact depth d can be used to describe the contact of single asperity present on
a rough surface. The asperities in the contact of an (anisotropic) rough tool surface with a
smooth, soft substrate can be mapped as a combination of differently shaped and differently
oriented elliptic contact patches [77] and [32]. In this way, the contact between a hard/rough
and a soft/smooth surface can be analyzed by describing asperities by a set of (ellipsoids) ellip-
tic paraboloids, where the forces and ploughing depth can be calculated by applying the theory
developed for a single asperity.

An analytical model to compute the ploughed profile and forces in ploughing by ellipsoidal
asperities of varying size, ellipticity ratio and orientation has been extended and compared
to the numerical model for a rigid-plastic substrate. The effect of asymmetry in asperity
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geometry on the ploughing depths and ploughing friction has been discussed through results
of the numerical model. The MPM-based ploughing model has been further validated with
ploughing experiments using ellipsoidal pins on lubricated steel sheets. The results are in
good agreement for most asperity geometries. The comparison between the analytical model,
simulations and experiments have been made for both the forces involved in ploughing as well
as the profile of the ploughed track. A good agreement has been found between the approaches.
The deviation in the experimental and numerical results are described through roughness and
alignment effects.

An experimental method to characterize the interfacial shear strength of lubricated and unlu-
bricated contacts (coated and uncoated) has been developed. The interfacial shear strength has
been fitted with empirical relations to express it as a function of contact pressure and sliding
velocity. The fitted relations have been successfully implemented in the MPM-based ploughing
model and the results have been validated against ploughing experiments to good agreement.
The MPM-based ploughing model has been further used to understand the effect of interfacial
shear strength on the friction and wear behaviour of single asperity sliding through a steel
substrate. The Bowden and Tabor [34] relationship for friction in sliding contacts has been
show to hold for large indenters at large applied loads as shown in chapter 5 [121]. In these
cases, the contribution of the friction due to interfacial shear strength and plastic deformation
to the total friction force and the ploughing depth is shown to be independent and additive.
For long elliptical indenters and low loads the contribution of shear and the contribution of
plastic deformation to the overall friction force are not independent and additive. An exper-
imental study on the transition from ploughing to wedging wear mode has been carried out
by varying the interfacial shear strength and the transition has been explained using the wear
mode diagram for spherical indenters [35].

The coating thickness, substrate material properties and applied load have been varied to study
their effect on the ploughing friction and ploughing depth and an analytical model which is
then validated using the MPM based-ploughing model. The ploughing behaviour of a zinc
coating on a steel substrate has been modelled and validated to good agreement using the
MPM based ploughing model and ploughing experiments. The developed analytical model also
seems to predict the effect of the coating thickness and substrate hardness on the coefficient of
friction and ploughing depth. It can be concluded that ploughing friction in a coated system
is a function of the material properties (flow/yield curve) of the coating and the substrate, the
shear strength of the indenter-coating interface and the coating thickness.

Based on the ploughing experiments on a rolled zinc coated steel sheet, where the zinc coating is
characterized in terms of anisotropic parameters, the direction of axes of anisotropy relative to
the sliding of the indenter affects the plastic deformation behaviour of the ploughed coating. To
summarize, the geometrical parameters of the ellipsoidal asperity such as size, ellipticity ratio,
orientation relative to sliding direction and the properties of the (coated) substrate such as
thickness of the coating, hardness of the coating and the substrate, flow curves of the coating
and the substrate and the interfacial shear strength of the boundary layer on the (coated-)
substrate all affect friction in ploughing. The developed numerical and analytical models have
shown to capture these effects in the theoretical results very well when comparing with the
ploughing experiments.
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6.2. Recommendations for future research
The factors affecting ploughing behaviour listed in chapter 1 have been studied using the
ploughing models developed in the current thesis. Based on the gaps in the results achieved, the
following recommendations have been made for possible future research. The recommendation
have been categorized into three categories based on their application.

6.2.1. For further model development

• Thus far the material point method has successfully modelled ploughing behaviour of
coated and uncoated specimen. However, MPM has not been used to model friction and
wear in wear regimes involving material removal. For this a robust damage model is
needed. The inclusion of a damage model in MPM to simulate material removal and
failure would account for formation of chips and wear particles during sliding of a single-
asperity through a metallic substrate. Ploughing experiments could also be performed
with elliptical asperities for asperity sizes and orientations resulting and in cutting con-
ditions. Linear sliding experiments can be used to validate the cutting wear modelled
using the MPM model.

• The developed MPM-based ploughing model should be compared with other numerical
tools, either particle or mesh based or hybrid, which have simulated or would be able to
simulate ploughing. This could highlight the modelling accuracy, capabilities and com-
putational speed of numerical ploughing models including the generalized interpolation
material point method.

• The transfer of substrate material to the surface of the pin has been observed as lumps
formed in front of the sliding pin grew and adhered to the surface of the pin on unloading.
This phenomenon termed ’galling’ has been commonly observed in micro-contacts in deep-
drawing. Galling results in severe wear of the sheet metal by changing the micro-geometry
of the tool which is highly unwanted. By modelling adhesion between the asperity and
the substrate and damage of the substrate in plastic deformation, the material transfer
can be modelled to simulate galling in single-asperity ploughing. Indentation tests could
be performed on clean surfaces using steel pins on unlubricated zinc coated and uncoated
steel sheets at low loads to validate the adhesion model leading to material transfer.

• The MPM model can also be used to study the flattening of asperities of various geome-
tries (elliptic asperities with varying size and orientation). MPM can also be used to
study and model the contact between the elliptical asperities sliding against each other
and the resulting deformation and wear. This can be used to understand contact between
a deforming asperity and a rigid-flat substrate and the interaction between two deform-
ing asperities which is critical to contact modelling in many mechanical processes and
processes involving two-body wear and contact between rough surfaces.

6.2.2. For study of new materials

• Electrical discharge texturing of the rolling mill has been used to generate the texture
on the surface of the zinc coating. Such texturing results in semi-deterministic stochastic
texture on the zinc coating. The current model has modelled ploughing through flatted
zinc coated sheets by considering the anisotropy induced by rolling using EDT textured
roll. The effect of deterministic surface texture on the surface of the zinc coating and
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uncoated steel sheet, obtained by laser texturing or by using laser textured roll, on the
ploughing behaviour, friction and wear can also be studied using the MPM-based plough-
ing model and validated using ploughing experiments. The effect of texturing process,
texture geometry, packing density and size can also be varied to study their effect on
friction and wear.

• Although galvanized iron(zinc-coated steel) has been commonly used in automotive indus-
try for manufacturing of automotive panels, new materials are constantly being developed
and tested for their friction and wear behaviour in deep drawing. The galvanized steel is
further annealed to diffuse iron into the zinc coating resulting in a multi-layered coating
which consists of various iron-zinc intermetallics. Magnesium has also been used in the
zinc bath to include magnesium in the zinc coating to improve the corrosion resistance of
the deep-drawn product. Aluminum has also been tried in automotive industry to man-
ufacture parts, although extensively in aerospace industry. Often aluminum is anodised
resulting in a brittle harder layer of aluminum oxide which prevents further corrosion of
aluminum. By characterizing the material and interfacial shear behaviour and (brittle)
failure and damage of such materials and coatings, the MPM-based ploughing model can
be extended to model friction and wear in ploughing of multi-layered coating and hard
coatings on softer substrate.

• Likewise the current thesis has studied the shear behaviour of common forming oils such
as ‘Quaker’ and ‘Anticorrit’ at room temperature. The shear strength of booster lubes
and other lubricants can also be characterized as a function of temperature, pressure and
sliding velocity and incorporated in the MPM-model to study their friction in ploughing
of sheets lubricated with such lubricants at higher temperature.

6.2.3. For exploring new parameters

• The anisotropy of the zinc coating is also affected by the crystallographic orientations
of the zinc grains in the coating. The yield behaviour of each grain combined with
the adhesion between the zinc-steel inter-layer contributes to the friction due to plastic
deformation. The deformation behaviour of the zinc grains can also be modelled in the
MPM code by allocating the properties of each grain to the group of particles defined
as the zinc grains. Like wise nano-indentation can be done at the granular level to
characterize the yield criteria of each zinc grain.

• Finally the anisotropy in the micro-geometry of the tool asperities and the anisotropy
in the mechanical properties of the substrate can be combined to study their effect on
the ploughing behaviour of the elliptical asperity sliding through the zinc-coated sheet.
The orientation of the elliptical asperity can be varied relative to the rolling direction
in the zinc coating combined with the sliding direction can be varied to study its effect
on the plastic deformation behaviour and hence the ploughing friction. The thickness of
the coating can be varied in combination with the anisotropy of the pin and the sheet to
affect the ploughing behaviour in the single-asperity sliding.

• Typically in sliding micro-contacts of rough surfaces, multiple hard asperities plough
through the soft substrate. This results in interaction between two asperities where the
ploughed groove created by one asperity is later ploughed again by another asperity with
a higher asperity height. Ploughing by an asperity on the substrate adjacent to the
ploughed groove also affects the friction and wear in the current ploughing asperity. The
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MPM-based ploughing model can be used to study the effects of simultaneous ploughing
by multiple asperities with varied location on the same substrate, resulting in subsequent
interaction of asperities and their ploughed wear tracks.

• The analytical model developed to compute the friction and ploughed profile in sliding
of elliptical asperities can be extended to compute wear by elliptical asperities. The wear
volume in abrasive wear has been characterized by the ratio of the difference in area of
the piled-up ridge and groove and the area of the groove. By computing the depth of the
groove for different asperity geometry and characterizing the degree of wear as a degree
of penetration the wear volume can be modelled as a function of the asperity geometry.
An accurate characterization of the material deformation behaviour (hardness) can also
be incorporated in the analytical wear model to compare the computed wear volume with
that obtained by experiments by sliding elliptical pins on steel sheets. The analytical
model can also be fit to material properties of coated sheets to do simplified friction
computations in ploughing.
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Abstract

Loading and sliding of a rigid asperity over a substrate results in friction due to shearing of
the contact interface and deformation of the substrate. In this article, we introduce the
Material Point Method (MPM) based numerical tool to study friction during ploughing of a
soft-smooth metallic sheet by a rigid-spherical asperity. The numerical model incorporates a
dislocation based physical model for substrate material deformation and interfacial shear
strength at the asperity- substrate contact. Initially, the numerical output has been validated
using results obtained from the analytical models available in the literature for single-asperity
sliding. Finally, the depth of the ploughed wear profile and the overall coefficient of friction
obtained from the numerical simulations has been compared with the data obtained from the
ploughing experiments and are shown to be in good agreement. Hence, the developed MPM
model can be established as a robust tool to model ploughing in a single-asperity sliding
contact.
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1 Introduction

Loading and sliding of a hard, sharp-tipped asperity against a softer and smooth substrate,
thereby leading to wear, is termed scratching. At the macro-scale, scratch tests can be
performed under controlled conditions to characterize the material and tribological behaviour
of the substrate specimen. Generally, the contribution to friction can be divided into two
components: friction is required to overcome forces resulting from (1) the plastic deformation
by ploughing of the asperity and (2) shearing of the boundary layer at the asperity- substrate
contact interface [1]. These two components of friction in single-asperity sliding, referred to as
ploughing friction and the shear contribution to friction, have been studied, modelled and
experimentally validated in this work.

First of all, a friction force is required to overcome the shear strength of the adhesive junctions
formed at the contacting metallic interface. In the presence of a lubricant in a sliding contact, a
boundary layer is formed either by adsorption of lubricant molecules on the substrate’s surface
or by bonding of lubricant’s polar functional groups to an activated, metallic surface [1] and [2].
The interfacial shear strength and hence the friction in the presence of the lubricated boundary
layer is considerably less than an unlubricated contact due to frequent formation of adhesive
junctions in a direct asperity contact. An asperity with a small curvature, sliding on an ideally
smooth-lubricated surface, tends to deform the substrate only elastically under low loads due to
the relatively low pressure. Hence, in this situation the friction only results from the shearing
of the boundary layer. The boundary layer shear strength of lubricant monolayers deposited
on smooth surfaces has been determined to be a function of the contact pressure, contact
temperature and the sliding velocity [3]. The interfacial shear strength has been also modelled
as the resistance to discrete molecular movement using Eyring’s model [4]. By fitting Eyring’s
expressions for shear strength to experimental plots, expressions have been obtained between
the boundary layer shear strength and contact pressure, temperature and sliding velocity [5],
[3] and [6].

The effect of asperity geometry and surface roughness on ploughing friction has been previously
explained using asperity deformation models. Initially, Challen and Oxley used the theory
proposed by Green to derive the steady state solutions for the coefficient of friction and the
wear rate for a wedge shaped single-asperity [7] and [8]. The various regimes of friction and
abrasive wear obtained in Challen et al. [7] were experimentally characterized as ploughing,
wedging and cutting for sliding of a spherical asperity using a wear mode diagram [9]. Such a
wear mode diagram maps the wear regimes as a function of the degree of penetration of the
asperity into the substrate and the boundary layer shear strength at the asperity-substrate
interface. Ploughing is defined as the wear mode in which the substrate material is displaced
from the path of the sliding asperity. Unlike ploughing, cutting involves removal of substrate
material, in the form of chips, while wedging involves piling up and adhesion of the damaged
substrate material in front of the asperity tip. In the current study, the focus is on the ploughing
wear.

The analytical models for the single-asperity sliding assume ideally elastic or plastic material
behaviour in contrast to realistic material behaviour which might work harden and thermally
soften while deforming. To model friction in the sliding of an asperity on a lubricated-metal
surface, numerical models are more flexible than analytical models as there are less limitations
in terms of geometry and material behaviour. This study investigates and selectively uses one
of the available numerical models to estimate friction in sliding of an asperity. Traditionally,
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mesh-based finite element methods (FEM) have been preferred to model single asperity sliding
in scratch tests. In modelling a highly dynamic and large scale deformation problem such as
scratching, the selected explicit FE packages have used adaptive re-meshing, element deletion
and differential meshing to deal with problems of element distortion and high computational
cost [10, 11, 12, 13]. Ploughing models in the commercial FE packages have mostly used
time-independent bilinear elastic-linearly hardening and Johnson-Cook material models and
Columbic frictional contact at the interface [14] and [15].

Hence, particle-based atomistic methods such as Molecular Dynamics (MD), have been
extensively used to study friction and wear in single-asperity sliding through substrate at an
atomistic/nano scale. MD explains the interfacial shear and the substrate plastic deformation
on a molecular scale. Thus MD is also used to model effect of the asperity geometry along
with complex phenomena of ploughing in lubricated, rough and coated contacts [16] and [17].
However, it is still challenging to upscale the MD models for physical validation by coupling
them with macro-scale models [18]. The selection of interaction potentials, paramount in
accurate model design up, is also debatable with MD models.

To enable the use of constitutive material behaviour, which is experimentally accessible,
meshless numerical methods are available. The most common method is Smooth Particle
Hydrodynamics (SPH), which allows for the modelling of arbitrarily high deformations of
fluids, but is neither robust nor accurate for solid material behaviour. An extension of this
method to the Total Lagrangian formulation resolves these issues, but limits the amount of
deformation that can be accurately modelled [19]. The Total Lagrangian SPH formulation
(TLSPH) to has been used to model scratching behaviour in metals using the Johnson-Cook
material model. For that particular study, an accurate experimental validation has not been
possible due to the absence of a friction law in the numerical model [20].

A robust numerical method capable of accurately modelling friction in single-asperity sliding
needs to incorporate both a realistic material model as well as a realistic interfacial boundary
layer shear stress model. Such a numerical model preferably can simulate friction in single-
asperity sliding on a metal surface at a macro-scale and be compared to experiments. To
this end, we base our study on the Material Point Method (MPM) [21], which is a hybrid
method that combines both a background mesh as well as meshless concepts and can accurately
model both solid and fluid behaviour, i.e., plastic flow. MPM has been used as a tool for two
phase dynamic analysis and modelling large deformation phenomena such as micro-milling
[22], soil penetration and structural collapses in geo-mechanics [23]. Here, a newly developed
Generalised Interpolation Material Point Method (GIMPM) [24] has been used to model single-
asperity sliding. Initially, the GIMPM-based single-asperity sliding model will be validated by
comparing the deformation, stresses and ploughing friction output with the theoretical models.
The model incorporates both an interfacial shear model to compute friction due to shearing of
the boundary layer and the Bergström-van Liempt material model [25] to compute friction due
to deformation of the substrate. Finally, the numerical friction and ploughing depth results are
validated using experiments.

2 Computational method

GIMPM is a hybrid mesh/particle method which incorporates aspects similar to the Arbitrary
Lagrangian and Eulerian (ALE) method [26]. It is based on the original Material Point Method
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(MPM) method, which itself is based on the Particle In Cell (PIC) method. All of these
methods use an auxilliary background of mesh cells to solve for the spatial gradients near
the particles which determine the rates of mass, density, and energy. An interpolation function
transfers information between the mesh-nodes and the particles as the material properties evolve
with time. While PIC use Dirac Delta functions for this transfer, MPM uses linear functions,
and GIMPM employs polynomials of higher order with smooth derivatives, enabling a more
accurate computation of the gradients. We used the GIMPM implementation in the user-
SMD (Smooth Mach Dynamics) package of an open source standard molecular dynamics code,
namely LAMMPS [27]. LAMMPS operates by defining the interaction for each combination
of particle types by a certain pair style-based class. The particles in the substrate interact
with each other by ‘MPM linear’-based pair style following the laws of conservation (explained
in section 2.1). The indenter elements have no self-interaction to maintain a rigid boundary
condition. However, the indenter mesh elements interact with the substrate MPM particles
according to the ‘tri surface’-based pair style (explained in section 2.2).

Here, revision 70 of the user-SMD package is used to model single-asperity sliding. A
simulation domain of dimensions accommodating the asperity and the substrate was set with
fixed boundaries in all axes except for the periodic boundaries in the sliding axis. A
semi-cylindrical region was generated and filled with substrate particles, as shown in figure 2a.
A spherical indenter composed of triangulated mesh was exported from the corresponding
*.STL file where the nodes of each triangular element, grouped as a particle type were
predefined. The indenter is run with constant load or depth providing the opportunity to
model both load-controlled and depth-controlled scratch tests. The model parameters are
listed in Table 1.

For faster computations, parallel processors using the message passing interface (MPI)
technique and spatial decomposition of the simulation domain were used on a Linux-based
cluster consisting of 2 processors with 12 cores each to run the user-SMD code. In MPI
simulation runs, the number of cores is also increased to reduce the net CPU time. A
high-sliding velocity also leads to reduced simulation run time. However, for a fast moving
indenter both the un-transmitted thermal stress (high Peclet number) and the stress waves
reflected from the substrate boundary in previous time steps can interfere and cause large
fluctuations in the stress generated. Although the sliding velocity can be varied within a given
range for accurate results, it is kept optimal for fast and stable simulations. As in the
Courant–Friedrichs–Lewy (CFL) condition, the stable time step δt, for an explicit time
integration is the smallest time step for particles of mass density ρ, bulk modulus K and cell
size l0, as given in equation 1[28]:

Like many mesh-based methods using CFL time step criteria, MPM uses mass scaling to scale-
up the mass of the particle that has the smallest time step, thereby increasing the time step size
and reducing the total computational time. The mass scaling factor, ms has been optimized
ms = 1e6 in current simulations) to achieve a low computational cost as well as stable and
accurate results.

Since the simulation results are resolution dependent, both the particle-size in the substrate
and the element size in the indenter were reduced stepwise from 20 to 5 µm to obtain accurate
results independent of discretization effects by extrapolating the converging data at 0 resolution.
As we reduce the triangulated element size in the indenter, we approximate it to a sphere from
a polyhedron. As we reduce the particle resolution, the number of particles in the substrate
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increases according to the power of cube. Hence a higher number of iterations are required per
time step to complete the total run time. The number of iteration per time step per processor
i in LAMMPS simulations is related to the number of particles N at particle resolution l0 and
processors P . The total number of iterations/the CPU time It is the ratio between i and time
step δt.

δt ≤ l0
c
=

l0√
K
ρ

=
ms√
l0

(1)

i ∝ N

P
=

1

l30P
(2)

It =
i

δt
=

1

msPl2.50

(3)

Table 1: MPM ploughing model parameters.

Parameters Symbol Values/expression

Rigid spherical indenter radius Ri 0.2mm, 0.5mm and 1.5mm
Semi-cylindrical substrate radius Rs 0.25mm

Sliding distance of indenter l 0.6mm
Semi-cylindrical substrate length ls l + 2ri
Substrates MPM particle cell size rp 5, 10, 15 and 20 µm

Indenters triangulated mesh element size rt 5, 10 and 20 µm
Sliding velocity of indenter vs 0.1 mm/s

Mass scaling factor ms 1e6
Boundary conditions p, f, f periodic, fixed, fixed

2.1 MPM particles interaction pair style
MPM particles interact through an interpolation function, W which transfers information
between grid and particles. W is of compact support and can only interact with nearby nodes
up to a distance 2h where h is the mesh node spacing. W is given by the dyadic product of
1-D, cubic B-splines [29].

At the beginning of each time step, information about the velocity, stress, external forces,
deformation gradient, thermal energy and volume is located with the particle. These properties
then evolve according to the Modified Stress Update Last (MUSL) scheme. First the particle’s
mass, velocity and heat are interpolated to the nearby nodes using the interpolation function
and laws of conservation of mass, momentum and energy. Now the grid forces are computed
from the divergence of particle’s stress fields from nearby nodes. The heat rate is computed
from the product of the thermal conductivity and the second derivative of the heat distribution.
Then the grid velocity and heat are updated for the next time steps and then interpolated back
to the particle. Simultaneously, the particle’s acceleration is computed from the particle’s mass
and grid forces using the interpolation function. Now, the particle’s position is updated by
using a combination of pure PIC and FLIP (Fluid Implicit Particle) update to simultaneously
obtain increased numerical stability and decreased dissipation. A FLIP update ratio of 0.99
is used in the current MPM simulations. Then grid masses and velocities are again updated
using the interpolation function at the new time step. The velocity gradient at the particle
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locations is computed as cross product of the nodal velocity and divergence of interpolation
function. Finally, from the velocity gradient, the deformation gradient and strain increment are
computed and updated respectively. From the updated deformation gradient, the simulation
volume is updated. At last the stresses are computed from the strain increment using the
defined material constitutive laws [29] and [24].

The MPM simulations rely on a material model/constitutive law to compute stresses and
displacements in particles. The material model comprises of both hydrostatic and deviatoric
stress components, corresponding to volumetric and shear deformations respectively. The
volumetric deformation tensor and hydrostatic stress tensor −pI (where, I is the second order
identity tensor and p is the pressure) are related by the equation of state model, while shear
deformation tensor εd and the stress deviator tensor σd are related by the material strength
model. Thus the stress tensor σn is expressed as:

σn = −pI + σd (4)

Figure 1: Schematic of the GIMPM MUSL algorithm.

For the current work, we have employed a linear equation of state to compute pressure from
the volumetric deformation as shown in equation 5.1. For elastic materials the deviatoric stress
is computed directly as per equation 5.1. However, for plastically deforming materials, the
deviatoric stress is computed from a trial stress deviator using a history-dependent strength
model as shown in equation 5.2. This plasticity algorithm is termed as ‘radial return’. An
elastic trial update is performed to the stress deviator now, at each time step where the second
invariant of the trial deviatoric stress is now computed and compared with the von-Mises yield
stress computed from the chosen material strength model. As long as the second invariant of
the trial stress remains less than or equal to the yield stress, the trial yield stress is accepted
as the new deviatoric stress. However, otherwise a new deviatoric stress is scaled back to the
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yield surface along with the new plastic strain incremented at the given time step [29] and [24].

σelastic
n = KµI + 2G∆εd (5.1)

σtrial
n = σt

d + 2G∆εd (5.2)

where µ = J − 1, with J being the determinant of the deformation gradient, K is the bulk
modulus and G is the shear modulus of the material modelled, ∆εd is the deviatoric strain
increment, σtrial

d is the deviatoric trail stress and σt
d is the deviatoric stress at time t. The

material model parameters for linear elastic-perfect plastic material models used in the
analytical validation of MPM are listed in Table 2.

The current yield stress is computed from the physically based isothermal Bergström van Liempt
hardening relation [25]. The relation was modified by Vegter for sheet metal forming processes
[30], leading to the following formulation where the yield strength σBL

y is decomposed into a
static-work/strain hardening stress σwh and dynamic stress σdyn which takes into account the
strain-rate and the thermal effects as shown in equation 3. This flow stress model has been
included in the current MPM numerical set up to account for the interaction processes between
dislocations in cell structures including the changing shape of dislocation structures. It is
expressed as:

σBL
y = σwh + σdyn =

σf0 + dσm

(
β0(ε+ ε0) +

(
1− exp

(
− ω(ε+ ε0)

))g)
+ σv0

(
1 +

kT

∆G0

ln
ε̇

ε̇0

)j (6)

Table 2: MPM material model (linear elastic –perfect plastic) parameters for analytical
validation.

Parameters Symbols Values

Substrate and indenter material (steel) density ρs 7850 kg/m3

Substrate and indenter specific heat capacity cps 502 J/kgK
Substrate and indenter thermal conductivity κts 50 W/mK

Coating material (zinc) density ρc 7140 kg/m3

Coating specific heat capacity cpc 377 J/kgK
Coating thermal conductivity κtc 116 W/mK
Poisson’s ratio of the substrate νs 0.3

Initial yield stress of the substrate σy0 150 MPa
Hardness of the substrate Hs 3σy0

The Bergström van Liempt material model constants are listed in Table 3 with their
characterized values obtained for the DX56 steel sheet. The model parameters ε, ε̇ and T
represent the strain, strain rate and working temperature respectively. Besides this, the
user-SMD package also has provisions for various material strength models (e.g.
Johnson-Cook flow stress model) and equation of state models (e.g. Mie–Gruneisen equation
of state) [29].
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Table 3: Bergström-van Liempt material model parameters for DX56 steel.

Parameters Symbols Values

Initial static stress σf0 82.988 MPa
Stress increment parameter dσm 279.436 MPa
Linear hardening parameter β0 0.482
Remobilization parameter ω 6.690
Strain hardening exponent g 0.5

Initial strain ε0 0.005
Initial strain rate ε̇0 10−8s−1

Maximum dynamic stress σv0 1000 MPa
Dynamic stress power j 3.182

Activation energy ∆G0 0.8
Boltzmanns constant k 8.617 ×10−5eV

2.2 Indenter triangle and surface MPM particles interaction pair style
In this work, a contact model/pair style is developed to effectively compute the shear stress of
the lubricated contact interface of the asperity ploughing through the substrate. The contact
between the triangulated mesh of the indenter and the MPM particles in the substrate
determines the forces during sliding of the indenter through the substrate. The pair style first
detects the possibility of contact in MPM particle. It computes the shortest distance between
triangle-particle centres, r. If the distance computed is less than the diameter of the
particle/cell and the point of contact lies inside the projected area of the specific triangle,
contact/penetration of the indenter into the substrate is determined and the contact forces
are computed according to the contact model.

The contact model uses the penalty method algorithm to compute the repulsive contact force
based on the penetration across the point of contact. The contact force acts in the direction
normal to the contact plane, with unit normal vector n̂n. The particles are assumed to be
elastic-cubic cells of size equalling twice the particle radius, rc. The contact is taken to be that
of an elastic cube in uniaxial compression with an elastic modulus, E. The strain in the particle
penetrated by depth δ = r − rc, is given by ε = δ/rc. The magnitude of the repulsive force
F is computed as the product of the contact stress, σc = Eε and the contact area, Ac = 4r2c .
A non-linearity factor E

′
= E(1 − ε2), correcting for the stiffness resulting from penetration,

is multiplied by the repulsive force to prevent interpenetration for highly dynamic simulations.
Hence, the contact force acts on the triangular element of the indenter penetrating the substrate
MPM particles in the direction opposite to the normal to triangles contact plane (negative sign)
and is expressed as:

Fn = σcAc = −4E(r − rc)rc (7.1)
~Fn = −4E

′
(r − rc)rn̂n (7.2)

The friction force acting on the indenter’s triangle from the substrate particles due to boundary
shear strength at the interface between indenter and substrate is given as the product of τ , the
shear strength at the interfacial boundary between the indenter and the substrate and Ac, the
contact area for each particle-triangle interaction and n̂t, the unit vector along the direction of
relative tangential velocity of the triangle with respect to the particle. The relative velocity, ~vrel



A8

Figure 2: (a) OVITO Visualization of ploughing of MPM substrate with an STL surface [31]. (b)
Schematics of contact forces between indenter’s mesh triangle and substrate’s MPM particles.

of a triangle with velocity ~vtri, with respect to a particle with velocity ~vparticle, is calculated
as the sum of the relative tangential velocity, ~vtan and relative normal velocity, ~nnorm .

~Ff = −4τAcn̂t (8.1)

~vrel = ~vparticle − ~vtri = ~vtan + ~vnorm = ~vtan + (vrel · n̂n)n̂n (8.2)
~vtan = vtann̂t = ~vrel − (vrel · n̂n)n̂n (8.3)

where the unit vector normal to contact plane,n̂n is expressed as the ratio between the
distance vector, ~r and its magnitude, ~nn = ~r/ ‖r‖ and the unit vector tangential to the
contact plane n̂n is expressed as the ratio between the tangential velocity vector and its
magnitude, n̂t = ~vtan/ ‖vtan‖. The magnitude of any vector is computed by the norm
function expressed as ‖vector‖ The net force on the particles ~FP , acts opposite to the net
force on triangles ~FT , as shown in figure 2, is expressed by:

~FT = ~Fn + ~Ff = −~FP (9)

The total contact area between the indenter and substrate is given as the sum of individual
particle- triangle contact area (N particles in contacts)

ATotal =
N∑
i=1

Ai
c = 4Nr2c (10)

The boundary layer shear strength of the contact interface can be computed using one of the
two models that have been developed using experimental characterization and fitting. The
first model computes the boundary layer shear strength as a function of contact pressure,
temperature and sliding velocity. The second function takes the boundary-layer shear strength
as a fraction (interfacial friction factor) of the bulk shear strength and the real contact area as
a fraction of the nominal contact area, Ac. The interfacial shear stress model parameters have
been determined experimentally as explained in section 3.
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Interfacial shear stress model 1

A power-law expression for boundary-layer shear stress as a function of the nominal pressure
Pc, sliding velocity vs and the contact temperature Tc has been implemented in the triangles-
particles interaction pair style as equation 11.1.

where Cp is the pressure constant,CT is the temperature constant, Cv is the velocity constant, np

is the pressure exponent, nv is the velocity exponent and nT is the temperature exponent. The
C’s and n’s are experimentally fit factors. Most shear strength-pressure relations obtained from
the literature include complex power law relations. For example, the shear strength between
stearic acid and calcium stearate on glass, or calcium carbonate and dodecane on glass, is a
sum of more than one pressure term combined in various constants and exponents [32]. To
include multiple pressure terms in the 1st interfacial shear stress model, the interfacial shear
strength-pressure relation in equation 11.1 is expressed as:

τ = CpP
np
c Cvv

nv
s CT exp−nT

Tc
(11.1)

CpP
np
c =

((
Cp1P

np1
nom

)np11

+ Cp12

((
Cp2P

np2
nom

)np22

+ Cp123

(
Cp3P

np3
nom

)np33

)np23
)np123

(11.2)

where Pnom = Fn/Ac, is the nominal pressure obtained between each indenter’s triangle and
MPM particle in contact. The coefficients and exponents in the equation 11.2 can be arranged to
obtain a simplistic Columbic friction law as well. In the equation 11.1, the contact temperature
is obtained from the simulations for sliding as the wall temperature of indenter Tc. The relative
tangential velocity of the indenter’s triangle with respect to the MPM particle in contact vtan,
is taken locally as vs. The coefficients Cp, Cv and CT and exponents np, nv and nT can be
obtained through experiments in a linear sliding friction test by varying the contact pressure,
sliding velocity and temperature [33].

~Ff = −fκraAcn̂t ∀ra, fε[0, 1] (12)

Interfacial shear stress model 2

A second interfacial shear stress model is developed to compute the boundary layer shear
strength in a partial contact considering the roughness of the interface [33]. The interfacial
shear strength, τ varies from 0 for a frictionless contact to κ, the shear strength of the bulk for
a perfectly uncontaminated surface. The ratio of the interfacial shear strength to bulk shear
strength is the interfacial friction factor, f = τ/κ. The real contact area for contact of a rough
surface Ar = raAc, is a fraction ra of the nominal contact area, Ac. The friction force in the
2nd interfacial shear stress model is expressed as:

3 Experimental procedure

The experimental procedure consists of experimental characterization for the MPM model
inputs and experimental validation of the MPM model results. First, the constitutive behaviour
of the steel substrate has been characterized for the material model and listed in Table 3.
Secondly, the boundary layer shear strength of the lubricant on the steel substrate has been
characterized for the interfacial shear stress model. Finally, the numerical results of MPM
single-asperity sliding model were validated with ploughing experiments.
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3.1 Boundary shear strength characterization

The boundary layer shear strength characterization of ‘Quaker Ferrocoat N136’
lubricated-DX56 steel interface with varying contact pressure was done using a linear sliding
friction test set-up as shown in figure 4. The experimental procedure and the test set-up
parameters has been described in the thesis of Karupannasamy [33] and applied in the
boundary shear characterization experiments for verifying the repeatability and
reproducibility previously obtained results. Figure 3 shows the friction plots for various test
loads and the computed boundary layer shear strength of the lubricated contact as a function
of the contact as obtained from the experiments. The current MPM model uses the 1st
interfacial shear stress model computes the boundary layer shear strength τBL, as a function
of nominal contact pressure with coefficient C = 1.34 and exponent n = 0.88 expressed in [33]
as:

τBL = 1.34P 0.88
nom (13)

Figure 3: (a).Friction measurements with the linear sliding friction tester for various normal
loads Fn= 1,11 and 22N. (b) Boundary layer shear strength measurements for lubricated line
contact.

3.2 Ploughing experiments

The ploughing experiments on the ‘Quaker Ferrocoat N136’ lubricated DX56 steel sheet were
done using the linear friction tester with 3 repetitions, as shown in figure 4. The linear friction
tester consists of a XY linear positioning stage driven separately by actuators as shown in figure
4B. A horizontal beam supports the loading tip and moves the Z-stage using a linear and piezo
actuator for coarse and fine displacement respectively while applying the normal load. The
normal load is applied using a force controlled piezo actuator, connected to a PID control loop
feedback system so the system can operate load controlled. The friction forces are measured
by a piezo sensor along the loading tip as shown in figure 4A. An example of the friction signal
divided by the normal load is shown in figure 3a, the coefficient of friction as a function of the
sliding distance.

A spherical bearing ball of 1mm and 3mm diameter has been used as indenters. Different
loads, ranging from 1-50 N, were applied on these balls to perform load controlled ploughing
experiments. The plots for forces on the indenter were obtained from the linear sliding tester



A11

Figure 4: Linear friction tester for boundary shear characterization and ploughing experiments
with schematic of (A) loading tool tip and (B) substrate test specimen.

and the average coefficient of friction for the steady state was obtained for all test loads. The
wear track was studied under both optical and confocal microscopes to measure the wear track.

4 Results and discussion

Figure 5: MPM simulation of an indenter ploughing through a substrate representing plastic
strain.

The MPM-simulation of single-asperity ploughing a substrate was performed for the purpose of
model validation in two steps. The analytical validation was included to compare the numerical
model results with the corresponding results from available theoretical expressions. Also the
MPM simulation results have been compared to experimental data. In the coordinate system
used in the simulation, sliding/ploughing (subscript ‘p’) occurs along positive x-axis and loading
(subscript ‘i’) occurs along negative z- axis as shown in figure 5. The MPM ploughing model
parameters used have been listed in tables 1, 2 and 3.
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4.1 Analytical validation of MPM method

Initial MPM simulations of single-asperity sliding were performed with frictionless contact on
a substrate with ideal, perfectly elastic and elastic-perfectly plastic material behaviour. An
indenter of radius 0.2 mm was used to plough through the given substrate. The simulations
were performed for particle and triangle resolutions ranging from 20-5µm in order to do a
convergence study on the model results. The friction force and penetration depth resulting
from the MPM simulation showed linear convergence and a linear regression analysis was done
to extrapolate the result at zero particle size. The spatial grid convergence study is typically
done to obtain results independent of particle/grid size [34].

4.1.1 Validation with perfectly elastic material behaviour

Figure 6: (a) Cauchy stresses developed in the substrate with particle of size 5 µm (encircled
in black) for an applied load of 6N, (b) averaged, z-component of per-particle stress tensor
and sub-surface stress σzz variation along (c) radial direction and (d) depth normalized by
the maximum Hertzian contact pressure p0 and plotted against distance from point of contact
normalized by contact width a.

First, for ploughing under elastic conditions, the penetration depths and mean contact stress
generated in the MPM model for a range of applied loads were compared to that obtained
using Hertzian point contact equations and Hamilton’s equations for stresses beneath a sliding
spherical contact respectively [35]. To compute the MPM results such as Cauchy stresses
and penetration, a representative volume of a particle on the surface of the substrate along
the ploughing track, was grouped and defined, as shown in figure 6a. The particle-group’s
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properties such as the average stress history and the position of centre of mass are mapped
during run time. For example, figure 6b shows the component of the symmetric Cauchy stress
tensor in z direction σzz, averaged for the selected group of particles.

Figure 7: Mean Cauchy stress in z axis vs applied loads for sliding through perfectly elastic
substrate.

Figure 8: (a) Forces acting on the indenter sliding through an elastic substrate and (b) position
of the centre of mass of the particle-group located on the surface along the MPM-simulated
wear track.

Since the stresses obtained from MPM are defined per-particle and averaged for the region
occupied by the particle-group, the contact pressure (magnitude of contact stress in z-direction)
obtained from the Hertzian elastic point contact must be averaged over the same volume as that
occupied by the particle-group for the sake of accurate comparison. The contact width ae and
the maximum contact pressure p0 with a load F for a Hertzian point contact are expressed in
equation 14.1 and 14.2 respectively. To obtain the mean contact pressure, the variation of stress
field σzz in the radial plane (x-y plane) σzz (r) = σzz (x) = σzz (y) and depth (-z-axis) σzz(z),
as shown in figure 6c and d, are averaged for a particle/cell volume of size rp, as expressed
in equation 14.3. The simulated, average σzz-per-particle is then compared with the averaged
stress field σzz for a range of indentation loads. From figure 7, a near perfect agreement between
the average stress σzz results from the MPM model and the Hertzian based analytical method
of Hamilton [35] for loading of a perfectly elastic substrate is observed.
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In the case of frictionless ploughing of a perfectly elastic material both the model and theory
calculate zero friction forces due to lack of plastic deformation and complete elastic recovery of
the substrate. The numerical model shows the expected elastic recovery of the elastic substrate
and the corresponding zero friction forces in figure 8a and b as the position of the centre of
mass of the selected particle (rp = 5µm) is restored to its original position after the passage
of the indenter. The penetration depth of the spherical indenter is computed by the difference
in the position of the centre of mass of particle-group on the surface of the substrate which
are elastically deformed from their reference position as the sliding-indenter comes in contact
with them. The simulated penetration depth of the indenter is then plotted against a range of
applied loads and compared with the penetration depth in the case of an elastic Hertzian point
contact obtained as di = a2e/Ri, as shown in figure 9, with good agreement.

ae =
3
√

3FRi(1− ν2)/4E (14.1)

p0 = 3F/(2πa2e) (14.2)

σzz−perParticle = pmean =

∫ rp
0

∫ 0.5rp
−0.5rp

∫ 0.5rp
−0.5rp

σzz (x) dx (y) (z)dydz∫ rp
0

∫ 0.5rp
−0.5rp

∫ 0.5rp
−0.5rp

dxdydz
(14.3)

Figure 9: Penetration depths vs applied loads for sliding through perfectly elastic substrate.

4.1.2 Validation with perfectly plastic material behaviour

Similarly, for ploughing of an perfectly plastic substrate, the ploughing depth obtained from
the MPM model for ploughing through a perfect-plastic substrate has been also verified with
that obtained by balancing the load F applied by the rigid spherical indenter to the reaction
force due to the permanent plastic deformation (hardness, H) of the substrate over the sliding
contact area Ap. Expressing Ap using the contact width ap and expressing the penetration
depth d = a2p/Ri, we have the relation:

F = HAp (15.1)
Ap = πa2p/2 (15.2)
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Figure 10: (a)Forces on the indenter for depth controlled ploughing and (b)sliding depths
(position of the centre of mass of the particle-group at the surface of the substrate) for load
controlled ploughing.

Figure 11: Ploughing depths vs app loads for ploughing through perfectly plastic substrate.

Figure 12: Friction coefficient vs ploughing depths in for perfectly plastic substrate.
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During the sliding of the indenter over a perfectly plastic substrate the particles in contact
with the frontal half of the indenter are permanently deformed and lose contact with the rear
half of the indenter as the indenter slides over it. In order to balance the load applied on the
indenter with this reduction in contact area, the depth of ploughing doubles as compared to the
depth of indentation. Correspondingly, during a depth-controlled ploughing of a perfect plastic
substrate the reaction force is halved during ploughing in order to follow load balance. Both of
these effects due to load balancing were observed in the ploughing simulation of perfect plastic
substrate as shown in figure 10a and b. The ploughing depths obtained from MPM model over
a range of applied loads show good agreement with the analytical results as shown in figure 11.

In order to obtain the coefficient of friction for frictionless ploughing of a perfectly plastic
substrate, the work of Tabor was referred [1]. As the material behaviour is rigid-plastic, both
the tangential force f and normal force F on the substrate result in a pressure both in the
tangential direction, pt and normal direction p both equal to hardness H. Since there is no
shear strength at the interface, the overall friction coefficient µ, is given as the ratio of the
vertical and horizontal projection of the contact area between the spherical indenter and rigid-
plastic substrate, represented as Av and Ap respectively. Ap is computed from equation 15 while
Av can be computed as a the area of the segment formed by the intersection of the contact
plane on the spherical indenter ‘mid yz-plane’ and is expressed as:

µ = f/F = HAv/HAp = Av/Ap (16.1)
Av = R2

i θ − ap(Ri − dp) (16.2)

where θ = arctan ap/(Ri − dp) is half angle subtended by the contact line at the indenter’s
centre. On plotting the coefficient of friction resulting from the MPM simulation against that
obtained from equation 16, good agreement between both results were obtained, as shown in
figure 12.

4.2 Experimental validation of sliding asperity friction and wear
For experimental validation of the MPM model of ploughing through DX56 steel sheet, indenters
of diameter 1 mm and 3 mm were chosen. The Bergström van Liempt material model and the
friction model based on ‘Interfacial shear stress model 1’ for the Quaker lubricated boundary
layer on steel given in equation 6 and 13 respectively were included in the MPM-model. A
convergence study was performed from the data obtained from the ploughing simulation at
particle resolutions of 5, 10 and 20 µm and triangulated element sizes of 5, 10 and 20 µm.
The result at zero resolution was extrapolated using the convergence order obtained from the
convergence study. Because of the effect of particle resolution on the forces both due to the
plastic deformation and the boundary layer shear, the results for varying particle resolution
converged non linearly, with a convergence order varying from 0.5 to 2.

A section of the ploughed track on the DX56 steel sheet specimen, tested using a 1mm diameter
spherical indenter under an applied load of 7N, was observed using the confocal microscope
and the digital optical microscope at 50X magnification, and shown in figure 13a and b. The
presence of pile-up and cracks at the edge of the ploughed track obtained from the experiments
typical to ploughing of plastically deforming substrate can be seen in figure 13a and b. The
ploughed profile of the simulated substrate with 5µm particles was also visualized using the
OVITO software and shown in figure 13c with the same colour scale as the images of the
ploughed profile from the confocal microscope. Further, the profile of the ploughed cross section
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Figure 13: Ploughed track for a lubricated-7N load controlled scratch test using a 1mm indenter
in 1: linear sliding friction tester as seen using (a) confocal microscope, (b) digital optical
microscope at 50x magnifications (c) 2: MPM simulation (5µm particle resolution) and (d)
the profiles of the ploughed cross-sections obtained from MPM-ploughing model and ploughing
experiment.

obtained from the experiments were compared with that obtained from the MPM simulations,
and seen to be in good agreement, as shown in figure 13d. The substrate-material, removed
from the groove by the sliding asperity, is displaced into to the piled-up ridge at the edge of
the ploughed track resulting in zero wear volume.

As shown in figure 13d, the total ploughing depth dp, was obtained as the sum of the pile-up
height hpu and the groove depth dg of the ploughed track, both of which were calculated with
respect to the mean surface height of the undeformed DX56 steel’s surface and mean position
of the particles on the surface prior to ploughing experiments and simulations respectively. The
total ploughing depths calculated from the ploughing experiments and the MPM model were
plotted in figure 14 for two indenters of different radii over a range of loads. The MPM model
can be seen to correctly compute the ploughing depths for an asperity sliding through the steel
substrate. The test loads were chosen such that ploughing was the sole wear mode where the
material was displaced from the groove into the piled-up ridges as the indenter slid through the
substrate, thereby avoiding the generation of any wear debris. As no material was removed or
detached from the substrate, both the material under the ploughed groove and in the piled-up
ridge supported the applied load during the ploughing of the steel substrate.
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Figure 14: Ploughing depths for load controlled tests carried out with indenters of diameter
1mm and 3mm on lubricated steel sheet with the linear sliding friction tester and MPM-
ploughing model that includes the Bergström-van Liempt material model and interfacial shear
stress model 1.

The friction plots obtained from both experiments and simulation of a given particle resolution
are plotted in figure 15a and b respectively. The ratio of the net friction forces on the indenter to
the range of applied loads, obtained from the experiments and the extrapolated MPM simulation
results were compared for the purpose of validation as coefficient of friction plots as shown in
figure 16. The measured and calculated coefficient of friction are very close for different loads
and indenter radii. It can be seen that the MPM model accurately predicts friction forces in
ploughing through the steel sheet.

Figure 15: Forces acting on a 1mm diameter indenter for a lubricated-7N load controlled scratch
test obtained from (a) linear sliding friction tests and (b) MPM simulation (5µm particle
resolution).

In the context of building and validating the MPM-based ploughing model, it is important to
note that the aim is to model only the ploughing behaviour of a single asperity sliding
through a steel substrate. The MPM based model incorporates features of both mesh and
particle-based numerical methods to model the complex ploughing behaviour. The test
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Figure 16: Coefficient of friction for load controlled test carried out with indenters of diameter
1mm and 3mm on lubricated steel sheet with the linear sliding friction tester and MPM-
ploughing model that includes the Bergström-van Liempt material model and interfacial shear
stress model 1.

materials, DX56 steel and Quaker Ferrocoat N136 lubricant are commonly used in forming
process for making automotive bodies and metallic packaging. Moreover, the ploughing model
can be further validated with similar metallic substrates given the physical models and their
parameters for calculating material strength and interfacial shear stress. The current work
sets the platform to further extend the model to compute friction and wear in multi-asperity
ploughing. However, unlike ploughing, for modelling other abrasive and adhesive wear modes
which involves generation of wear debris and material removal, further work has to be done
on the damage and adhesion models which is not in the scope of the current paper.

5 Conclusion

The Material point method has been used to calculate friction forces and ploughing depth in
simulating single-asperity sliding on metallic substrate. The model has been validated
successfully using both elastic as well as pure plastic material behaviour with available single
asperity sliding friction theories. Also results obtained using more complex material and
friction laws have been compared with experimental data and found to be in good agreement
to the experimental results.
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Abstract

An analytical ploughing model is used to compute the forces on a rigid, elliptical, i.e. ellipsoid
and elliptic-paraboloid shaped, asperity sliding through a rigid-plastic substrate as a function
of its axes size, ellipticity ratio and sliding orientation. The normal force due to the plastic
deformation of the substrate and the tangential force due to the shearing of the
asperity-substrate interface are calculated from the surface normal vector and the tangent
vector along the direction of plastic flow. The elemental forces are integrated over the
boundaries of the asperity-substrate contact to obtain the individual force components. In
this way, an analytical model to study the effect of asperity geometry on ploughing forces has
been developed and compared with the available theories.

Keywords: Friction modelling, Elliptical asperity, Asperity geometry, Ploughing.
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Nomenclature of symbols

OBCD Tetrahedral element on elliptic asperity α Rotation angle of OBCD/ABCDEF
ABC−
DEF

Hexagonal pyramid: approx. elliptic-
paraboloid

β Angle of orientation of asperity rela-
tive to sliding direction in xy -plane

∆BCD Triangle (∆) BCD: base of OBCD γ Sector angle subtended by
_

SL at O
_

SN Arc
_

SN : semi-elliptic contact bound θ Azimuthal angle: spherical coordi-
nates

Ac Asperity to substrate contact area φ Polar angle: spherical coordinates
A� Area of the surface element ϕ Azimuthal angle: cylindrical coordi-

nates
Axy Projected area in xy-plane ρ Axial distance: cylindrical coordi-

nates
Axz Projected area in xz-plane κ Shear strength of the substrate (bulk)
Ayz Projected area in yz-plane τsh Shear strength of the interface
C Centre of the elliptic contact base σy Uniaxial yield stress
C Cartesian coordinate system: (x, y, z) µ Force on asperity to applied load ratio
H Hardness of the rigid-plastic substrate a Major axis of base of elliptic asperity
F Total force vector acting on the sliding

asperity
ax Major axis of elliptic contact patch in

x-axis
F p/pl Force on the asperity due to plastic

deformation
ay Minor axis of elliptic contact patch in

y-axis
Ff Lateral force acting on the asperity az Reference contact radius
F s/sh Force on the asperity due to interfacial

shear
b Minor axis of base of elliptic asperity

Fx/y/z Force in the x, y or z direction c Height of the elliptic asperity
J Jacobian transformation matrix d Penetration/ploughing depth of the

asperity
L End point of contact in z axis ex Ellipticity ratio of asperity in x-axis
N Contact end point in contact plane in

+y axis
ey Ellipticity ratio of asperity in y-axis

N Normal force acting on the asperity f Interfacial to bulk shear strength ra-
tio

M Plastic flow separation point in contact
plane

h Height of OBCD/ABCDEF

Mu Ratio of interfacial shear strength and
hardness

l Length of OBCD/ABCDEF

O Centre of the ellipsoidal asperity m Slope of a point on contact plane
P Polar/cylindrical coordinate system:

P (ϕ, u, ρ)
n̂ Unit normal vector to the surface

element
R Rotation matrix ppl Contact pressure due to plastic defor-

mation
R Reference radius of the asperity r Radius distance spherical coordinates
S Spherical coordinate system: S(r, θ, φ) t̂ Unit tangent vector to the surface

element
S Contact endpoint in xy plane, −y axis u Height in cylindrical coordinates
Xx Projected major axis length in x-axis vs Sliding velocity
Yy Projected major axis length in y-axis w Width of OBCD/ABCDEF
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1 Introduction

Analytical models to calculate friction due to ploughing of a plastically deforming substrate by
a rigid asperity have been studied extensively [1], [2], [3], [4] and [5]. Traditionally, friction and
wear during sliding of rigid asperities have been investigated by the use of plasticity, slip-line
field and (upper) bounding theorems, where asperities are represented by geometrical forms in
two dimensions such as wedges and cylinders and in three dimensions such as cones, pyramids
and spheres.

The forces experienced by a rigid asperity ploughing through a rigid-plastic substrate (having
negligible elastic deformation) are attributed to the plastic deformation of the substrate and
the shearing of the adhesive junctions at the interface, see also Bowden et al. [6]. Their use
of different indenter shapes to highlight the contribution of plastic deformation and interfacial
shear on friction, emphasizes the effect of asperity-geometry on forces acting on the asperity.
Based on the work done in [6], the forces acting on an asperity sliding through a rigid-plastic
substrate is calculated from both the contact pressure due to deformation of the substrate and
shear stress at the interface over the total contact area. This concept has been used by Moore to
compute friction in ploughing by cylindrical, spherical and conical asperities [7]. Goddard and
Wilman also derived expressions for the coefficient of friction due to ploughing and adhesion
for spheres, cones and triangular-and square pyramids sliding through rigid-plastic substrates
[1]. In Tayabi et al., the pressure due to plastic flow acting into the contact surface and the
shear stress components acting tangential to the intersection of the contact surface with the
meridional and latitudinal planes were used to calculate the forces acting along the sliding and
loading directions on a spherical asperity in a nano-scratch test [8].

The slip-line field theory has been used to give an exact solution based on plane strain and
plane stress boundary value problems for yielding of the junctions connecting rigid-plastic solids
[9]. First suggested by Green, the slip-line field theory has been used by Challen and Oxley to
derive the expressions for abrasive wear and friction in sliding of wedge-shaped asperities [2].
They further extended their work to predict friction and wear for rigid cylinders abrading softer
work-pieces by approximating curved contacting surfaces using chord(s) to construct slip-line
fields representing plastic deformation [10]. Their results were later adapted and compared
with experiments using cylindrical asperities [11]. Later, slip-line fields generated from a family
of logarithmic curves were also proposed to obtain solutions for ploughing by a hard circular
particle [12], the results were in good agreement with [11]. Further, Hokkirigawa and Kato
experimentally investigated the relations for the coefficient of friction in different wear regimes,
mentioned in [13]. In their study using spherical asperities, the abrasive wear modes were
mapped as a function of the ‘degree of penetration’ (ratio of penetration depth and contact
length) and the interfacial shear strength [13], thereby reiterating the effect of asperity-geometry
on friction in sliding. Both slip-line field and upper bound theories have been used to study
ploughing [4], [5] and [14] and asperity deformation [15], [16] and [17].

However, the slip-line field theory has only been used in two dimensional problems with rigid-
plastic materials. Hence the upper bound theorem has been used to analyse ploughing by three
dimensional asperities, assuming the moving blocks of deformed rigid-plastic, incompressible
material resulting in discontinuities in the tangential components of flow velocities at the contact
interfaces. The true velocity field minimizes the rate of work due to plastic deformation and
interfacial friction. This helps to estimate the forces on the asperity, planes of discontinuity and
strain in the substrate. The upper bound ploughing models, applied mostly for pyramidal [18]



B3

and conical asperities [19], require the configuration of the plastic zones to be known a priori.
Hence, the upper bound method has been extended to model ploughing by a pyramidal asperity
for stress free surfaces where the shape of the plastic zone (pile-up) has been determined on
a rigorous basis with the rigid block scheme [20]. The pile-up shape has been incrementally
updated while repeating the work minimization steps to obtain a steady state solution [20]
and [21]. By defining the angle subtended by the adjacent faces containing the pyramid tip as
the front and side angles of the pyramid-shaped asperity and using the upper bound theorem,
van der Linde has plotted the effect of asperity geometry on both the deformation power of
the asperity and wear modes [3]. Nevertheless, estimating the plastic-zone and rigid blocks
in building upper bound ploughing models adds to the complexity in many other asperity
geometries.

The ploughing friction coefficient have been evaluated for conical nano-indenters with blunt
spherical tips in Lafaye et al. [22] by taking the friction due to plastic deformation of the
substrate and shearing of the interface into account. The elastic recovery of the plastically
deforming substrate has been included in calculating the contact area for both ductile and
brittle substrates in [22] and [23]. However, both in pyramidal and cone-shaped asperities,
studied previously, a differentiable curvature is absent which is not usually true. Moreover, a
constant ‘degree of penetration’ with varying penetration depths for a pyramidal or a conical
asperity leads to an unclear distinction between the change in wear regimes with varying loads.

In characterizing asperities for statistical contact model, spherical geometries have
traditionally been used [24]. To improve statistical characterization, Nayak has characterized
asperity summits as contact patches with varying shapes and orientations in the random
process model for rough surfaces [25]. Using the random process model, the shape of the
asperities in elastic contacts were first approximated as elliptic paraboloids in [26].
Elliptic-paraboloid shape asperities have also been used to account for the contact of
anisotropic rough surfaces as summarized by McCool in [27]. Until recently, the contact
patches were described as a connected height matrix of pixels mapped from asperity
image-processing [28]. Using the volume and area of the identified contact patches, the
contact cross section and curvature in the asperities were characterized as elliptic and
parabolic in shape respectively [29]. Hence, an elliptic-paraboloid geometry (elliptic
cross-section and parabolic shape) has been chosen to give a more realistic description and
control of the asperity’s shape as compared to a pyramid, sphere or cone.

Modelling of ploughing using an elliptic-paraboloid asperity also gives us the possibility to model
multi-asperity contact and friction in anisotropic surfaces with varying asperity geometries. The
contact between rough surface [25] modelled as (elliptic) paraboloids [26] have been used to
study frictionless elastic contacts in [30] and the role of surface tension in elastic contacts
in [31]. The parabolic asperity geometry has also been used in lateral contact modelling to
study shear behaviour in anisotropic rough surfaces by introducing orientation angles in elastic-
plastic contact of interacting asperities in [32] and [33]. Thus far the statistical contact models
described in [25] and [28] have not been used to fully explore the ploughing of rigid elliptic-
paraboloid shaped asperities in plastically deforming substrates.

Some initial work has also been done in modelling contact and wear using elliptic-paraboloid
asperity in ploughing through elastic-plastic substrates in [34] and [35], where the wear volume
has been expressed using the size and orientation of the asperity. In order to account for realistic
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asperity geometries, van der Linde simplified elliptic-paraboloid shaped asperities into pyramid-
shaped asperities [3]. The base of the pyramid is approximated as a hexagon, being oriented
at an angle between 0 and 900 along the sliding direction or a parallelogram, if oriented along
or perpendicular to the sliding direction to give the best fit to an elliptic base. The dimensions
of the original ellipse were scaled to the dimensions of the hexagon using a scaling factor. The
components of friction forces in x and y directions were obtained by resolving the forces due
to the plastic pressure and the shear stress along the surface normal vector and the tangent
vector along the direction of flow for the contacting planes of the hexagonal pyramid [36] and
[29]. However, the hexagonal-pyramid approximation of an ellipsoid loses its accuracy for high
ellipticity ratios. Moreover, the behaviour of the asperity varies from that of a real asperity
due to its non-differentiable geometry.

It can be summarized that an analytical model to calculate forces acting on an
elliptic-paraboloid shaped-asperity is absent in the literature. Hence, the current work
presents a comprehensive analytical model to calculate the forces acting on an asperity with
an elliptic base, i.e. ellipsoidal and elliptic-paraboloid shape asperities sliding through a
rigid-plastic substrate. The forces are calculated as the result of stresses on an elemental
contact area due to plastic deformation of the substrate and shearing of the interface along
the unit normal to the surface of the asperity and tangent to the direction of plastic flow of
the substrate relative to the asperity respectively. The elemental forces are then integrated
over the boundaries of the plastic flow for the total contact area to give the components of the
total forces. Results for both ellipsoid and elliptic-paraboloid asperities have been compared
for a reasonable range of ploughing depths. The results obtained from the developed
analytical model were compared with that from Tayabi et al. [8], for a spherical asperity, and
with that obtained from van der Linde [3] and [29] for a hexagonal pyramid approximation of
an elliptic-paraboloid shape asperity. Further, the ellipticity ratio, axes sizes and orientation
of the asperity have been varied to highlight their effects on forces on the asperity. The
model-based understanding of the effect of asperity geometry on friction would aid in
developing a robust multi-asperity ploughing model.

2 Calculation of forces on a single-elliptical asperity

The forces acting on a rigid asperity ploughing through a rigid-plastic substrate is contributed
by the contact pressure due to the plastic deformation of the substrate and by the shear stress
due to the shearing of the interface [6]. The contact pressure acts along the normal into the
contact surface with a unit normal vector n̂, while the interfacial shear stress acts tangentially
along the contact surface in the direction of plastic flow with a unit tangent vector t̂. The total
force vector F , due to the plastic pressure ppl and the interfacial shear stress τsh acting over
the contact area Ac, can be expressed as,

~F = pplAcn̂+ τshAct̂ (1)

2.1 Calculation of the surface unit vectors
The surface of an ellipsoidal asperity can be discretized into infinitesimally small triangular
elements. Polygonal surface elements, which are a combination of triangles, also yield the same
results as triangular elements. The surface discretization also corresponds to the meshing of
the ellipsoidal surfaces in numerical ploughing methods, as shown in figure 1a. Figure 1b shows
a pyramidal (tetrahedral) solid element ABCD with the triangulated surface element ∆BCD
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centred at O. The pyramidal element OBCD with the triangular base ∆BCD has dimensions
of l, w and h along x, y and z axes in the Cartesian coordinates.

Figure 1: (a) Schematic of the triangulated ellipsoidal asperity mesh and (b) the dimensions
of a pyramidal element with the triangular surface unit normal and tangent vectors in the
cartesian coordinate system [36].

Figure 2: The dimensions of (a) an oblique pyramidal element and (b) an oblique prism with
its unit normal and tangent vectors to its surface in the Cartesian coordinate system [3].

Correspondingly, the coordinates B, C and D of ∆BCD are (0, w, 0), (l, 0, 0) and (0, 0, h)
respectively. The normal vector into the plane containing ∆BCD is given by the cross product
of its sides

−−→
BC and

−−→
BD, given as l̂i−wĵ and −wĵ + hk̂ respectively in equation 2.1 [36]. Here

î, ĵ and k̂ are the unit vectors along x, y and z axes respectively. The unit normal vector n̂ is
obtained by dividing the normal vector by its magnitude (equation 2.2) with the negative sign
on its components indicating the inward direction, into plane of ∆BDC. The area of ∆BCD is
half of the magnitude of the cross product of its two sides, i.e. A∆BCD =

∣∣∣−−→BC ×
−−→
BD

∣∣∣ /2. The
projected areas of ∆BCD in the yz, xz and xy planes are the areas of ∆OBD, ∆OCD and
∆OBC, i.e. wh/2, lh/2 and lw/2 respectively. n̂ is expressed as function of the projected
areas in equation 2.3.

~n∆BCD = ~BC × ~BD = −wĥi − lĥj − wlk̂ (2.1)

n̂ =
~n∆BCD

| n∆BCD |
=

−wĥi − lĥj − wlk̂√
(wh)2 + (lh)2 + (wl)2

(2.2)

n̂ = −Ayz

A∆

î − Axz

A∆

ĵ − Axy

A∆

k̂ (2.3)
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For the ellipsoidal asperity sliding with a velocity v in the x direction, the relative velocity in
the far field is directed in the x direction, x i.e. (l, 0, 0). The vector t∆BCD is the tangent to
∆BDC as close as possible to plastic flow on the interface. As mentioned in [36], in order to
obtain t∆BCD, the inner product x.t∆BCD has to be minimized. Hence, t∆BCD has to be in the
plane described by vectors x and n∆BCD. So t∆BCD is given as the double cross product of x
and n∆BCD and n∆BCD in equation 3.1. Furthermore the unit tangent vector t̂ is obtained by
dividing t∆BCD with its magnitude, as given in equation 3.2. The unit tangent vector is further
expressed as a function of the triangular element’s contact area, A∆BCD and its projected areas
Axz, Ayz and Axy in the xz, yz and xy coordinate planes respectively in equation 3.3.

~t∆BCD = (~x × ~n∆BCD)× ~n∆BCD =

(l̂i×−(whî+ lhĵ + lwk̂))×−(whî+ lhĵ + lwk̂)

= (l2wĵ − l2hk̂)×−(whî+ lhĵ + lwk̂)

= −l((lw)2 + (lh)2)̂i+ w(lh)2ĵ + h(lw)2k̂

(3.1)

t̂ =
~t∆BCD

| t∆BCD |
=

−(l(l2w2 + (l2h2)̂i+ l2h2wĵ + l2w2hk̂√
l4(w2 + h2

√
(lw)2 + (lh)2 + (wh)2

=
−((lw)2 + (lh)2)̂i+ (hw)(lh)ĵ + (wh)(lw)k̂√

(lw)2 + (lh)2
√

(lw)2 + (lh)2 + (wh)2

(3.2)

t̂ = −
√

A2
xy + A2

yz

A∆

ĵ +
AxzAyz

A∆

√
A2

xy + A2
yz

ĵ +
AxyAyz

A∆

√
A2

xy + A2
yz

k̂ (3.3)

Similarly, for an oblique pyramid or prism, where the surface elemental triangle or
parallelogram has been rotated by an angle α in the xy coordinate plane, the expressions for t̂
and n̂ can be reduced into those as given in equation 2.3 and 3.3. The x coordinate l for
point C (figure 1b), when rotated by angle α, changes to l+wItanα for point F in the oblique
pyramid OAGF as shown in figure 2a. Similarly, the x coordinate l of point C, changes to
l + wIItanα for point F in the oblique prism O’OEF as shown in figure 2b. The area of the
surface parallelogram element EFGH in the oblique prism is given
as AEFGH =

∣∣∣−→FE ×
−→
FG
∣∣∣ = ∣∣∣(wIItanαî+ wII ĵ

)
× (−l̂i+ hk̂)

∣∣∣ [3].

2.2 Calculation of the elemental area and its projections
The equation of an un-rotated ellipsoid centred at the origin in Cartesian coordinate system,
with axes sizes a, b and c along the x, y and z direction is given in equation 4.1. Its ellipticity
ratios are ex = a/c and ey = b/c along the x and y direction respectively. Because of
mathematical simplicity, the ellipsoid has been expressed in the spherical coordinate system
for further calculations. The points on the ellipsoid are now written as a function of spherical
parameters such as radial distance r, azimuthal angle θ and polar angle φ in equation 4.2.
The radial distance equals the ellipsoid’s axis size along the z axis, c = r. Hence, the axis
sizes in the x and y directions are written as a = rex and b = rey. For an ellipsoidal asperity
oriented at an angle β with the sliding (x) direction in the sliding (xy) plane, the points on
the ellipsoid are also rotated by an angle β. The rotated points on the surface of the
ellipsoidal asperity are given in equation 4.3 by multiplying the rotation matrix R to the x
and y coordinates of the ellipsoid as given in equation 4.2.
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x2

a2
+

y2

b2
+

z2

c2
= 1 (4.1)

x = a cos θ sinφ; y = b sin θ sinφ; z = c cosφ (4.2)[
xr

yr

]
= R

[
x
y

]
∀R =

[
cos β − sin β
sin β cos β

]
; zr = z = c cosφ

xr = (a cos θ cos β − b sin θ sin β) sinφ;

yr = (a cos θ sin β + b sin θ cos β) sinφ

(4.3)

In order to compute n̂ and t̂ in the spherical coordinate system, the projections of the elemental
contact area in the xz, yz and xy planes are also calculated in the spherical coordinate system.
Subsequently a coordinate transformation is done on the expressions derived in the Cartesian
coordinate system C(x,y, z) to the spherical coordinate system S(θ, φ, r) using the Jacobian
determinant, JS

C = det |∂C/∂S| as the conversion factor. This gives us the elemental projected
areas of the surface of the ellipsoidal asperity: dAxy, dAxz and dAyz in terms of variables θ and
φ (r and β being constants) in equations 5.1, 5.2 and 5.3 respectively. After the Jacobian
transformation, the components of n̂ and t̂ and are expressed as the functions of θ and φ
in equation 5.4 and 5.5 respectively. The Jacobian transformation has been applied on each
individual terms in equation 2.3 and 3.3 or equivalently applying the Jacobian on the whole
expression of each component. The terms of functions of θ and φ given in equation 5.1-5.5 are
expressed in equation 6.1-6.6.

dAxy = dxdy = Jθφ
xydθdφ = n(φ)dθdφ ; Jθφ

xy = det

∣∣∣∣∣∂xr

∂θ
∂xr

∂φ
∂yr
∂θ

∂yr
∂φ

∣∣∣∣∣ (5.1)

dAxz = dxdz = Jθφ
xzdθdφ = l(θ, φ)dθdφ; Jθφ

xz = det

∣∣∣∣∂xr

∂θ
∂xr

∂φ
∂zr
∂θ

∂zr
∂φ

∣∣∣∣ (5.2)

dAyz = dydz = Jθφ
yzdθdφ = m (θ, φ) dθdφ; Jθφ

yz = det

∣∣∣∣∣∂yr∂θ
∂yr
∂φ

∂zr
∂θ

∂zr
∂φ

∣∣∣∣∣ (5.3)

Jθ,φn̂ = −Jθ,φdAyz

Jθ,φdA∆

î−
Jθ,φdAxz

Jθ,φdA∆

ĵ−Jθ,φdAxy

Jθ,φdA∆

k̂

= −(m (θ, φ) dθdφ î+ l (θ, φ) dθdφ ĵ + n (θ, φ) dθdφ k̂)

dA∆(θ, φ)

(5.4)

Jθ,φt̂ = −

√
J2

θ,φdA
2

xy
+ J2

θ,φdA
2

xz

Jθ,φdA∆

î+
J2

θ,φdAxz
dAyz

Jθ,φdA∆

√
J2

θ,φdA
2

xy
+ J2

θ,φdA
2

xz

ĵ+

J2
θ,φAxyAyz

Jθ,φdA∆

√
J2

θ,φdA
2

xy
+ J2

θ,φdA
2
xz

k̂

=
(−f (θ, φ) dθdφ î+ g (θ, φ) dθdφ ĵ + h (θ, φ) dθdφ k̂)

dA∆(θ, φ)

(5.5)

where,
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l (θ, φ) = c (asinθ cosβ + bcosθ sinβ ) sin2φ (6.1)

m (θ, φ) = c (asinθ sinβ − bcosθ cosβ ) sin2φ (6.2)

n (φ) = −ab

2
sin2φ (6.3)

f (θ, φ) =

√
n(φ)2 + l(θ, φ)2 =

√(
−ab

2
sin2φ

)2

+
(
c (asinθ cosβ + bcosθ sinβ ) sin2φ

)2
(6.4)

g (θ, φ) =
l (θ, φ)m (θ, φ)

f (θ, φ)

=

(
c (asinθ cosβ + bcosθ sinβ ) sin2φ

) (
c (asinθ sinβ − bcosθ cosβ ) sin2φ

)√(
−ab

2
sin2φ

)2
+
(
c (asinθ cosβ + bcosθ sinβ ) sin2φ

)2 (6.5)

h (θ, φ) =
n (φ)m (θ, φ)

f (θ, φ)
=

(
−ab

2
sin2φ

) (
c (asinθ sinβ − bcosθ cosβ ) sin2φ

)√(
−ab

2
sin2φ

)2
+
(
c (asinθ cosβ + bcosθ sinβ ) sin2φ

)2 (6.6)

2.3 Calculating the boundaries for plastic contact/flow

For an ellipsoidal asperity (see figure 3a) indenting into substrate at a given depth d, oriented
at an angle β with respect to the sliding direction i.e. x axis, the surface in contact with
the substrate is an ellipsoidal cap. As the asperity starts ploughing through the plastically
deforming substrate, contact is lost from the rear half of the asperity as the deformed substrate
is unable to recover elastically. The semi-elliptic segment NCSM shown in figure 3d, is the
contact cross-section in the xy plane. Along with the ellipsoid, the elliptic cross- section is
also rotated by β and is bounded by a box such that point M represents the maximum +x
coordinate and points N and S represent the maximum +y and −y coordinates respectively.
So the tangents to the elliptic cross-section, i.e. the bounding box’s lines have slopes m = ∞
at M and m = 0 at N and S.

As the asperity ploughs through the substrate in the +x direction, the contact first happens at
the maximum +x coordinate (abscissa) of the contacting ellipse, i.e. at M . The substrate in
contact is then plastically deformed and the contact and thus the plastic flow moves along the
slope of the contacting ellipse (in the xy plane) until it reaches the point of maximum ordinate
at slope m = 0 i.e. N and S, where it loses contact with the asperity. Hence the flow occurs
in +y direction in the sector NCM and in −y direction in the sector MCS as shown by the
dashed arrows in figure 3d. Correspondingly, the y component of force in the corresponding
sector due to plastic flow pressure is along n̂ĵ. The separation in plastic flow direction can
also be seen in the xz and yz projection of the ellipsoidal asperity, shown as segment SLMN
in figure 3b and 3c. The flow separation line CM in figure 3d follows from point M on the
contact plane to the contact depth at point L along an elliptic arc

_

ML, as shown in figure 3b
and 3c. In the same figures, elliptic arcs

_

SL and
_

NL represent the contact separation curves
on the ellipsoidal asperity projected in the xz and yz planes.

Therefore the spherical coordinates of the points N, M, S and L are obtained by solving the
intersection of the bounding box’s lines with the elliptic contact patch in the xy plane. The
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Figure 3: (a) Schematic of an ellipsoidal asperity sliding through a rigid-plastic substrate at
a velocity vs, oriented at an angle β with the sliding (+x) direction and its projections in
the (b) xz, (c) yz and (d) xy planes. The shaded sections represent the contact regions. The
section with horizontal and vertical shades have plastic flow component in −y and +y directions
respectively. The green dots are the separation point of plastic flow or first contact while the
red dots are the end point of plastic flow/contact. The dashed black arrows show the direction
of plastic flow. The dashed green lines/arcs mark the separation of plastic flow and the dashed
blue lines/arcs mark the end of contact. The dashed red/orange lines mark the bounding box.

length of the axes of the contact ellipse, while un-rotated, along x and y axis are derived from
the ploughing depth d. The coordinates of points E and F , located at the axes’ edge of the un-
rotated ellipsoid, are given as (ax, 0, c− d) and (0, ay, c− d). Substituting them in equation
4.1, we obtain size of the axes of the contacting ellipse in x and y direction as ax and ay in
equation 7.1. The equation of the contacting ellipse, rotated by β, is obtained by multiplying
the rotation matrix R for −β with the x and y coordinates of the equation of ellipse (set
z = 0 for equation 4.1), resulting in equation 7.2. Expanding and rearranging equation 7.2, a
quadratic equation can be obtained in two variables, x and y in equation 7.3 [37].
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The coordinates of N and M are obtained by solving the intersection of the two lines of the
bounding box: N (y = ymax) and M (x = xmax) with equation 7.3. This gives us two quadratic
equations in one variable x and y for solving x and y coordinates of N and M respectively
as, shown in equation 7.4. Solving for one solution (intersection point), i.e. determinant
B2−4AC = 0, gives the coordinates Ny and Mx. Subsequently the coordinates Nx and My are
obtained by solving the quadratic equation as −B/2A. The resulting coordinates of N and M
are listed as N (x, y) and M (x, y) in equation 7.4 [37]. In order to express points N , M , S and
L in the spherical coordinate system, their x and y coordinates are expressed using equation
4.3 and equated with equation 7.5. The azimuthal angles θM and θN for point S, M and N
are computed in equation 7.6 by dividing the x and y coordinates of both M and N , expressed
using equation 4.3. Point S being diametrically opposite to N has θS = θN − π Since S, M
and N are on the same xy contact plane (same z coordinate), they have the same polar angle
φC . Using equation 4.3, polar angle φC for z = c− d = ccosφC , is obtained for S, M and N .
Point L, being on the z axis, has φL = 0.

ay = ey
√
2cd− d2; ax = ex

√
2cd− d2 (7.1)

(xcosβ + ysinβ )2

a2x
+

(ycosβ − xsinβ )2

a2y
= 1 (7.2)[

(aycosβ )2 + (axsinβ )2
]
x2 +

[
(aysinβ )2 + (axcosβ )2

]
y2 +

[(
a2y − a2x

)
sin2β

]
xy − a2xa

2
y = 0

⇒ px2 + qy2 + rxy + t = 0;

p = (aycosβ )2 + (axsinβ )2; q = (aysinβ )2 + (axcosβ )2; r =
(
a2y − a2x

)
sin2β ; t = −a2xa

2
y

(7.3)
N (x, y) ⇒ Ax2 +Bx+ C = 0 (y = ymax) ; A = p, B = rymax, C = qy2max + t

M(x, y) ⇒ Ay2 +By + C = 0 (x = xmax);A = q, B = rxmax, C = px2
max + t

(7.4)

N (x, y) =

(
− r

2p
Ny,

√
pt

r
4
2 − pq

)
,M (x, y) =

(√
qt

r
4
2 − pq

,− r

2q
Mx

)
,

S (x, y) = −N (x, y) , L (z) = −c

(7.5)

N (θ, φ) =

(
arctan

(
a

b

Ny

Nx
cosβ − sinβ

Ny

Nx
sinβ + cosβ

)
, φC

)
,M (θ, φ) =

(
arctan

(
a

b

My

Mx
cosβ − sinβ

My

Mx
sinβ + cosβ

)
, φC

)

S (θ, φ) = (θN − π, φC) , L (φ) = 0; φC = arccos

(
1− d

c

)
(7.6)

2.4 Calculating the total projected areas and total contact area
The projected areas of the rotated ellipsoidal cap in contact with the substrate in the xy,
yz and xz planes are given as the area of the elliptic segments SMNL, SNL and SML
(see figure 3d, 3c and 3b respectively) in the equations 8.2, 8.3 and 8.4 respectively. The
area of an elliptic segment is obtained by subtracting the area of the triangle ∆ONS from
the area of the sector (ONS), formed by the chord NS arc SLN of the projected contact
with the centre respectively. The points on the central xy plane of the rotated ellipsoid with
maximum x coordinate and maximum y coordinate are given as X (x, y) and Y (x, y). The
points (0, c), (Xx, 0) and (Yy, 0) form the end points of the projected ellipse’s axes in the
corresponding xz and yz planes They are obtained the same way as M(x, y) and N(x, y), i.e.
by the intersection of the ellipse in the central xy plane with the bounding box’s lines. X is the
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point for maximum abscissa while Y is the point for maximum ordinate on the central rotated
ellipse. The coordinates of the points X and Y , Xx, Xy and Yx and Yy, are shown in figure 3b
and 3c. Based on the area of the sector for the reference circle given as ωr2C/2, the area of the
sector for the projected ellipse is obtained by scaling the sides of the circle rC and its central
angle ω to that of the projected ellipse with sides a and b and central angle γ (figure 3b and
3c), given as Aelliptic sector =

ab
2
arctan

(
a
b
tan γ

)
.

The total contact area of the ellipsoidal asperity is calculated by integrating an elemental surface
area over the contact boundaries. The position vector r for any point on the surface of the
ellipsoidal asperity is given by equation 9.1 in the spherical coordinates (equation 4.3). Taking
the cross product of the partial differential of r over the spherical coordinates which vary on
the surface, i.e. θ and φ, we get the expression for the elemental surface area vector in equation
9.2. Taking the magnitude of the surface area vector we obtain the integrand/elemental area
in equation 9.3. The elemental area is integrated from 0 to π, over dθ and 0 to φC , over dφ.
On expanding the integral we obtain an expression which can be summed over smaller weights,
using the Gauss-Chebyshev integration scheme, as given in equation 9.4 [38] and [39].

Y (x, y) =

(
− R

2P
Yy,

√
PT

R
4

2 − PQ

)
;X (x, y) =

(√
QT

R
4

2 − PQ
,− R

2Q
Xx

)
;

P = (bcosβ )2 + (asinβ )2; Q = (bsinβ )2 + (acosβ )2; R =
(
a2 − b2

)
sin2β ;T = −a2b2

(8.1)

Ayz = ASMNL = AOSN − A∆ONS

AOSN = 2

(
1

2
Yyc arctan

(
Ny

c− d

Yy

c

))
;A∆ONS = 2

(
1

2
Ny (c− d)

)
(8.2)

Axz = ASNL = AOSN − A∆ONS

AOSN = 2

(
1

2
Yxc arctan

(
Nx

c− d

Yx

c

))
;A∆ONS = 2

(
1

2
Nx (c− d)

)
(8.3)

Axy = πaxay/2 (8.4)

r = xî+ yĵ + zk̂ = acosθ sinφ î+ bsinθ sinφ ĵ + ccosφ k̂ (9.1)

dA∆ =
∂r

∂ (θ, φ)
=

∂r

∂θ
dθ × ∂r

∂φ
dφ =

(
bccosθsinφ î+ casinθ sinφ ĵ + abcosφ k̂

)
sinφ dθdφ

(9.2)

AC =

∮ π,φC

0

dA∆ = 2bc

∫ π
2

0

√
B (θ)

(∫ 1

H

√
1 + F (θ)u2du

)
dθ =

ab

2

∫ 1

−1

f (v)√
1− v2

dv =
ab

2

n∑
i=1

wif (xi)

u = cosφ , v = sinθ , H = cosφC ;wi =
π

i
, xi = cos

(
2i− 1

2n
π

)
= t

B (t) = 1−
(
1− a2

b2

)
t2; F (t) =

a2

c2

(
1

B (t)

)
;G (t) =

√
H2 + (1−H2)

c2

a2
B (t)

f (t) = 1−HG (t) +
c

a

√
B (t)

F (t)
arcsinh

(
a

c

√
F (t)

B (t)
(G (t)−H)

)
(9.3)
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2.5 Integrating the total forces

To compute the total force acting on an ellipsoidal asperity ploughing through the substrate
at a ploughing depth d or under an applied load N , the force acting on each elemental area
is integrated over the boundaries of contact area of the ellipsoidal asperity. Mathematically
this can be expressed as the product of the contact pressure/shear stress and surface integral
of the contact area over the flow boundaries. The limits of integration correspond to angular
coordinates of the asperity along the positive x, y and z axis. Both the ploughing force due
to the deformation pressure of the perfectly plastic substrate acting along the surface normal
vector and the ploughing force due to shearing of the interface acting along the surface tangent
vector along plastic flow have three components in x, y and z axes. The individual components
and the total force in the 3 Cartesian coordinate axes are given in equation 10.1-10.7.

F pl
x = ppl

∮ N

S,L

dA∆n̂.̂i = ppl

∫ φC

0

∫ θN

θS

|m(θ, φ)| dθdφ

⇒ F pl
x = pplc(φC − cosφC sinφC )(acosθN sinβ + bsinθN cosβ)

(10.1)

F pl
y = ppl

(∮ M

S,L

dA∆ −
∮ M

N,L

dA∆

)
n̂.ĵ

= ppl

(∫ φC

0

∫ θM

θS

|l(θ, φ)| dθdφ−
∫ φC

0

∫ θM

θN

|l(θ, φ)| dθdφ
)

⇒ F pl
y = pplc (φC − cosφC sinφC ) (acosθN cosβ − bsinθN sinβ)

(10.2)

F pl
z = ppl

∮ N

S,L

dA∆n̂.k̂ = ppl

∫ φC

0

∫ θN

θS

|n (φ)| dθdφ

⇒ F pl
z = πab (1− cos (2φC) ) /4

(10.3)

F sh
x = −τ sh

∮ N

S,L

dA∆t̂.̂i = −τ sh

∫ φC

0

∫ θN

θS

|f (θ, φ)| dθdφ (10.4)

F sh
y = −τ sh

(∮ M

S,L

dA∆ −
∮ N

M,L

dA∆

)
t̂.ĵ

= −τ pl

(∫ φC

0

∫ θM

θS

|g(θ, φ)| dθdφ−
∫ φC

0

∫ θN

θM

|g(θ, φ)| dθdφ
) (10.5)

F sh
z = −τ sh

∮ N

S,L

dA∆t̂.k̂ = −τsh

∫ φC

0

∫ θN

θS

|h (θ, φ)| dθdφ (10.6)

Fx = F pl
x + F sh

x ;Fy = F pl
y − F sh

y ;Fz = F pl
z + F sh

z ;F =
√

F 2
x + F 2

y + F 2
z (10.7)

2.6 Forces acting on an elliptic-paraboloid shape asperity

Next to the ellipsoidal asperity analysed above, here an elliptic-paraboloid shaped asperity will
also be discussed as it is used in models in [3], [28] and [35]. An elliptic-paraboloid shaped
asperity centred at the origin in Cartesian coordinate system, with the elliptic base located at
a height c whose axes size are given as a and b along the x and y direction, is expressed in
equation 11.1 and shown in figure 4. Its ellipticity ratios are ex = a/ρ and ey = b/ρ along the x
and y direction respectively where ρ is the reference radius of the base (axial distance). Because
of mathematical simplicity, the elliptic-paraboloid has been expressed in the polar coordinate
system for further calculations. The points on the elliptic-paraboloid are now written as a
function of spherical parameters such as height parameter u = z/c and azimuthal angle ϕ
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Figure 4: An elliptic-paraboloid shape asperity, with base axes of size a and b and height c,
oriented at an angle β w.r.t. sliding direction x and ploughing depth h (contact region marked
with lines) [28]

in equation 11.2. Like the ellipsoidal asperity, the points on an elliptic-paraboloid asperity
oriented at an angle β with the sliding (x) direction in the sliding (xy) plane are obtained by
multiplying the rotation matrix R to the x and y coordinates of the elliptic-paraboloid as given
in equation 11.2 and 11.3.

x2

a2
+

y2

b2
=

z

c
(11.1)

x = a
√
ucosϕ ; y = b

√
usinϕ ; z = cu∀ ϕε [0, 2π] anduε [0, 1] (11.2)

xr = (acosϕ cosβ − bsinϕ sinβ )
√
u; yr = (acosϕ sinβ + bsinϕ cosβ )

√
u; zr = cu (11.3)

l (ϕ, u) = c (asinϕ cosβ + bcosϕ sinβ )
√
u (12.1)

m (ϕ, u) = c (asinϕ sinβ − bcosϕ cosβ )
√
u (12.2)

n = −ab

2
(12.3)

f (ϕ, u) =

√
n2 + l(ϕ, u)2 =

√(
−ab

2

)2

+
(
c (asinϕ cosβ + bcosϕ sinβ )

√
u
)2 (12.4)

g (ϕ, u) =
l (θ, u) ∗m (θ, u)

f (θ, u)
=

(c (asinϕ cosβ + bcosϕ sinβ )
√
u ) (c (asinϕ sinβ − bcosϕ cosβ )

√
u )√(

−ab
2

)2
+ (c (asinϕ cosβ + bcosϕ sinβ )

√
u )

2

(12.5)

h (ϕ, u) =
n(θ, u) ∗m (θ, u)

f (θ, u)
=

(
−ab

2

)
(c (asinϕ sinβ − bcosϕ cosβ )

√
u )√(

−ab
2

)2
+ (c (asinϕ cosβ + bcosϕ sinβ )

√
u )

2
(12.6)

Likewise the projected areas in the xy, yz and zx planes are done by a coordinate
transformation on the expressions derived in the Cartesian coordinate system C(x,y, z) to
the polar (cylindrical) coordinate system P (ϕ, u,ρ) using the Jacobian, JP

C = det |∂C/∂P |.
The Jacobian transformation of the projection of the elemental areas dAxy, dAxz and dAyz in
given terms of functions of the variables ϕ and u (β being constant) which are listed in the
equation 12.1-12.6 respectively (similar to equation 6.1-6.6).
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Integrating the total forces over the contact boundaries which have coordinates N and S for
end points of plastic flow and M for the point of flow separation the in the elliptic contact plane
we obtain the components of the total forces as given in equation 13.1 - 13.6. They are defined
in the same way as given section 2.3 with same height z = h, i.e. uC = h/c and the azimuthal
angle ϕ corresponding to N, M and S given by ϕM , ϕN and ϕS and the point L with ϕL = 0
and u = 0. h also corresponds to the ploughing depth.

F pl
x = ppl

∮ N

S,L

dA∆n̂.̂i = ppl

∫ uC

0

∫ ϕN

ϕS

|l(θ, u)| dθdu

⇒ F pl
x = ppl

(
4

3
c

)(
h

c

) 3
2

(acosϕN sinβ + bsinϕN cosβ )

(13.1)

F pl
y = ppl

(∮ M

S,L

dA∆ −
∮ M

N,L

dA∆

)
n̂.ĵ

= ppl

(∫ uC

0

∫ ϕM

ϕS

|m(θ, u)| dϕdu−
∫ uC

0

∫ ϕM

ϕN

|m(θ, u)| dϕdu
)

⇒ F pl
y = ppl

(
4

3
c

)(
h

c

) 3
2

(acosϕN cosβ − bsinϕN sinβ )

(13.2)

F pl
z = ppl

∮ N

S,L

dA∆n̂.k̂ = ppl

∫ uC

0

∫ ϕN

ϕS

|n| dϕdu =⇒ F pl
z =

πabh

2c
(13.3)

F sh
x = −τ sh

∮ N

S,L

dA∆t̂.̂i = −τ sh

∫ uC

0

∫ θN

θS

|f (ϕ, u)| dϕdu (13.4)

F sh
y = −τ sh

(∮ M

S,L

dA∆ −
∮ N

M,L

dA∆

)
t̂.ĵ

= −τ pl

(∫ uC

0

∫ θM

θS

|g(ϕ, u)| dϕdu−
∫ uC

0

∫ θN

θM

|g(ϕ, u)| dϕdu
) (13.5)

F sh
z = −τ sh

∮ N

S,L

dA∆t̂.k̂ = −τ sh

∫ uC

0

∫ ϕN

ϕS

|h (ϕ, u)| dϕdu (13.6)

3 Results and discussion

Forces due to ploughing are calculated for the cases of both constant load as well as constant
ploughing depth. The components of the forces obtained from equation 10 and 13 are
normalized by F pl

z = pplAxy which remains constant ∀β as the projected area in the xy plane
Axy remains constant ∀β. The five force ratios are represented as µp

x = F pl
x /F pl

z ,
µs
x = F sh

x /F pl
z , µp

y = F pl
y /F pl

z , µp
y = F sh

y /F p
z and µs

z = F sh
z /F pl

z . The sign of µ represents the
direction on the corresponding Cartesian coordinate axis. The angle made by the
major/minor axis with respect to the sliding direction, βε

[
0, 900

]
for all possible

orientations. The ploughing depth d for load controlled ploughing is found from the contact
radius az = Axy/πexey of the reference sphere for the ellipsoid as d = r −

√
r2 − a2z.

The shear strength of the contact interface, τsh varies from 0 for a frictionless contact to the shear
strength of the bulk, κ for an perfectly uncontaminated surface. The ratio of the interfacial
shear strength to bulk shear strength is the interfacial friction factor, f = τsh/κ, fε[0, 1].
According to Tresca and von Mises failure criterion, a metal fails in pure shear when the shear
stress, exceeds its shear strength which is ½ or 1/

√
3 times the uniaxial yield strength, σy
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respectively. Now as per Tabor, the hardness H of most plastically deforming metals is 2.8 to 3
times their σy [40]. Expressing shear strength as a function of hardness, we have κ = H/3

√
3

and f = 3
√
3Mu, Mu = τsh/H. For Mu∈(0 to 1), f ∈ (0 to 0.18). In the results presented

below, a rigid-plastic substrate in a dry, uncontaminated and perfectly smooth contact with
the asperity is assumed. Thus we have ppl = H and τsh = H/3

√
3 [3]. The hardness is

H = 450MPa.

3.1 Depth controlled ploughing results comparison

Initial comparisons on the forces acting on the asperities as a function of asperity size and
orientation are drawn between both the studied geometries of elliptic-paraboloid and ellipsoid
using results from depth controlled ploughing. Further comparisons are drawn using the depth
controlled ploughing results for elliptic-paraboloid shaped asperity approximated as hexagonal
pyramids in de Rooij et al [29] and [3]and ellipsoid shaped asperity approximated as spherical
asperity in Conry et al. [8] where both the current and the compared models use plasticity
theory to obtain the forces acting on the asperity. The following comparisons have been done
to validate the results of the analytical model before further explaining the results in section
3.2 using load controlled ploughing.

Comparison of ellipsoid with elliptic-paraboloid shape asperity.

Figure 5: Variation of forces normalized with force acting in the z direction, µ with (a) angle of
orientation β (b) and contact axis size in x− sliding direction due to ploughing of an elliptic-
paraboloid shape asperity and ellipsoid shape asperity (shown with markers of same colour)
with reference radius c = 500 µm, both having same contact size and ploughing depth of
100µm.

The variation of forces acting on a elliptic-paraboloid shaped asperity sliding through a rigid
plastic has been resolved in all three axis and normalized with the force in z-direction is given
in figure 5. Figure 5 also compares the forces obtained for an ellipsoid with the same
ploughing depth and contact axis size and shows near perfect match for both the geometries.
This results from the parabolic approximation of the spherical contact radius (reference radius
R) a =

√
2Rd− d2 ≈

√
2Rd, for smaller ploughing depths d. It must be noted that the

d = 100µm in figure 5 is in the very high and of comparable order to the asperity reference
size R = 500µm. As the ploughing depth approaches the reference radius of the ellipsoidal
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asperity or its ellipticity ratio increase to a very high value, the forces on it deviates from that
of the elliptic-paraboloid. However, for most physical ploughing depths and ellipticity ratios,
both elliptic-paraboloid and ellipsoid shaped asperities have the same variation in forces with
orientation and size of the asperity.

To compute the forces acting on an elliptic-paraboloid shape asperity ploughing at a given
depth, the length of the axes of the contact patch ax and ay and the orientation in the sliding
plane β must be defined. Mathematically, an ellipsoid requires an additional parameter, the
reference radius to define its geometry compared to the elliptic-paraboloid in computing forces
in ploughing. Further, due to the closed surface geometry, the penetration depth for an ellipsoid
is restricted to its axes size in z direction unlike elliptic-paraboloid in case of real asperities.
The variation in the forces with size and orientation of the asperity shown in figure 5 are further
explained in section 3.2. The study in section 3.2, on the effect of asperity size and orientation
have been considered similar for both the geometries mentioned above.

3.2 Comparison with ploughing by a spherical asperity

Figure 6: Forces on a spherical asperity (of diameter 1 mm) ploughing through a rigid plastic
substrate (a) shown as a schematic of resolution of forces along x and z axis (b) plotted against
angle contact angle φc (indentation depth) shown by solid line for current model and dots for
results from Conry et al. [8].

The analytical model for a spherical asperity ploughing through a substrate, given in [8]
computes the total force on the asperity by integrating the force on an elemental area of the
sphere with radius r as shown in figure 6a. As mentioned in Conry et al. [8], the ploughing
component of the lateral force (Ff ) necessary to maintain sliding of an elemental surface area
dA = r2sinφ dφdθ is given as dF p

x = pplsinφ cosθ dA while that of the ploughing component
the normal force (N ) necessary to maintain the load balance is given as dF p

z = pplcosφ dA.
The shear component of the lateral force is given as dF s

x = (sI |sinθ | + sIIcosθ cosφ )dA and
that of the normal force is given as dF s

z = (sIIsinφ )dA, where sI and sII are the shear
components along the tangent to the intersection between the latitude plane and the sphere
and the tangent to the intersection of meridional plane and sphere respectively. The
components of τsh which acts opposite to the direction of relative tangential surface velocity
at the elemental area, is given by equation 14.5. The elemental forces were integrated over the
surface of the sphere in contact with the plastically deforming substrate (frontal half) with
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ploughing depth d, i.e. θε(−π/2, π/2) and φε(0, φC), where φC = arccos(1− d/r) . The
components of total force in the x and z axes are given in equation 14.1-14.4.

The results obtained from equation 14 are plotted in the figure 6b against that obtained by
simplifying an ellipsoidal asperity into a sphere (ex = 1, ey = 1, c = r) for varying penetration
depths d and hence angles φC . It can be seen that all the components of the forces due to
plastic deformation of the substrate and interfacial shear along lateral and normal directions
gives a perfect fit with the results obtained from [8].

F p
x = −pplr

2 (φC − sinφC cosφC ) (14.1)

F s
x = −2τ shr

2

∫ π
2

0

∫ φC

0

sinφ

√
sin2θ + cos2θ cos2φ dφdθ (14.2)

F p
z =

π

2
pplr

2(sinφC )2 (14.3)

F s
z = −τ shr

2
(
sinφC − (cosφC )2ln (secφC − tanφC )

)
(14.4)

sI =
τsh |sinθ |√

(sinθ )2 + (cosθ cosφ )2

sII =
τshcosθ cosφ√

(sinθ )2 + (cosθ cosφ )2

(14.5)

3.3 Comparison with ploughing by a hexagonal-pyramidal asperity

In the work by de Rooij et al. [19], the hexagonal pyramidal shaped asperity was divided into
three sections consisting of two pyramids with a triangular base and a prism/ pyramid with
a rectangular base, as shown in figure 7a and b. The base of the triangles of the constituting
hexagonal base is given as l, while the their altitude are given as wI and wIII . The distance
between the sides central parallelogram section of the hexagon is given as wII . The height of the
pyramid is given as h. The hexagon is now scaled into an ellipse oriented at an angle β along
the sliding direction as shown in figure 7c. The dimensions l, wI and wIII of the hexagonal
asperity are then scaled into an ellipse using the scaling factor, c as given in equation 15.1
The friction forces (along the sliding plane) on the hexagonal-pyramidal asperity oriented at an
angle α to the sliding direction, ploughing through a rigid substrate is given in equation 15.2
-15.5 by combining the forces on the individual sections I, II and III.

Van der Linde [3] and de Rooij [29] used the description above to calculate ploughing forces on
a single asperity. In order to compare the results from [3] and [29] with the current model, the
ploughing depth h and axes sizes of the elliptic contact patch of the asperity a and b are chosen
as h/b = 0.1 and 0.25 and a/b = 1.5 and 10 respectively. It can be seen from figure 8 that the
results from the current model and from [3] and [29] mostly match. The coefficient of friction
due to the plastic flow pressure of the substrate in the sliding x direction matches in both the
models. However, the maximum coefficient of friction in the y direction, for asperities with high
ellipticity ratios, in case of de Rooij et al. [29] is higher than that obtained from the current
model (see figure 8c and d). The higher maxima in coefficient of friction for results obtained
from [29] and [3] could be explained due to the higher asymmetry in case of the hexagonal
pyramid scaled to an elliptic-paraboloid with a high ellipticity ratio. Similarly the coefficient of
friction due to shearing in the x direction is lower than the results obtained by van der Linde [3]
as compared to the current model due to possible reduction in horizontal projection of contact



B18

Figure 7: (a) A hexagonal-pyramidal asperity with (b) dimensions of a hexagon base oriented
at an angle α to y axis and its fitting to an (c) elliptic base of an asperity oriented at angle β
with respect to x axis [29].

area Axy in the hexagonal approximation of the ellipse. The vertical projected shape for van
der Linde’s model changes with β from a triangle to a trapezoid (figure 7a) diverging from the
elliptic approximation of the surface height for the current model and thus leads to a difference
in Axz and Ayz between the two models and so between the force components.

cscale = −lwII +

√
l2w2

II + πabl (wI + wIII)

l (wI + wIII)
(15.1)

F p
x = −pplh

(
1

2
wI + wII +

1

2
wIII

)
(15.2)

F s
x = −τsh

2

(√
(wI l)

2 + h2(l + wI tanα )2 + 2wII

√
l2 + h2tanα +

√
(wIII l)

2 + h2(l − wIII tanα)
2

)
(15.3)

F p
y = −pplhtanα

(
1

2
wI + wII +

1

2
wIII

)
(15.4)

F s
y = τshh

2

 0.5wI (l + wI tanα )√
(wI l)

2 + h2(l + wI tanα )2
+

wII tanα√
l2 + (htanα )2

− 0.5wIII (l − wIII tanα )√
(wIII l)

2 + h2(l − wIII tanα )2


(15.5)
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Figure 8: Comparison between the friction coefficients as a function of asperity orientation β
obtained from depth controlled friction model (including interfacial friction factor f = 0.18)
(solid lines) and van der Linde model [3] and [29] (dots of same colour) for (a) a/b = 1.5 and
h/b = 0.1 (b) a/b = 1.5 and h/b = 0.25 (c) a/b = 10 and h/b = 0.1 and (d) a/b = 10 and
h/b = 0.25.

3.4 Load controlled ploughing results discussion
The effect of asperity size, shape and orientation on the forces acting on an asperity ploughing
through a rigid-plastic substrate is shown separately and simultaneously in this section. Con-
cluding from section 3.1.1, the results are valid both for elliptic-paraboloid and ellipsoid asper-
ities at the given applied loads.

3.4.1 Variation with angle of orientation, β

The effect of asperity orientation β on the forces due to ploughing is shown in figure 9 for
different axes sizes in the sliding direction, a. The component of the force on the asperity due
to plastic flow pressure is always opposite to the component of its applied load in the given
direction. Hence, for ex > 1, F pl

x is in −x direction and F pl
y is in +y direction. It can be seen

that the direction of the force due to plastic flow changes direction in y direction as a reduces
and a < b, i.e. ex < 1. The point of separation of the plastic flow, for β ∈ (0◦, 90◦) has −y
coordinate for ex < 1 and moves to +y coordinate for ex > 1. Force component F pl

x increases
with the projected area in the yz plane Ayz. Thus, F pl

x increases with β for ex > 1 while it
decreases with β for ex < 1 . The maximum F pl

y is for β ∈ (0◦, 45◦) for ex > 1 and maxima
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shifts from 450 to 00 as ex increases. The exact opposite happens for ex < 1 as ex decreases.
F pl
y = 0 at β = 0◦ and 90◦ due to symmetry of asperity w.r.t. x axis.

The forces due to the interfacial shear stress in x and y direction doesn’t vary as much with β
as the forces due to the plastic pressure. As shown in figure 9, µsh

x varies around
0.2 ≈ 1/3

√
3 = τ/H as the major component of the force F sh

x comes from the interfacial shear
on Axy resulting in µsh

x ≈ τ/H. However, F sh
x marginally decreases or increases with β for

ex > 1 and ex < 1 respectively. This is because of the corresponding change in Axz with β as
seen from equation 3.3 and 6.4. The contribution of Axz to F sh

x is lower compared to that of
Axy for smaller depths d and ex closer to unity as Axz < Axy. However, as d increases and ex
diverges from unity i.e. ex � 1, ex � 1, change in Axz dominates equation 6.4 and F sh

x varies
more with β as seen in figure 8a. Force F sh

y diminishes at β = 00 and β = 900 orientation due
to symmetry of plastic flow on the xz plane. For β ∈ (0◦, 90◦) and ex closer to unity F sh

y has
a negligible contribution to Fy. For larger ex, i.e. ex � 1, F sh

y becomes more predominant and
has a maxima for β ∈ (45◦, 90◦) which shifts from 45◦ to 0◦ as ex > 1 increases. The exact
opposite happens for ex � 1 as ex decreases. Force F sh

z increases in a similar fashion to F pl
x ,

because in both cases Ayz increases (equation 3.2 and 3.3). The direction of force due to
interfacial shear stress is always in the opposite direction of the relative tangential velocity of
the asperity with the plastic flow in the substrate. Hence for ex > 1, F sh

x is in −x direction,
F sh
y is in −y direction and F sh

z is in −z direction. The direction of F sh
y reverses for ex < 1.

The components of forces for an ellipsoidal asperity with varying shape i.e. increasing ex while
keeping a constant cross sectional area with exey = 1 is shown in figure 10. The forces vary
similarly as to the case shown in figure 9c and 9d for ex > 1. The change of the components of
forces for the 3 axes are more pronounced compared to cases with increase in size in only one
direction (ex) due to the increased asymmetry of the asperity since in case of exey = 1 by the
simultaneous increase in ex and decreases in ey. Thus it can be concluded from figure 10 that
smaller asperity size leads to the larger normalized forces due to higher penetration depth. Also
from figure 10 it can be seen that the effect of β on the forces acting on the asperity becomes
more pronounced for higher ellipticity ratio (asymmetry).

3.4.2 Variation with axes sizes (ellipticity ratios) ex and ey

An ellipsoidal asperity with one of their axis along the sliding direction are axisymmetric with
respect to the plastic flow in the xz plane due to which, F pl

y = 0 and F sh
y = 0. Four cases

have been considered for such asperities where the size of each axis in the sliding plane xy is
increased individually, simultaneously and reciprocally from e ∈ (1/4, 4). The ploughing depth
d, decreases for ellipsoidal asperities where the axis size is increased individually. The decrease
in d with increase in ex reduces Ayz, thereby reducing F pl

y (see figure 11a and 11b). In case
of an increase in ey, the decrease in ploughing depth is nullified by an increase in Ayz. Thus,
F pl
x decreases with increase in ey at a lower rate as compared to increase in ex. The force F sh

x

decreases marginally with an increase in ex as the reduction in ploughing depth and increase in
ax nullifies the change in Axz and Axy with ex. However, with increase in ey, the penetration
depth decreases, with constant ax and thus Axz decrease and hence F sh

x decreases rapidly with
ey for lower ey. On the other hand, F sh

z decreases rapidly with ex as it is predominantly a
function of Ayz which decreases with ploughing depth. The decrease in F sh

z with ey is lower
compared to ex as the decrease in ploughing depth is nullified by the increase in ay resulting in
constant Ayz.
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Figure 9: Variation of forces, normalized with normal load, µ with angle of orientation β due to
ploughing of an ellipsoidal asperity with c = 200 µm under an applied load 2N with the axes
size in x− sliding direction (a) ex = 0.25, (b) ex = 0.5, (c) ex = 2 and (d) ex = 4, and ey = 1.

Figure 10: Variation of forces, normalized with normal load, µ with angle of orientation β due
to ploughing of an ellipsoidal asperity with c = 200 µm under an applied load 2N with the axes
size in x− sliding direction as a reciprocal of the axes size in y−direction exey = 1 (a) ex = 2
and (b) ex = 4.

The effect of simultaneous increase in ex and ey results in the combination of effects of individual
increase in ex and ey and hence magnification of the components of forces with respect to axis
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Figure 11: Variation of forces, normalized with normal load, µ with axis size due to ploughing
of an ellipsoidal asperity oriented along the x− sliding direction with c = 200 µm under an
applied load 2N where axis size increases in (a) x direction only (b) y direction only (c) x
direction as reciprocal of y direction and (d) both x and y direction.

sizes (see figure 11c). In the case of ellipsoidal asperity where one axis (ex) increases while the
other (ey) decreases as its reciprocal, Axy and hence d remains constant with ex. The force
F pl
x decreases with increase in ex due to the decrease in ey and hence Ayz. Following equation

3.3, F sh
x increases with ex due to increase in Axz. Similarly, the force component F sh

z decreases
with ex due to the increase in ey and hence Ayz. Unlike the previous cases where the increase
in ellipsoid size was coupled with decrease in d to change the projected areas and forces, for
exey = 1 the forces and the projected areas vary with the axes size only (constant d).

3.4.3 Variation with angle of orientation and axis size

It can be seen from the contour plots in figure 12 that both the normalized forces are symmetric,
although in different magnitude, along the line ex = 1, as variation of normalized forces for
rotation of an ellipsoid with initial ex > 1 from β = 0◦ to 90◦ is the same as that for the rotation
of the ellipsoid with ex = 1/ey < 1 from β = −90◦ to 0◦. The maxima for F pl

x and F sh
z , both

of which are functions of Ayz (equation 3.3) is obtained at β = 90◦ for ex > 1 and at β = 0◦

for ex < 1, as shown in figure 12a and 12e. On the contrary, the maxima for F sh
x , which is a

function of Axz (equation 3.3) is obtained at β = 0◦ for ex > 1 and at β = 90◦ for ex < 1,
as shown in figure 12c. The maxima for F pl

y shifts towards 0◦ with an increase in ellipticity
ratio, as shown in figure 12b. F sh

y acts opposite to the direction of F sh
p resulting from plastic

pressure, and thus along the shear flow. So, the maxima for F pl
y shifts towards 90◦ with an
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Figure 12: Contour plots represent components of normalized force µ due to plastic pressure
in (a) x and, (b) y axes and due to interfacial shearing in (c) x, (d) y and (e) z axes plotted
against axis size ( exey = 1) and angle of orientation β along the x− sliding direction with
c = 200 µm under an applied load 2N .

increase in ellipticity ratio, although with much lower rate compared to F sh
y , as shown in figure

12d. Further, the change in all the forces increases w.r.t. β as ex diverges from unity, leading
to more asymmetry.

The developed analytical model has been used to study and evaluate the variation in
components of total force (friction) along the coordinate axes, acting on elliptic-paraboloid
asperities with varying sizes, ellipticity ratios and orientations. An elliptic-paraboloid asperity
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with given geometrical parameters of reference axis size c, ellipticity ratios (ex, ey), orientation
β and penetration/contact depth d can be used to describe the contact of single asperity
summit on a rough surface. The asperities in the contact of an (anisotropic) rough tool
surface with a smooth, soft substrate can be mapped as a combination of differently shaped
and differently oriented elliptic contact patches [28] and [26]. In this way, the contact between
a hard/rough and a smooth/soft surface can be analysed by describing asperities by a set of
(ellipsoids) elliptic paraboloids, where the forces and scratch depth can be calculated by
applying the theory developed to a single asperity.

4 Conclusion

An analytical model to study the effect of geometry of an elliptic-paraboloid and ellipsoid
shaped asperity ploughing through a rigid-plastic substrate has been developed. The model
has calculated the components of force acting on the asperity, resolved in the three Cartesian
coordinates axis, due to the plastic deformation of the substrate and interfacial shear at the
contact. The effects of asperity orientation with sliding direction and axes sizes have been
studied and discussed separately and simultaneously for both load and depth controlled
ploughing. The model has also been verified with similar versions of analytical models for
elliptic-paraboloid shaped asperities available in the literature [3], [29] and spherical asperity
available in [8]. The analytical model is suitable to compute forces acting on an asperity
ploughing through a rigid plastic substrate where there is no material removal from the
substrate.
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Abstract

A material point method (MPM)-based numerical model has been used to study the effect of
asperity size and orientation relative to sliding direction on the ploughing behaviour of a
rigid, ellipsoidal asperity. Based on the simulated ploughing behaviour, an analytical model
has been extended to calculate the ploughing depths over the wear track and compute the
forces acting over the contacting surface of an ellipsoidal asperity sliding through a
rigid-plastic substrate. The analytical model results have been compared with the MPM
model results. The MPM model results are also validated to be in good agreement with the
friction forces and ploughing depths measured from the ploughing experiments on lubricated
steel sheets with ellipsoidal indenters up to certain sizes and orientations.

Keywords: Friction modelling, Ellipsoidal asperity, Ploughing, Multi-asperity.
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Nomenclature of symbols

A Contact area of the asperity with
substrate

a Major axis of base of elliptic asperity

A∆ Area of the surface element ad ±
am

Designed axes length ± avg. devia-
tion

Axy Projected area in xy-plane ax Major axis of elliptic contact patch
in x-axis

Axz Projected area in xz-plane ay Minor axis of elliptic contact patch
in y-axis

Ayz Projected area in yz-plane az Reference contact radius
C Centre of the elliptic contact base b Minor axis of base of elliptic asperity
C Cartesian coordinate system:

(x, y, z)
c Height of the elliptic asperity

Cp Coefficient: Interfacial shear-
pressure relation

d/dp Penetration/ploughing depth of the
asperity

H Hardness of the rigid-plastic sub-
strate

dg Groove depth

F Total force vector acting on the slid-
ing asperity

d0 Ploughing depth in front of the as-
perity along the x axis

F p Force on the asperity due to plastic
deformation

d+y Ploughing depth at the periphery
of the asperity on the +y axis (i.e.
point N)

F s Force on the asperity due to interfa-
cial shear

d−y Ploughing depth at the periphery
of the asperity on the −y axis (i.e.
point S)

Fx/y/z Force in the x, y or z direction dS Total ploughing depth at point S.
I Identity matrix ex Ellipticity ratio of asperity in x-axis
J Jacobian transformation matrix ey Ellipticity ratio of asperity base in

y-axis
K Bulk modulus f Ratio of interfacial and bulk shear

strength
L End point of contact in z axis hpu Pile-up height
LSN
x Projected length of arc SN in the x

axis
l Ratio of ref. pile-up height and

groove depth
M Plastic flow separation point in con-

tact plane
m Slope of a point on contact plane

N Normal force acting on the asperity n Fitting factor to calculate pile-up
height
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Nomenclature of symbols

N Contact end point in contact plane
in +y axis

o Fitting factor to calculate groove
depth

O Centre of the ellipsoidal asperity np Exponent: Interfacial shear-pressure
relation

Ra Mean surface roughness p Fitting factor to calculate ploughing
depth

Rq Root mean squared surface rough-
ness

ppl Contact pressure due to plastic de-
formation

S Spherical coordinate system:
S(r, θ, φ)

q Fitting factor for distribution of
ploughing depth at either sides of
asperity’s periphery

S Contact end point in contact plane
in −y axis

r Reference radius of the asperity

_

SN Arc (_) SN: semi-elliptic contact
boundary

u 1st fitting factor for interfacial shear
force

T Temperature vs Sliding velocity
Xx Axis length of ellipsoid projected in

x-axis
v 2nd fitting factor for interfacial shear

force
Yy Axis length of ellipsoid projected in

y-axis
w Fitting factor for net interfacial

shear force
β Angle of orientation of asperity in

xy-plane
α Volumetric deformation

γ Sector angle subtended by arc
_

SL at
O

τsh Shear strength of the interface

θ Azimuthal angle in spherical coordi-
nates

σhyd Hydrostatic (volumetric) stress

φ Polar angle in spherical coordinates σBL
y Yield stress by Bergström van

Liempt model
κ Shear strength of the substrate

(bulk)
σy Uniaxial yield stress

µ Ratio of force on asperity and ap-
plied load

ε Plastic strain

δ Separation between asperity and
substrate.

ε̇ Plastic strain rate
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1 Introduction

The geometry of an asperity plays a significant role in determining the forces acting on it
while sliding through a substrate. Thus, a wide range of asperity geometries ranging from two
dimensional wedges and cylinders [1] and [2] to three dimensional pyramids (with square and
hexagonal bases) and spheres have been analysed in terms of frictional forces while ploughing
through a substrate. Mathematical models have provided a great deal of support in
understanding the effects of asperity geometry on friction during sliding. Both analytical and
numerical models have been used to simulate the ploughing behaviour of a rigid-asperity
sliding through a substrate [3], [4] and [5]. The friction in a system of two surfaces sliding
relative to each other has been attributed to the plastic deformation of the asperities on the
surface of the contacting bodies and shearing of the contact interface [6]. In sliding of an
asperity through a substrate, ploughing is defined as displacing material from the sliding path
of the asperity, without involving any actual material removal.

Some of the initial work on the effect of asperity geometry on the friction force was done by
Bowden and Tabor [6], by analysing a spade, a cylinder and a sphere-shaped steel tool when
ploughing through a metallic surface. Challen and Oxley [1] computed steady state solutions
for the coefficient of friction for a two dimensional wedge shaped asperity sliding against a
soft substrate based on Green’s slip-line field theory [7]. Hokkirigawa and Kato [8] mapped the
friction and wear in sliding of a spherical asperity as a function of ‘degree of penetration’, defined
as the ratio of penetration depth and contact length and ‘interfacial friction factor’ defined as
the ratio of interfacial shear strength and shear strength of the substrate. They modified
the expressions for coefficient of friction by correcting the degree of penetration for three-
dimensional, spherical asperities using an experimental fitting factor. The spherical asperity
geometry was also assumed by most statistical contact models in modelling contacting surfaces
[9]. Such an assumption is useful only in describing isotropic surfaces but cannot be easily
extended to model anisotropic surfaces with variable asperity geometries. According to [10] and
[11], anisotropic rough surfaces can be best described by elliptical asperities, with the contact
being mapped as a set of elliptic patches. In order to compute friction using a multi-asperity
model, it is important to model contacting asperities as ellipsoids and elliptic paraboloids based
on the asperity height distribution and contact mapping [10], [12] and [13].

Initial work to build analytical ploughing models [14] for calculating forces acting on an elliptical
asperity while sliding through a substrate was done by van der Linde [4] and [15], where a
hexagonal pyramid was approximated by an elliptic-paraboloid shaped asperity. The net force
acting on the contacting faces of the hexagonal-pyramid shaped asperity was calculated from
the force due to the contact pressure, acting along the normal direction into the asperity’s
surface and the force due to the interfacial shear, acting along the tangent to the asperity’s
surface in the direction of plastic flow. The total force, calculated using the material properties
and the unit vectors, was resolved in three dimensions. This approach was extended and
used to calculate the forces acting on ellipsoidal and elliptic paraboloid shaped asperities,
ploughing through a rigid-plastic substrate (having negligible elastic deformation) [16]. The
forces acting on the asperity were shown to be a function of its axes length, ellipticity ratio
and orientation with respect to the sliding direction. The ploughing forces calculated from the
elliptical asperities with reduced geometrical parameters were compared with simpler analytical
models for spherical [3] and hexagonal-pyramidal [5] asperities and were shown to be in close
agreement.
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Analytical models, in spite of being simple and fast cannot be applied to real materials due to
their complex deformation and shear behaviour. Typically, numerical simulations of
single-asperity sliding have been done using finite element (FE) method [17] and [18] and
molecular dynamics (MD) [19], [20] and [21]. However, FE simulations have found modelling
of large scale local plastic deformation in ploughing challenging [22] and [23]. In the available
commercial FE codes, element deletion and adaptive re-meshing techniques are commonly
used to model ploughing using simpler bilinear elastic-plastic material behaviour [24].
Typically, Coulomb friction is used to model interfacial friction in these FE models [25] and
[26]. These in overall hinder the accuracy of the FE models and particularly increase the
computational time. Variations to the standard FE such as crystal plasticity FE methods [27]
and MD [19] have been used to model scratch at a nano-scale on single crystal substrate.
Hence, particle methods such as MD have dealt with challenges of scaling and selection of
interatomic potentials for modelling ploughing at small length scales [28], [29] and [30].
Particle based methods such as smooth particle hydrodynamics (SPH) have also been used to
model ploughing, although without proper experimental validation [31]. Recently, the
material point method (MPM) has been successfully implemented to develop a ploughing
model which has been validated for the coefficient of friction and deformation results using
ploughing experiments [32].

From the available literature it can be seen that neither analytical nor numerical models to
compute the deformation and friction in an elliptical asperity sliding through a metallic
substrate are available. Further, physical validation of the model and an extended study on
the effect of asperity geometry on the ploughing behaviour has not been done using elliptical
(ellipsoids and elliptic paraboloids with an elliptical central cross-section/base in the sliding
plane) indenters.

In this regard, the current work extends the analytical model, introduced in [16], to compute
the ploughed profile and ploughing forces on an elliptical asperity sliding through a rigid-plastic
substrate (with negligible elastic deformation). The present work accounts for the asymmetry
in plastic flow and interfacial shear with varying size and orientation of the asperity to compute
the ploughing depth and the total force over the contacting region of an ellipsoidal asperity.
Both the ploughing depth and the coefficient of friction obtained from the extended analytical
model are compared with the MPM-based model [32], for ploughing of a rigid-plastic substrate
by ellipsoidal asperities of varying size, orientation and applied load. Furthermore, ploughing
experiments have also been performed using elliptical pins with varying size, orientation and
applied load on a lubricated steel sheet. Also the ploughing depths and coefficient of friction
from the MPM-based ploughing model are compared and validated with the results of the
ploughing experiments.

2 Calculating ploughed profile and ploughing forces

Previously an analytical model to compute the forces in ploughing of a rigid-plastic substrate
by an elliptical asperity was introduced in Mishra et al. [16]. The model decomposed the net
force acting on the asperity into the force due to contact pressure and interfacial shear stress
(see Figure 1a). As shown in Figure 1a, the contact pressure due to plastic deformation acted
along the normal direction into the surface while the shear force acted tangential to the
surface along the direction of plastic flow. The surface was divided into infinitesimal small
(tetrahedral) elements and their normal vector and the tangential flow vector were calculated.
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The expressions for the projected area of the surface of the tetrahedral element on the
Cartesian coordinate planes were derived and also expressed in the spherical coordinates. The
boundaries of the asperity-substrate contact and separation of plastic flow into positive and
negative components were obtained from the points on the elliptic contact patch with zero
and infinite slopes m respectively, (see Figure 1b). As shown in Figure 1b, for the contact
patch centred at C on the sliding plane, points N and S mark the end of the
asperity-substrate contact while point M indicates the point of separation of plastic flow into
+y and −y components. The x and y coordinates of N,S and M are given using the contact
lengths CE = ax, CF = ay and angle of orientation β in equation 1. The component of force
in the x, y and z axes, acting on a surface-element is expressed as the product of the
elemental area and the (deformation and interfacial shear) stress along the x, y and z
component of the unit vector corresponding to the stress. The total force due to deformation
and interfacial shear in x, y and z axes are obtained by integrating the elemental forces over
the contact and flow boundaries. The ploughing forces in [23] were calculated by assuming
constant ploughing depth over the elliptic contact plane.

Figure 1: (a) Forces acting on an ellipsoidal cap ploughing through a plastically deforming
substrate at an orientation β with respect to x axis [16] and (b) projection of the asperity-
substrate contact region on the xy-plane. Horizontal lines show region with plastic flow in −y
direction and vertical lines show region with plastic flow in the +y direction. The red box
bounds the contact patch with zero and infinite slopes.

The current model builds on the findings of the analytical model in [16] and extends it to
compute the depth profile and the forces in ploughing by an ellipsoidal asperity. It uses
insights of the MPM-based ploughing simulations of ellipsoidal asperities to study and
develop theoretical understanding of the effect of asperity geometry on the ploughed profile.
Using the applied load, the model computes the initial ploughing depth of the substrate. (The
ploughing depth is then calculated over the ploughed profile using fitting terms obtained from
the ratios of the projected contact lengths, such as p, q and w which are further explained in
section 2.1.1 and 2.1.2. These factors account for the additional pile-up or sink-in due to the
asymmetric distribution of the plastic flow separated around the (arc

_

LM) asperity in the +y
and −y directions, conservation of the distributed plastic flow and resistance or assistance to
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the plastic flow/deformation due to interfacial shear.)
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√
it

s
4
2 − ij

, xN = − s
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jt
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2
y

(1)

2.1 Calculation of ploughed profile
The ploughing depth for a load F applied by a rigid asperity on a plastically deforming substrate
is given by balancing the applied load on contact area A with the stress underneath the asperity,
i.e. hardness of the deforming substrate H as shown in equation 2.1. In this analysis, an
ellipsoidal asperity with its axes along the x, y and z axis, slides in the xy plane with axis
length r along the z direction. Thus its other axes lengths are exr and eyr, where ex and ey are
the ellipticity ratios along the x and y direction respectively. The reference contact length is
taken as az, where the contact length along the x and y axis is given as ax and ay. For a rigid-
plastic substrate, the frontal half of the asperity is only in contact with the substrate during
ploughing, and hence the contact area at a fixed depth is halved as shown in equation 2.1.
The penetration depth d is then computed as the difference between the height of the asperity
c = r, and the separation δ of the centre of the asperity from the surface of the un-deformed
substrate δ =

√
r2 − a2z, as shown in equation 2.2.

HA = F ; A = πaxay/2 = πexeya
2
z/2 (2.1)

d = r −
√

r2 − a2z = r −

√
r2 − 2F

πHexey
(2.2)

However, the ploughing depth for an ellipsoidal asperity oriented at an angle to the sliding
direction cannot be calculated directly from equation 2.2. Due to the skewness and
asymmetry in the ellipsoidal asperity oriented along the sliding direction, the plastic flow due
to deformation and interfacial shear is altered. Hence, the ploughing depth over the ellipsoidal
asperity-substrate contact region is modified and calculated using fitting factors accounting
for variations in the plastic flow. Ploughing is considered as a dynamic, visco-plastic event
where the initial deformation of the substrate is followed by subsequent shearing and plastic
flow of the deformed substrate. Here, the ploughing depth d is calculated as the sum of the
pile-up height hpu and the groove depth dg over the ploughed profile, as shown in Figure 2b
and 2c. The pile-up height hpu0 and the groove depth dg0in measuring the total ploughing
depth d for the spherical asperity (ex = ey = 1) are taken as the reference values in modifying
the ploughing depth (pile-up height and groove depth) due to plastic deformation for an
ellipsoidal asperity. The ratio of hpu0and d is taken as l.

2.1.1 Change in ploughing depth due to plastic deformation

Piling-up of deformed substrate in front of the asperity significantly affects the ploughing depth
and forces. Here, the effect of asperity geometry on pile-up height will be discussed in terms
of slope of asperity in the sliding (xy and xz) planes and projected area in the (yz) plane
perpendicular to sliding. As an ellipsoidal asperity, with its major axis in the sliding direction
(x-axis), is rotated in the sliding plane (see Figure 2a), the projected length of its major axis in
x-direction, Lx decreases while that in y-axis, Ly increases. Firstly, the contact area projected
in the yz-plane increases with increase in Ly resulting in increasing the resistance to plastic flow
in the x-direction (see Figure 2c and 2d). This results in increased deformation of the substrate
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Figure 2: Projection of ellipsoidal contact region (a) in the xy plane with projected lengths
of the major axis Lx and Ly in x and y axis for two asperity orientations β1 (blue) and β2

(grey); (b) in the xz plane showing the slope in the xz plane mxz (shown using orange arrow),
curvature in the xy plane 1/rxy (rxy shown using black arrow) and the direction of plastic flow
around the asperity in xy plane (dashed arrow) and under the asperity in xz plane (dotted
arrow). (c) Projection of the ellipsoidal asperity in the yz plane showing effect of orientation
β = 0◦ and (d) β = 90◦ on the ploughed profile. The corresponding ploughed profile is scaled
down and plotted on the right showing groove depth dg and pile-up height hpu at points M
and S where the dotted black line is undeformed surface height. The encircled dot points out
of the plane.
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and its piling up in front of the asperity. Secondly, the slope of the asperity-substrate contact
in the xz-plane decreases with increase in Lx. This results in decreasing the pile-up height due
to the ease of plastic flow of the piled up substrate under the asperity, which follows its slope
in the xz plane (see in Figure 2b). Finally, the sharpness of the asperity tip in the sliding
direction, i.e. the change of slope of the elliptic contact profile in the xy-plane increases with
increase in Lx and decreases with increase in Ly (see in Figure 2b). A sharp asperity tip assists
the deformation of the substrate and the distribution of plastic flow of the piled up substrate
around the asperity. A sharp asperity tip thus, reduces pile-up of the substrate. Thus, the
total pile-up height hpu is taken proportional to Ly/Lx i.e. the ratio of y and x-coordinates of
points N and M respectively. In equation 3.1 hpu is given by fitting power n to yN/xM .

As the asperity continues to plough through the substrate, the piled up material in front of
the asperity shares the applied load with the material in the groove. To maintain load balance
following equation 2.1, higher pile-up height results in lower groove depth dg (see Figure 2c
and d). Hence, the groove depth is proportional to Lx/Ly (see Figure 2c and 2d). Similarly,
in equation 3.2, dg is given by fitting power o to xM/yN . The height of the piled up substrate
varies across the ploughed profile from the tip of the asperity to its edges (see Figure 2c and
2d). Unlike, the groove depth, the distribution of pile- up material does not follow the shape
of the asperity. Hence, the average of the pile-up height of all contacting points is taken here
as hpu.

The mean ploughing depth d′ for contacting points on the xy-plane, is taken as the sum of
groove depth dg and average pile-up height hpu, and is given in equation 3.3 by fitting power p
to yN/xM . The ploughed profile consists of the pile-up both in front of the asperity and in its
periphery and the ploughed groove. The piled-up substrate in front of the asperity dominates
the ploughed profile during ploughing. Hence, p is taken as a positive fraction in equation 3.3
in calculating the forces acting on the asperity during ploughing. The deformed substrate is
subsequently distributed over the contacting surface as the asperity slides over a given section
of the substrate, therefore, the pile-up subsides. Now the groove depth and pile-up on side of
the asperity are only accounted in measuring the final ploughing depth where, p is taken as
a positive or negative fraction in equation 3.3 depending on the measurement point (asperity
periphery/front).

hpu = hpu0

(
Ly

Lx

)m

= ld

(
yN
xM

)n

(3.1)

dg = dg0

(
Lx

Ly

)n

= (1− l) d

(
xM

yN

)o

∀ o ∈ [0, 1] (3.2)

d
′
= hpu + dg = d

(
yN
xM

)p

∀ p ∈ [−1, 1] (3.3)

The asymmetry in a rotated ellipsoidal asperity results in asymmetric plastic flow. This also
results variations in ploughing depths on either sides of the asperity (see Figure 3a). The
difference in the plastic flow in +y and −y axis (see Figure 1) is proportional to the difference
in resistance to plastic flow in +y and −y axis in the xz plane. The difference in resistance
to plastic flow is expressed as difference in the projected contact lengths of arcs MS and MN
in the x-axis as shown in equation 4.1 (see Figure 3b). Thus the change in ploughing depth
d∗ at the periphery of the asperity, along the y-axis is taken proportional to the ratio of the
projected contact length NS in x-axis 2xN to the un-rotated contact length along x axis 2ax.
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Figure 3: The projection of the ploughing ellipsoid at β = 45◦ orientation on the (a) yz plane
and (b) the xz plane showing the effect of orientation of ploughed profile. The corresponding
ploughed profile is scaled down and plotted on the right showing the asymmetry is distribution of
ploughing depth due to orientation. The projected contact length, pile-up height and ploughing
depth at points M , S and N are also shown.

Fitting coefficient q, d∗ = d
′
qxN/ax. Following volume conservation, the increase in pile-up on

one side of the asperity results in an equivalent decrease in pile-up on other side. This results
in a ploughing depth of d′

+d∗ at point S and a ploughing depth of d′ −d∗ at point N as shown
in 4.2 and 4.3.

The pile-up height at a given point of the contact plane with respect to the point N is
proportional to the ratio of the its projected contact length from N to the total project
contact length of NS in y direction. The projected profile of the pile-up in the yz plane is
approximated as triangle ∆NSS ′ as shown in Figure 3a. The arc of flow separation M ′M
forms triangle ∆NMM ′ at point N which is similar to ∆NSS ′. By using the proportionality
rule for length of sides of similar triangles LMN

y and LSN
y , the relative pile-up height of point

M with respect to point N hM , is obtained as shown in equation 4.4 (see Figure 3a). The
total ploughing depth at the point M is calculated in equation 4.5 as the sum of hM and total
ploughing depth dN at reference point N .
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LMS
x − LMN

x = LNS
x = xN − xS = 2xN (4.1)

dS =

(
1 + q

xN

ax

)
d

′
(4.2)

dN =

(
1− q

xN

ax

)
d

′
(4.3)

hM

hS

=
LMN
y

LSN
y

⇒ hM

dS − dN
=

(
LCN
y − 2LCM

y

)
LSN
y

⇒ hM

dS − dN
=

(yN − yM)

2yN
(4.4)

dM = dN + hM = dN +

(
1

2
− yM

yN

)
(dS − dN) =

(
1− 2q

xN

ax

yM
yN

)
d

′
(4.5)

2.1.2 Change in ploughing depth due to interfacial shear

The applied normal force in equation 2.1 is taken as the force responsible for deformation of the
substrate before sliding starts. As sliding begins, an additional force F sh

z acts on the asperity
along the z- axis due to the shearing of the interface. The force on the asperity due to interfacial
shear acts in the direction opposite to the relative velocity of the asperity with respect to the
deforming substrate at the interface. The corresponding force on the substrate due to interfacial
shear acts in the opposite direction, −F sh

z . Thus a component of the force acts on the substrate
in the +z axis due to interfacial shear and a component of force acts on the substrate in the −z
axis due to plastic compressive pressure. On one hand, the force due to interfacial shear by its
nature, restricts plastic flow around the contacting asperity which then decreases the ploughing
depth. On the other hand, the forces acting on the asperity-substrate contact due to interfacial
shear and plastic deformation result in a bi-axial tension on the deforming substrate elements.
Such a stress-state caused faster yielding and increases the ploughing depth to maintain load
balance. These ploughing depth derived in equation 2.2 is modified using F sh

z by multiplying
factors u and v which take into account factors for reducing or increasing plastic deformation.
Combining both the factors u and v to a single factor w for including the effect of interfacial
shear force, the final ploughing depth d

′′ is given in equation 5.

d
′′
= r −

√
r2 − a2z = r −

√
r2 − 2

F pl
z − uF sh

z + vF sh
z

πHexey
= r −

√
r2 − 2

F pl
z − wF sh

z

πHexey
(5)

2.2 Calculation of ploughing forces
The forces acting on the ellipsoidal asperity ploughing through the rigid-plastic substrate is
calculated based on the method developed in [16]. The surface of the asperity in contact
is divided into infinitesimal elements whose projected areas on the 3 Cartesian planes are
calculated and expressed in spherical coordinate axes. The coordinates of the boundaries of
contact of the asperity with the substrate is calculated based on the modified ploughing depths
derived in section 2.1. The components of forces in the 3 axis due to plastic deformation
and interfacial shear are now integrated over the modified contact boundaries to obtain the
corresponding components of the total force.

2.2.1 Calculation of the projected areas.

The projected contact area between the ellipsoidal asperity and the substrate is corrected due
to the correction in the ploughing depths. The projected area along the xy, yz and yz planes
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are calculated by taking an small elemental area on the contact surface and resolving it in
x, y and z direction. The elemental projected contact areas are then transformed from the
Cartesian coordinate system C(x,y, z) into the spherical coordinate system S(θ, φ, r) using
the Jacobian determinant = det |∂C/∂S|. This gives us the expressions for the elemental
projected areas dAxy, dAxz and dAyz in terms of variables θ and φ as spherical coordinates
(azimuthal angle and polar angles) and constants r and β (angle of orientation).

dAxy = n (φ) dθdφ ; n (φ) = −ab

2
sin2φ (6.1)

dAxz = l (θ, φ) dθdφ; l (θ, φ) = c (asinθ cosβ + bcosθ sinβ ) sin2φ (6.2)

dAyz = m (θ, φ) dθdφ; m (θ, φ) = c (asinθ sinβ − bcosθ cosβ ) sin2φ (6.3)

Integrating the expressions 6.1-6.3, we obtain the projections of the total contact area between
the asperity and the substrate in the xy, yz and zx planes. Now the limits of the integration are
found by obtaining the boundaries of contact. For an ellipsoid ploughing through the substrate
at an angle β with respect to sliding direction x, the contact is divided into two regions with
positive plastic flow and negative plastic flow, where the component of relative plastic flow
velocity is along +y and −y directions respectively. The separation of plastic flow occurs at the
point on the asperity surface where the slope is infinite in the sliding plane. The termination of
plastic flow occurs on either side of the asperity where the slope is zero in the sliding plane as
shown in Figure 1b. The flow separation curve is shown as arc LM , while the arcs consisting
the boundaries of plastic flow are shown by curves SN , LN and LS in the Figure 1a.

The coordinates of the point N,M and S change as the ploughing depths are modified. However,
in spherical coordinates this change is reflected only as a change in the polar angles φ of the
points. The azimuthal angle θ and the radial distance of the points remain the same as they
lie on the surface and maintain a slope of either zero or infinity. Hence the coordinates of
the points S, M, N and L are given in set of equations 7.1-7.3 in spherical coordinates. The
detailed derivation can be found in [16].

θN = arctan

(
a

b

Ny

Nx
cosβ − sinβ

Ny

Nx
sinβ + cosβ

)
, φN = arccos

(
1− dN

c

)
(7.1)

θM = arctan

(
a

b

My

Mx
cosβ − sinβ

My

Mx
sinβ + cosβ

)
, φM = arccos

(
1− dM

c

)
(7.2)

θS = θN − π, φS = arccos

(
1− dS

c

)
; θL = 0, φL = 0 (7.3)

2.2.2 Calculation of the total force components

Now the components of the forces acting on the asperity along Cartesian coordinate axes are
calculated from the expressions of the unit normal and unit tangent. The unit vector expressions
are functions of integrand of the corrected projected areas, n (φ), l (θ, φ) and m (θ, φ) given in
equation 6.1-6.3 as derived in [16]. The limits of integration are taken from equations 7.1-
7.3. Integrating the total projected area responsible for net positive plastic flow the total
components of force due to plastic deformation are obtained in equation 8.1-8.3 as F p

x , F p
y and

F p
z . Similarly, the total components of force due to interfacial shear are given as F s

x , F
s
y and F s

z

using integrands f (θ, φ), g (θ, φ) and h (θ, φ) in equation 8.4-8.6.
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The asperity-substrate contacting region can be given as the sum of the ellipsoidal cap with
horizontal base at N and the ellipsoidal segment between S and N . The area of such an
ellipsoidal segment is approximated as half the area of the ellipsoidal band, which is the surface
of the asperity bounded by horizontal planes intersecting at S and N . In calculating the total
force due to ploughing and shearing in the x and z direction the integration of elemental forces
is done over the ellipsoidal cap with base at N and the ellipsoidal segment between S and N as
shown in Figure 4a and given in equations 8.1, 8.3, 8.4 and 8.6. In calculating the total force
due to ploughing and shearing in the y direction, the component of force in the −y axis F−y is
subtracted from the component in the +y axis F+y. F+y is calculated by integrating over the
region bound by the elliptic cap with base plane at M and elliptic segment between S and M ,
while F−y is calculated by integrating over the region bound by the elliptic cap with base plane
at N and elliptic segment between N and M as shown in Figure 4b and given in equation 8.2
and 8.5.

F p
x = ppl

∮ S

N,L

dA∆n̂.̂i ≈ ppl

∫ φN

0

∫ θS

θN

|m (θ, φ)| dθdφ+
1

2
ppl

∫ φS

φN

∫ θS

θN

|m (θ, φ)| dθdφ

⇒ F pl
x ≈ −1

2
pplc (φS − cosφNsinφN + φN − cosφSsinφS ) (acosθNsinβ + bsinθNcosβ)

(8.1)

F p
y = ppl

(∮ S

M,L

dA∆ −
∮ M

N,L

dA∆

)
n̂.ĵ

≈ ppl

∫ φM

0

∫ θM

θS

|l (θ, φ)| dθdφ+
ppl
2

∫ φS

φM

∫ θM

θS

|l (θ, φ)| dθdφ

− ppl

(∫ φM

0

∫ θN

θM

|l (θ, φ)| dθdφ− 1

2

∫ φM

φN

∫ θN

θM

|l (θ, φ)| dθdφ
)

⇒ F pl
y ≈ 1

2
pplc ((φS − φN) + 2φM − cosφS sinφS + cosφN sinφN − 2cosφM sinφM )

(acosθN cosβ − bsinθN sinβ )

(8.2)

F p
z = ppl

∮ N

S,L

dA∆n̂.k̂ ≈ ppl

∫ φN

0

∫ θN

θS

|n (φ)| dθdφ+
1

2
ppl

∫ φS

φN

∫ θN

θS

|n (φ)| dθdφ

⇒ F pl
z ≈ πpplab (2− cos (2φS) − cos (2φN) ) /8

(8.3)

F s
x = −τ sh

∮ N

S,L

dA∆t̂.̂i = −τ sh

∫ φN

0

∫ θS

θN

|f (θ, φ)| dθdφ− 1

2
τsh

∫ φS

φN

∫ θS

θN

|f (θ, φ)| dθdφ

∀ f (θ, φ) =

√
n(φ)2 + l(θ, φ)2

(8.4)

F s
y = −τ sh

(∮ M

S,L

dA∆ −
∮ N

M,L

dA∆

)
t̂.ĵ = −τ sh

∫ φM

0

∫ θM

θS

|g(θ, φ)| dθdφ−

τsh
2

∫ φS

φM

∫ θM

θS

|g (θ, φ)| dθdφ+ τsh

(∫ φM

0

∫ θN

θM

|g (θ, φ)| dθdφ− 1

2

∫ φM

φN

∫ θN

θM

|g (θ, φ)| dθdφ
)

∀ g (θ, φ) =
l (θ, φ) ∗m (θ, φ)

f (θ, φ)
, h (θ, φ) =

n (φ) ∗m (θ, φ)

f (θ, φ)
(8.5)

F s
z = −τ sh

∮ N

S,L

dA∆t̂.k̂ = τsh

∫ φC

0

∫ θN

θS

|h (θ, φ)| dθdφ (8.6)
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Figure 4: Projection of a ploughing ellipsoid with modified ploughed profile in the (a) yz plane
and (b) the xz plane showing contact region with plastic flow in the +y direction shown by
vertical lines and −y direction shown by vertical lines. Angles γM , γS and γN are subtended
by the points M , S and N at the centre of the ellipsoid O with the z axis. C is the centre of
the contacting region (semi-ellipse) in xy plane.

3 Numerical model and experimental setup

Both numerical calculations and experimental tests were conducted up for ploughing ellipsoidal
pins using the same geometrical parameters. Simulations were also done using the numerical
model to compare the results obtained from the modified analytical model using the same
geometrical parameters for the ellipsoidal asperities. The axis size r of the ellipsoidal asperity
is taken as 0.2 mm for comparison with the analytical model and 0.5 mm for comparison with
experiments. The size of the ellipsoid are changed for both analytical and experimental studies
involving cases where only one axis size is varied either along or perpendicular to the sliding
direction or both axes sizes are varied such that exey = 1. For experimental studies, as listed
also in table 4 in the first case, ellipticity ratios ex are 1/2, 2/3, 5/6, 1, 6/5, 3/2 and 2 and
ey = 1 and vice versa, while in the second case ex values are 1/2, 3/5, 3/4, 1, 4/3, 5/3 and 2
and ey = 1/ex. The orientation of the ellipsoid with respect to x-axis β is varied at 150 interval
between 00 − 900. For analytical studies, the axes sizes are varied with ellipticity ratios ex as
1/4, 2/7, 1/3, 2/5, 1/2, 2/3, 4/5, 1, 5/4, 3/2, 2, 5/2, 3, 7/2, 4 and the orientation β varied at
7.5◦ interval between 00 − 900 for the same cases.

3.1 Computational method

The MPM based ploughing model is used to simulate ploughing using an ellipsoidal asperity.
The ellipsoidal asperity is made up of a triangulated mesh with mesh size varying from 5-
20 µm. These triangles have no self-interaction which makes the asperity perfectly rigid. The
substrate is made up of particles which interact with each other following the ‘linear-MPM pair-
wise’ interaction algorithm. The interaction between the ellipsoidal asperity and the substrate
follows from the ‘triangle-MPM pair-wise’ interaction algorithm as mentioned in [32]. The
substrate is modelled as a half cylinder in order to optimize the number of particles and hence
the computational time. The size of the MPM particles are varied from 5-20 µm for studying
the convergence of the model-results with particle resolution. The parameters for the MPM
based ploughing model are listed in Table 1. The MPM-based ploughing model has been shown
in Figure 7.
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The deformation in the substrate is modelled by using the material model composed of the
linear elastic equation of state and the Bergström van Liempt material model [33] as given
in equation 9.1 and 9.2 respectively. The total stress is computed from the hydrostatic and
deviatoric components. The hydrostatic stress σhyd is computed using the equation of state
model from the bulk modulus Kand volumetric strain αI where I is the identity matrix.
The deviatoric stress is computed from the deviatoric strain using a ‘radial return’ plasticity
algorithm [32]. For validating the MPM-based ploughing model with the analytical model, a
perfect-plastic material behaviour is chosen for the substrate whose parameters are listed in
Table 2. In order to compare the results of MPM-based ploughing model with the experiments,
the Bergström van Liempt material model (yield stress: σBL

y ) for DX56 steel is chosen with its
parameters as listed in table 3.

σhyd= KαI (9.1)

σBL
y = σf0 + dσm (β0 (ε+ ε0) + {1− exp [−ω (ε+ ε0)] }g) + σv0

(
1 +

kT

∆G0

ln
ε̇

ε̇0

)h

(9.2)

Table 1: MPM ploughing model parameters.

Parameters Symbol Values/ expression
Rigid spherical indenter radius for validation Ri 0.2 mm and 0.5 mm
Semi-cylindrical DX 56 steel substrate radius Rs 0.25 mm

Sliding distance of indenter l 0.6 mm
Semi-cylindrical DX 56 steel substrate length ls 1 mm

Substrate’s MPM particle cell size rp 5, 10, 15 and 20 µm
Indenter’s triangulated mesh element size rt 5, 10 and 20 µm

Sliding velocity of indenter vi 0.1 mm/s
Mass scaling factor ms 1e6

Table 2: MPM material model (linear elastic- plastic) parameters for analytical validation.

Parameters Symbol Values/ expression
Substrate and indenter material density ρ 7900 kg/m3

Substrate and indenter specific heat capacity cp 502 J/(kg K)
Substrate and indenter thermal conductivity κ 502 W/(m K)

Young’s Modulus of substrate E 210 GPa
Poisson’s ratio of the substrate ν 0.3

Initial yield stress of the substrate σy 150.02 MPa
Hardness of the substrate H 3σy [34]
Interfacial friction factor f 0.45
Ambient temperature Troom 294 K

Further the interfacial shear stress is modelled using either of the two models that have been
developed using experimental fitting and characterization [32]. (1) A theoretical model is
used for validation of the MPM-based ploughing model with the analytical model. The first
interfacial friction model takes the interfacial shear stress τsh as a fraction, f (interfacial friction
factor), of the bulk shear stress of the substrate (equation 10.1). The bulk shear stress κ is taken
as σy/

√
3 based on von Mises yield criterion where σy is the yield stress. (2) An empirical model
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is used to compare the results from the MPM based ploughing model with the experimental
results. The second interfacial friction model takes the interfacial shear stress as a power-
law function of the contact pressure between the triangles of the indenter in contact with the
MPM particles of the substrate (equation 10.2). Based on the experimental characterization
of the interfacial shear strength of DX56 steel sheet lubricated with ‘Quaker Ferrocoat N136’
lubricant under varying loads (contact pressure Pc) and fitting of results, coefficient Cp = 1.34
and exponent np = 0.88 are obtained [32] and [35].

τsh=fκ (10.1)
τsh = CpP

np
c (10.2)

Table 3: Bergström-van Liempt material model parameters for DX56 steel [32].

Parameters Symbols Value
Initial static stress σf0 82.988 MPa

Stress increment parameter dσm 279.436 MPa
Linear hardening parameter β0 0.482
Remobilization parameter ω 6.690
Strain hardening exponent g 0.5

Initial strain ε0 0.005
Initial strain rate ε̇0 108s−1

Maximum dynamic stress σv0 1000 MPa
Dynamic stress power h 3.182

Activation energy ∆G0 0.8
Boltzmann’s constant k 8.617×10−5 eV

3.2 Experimental procedure

The experimental procedure consisted of ploughing experiments using indenters with ellipsoidal
tips on a DX-56 steel sheet lubricated using ‘Quaker Ferrocoat N136’ forming lubricant. The
section elaborates on the design of the ellipsoidal pin specimens with different ellipticity ratios,
preparation of sheet specimens and the test set-up used for the ploughing experiments. The
experiments were done 3 times for repeatability.

3.2.1 Material

The material used for making indenters is D2 tool steel DIN 1.2379, obtained by heat treatment
in vacuum. The pin is heat treated to a hardness of 62±2 HRC (746HV or 7.316 GPa). The
elastic modulus of the pin is 210 GPa and its Poisson’s ratio is 0.3. After heat treating the
D2 tool steel cylinders, the outside base diameter is ground followed by high precision milling
and polishing to obtain the ellipsoidal shape at the tip to validate the numerical model. Ten
different ellipticity ratios were chosen. Seven of the designs, B1 to B7 have ellipticity ratios
changing along one of the ellipsoids axis a while the size of the other axis b remained constant.
Three of the pins A1-A3 had the size of the axis such that the ellipticity ratio of one axis was
reciprocal of the other axis. The reference radius of the ellipsoidal pins was kept at 0.5 mm.
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Table 4: Design of ellipsoidal pins (ad±am: design length ± deviation) and the surface roughness
parameters: Ra and Rq.

Pin type ad ± am [µm] bd ± bm [µm] Sa [µm] Sq [µm]

A1 1000±55.8 375±24.1 0.828 0.428
A2 833.3±21.8 300±1 0.823 0.481
A3 666.7±32.4 250±6.9 0.774 0.120
B1 250±12.2 500±10.3 0.844 0.153
B2 333.3±2.2 500±4.3 0.716 0.909
B3 417.5±10 500±5.5 1.007 0.333
B4 500±4 500±5.5 0.629 0.530
B5 600±11.2 500±6.7 0.710 0.542
B6 750±7.1 500±7.2 1.38 0.581
B7 1000±32 500±7.3 0.969 0.527

Figure 5: The design of an ellipsoidal pin with (a) axes size 1 mm and 0.25 mm showing
orientation slots at 150 interval and (d) surface roughness after removing the (b) surface profile
from the measured confocal image and (c) surface of the polished DX56 sheet as seen under
confocal microscope at 50x magnification.

The designed pins were marked with slots with 150 intervals for aligning the pins at the desired
orientation with respect to the sliding direction as shown in Figure 5a. The surface of the pin
was measured using a confocal microscope to verify for the axes size and surface roughness as
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shown in Figure 5b. The axes sizes a and b were within the design limits ad ± am and bd ± bm
as shown in table 4. The mean roughness Ra of the pin tips were about 0.5-1 µm as polishing
the tips was challenging (Figure 5d). The root mean squared roughness Rq and average surface
roughness Ra of the pins are listed in table 4. The sheet, made up of DX 56 steel, was hot
mounted on 50 mm diameter bakelite resin disc and polished using a lapping machine. Initially
sandpaper grit P220 was used to grind out the unevenness and 1, 3 and 9 µm size diamond
suspensions were used for mirror polishing. A final Ra of 5nm was obtained on the DX56
steel sheets prior to the ploughing experiments, see Figure 5c. The polished sheet was then
lubricated with 2g/m2of ‘Quaker Ferrocoat N136’ lubricant.

3.2.2 Method

The ploughing experiments were carried out using the designed ellipsoidal pins in the Bruker’s
UMT-2 tribometer. The tribometer has been adapted to be a scratch test set-up as shown in
Figure 6a. The UMT-2 scratch set-up consisted of three stages for motion in all three directions.
The z-carriage was used to adjust the height of the ellipsoidal pin while also applying the given
load on the contact. The pin was slid along the x axis using the x-slider. The y-stage was
used to mount the specimen to be tested and was also for any sliding required for the purpose
of ploughing or offsetting. The z-carriage, x-slider and y-stage were moved using a stepper
motor drive by translating rotational into linear motion using a lead screw and guide rails. The
y-stage consisted of an eccentric screw which along with two other screws was used to clamp
the disc specimen onto the stage. The y-stage was connected to the motor using a lead screw
with 2 mm pitch.

Figure 6: (a) The image of the UMT-2 tribometer used as a scratch test-set up using ellipsoidal
pin on a lubricated DX56 steel sheet showing (b) scratch tests and its (c) corresponding
schematic diagram.

The load applied on the pin and the friction in both x and y direction were measured using the
ATI F/T mini 40 (3D) load sensor with a load range of 0-60 N and 0.01 N resolution in the
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z-axis and a load range of 0-20 N and 0.05N resolution in the x- and y-axis. In this way, all the
force components involved in ploughing with an elliptical indenter can be measured. The 3D
load sensor was connected to the pin holder using a mount and to the upper drive stage using
a suspension block as shown in Figure 6b. The suspension block with its spring plates helped
in adjusting for possible shock loads. The pin holder consisted of a hole with inner diameter
same as that of the base of the pin and a marking along the x-axis, i.e. direction of x-slider
to adjust the orientation of the ellipsoidal pin. Load controlled tests were performed at 7 N
and 16 N, normal loads for the different pin sizes and orientation along the sliding direction as
shown in Figure 6a.

4 Results and discussion

Figure 7: MPM simulation of an ellipsoidal indenter with ellipticity ratios ex = 2 and ey = 0.5
ploughing through a substrate oriented at β = 30◦ with respect to sliding x-direction with
plastic strain being shown.

MPM-based ploughing simulations have been performed on a rigid-plastic substrate and DX56
steel sheet in order to compare and validate the results with the analytical model and the
ploughing experiments as elaborated in section 4.1 and 4.2 respectively. An ellipsoidal indenter
has been loaded in the −z-axis and slid along the x-axis as seen in Figure 7 based on the
ploughing model parameters listed in table 1, 2 and 3.

4.1 Comparison of analytical results with numerical results

Fitting factors p and q (section 2.1) are used to calculate the change in ploughing depth in
front and at the periphery of the asperity-substrate contact respectively, due to the change in
asperity size and orientation relative to sliding. Values of p and q change with the asperity
shape (ellipticity ratio) and applied load. The change in ploughing depth due to interfacial
shear is measured using w = 1 in equation 5 for all cases. Incorporating the depth corrections
due to the plastic flow and interfacial shear, the forces acting on an asperity were recalculated
using equation 8.1-8.6. The results were compared with the results obtained from the
MPM-based ploughing simulation of ellipsoidal asperity on a rigid-plastic substrate. The
modelling parameters are listed in Table 1 and 2. The superscripts of ‘s’, ‘p’ represent
interfacial shear and plastic deformation respectively. The subscripts ‘ex’, ‘ey’ and ‘exy’
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represent the changing ellipticity ratio along only x-direction, only y-direction, both x-and
y-direction such that exey = 1. The subscript ‘1N’, ‘2N’ represent the applied load. The
subscript ‘x’, ‘y’, ‘z’ represent the corresponding axis.

4.1.1 Comparison of friction results

The coefficient of friction plot was resolved into the components in the x and y axis due to
plastic deformation and interfacial shear and plotted for different axis size and load in Figure
8. The coefficient of friction in x-direction due to plastic deformation µp

x increased with β from
00 to 900 due to increase in projected area along the plane perpendicular to the x-axis as shown
in equation 8.1. The coefficient of friction in the y-axis due to plastic deformation µp

y increases
to its maximum at 300 due to the difference in the net projected area perpendicular to the
y-axis for positive plastic flow from equation 8.2 and is 0 at 00 and 900 due to the symmetry
of the ellipsoid along the x-axis. The coefficient of friction due to interfacial shear along x
and y axis, i.e. µs

x and µs
y remain constant and close to zero respectively. Following equations

8.3 and 8.4, the projected area in the horizontal plane dominates µs
x while the net projected

area perpendicular to the x-axis for net positive shear flow dominates µs
y. The increase in

applied load increases the ploughing depth and hence the (projected) contact area resulting in
an increase in the components of the coefficient of friction, µp

x and µp
y as shown in Figure 8b.

The decrease in ellipticity ratio (a/b) decreases the difference in the projected contact area in
the yz plane at 00 and 900 orientation and also the difference in the projected contact area in
the xz plane in +y and −y direction with orientation β. Hence the increase in µp

x and the
change in µp

y decreases with β for a decrease in the ellipticity ratio a/b (asymmetry) of the
asperity (compared to Figure 8a) as shown in Figure 8c. For an ellipsoidal asperity with major
axis perpendicular to the sliding direction, the trends in the coefficient of friction with β are
reversed as shown in Figure 8d. The results obtained from the numerical ploughing simulation
for a rigid-plastic substrate are in good agreement with that obtained from the analytical model,
taking into account the modified ploughed profile including e.g. pile up as discussed in section
2.1.

The effect of asperity size and applied load on the coefficient of friction due to plastic
deformation and interfacial shear has been shown for three different cases in Figure 9. For the
case where the ellipticity ratio ex is increased while keeping ey as 1, the coefficient of friction
due to ploughing decreases. This is because the ploughing depth decreases with increase in
asperity size to maintain the same contact area for a given load. However if the ellipticity
ratio ex is increased as the reciprocal of ey, the coefficient of friction due to plastic
deformation decreases due to the decrease in projected area perpendicular to the sliding
direction. The depth also increases with ex as explained in 4.1.2., which combined with the
change in projected area results in the friction plots in Figure 9a. On the third case, as the
ellipticity ratio ey increases keeping ex as 1, the ploughing depth decreases while the projected
area perpendicular to the sliding direction increases. This decreases the coefficient of friction
due to plastic deformation with increase in ey, although at a lower rate compared to the
previous two cases. The coefficient of friction due to plastic deformation increases with load
while that due to interfacial shear remains mostly constant as shown in Figure 9b. However
for low values of ey, µs increases with ey due to the faster increase in projected area
perpendicular to the x-axis due to an increase in ploughing depth. The analytical model
shows good agreement with the numerical model except for small ey, where large deformation
due to cutting increases the numerical friction force.
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Figure 8: Effect of orientation and load on forces acting on an ellipsoidal asperities of axes
size a = 500µm, b = 80µm, c = 200µm at a load of (a) 1N and (b) 2N; axes size (c)
a = 250µm, b = 160µm, c = 200µm and (d) a = 100µm, b = c = 200µm at a load of 1N,
ploughing through a rigid-plastic substrate with interfacial friction factor f = 0.45. Factors
p = 0.2 and q = 2.5 for case (a), (b) q = 1.25 for case (c) and q = 1 for case (d) are taken
(marks: MPM model, lines: analytical model).

4.1.2 Comparison of ploughed profile

In order to study the ploughed profile, and compare the numerically simulated ploughing depths,
a section of the substrate material surface was chosen as shown in Figure 10. The section
comprised of different regions with size of a unit particle volume and the average position of
each of the region was plotted as a function of the sliding distance. Figure 10a shows the
average position of the particle in the region under the central axis of the asperity in the sliding
direction over the whole sliding distance, shown as black mark in Figure 10b. It can be said
that as the orientation of the asperity changes towards 900 the pile up increase rapidly initially
with a small decrease in ploughing depth as further discussed in the previous and upcoming
sections. The ploughing depth dp is calculated as the sum of the pile-up height and groove
depth (see Figure 2) in the ploughed profile. The ploughed profile is obtained from the final
average position of the particles in the ploughed cross section as shown in Figure 10a and 10b.

Following equation 2, the ploughing depth should remain constant irrespective of the orientation
of the asperity. However, the developed model has accounted for the plastic and shear flow
behaviour to develop fitting factors to compute the ploughing depth as a function of asperity
orientation. Figure 11 shows the ploughing depth obtained from the analytical and numerical
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Figure 9: Effect of asperity size and load on forces acting on ellipsoidal asperities with ellipticity
ratio (a) ex changing such that ey = 1 and exey = 1 at a load of 1N (b) and ey changing such
that ex = 1 at loads of 1N and 2N, ploughing through a rigid-plastic substrate with interfacial
friction factor f = 0.45. Factors q = 1 and p = 0.154 for case (a) and p = 0.038 for case (b)
are taken (marks: MPM model, lines: analytical model).

Figure 10: The asymmetry in pileup/ ploughing depth for an ellipsoidal asperity sliding
through a rigid-plastic substrate along with the corresponding (a) particle position-time plot
(b) ploughed track simulated using MPM (OVITO) for at β = 30◦ orientation showing the
studied surface cross-section in the black box.

model for various orientation, size and ellipticity ratio of the ellipsoidal asperity. It can be seen
from Figure 11a that the total ploughing depth in front (at point C shown in Figure 3a) of an
ellipsoidal asperity (a = 100µm, b = c = 200µm) during ploughing decreases with increase in
β. This is due to the decrease in Ayz and the resistance to plastic flow, which increases the pile-
up height in front of the sliding asperity (see section 2.1.1). The change in ploughing depth in
Figure 11a corresponds to the change in friction force due to plastic deformation in the Figure
8d. The interfacial shear stress aids to the yielding of the substrate and marginally increases
the ploughing depth as shown for f = 0.45 in Figure 11a (see section 2.1.2). The decrease in
(pile-up height) ploughing depth in front of the asperity with β in Figure 11a corresponds to
an increase in the groove depth of the ploughed profile to balance the load shared deformed
substrate (see section 2.1). Hence the depth of the ploughed track (sum of groove depth and
pile-up height of the peripherical ridges of the ploughed track), given as the average of d+y and
d−y in Figure 11b, increases with increase in β for the same asperity.
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Figure 11: (a) The effect of orientation β and interfacial shear f on ploughing by an ellipsoidal
asperity with axes size a = 100µm, b = c = 200µm at 1N load on ploughing depth d0 along
the (x-) sliding axis (y = 0) (p = 0.2). (b) The effect of β on the ploughing depth d±y at the
periphery of the ploughed profile (p = −0.33, q = 0.6). (c) The effect of β on d±y for ploughing
by ellipsoidal asperity with axis size a = 250µm, b = 160µm, c = 200µm (p = −0.25, q = 2)
at 2N load. (d) The effect of asperity size on ploughing depth with ellipticity ratio ey changing
such that ex = 1 (p = −0.4) and exey = 1 (p = −0.1) at 1N load. (marks: MPM model, line:
analytical model). Fitting factors p and q are given.

The asymmetric separation of flow due to asymmetry in the ploughing asperity results in a
variable ploughing depth on either ends of the ploughed track (points S and N shown in Figure
3), as given in Figure 11b and 11c. The change in asperity orientation from 00 to 900 results
in an rapid divergence in ploughing depths d+y and d−y on either side of ploughed wear track
followed by their steady convergence resulting as shown in Figure 11b and 11c. This behaviour
is explained by the variation in distribution of piled-up substrate material in front of the
asperity to its periphery with β, as shown in section 2.1 using equations 4.2 and 4.3. The depth
profiles are reversed as the major axis of the asperity is perpendicular to sliding direction as
shown in Figure 11c. The ploughing depths for ellipsoidal asperity increases with decrease in
ey only following load balance and plastic flow correction as shown in Figure 11d. However
the ploughing depth increases with ey, which increases as reciprocal of ex, due to increase in
the resistance to plastic flow. The numerical ploughing depth does agree fairly well with the
analytical ploughing depths.
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4.2 Experimental validation of numerical results

The overall coefficient of friction along the sliding direction and perpendicular to the sliding
direction was measured from the experiments and compared with the MPM-based ploughing
simulations. The ploughed profile of the DX-56 sheet was obtained from the observed cross-
section of the wear track after the ploughing experiments. These cross-sections will be compared
to the MPM-based simulation results. The effect of ellipsoid size, orientation and applied load
on the coefficient of friction and deformation are explained as a part of the effect of asperity
geometry on the ploughing behaviour.

4.2.1 Validation of friction results

Figure 12: Components of forces along x, y and z axis acting on an indenter of axes sizes
a = 667µm, b = 375µm and c = 500µm sliding at an orientation of β = 30◦ with respect to the
x axis under an applied load of 16N as obtained from (a) MPM-based ploughing simulation
and (b) ploughing experiments.

In order to obtain the coefficient of friction from the ploughing experiments and ploughing
simulations, the force components acting on the indenter were plotted over the sliding distance
as shown in Figure 12. The sliding distance of the numerical simulations was kept small to
reduce computational cost. The average friction force was taken in the steady state of friction
in the last one-third of the sliding distance. The friction force in the x and y direction was
divided by the applied load to obtain the coefficient of friction in the x and y direction as µx and
µy. The coefficient of friction values obtained from the numerical simulation were converged for
particle and mesh sizes of 5,10 and 20 µm for the substrate and indenter respectively to obtain
the final result (see [32] for convergence study background). It can be seen in Figure 12 that
the orientation of the asperity results in friction force acting on the indenter in both x and y
direction.

Loads of 7N and 16N were applied to the indenters B1-B7 with their reference axis either along
or perpendicular to the sliding direction leading to the case with varying ellipticity ratio ex and
ey. The coefficient of friction was plotted against the asperity size increasing from 250-2000µm
both along the sliding direction and perpendicular to the sliding direction as shown in Figure
13. It can be seen that the coefficient of friction is only measured along the sliding direction
due to the axis symmetry in the sliding ellipsoidal indenter. As it can be seen from Figure 13a
that for the case µ vs ex of axis size the agreement between the experiment and the numerical
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Figure 13: Comparison of coefficient of friction µ for applied loads of 7N and 16N (subscript)
obtained from MPM-based ploughing simulation (superscript: ‘m’) and ploughing experiments
(superscript: ‘e’) for varying ellipticity ratio along the (a) x- axis (sliding direction) and (b)
y-axis. (CW: cutting wear, MA: misalignment).

Figure 14: Comparison of coefficient of friction µ along x and y direction (subscript)
obtained from MPM-based ploughing simulation (superscript: ‘m’) and ploughing experiments
(superscript: ‘e’) for varying angle of ellipsoid orientation β at 7N load for axes size (a)
a = 667µm, b = 375µm (b) a = 833µm, b = 300µm (c) a = 1000µm, b = 250µm and (d)
a = 667µm, b = 375µm at 16N load.
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results is shown for ellipsoidal indenters which are less skewed and have ellipticity ratio closer
to unity. The results obtained from ploughing experiments with smaller ellipsoidal tips with ex
of 0.5 and 0.33 deviate largely from numerical results at high loads as cutting wear sets instead
of ploughing and friction becomes unstable. For large ellipsoidal tips with ex of 0.75 and 1
the friction results obtained from the ploughing experiments exceed those obtained from the
numerical model. The measured friction for indenters with large axis size are highly sensitive
to alignment with respect to both loading and sliding direction. The regions in the µ vs ex and
µ vs ey plots with the aforementioned effects of cutting wear and misalignment, are marked as
CW and MA respectively in Figure 13.

The coefficient of friction was studied as a function of the angle of orientation with respect to
the sliding direction β for ellipsoidal pins with varying ellipticity ratio and applied load. The
ellipticity ratio of the axes ex/ey in the sliding plane was varied from 1.8, 2.8 to 4 such that
the product exey was 1 and the coefficient of friction was plotted in Figure 14a, 14b and 14c
respectively. A load of 7N was applied to avoid any cutting effects and maintain ploughing
wear. The load was changed to 16N for ellipticity ratio of 1.8 and the coefficient of friction
was plotted in Figure 14d. For lower ellipticity ratio of 1.8 the coefficient of friction plots both
in the x and y axis 7N and 16N as shown in Figure 14a and 14d. However, as the ellipticity
ratio of the pins were increased to 2.8 and 4, the coefficient of friction plots both in x and y
axis obtained from the ploughing experiments exceeded than that obtained from the numerical
simulations for lower β values. The spread in values of the measured coefficient of friction
can be attributed to the high sensitivity of the friction force with respect to misalignment for
highly skewed and long indenters. A small forward tilt in the indenter in the x and y axis could
lead to an increase in the friction force experienced by the indenter. Although theoretically
the coefficient of friction for angle β = 00 should reduce with increasing ellipticity ratio due
to decrease in projected area in the sliding x direction, the observed increase in friction with
increasing ellipticity ratio could be explained due to a minor misalignment and subsequent
increase in contact area and friction due to interfacial shear.

4.2.2 Validation of ploughed profile

The ploughing depth d was obtained as the sum of the maximum groove depth, dg and the
maximum pile-up height hpu on either side of the ploughed wear track for both the experiments
as well as the simulations. The ploughing depth on the +y axis was given as d+y and on the −y
axis was termed as d−y. The ploughed track that was observed under the confocal microscope
for experiments done at different orientations for a ellipsoidal asperity with ellipticity ratio exy
of 4 are shown in Figure 15. It can be clearly seen particularly in Figure 15a and somewhat in
Figure 15d that for orientation of 00 and 900 the ploughing depths on either side of the wear
track are more or less similar. Any possible difference in the ploughing depth can be due to
the sliding misalignment in clamping the ellipsoidal pin mark with the pin holder marking to
set the require orientations of 00 and 900. As the ellipsoid is oriented at an angle of 300 or 600
there is a difference in the ploughing height on either side of the ploughed wear track as seen
in Figure 15b and 15c. It can also be seen that the ploughing depth reduces while the contact
width increases from Figure 15a to 15d which follows the asperity geometry.

The total ploughing depths obtained from ploughing experiments and simulation has been
plotted as a function of the ellipsoid size in x and y direction for applied loads of 7N and
16N as shown in Figure 17. It can be seen in Figure 17a and 17b that the ploughing depth
decreases with increase in size of the ellipsoidal pin tip as also follows from the load balance
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Figure 15: Confocal image at 50x magnification of the ploughed track showing surface height
distribution of a substrate ploughed by a load of 7N using an ellipsoidal asperity of axes size
a = 1000µm, b = 250µm orientated at angle with respect to sliding direction (a) β = 0◦, (b)
β = 30◦ (c) β = 60◦ and (d) β = 90◦.

given in equation 2.1 and 2.2, The ploughing depths for pins with ey between 0.5 to 1 is higher
as compared to the pins with ex between 0.5 to 1 as shown in Figure 17. This follows from
equation 3.1 and 3.2 where a smaller axes size in the y-direction results in a lower resistance to
plastic flow, and hence a higher penetration of the pin into the substrate. However, both the
numerical and experimental ploughing depths decreases as ex and ey increase from 1 to 2, the
experimental ploughing depth in fact marginally increases as the ellipticity ratio ex increases
from 1 to 2. The increase in ploughing depth could be due to misalignment of the ellipsoidal
pins in the vertical plane which results in deeper penetration of the pin into the substrate. As
discussed previously, an ellipsoidal pin with its major axis in the sliding direction is sensitive
to misalignment in the x or y axis. The increase in ploughing depth for larger pins in Figure
17a also explains the increase in their corresponding coefficient of friction as shown in Figure
13a.

It can also be seen that the ploughing depths for the ellipsoidal pins in experiments are smaller
than those obtained from the simulations. The difference in penetration can be attributed to
the high surface roughness of the pins as listed in table 4. To compare the effect of roughness on
penetration, when a highly polished reference spherical ball of 0.5mm radius was used instead
of pin ‘B4’ of radius 0.5mm, the ploughing depth obtained was about 1.5 - 2 times higher as
seen in Figure 16a. The effect of roughness is mostly prominent for ellipsoids with low ellipticity
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Figure 16: (a) The effect of indenter roughness of ploughed profile shown using pins with
spherical tips of 1mm diameter with varying roughness Ra and (b) the comparison of
the ploughed profile obtained from numerical simulation and experiments all ploughing the
lubricated steel substrate at an applied load of 7N.

Figure 17: Comparison of ploughing depth d for applied loads of 7N and 16N (subscript)
obtained from MPM-based ploughing simulation (superscript: ‘m’) and ploughing experiments
(superscript: ‘e’) for varying ellipticity ratio along the (a) x- axis (sliding direction) and (b)
y-axis.

ratio and large size where the geometry of the ellipsoid doesn’t allow for deeper penetration
and the surface roughness affects the ploughing depths. However, for high ellipticity ratio the
numerical and the experimental wear profile compare very well as shown in Figure 16b. The
ploughing depth obtained from experiments and simulations for either side of the ploughed
track are plotted for applied loads of 7N using ellipsoidal pins of ellipticity ratios 4, 2.8 and 1.8
and applied load of 16N for ellipticity ratio 4 as shown in Figure 18. It can be seen from Figure
18a and 18d that for high ellipticity ratio of 4, the ploughing depths obtained on the +y and -y
axis of the ploughed tracks are in good agreement for both experiments and simulation for both
applied loads of 7N and 16N. However, as the ellipticity ratio decreases and the ellipsoidal pin is
closer to a spherical shape, the roughness effects sets in and the experimental ploughing depths
decreases on either side of the ploughed track (see Figure16a). This results in experimental
ploughing depth being lower as compared to the simulated ploughing depth for ellipsoidal pins
with ellipticity ratio of 1.8 and 2.8 at 16N load as shown in Figure 18b and 18c.
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Figure 18: Comparison of ploughing depths d along the periphery at +y and −y axis (subscript)
obtained from MPM-based ploughing simulation (superscript: ‘m’) and ploughing experiments
(superscript: ‘e’) for varying angle of ellipsoid orientation β at 16N load for axes sizes (a)
a = 1000µm, b = 250µm, (b) a = 833µm, b = 300µm, (c) a = 667µm, b = 375µm and (d)
a = 1000µm, b = 250µm at 7N load.

The models have been successfully validated for forces and penetration depths in ploughing
of an elliptical asperity through a lubricated steel sheet. In the transition to cutting wear, in
ploughing experiments for smaller ellipsoidal pin sizes, unstable and high friction is observed
along with the formation of wear debris (chips). Modelling of friction and material removal
in cutting wear requires inclusion of robust damage models in the numerical model, which is
beyond the scope of the current paper. However, the effect of the size, orientation relative to
the sliding direction, of the elliptical asperity and the applied load on the ploughing forces and
the ploughed profile have been studied using both the analytical and the numerical models. The
forces for each asperity size and orientation can be combined to calculate the ploughing forces
in a multi-asperity sliding contact. Hence, by describing the contact between a (anisotropic)
rough, hard tool surface and a soft, smooth sheet as a set of elliptic contact patches [11], the
forces in ploughing of the sheet by the tool asperities and the ploughed profile of the sheet can
be computed by the developed models.
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5 Conclusion

An analytical model to compute the ploughed profile and forces in ploughing by ellipsoidal
asperities of varying size, ellipticity ratio and orientation has been extended and compared
to the numerical model for a rigid-plastic substrate. The effect of asymmetry in asperity
geometry on the ploughing depths and ploughing friction has been discussed through results
of the numerical model. The MPM-based ploughing model has further been validated with
ploughing experiments using ellipsoidal pins on lubricated steel sheets. The results are in
good agreement for most asperity geometries. The comparison between the analytical model,
simulations and experiments have been done for both the forces involved in ploughing as well
as the profile of the ploughed track. A good agreement has been found between the approaches.
The deviation in the experimental and numerical results are described through roughness and
alignment effects.
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Abstract

The shear strength at the interface contributes to the overall friction force experienced by the
contacting bodies sliding against each other. In this article, an experimental technique to
characterize the shear strength at the interface of metallic bodies in sliding contact has been
developed. The boundary layers formed at interface in a lubricating contact have been varied
by using two different types of lubricants in combination with both zinc coated and uncoated
steel sheets. The empirical relations between the experimental parameters such as contact
pressure and sliding velocity and the interfacial shear strength have been expressed by fitting
the experimental results. These expressions have been incorporated in the Material Point
Method (MPM) based ploughing model. The coefficient of friction and ploughing depth
obtained from the numerical simulations have been validated relative to the experimental
results with a good agreement for both lubricated and unlubricated substrates, different loads
and spherical indenter sizes. Furthermore, the interfacial shear strength has been varied in
the MPM-based ploughing model and ploughing experiments to study the contribution of
interfacial shear strength to overall friction, deformation and wear.

Keywords: Friction model, Boundary layer, Ploughing, Interfacial shear, Material Point
Method.
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Nomenclature of symbols

Ac Contact area of the asperity with
substrate

a Contact radius (for point contact)

A Constant (unit J/s) b Contact width (for line contact)
C Proportionality constant for interfa-

cial shear
b0 Initial guess for contact width

D Proportionality constant b∗ Corrected contact width
E Height of energy barrier c0 Lattice constant
E∗ Effective elastic/Young’s modulus d Total ploughing depth
Ein Young’s modulus of indenter dg Groove depth
Es Young’s modulus of substrate d0 Ploughing depth without interfacial

shear
Fsh Force on the asperity due to interfa-

cial shear
dµ Ploughing depth with interfacial

shear
Ff Total friction force d Ratio of dµ and d0
Fa Friction force due to adhesion fhk Interfacial friction factor (ratio of τ

and κ)
Fp Friction force due to ploughing h Thickness of boundary layer
F Constant in logarithmic shear stress

term
hpu Pile-up height

Fn Applied normal load i Coating layer position, i =
1, 2, . . . , n

G Proportionality constant l Uncrowned/contact length of roller
Hs Hardness of substrate n Number of coating layers
Hc Hardness of coating n0 Proportionality constant for visco-

elastic term
I0 First influence factor nP Exponent of pressure
I1 Second influence factor nv Exponent of sliding velocity
K Strain rate term nT Exponent of temperature
K

′ Antilog of constant C p Proportionality constant of log of
pressure

P Pressure q Proportionality constant of log of ve-
locity

P Effective pressure in visco-elastic ef-
fect

r Radius of tool (cylinder/sphere)

P0 Maximum constant pressure u0 Reference molecular velocity
Pnom Nominal contact pressure u Average molecular velocity
R Gas constant v0 Reference sliding velocity
Ra Mean surface roughness v Sliding velocity
Q

′ Activation energy t
′ Average time to overcome energy bar-

rier
Q Potential barrier ti Thickness of ith coating layer
T Temperature ti Cumulative thickness up to ith coat-

ing layer
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Nomenclature of symbols

Φ Stress activation volume κ Bulk shear strength of the substrate
Ω Pressure activation volume µ Overall coefficient of friction
σy Yield stress (uniaxial) µb Ratio of Fsh and Fn

α0 Visco-elastic term µp Ratio of Fp and Fn

α Proportionality constant for pressure µ Ratio of µb and µ
β Proportionality constant for sliding

velocity
µUL
3mm µ of unlubricated contact with ball,

2r =3mm
ψ Proportionality constant for temper-

ature
µ̃ Ratio of Fa and Ff

γ̇ Shear rate γs Angle of attack for spherical asperity
ω0 Molecular vibration frequency γwd

pl γs for transition from ploughing to
wedging

τ/τBL Shear strength of the interface/
boundary layer

γSPUL γwd
pl in unlubricated shine-polished

sheet
τQGI τ of zinc coated steel with Quaker

lubricant
ν Average Poisson’s ratio of all coating

layers
τAI τ of steel sheet with Anticorit lubri-

cant
ν Poisson’s ratio

τ0 Intrinsic shear strength for pressure νcs Poisson’s ratio of the coated system
τ1 Intrinsic shear strength for sliding

velocity
νi Poisson’s ratio of the ith coating layer

τ2 Intrinsic shear strength for tempera-
ture

ϕ Characteristic frequency for strain
rate term

τ
′
0 Intrinsic shear strength for strain rate θ Characteristic frequency for visco-

elastic term
τ

′′
0 Intrinsic shear strength for tempera-

ture
η400C Dynamic viscosity of lubricant at

400C
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1 Introduction

Most metallic surfaces are naturally covered by an oxide layer as well as a boundary layer
when lubricated. Shear takes place at these surface layers when a tangential load is applied.
The stress required to shear off these layers at the sliding contact interface is defined as the
‘interfacial shear strength’ or specifically ‘boundary layer shear strength’ for boundary layers.
In the absence of a lubricating boundary layer, metallic oxide films are typically formed at
the contact which contributes to a higher interfacial shear strength. In the absence of any
interfacial layer, direct contact between sliding bodies results in a very high interfacial shear
strength which might almost equal the bulk shear strength of the deforming substrate. The
interfacial shear strength along with the resistance of the substrate to plastic deformation of
the substrate contributes to the overall friction and wear in sliding of a rigid asperity through
a metallic substrate [1].

Initial work on functioning of lubricated boundary layer was done in [1], [2] and [3]. The
presence of lubricant between two bodies sliding against each other prevents direct contact of
the metallic asperities, thereby greatly reducing friction and wear. The lubricant does so by
forming boundary layers [4] of low shear strength, either by physical or chemical adsorption on
the surface of the contacting body(s) in boundary lubrication regime. A non-polar lubricant
adsorbs (attaches) itself to the inactive metallic surfaces by weak Van der Waals forces. In
the presence of functional groups such as acids, amines or esters, the lubricant’s polar head
adsorbs itself on the metallic surface while the long hydrocarbon tail forms parallel chains
which shear during loading and sliding of the contacting bodies [5]. The polar functional heads
in the physically-adsorbed boundary layers might further react and chemically bond with the
activated metallic surfaces to form metal-hydrocarbon based chemically-adsorbed boundary
layers. The boundary layers typically fail as the severity of contact increases at high contact
pressure and temperature. Boundary layers have been studied using Langmuir-Blodgett (LB)
films by depositing them on surfaces of metals, glass and mica as vertically adsorbed monolayers
[6].

Typically, the shear strength of the lubricant boundary layer has been measured by sliding large
spheres at low loads on smooth-lubricated surfaces to avoid plastic deformation. By eliminating
the friction due to plastic deformation of the substrate, the shear strength of the boundary
layer is given as the ratio of the measured friction force and the real area of contact. In elastic
deformation, the contact area is a function of the applied load. Hence, the boundary layer
shear strength is typically load-dependent. It has been shown to be directly proportional to the
applied load [7], in the sliding experiments using glass spheres on LB mono- and multilayers of
stearic acid and calcium stearate deposited on glass plates under a range of contact pressures
[8]. The shear strength of the lubricant monolayers of fluorides and metal soaps (stearates) with
long chain fatty acids, polymeric films and anthracene deposited on glass, mica and platinum
[7], [8] and [9] have also shown a linear relationship with applied load, above a critical value of
contact pressure. The boundary layer shear strength remains constant at low loads due to the
constraining of the contact pressure by the Van der Waals attraction between the contacting
surfaces and/or due to the gradual orientation of the adsorbed molecular chains along the
direction of sliding under the critical contact pressure [9]. Hence, for the shear strength to
increase with load, the contact pressure must exceed the energy barrier (activation energy)
required to cause shear [10]. For higher contact pressures, the increase in shear strength is
due to squeezing of the molecular chains and consequent hardening of the boundary layers [9].
The ‘hardening’ of the boundary layers has been also associated with the increase in activation
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energy with contact pressure [10].

In certain lubricants like calcium carbonate in dodecane colloidal films boundary layer shear
strength increased linearly within two given pressure ranges, while staying constant for the
pressures in between [11]. The boundary layer shear strength has been shown to decrease
exponentially with temperature in [8] and [9]. The slope of the plot of logarithmic boundary
layer shear strength and temperature is the activation energy. For low loads and sliding
velocities, the boundary layer shear stress has been shown to linearly decrease with
temperature. Initial studies in [12] and [13] with lubricants such as stearic acid have showed
an increase in the boundary layer shear strength with sliding velocity. This has been
explained due to the increase in strain rate of the boundary layers with sliding velocity and its
subsequent ‘hardening’. However, other studies [9], [14] and [15] with lubricants such as
calcium stearate have observed a decrease in boundary layer shear strength with the sliding
velocity [9]. This has been explained by the visco-elastic behaviour, where the response time
to an applied load, i.e. the apparent pressure felt by the boundary layer over a given time
period, decreases with sliding velocity. The shear strength of boundary layers has also been
shown to marginally decrease with increasing film thickness with multiple monolayers in [15]
and [16]. However, since shear only occurs at the surface of boundary layers, the shear
strength is often assumed to be unchanged with additional layers.

Challen and Oxley [17] have shown, using slip line field solutions, the effect of interfacial shear
strength on the friction and wear behaviour of two-dimensional wedge shaped asperity. The
theoretical solutions to compute friction and wear in two dimensional asperities have been
extended for three dimensional spherical asperities by single-asperity sliding experiments on
lubricated and unlubricated metallic contacts by Hokkirigawa and Kato [18]. The various
wear regimes have been mapped in a wear mode diagram as ‘ploughing’, where substrate
material is displaced to the sides of the track due to the sliding asperity, ‘wedging’, where
substrate material is removed and accumulated in front of the sliding asperity and ‘cutting’,
where substrate material is removed as chips. The increase in interfacial shear strength e.g. by
absence of boundary layers in the contact can result in a transition from ploughing to wedging.
The wedging wear mode results in formation of wedges of deformed substrate material stacked
in front of the sliding asperity and subsequently, a possible transfer of the stacked substrate
material to the surface of the asperity due to high adhesive forces. The slip-line field theory has
also been used to study the influence of pressure and boundary layer shear strength for rigid
cylindrical asperities ploughing through a soft substrate in [19].

Friction and wear in boundary lubrication regime have been modelled using particle-based,
molecular dynamics (MD) simulations for rough surfaces in contact during loading and sliding
[20, 21, 22, 23]. The effect of applied load, lubricant amount and chain length of molecules
for different long chain-alkanes on friction has been studied in [22] for boundary lubrication,
while their effect on contact area has been studied in [20] for different lubricated conditions.
Polarisable lubricant such as polyethylene oxide polymer has been shown in [21] to form films
in the contact between charged, oxidised metallic surfaces, thereby preventing direct asperity
contact and reducing friction force. Recently, MD simulation has also been used to investigate
the reduction in friction and wear in water lubricated contact between inert polymers and
metals compared to dry contact in [23]. While MD simulations of boundary layers has been
helpful in understanding of friction mechanisms in boundary lubrication at an atomistic scale,
the up-scaling of the MD results can be challenging.
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So far the characterization of boundary layer shear strength has been done for long chain
fatty acid based lubricants on smooth glass and mica substrates. The boundary layer shear
strength for mineral oils on metallic substrates has been determined for aluminium and gold
coated glass and steel in [24], [25] and [26] respectively. Moreover, the effect of boundary layer
shear strength on ploughing friction has not been investigated using numerically models so
far. Most manufacturing systems use coated metallic tools and workpiece, working in the
boundary lubrication regime where the shearing of boundary layers occurs under varying
operating conditions. The presence of a coated system adds to the complexity of deformation
behaviour of the substrate in measuring boundary layer shear strength. Furthermore, the use
of large spherical balls to characterize the boundary layer shear strength also poses challenges
in designing the required experimental set up.

Hence, the research has focussed on characterizing the boundary layer shear strength of both
lubricated and unlubricated zinc coated and uncoated steel sheets under varying loads and
sliding velocities using an in-house developed experimental set up. The effect of interfacial
shear strength in overall friction and wear modes of a single-asperity ploughing through
metallic substrate is investigated by the material point method (MPM)-based numerical
ploughing model developed by [27]. The MPM model [27] is used to investigate the effect of
the interfacial shear strength on the ploughing behaviour of a single asperity sliding through a
steel substrate. By incorporating experimentally determined relationships for the interfacial
shear strength in the ploughing model, the numerical results have been validated and are
found to be in good agreement with the ploughing experiments using spherical tip pins.

2 Calculation of friction due to interfacial shear strength

The current section elaborates on the theory behind calculation of the interfacial shear strength
τ and the contact area Ac whose product results in the interfacial friction force Fsh = τAc. The
section also introduces on an algorithm to calculate the contact area in loading of a roller on a
zinc-coated steel sheet.

2.1 Calculation of interfacial shear strength

The activation energy based Eyring model describes boundary layer shear with discrete
movement (dislocation) of a small number of molecules [10]. The dislocation movement is
resisted by the neighbouring molecules due to a potential barrier, which must be overcome
with shear and/or thermal stresses. The height of the barrier increases linearly with applied
pressure as shown schematically in figure 1. Figure 1 describes the energy of the potential
barrier Q affected by pressure P and shear stress τ . The average time reciprocal, 1/t

′ to
overcome this barrier, for a mobile unit of molecules, is the product of their effective vibration
frequency ν and the Boltzmann factor, exp(−E/kT ) as given in equation 1.1. Here E is the
height of the energy barrier, k is the Boltzmann constant and T is the temperature. Chugg
and Chaudri [28] have expressed (equation 1.1) the average time reciprocal as the shear rate γ̇
and the effective vibration frequency as AkT where constant A is ∼ 5 × 1032/Js. The
Boltzmann factor shows the probability of a system being in a state with energy E, where
E/kT is the entropy per molecule. Here E = Q + PΩ− τΦ is the height of the barrier, kT is
the heat required for increasing thermodynamic entropy of system. In macroscopic system
with large number of molecules, RT is used instead of kT with units J/mol (R is the gas
constant).
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In equation 1.1, Ω and Φ are used for dimension correction with units of volume in the order
of 0.1 − 1nm3. Ω can be physically interpreted as the pressure activation volume, causing
a local increase in volume at a given lattice, permitting molecular motion. Physically, Φ is
the stress activation volume, which is the change in molecular/dislocation volume due to unit
shear. The energy barriers are periodically separated by a distance c with allowable transition
in both directions. Taking the ratio of the sliding velocity v and a reference sliding velocity
v0 equal to the ratio of the average molecular velocity u = c0/t

′and u0 which is the product
of molecular vibration frequency ω0 = 1011/s and lattice constant c0 = 0.2nm, equation 1.2 is
written as equation 1.3. In equation 1.3, we approximate 2 sinh τΦ/kT ≈ exp τΦ/kT taking
τΦ/kT > 1 for low temperatures. The shear stress τ is then expressed in equation 1.4 as
a function of P , T and v where the values of Q,Φ and Ωcan be obtained using experiments
with given values of v, P and T for various lubricant monolayers [9]. At high temperatures,
(τΦ/kT < 1), we approximate sinh τΦ/kT ≈ τΦ/kT by expanding power series of hyperbolic
sine and neglecting its higher order terms. The values of Q,Ω,Φ and v/v0 range between 1-100
kJ/mol, 0.01-1 nm3, 1-10 nm3 and 10−6- 10−4 respectively for long chain hydrocarbon based
lubricants [9]. Hence, the value of vkT/v0Φ doesn’t vary largely with temperature and remains
nearly constant. Rearranging terms in equation 1.2 and 1.3 would lead to an exponential
temperature dependence of the shear strength as shown in equation 1.5 [9].

1

t′
= ω0exp

{
−Q+ PΩ− τΦ

kT

}
(1.1)

u = 2u0exp

(
−Q+ PΩ

kT

)
sinh

τΦ

kT
(1.2)

v = v0exp

{
−Q+ PΩ−τΦ

kT

}
(1.3)

τ =
kT

Φ
ln
v

v0
+
Q+ PΩ

Φ
(1.4)

τ =
kT

Φ

v

v0
exp

(
Q+ ΩP

kT

)
(1.5)

Figure 1: Energy barrier for dislocation movement during shearing of a boundary layer [10].

Based on the observations and fitting of experimental data, empirical linear-relationships
between boundary layer shear strength and contact pressure, temperature and logarithmic
sliding velocity have been proposed as shown in equation 2.1, 2.2 and 2.3 respectively [9], [29].
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In the work of Briscoe and Evans [9] and Chugg and Chaudri [28], the expressions of shear
stress obtained from the Eyring model (equation 1.4) have been compared with the empirical
relations in equations 2.1-2.3 to obtain the values of intrinsic shear strength τ0, τ1 and τ2 and
the proportionality constants α, β and ψ in equation 2.4 [9].

τ = τ0 + αP (2.1)
τ = τ1 − βT (2.2)
τ = τ2 + ψ ln v (2.3)

where, τ0 =
kT ln v

v0
+Q

Φ
, α =

Ω

Φ
, τ1 =

Q+ PΩ

Φ
, β =

k

Φ
ln
v

v0
, τ2 =

Q+ PΩ− kT ln v0
Φ

, ψ =
kT

Φ
[9]

(2.4)

τ0 = K exp

(
− Q

′

RT

)
, K = τ

′

0 ln

(
v

hϕ

)
and α = n0 exp

(
− v

aθ

)
[15] (2.5)

Earlier work of Briscoe and Tabor [15] have shown the shear strength of organic and polymeric
films to decrease exponentially with temperature as given in equation 2.5 taking gas constant R
and activation energy Q′ . Further, under isothermal and isobaric conditions, the shear strength
is given to increase with increase in strain rate of the boundary layer (of thickness h) i.e. v/h.
Hence the intrinsic shear strength term τ0, which is independent of contact pressure, can be
expressed as a function of strain rate (sliding velocity) and temperature. However, the boundary
layer shear strength for some lubricants have been shown to decrease with increase in sliding
velocity v. The increase in v reduces the mean contact time tc = v/2a for compression of the
boundary layer. Here, a is the contact radius. This effect, termed as ‘visco-elastic retardation in
compression’ [15], reduces the response time of the boundary layer to applied pressure, thereby
reducing α. Equation 2.5 corrects the value of α taking the ’visco-elastic’ effect into account
[15].

The characteristic frequencies ϕ and θ in equation 2.5 corresponds to high strain rate and low
strain rate processes respectively [15]. Hence the ‘strain rate effect’ dominates the boundary
layer shear strength at high sliding velocity while the viscoelastic effect dominates boundary
layer shear strength at reduced sliding velocity. The ‘strain rate term’ K corresponds to shear
strength at high sliding velocity and varies between 0 to τ ′

0 for velocities ranging from (vk, evk)
where vk = hϕ and e ∼= 2.72. Similarly, the visco-elastic term α = α0 corresponds to shear
strength at low sliding velocity and varies between n0 to 0 for velocity ranging between (0, ∞).
It can be seen that for high sliding velocity, the ‘visco-elastic’ term diminishes while for low
sliding velocity the ‘strain rate term’ diminishes.

Based on experimental data from [8] and [9] it has been observed that for large pressure ranges,
the boundary layer shear strength doesn’t vary linearly with contact pressure. Hence a more
general power-law relationship between shear strength and contact pressure can be used for
fitting the experimental data. Similarly, by taking positive and negative exponents in the
power-law relationship between shear strength and sliding velocity the effect of visco-elastic
retardation due to compression and strain rate can be accounted for. Taking these observations
into account, Westeneng [30] proposed a power law relationship between τ -P and τ -v, where
D and G are proportionality constants and p and q are exponents. The exponential relation
between τ and T is used in equation 3.3, where τ ′′

0 is a constant. Assuming the shear stress in
equations 3.1, 3.2 and 3.3 to be independent of each other and taking the natural logarithm of
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τ in all the equations, the logarithmic τ is combined to obtain equation 3.4.

τ = DP p =⇒ lnτ = lnD + plnP (3.1)
τ = Gvq =⇒ lnτ = lnE + qlnv (3.2)

τ = τ
′′

0 exp
Q

′

RT
=⇒ lnτ = lnτ

′′

0 +
Q

′

RT
(3.3)

lnτ = F +
Q

′

RT
+ plnP (3.4)

In equation 3.4, F can be taken as equivalent to the parameter K in equation 2.5 which is
influenced by the ‘strain rate’ effect of sliding velocity v. Similarly p can be taken as equivalent
to the parameter α in equation 2.5 which is influenced by the ‘visco-elastic’ effect of the sliding
velocity v. Expanding the expressions for F and p, logarithmic shear stress is expressed in
equation 4.1. Taking Q′

/R as nT , α as np, τ0 as nv and −τ0lnhϕ combined with other constants
as K ′ in equation 4.2, boundary layer shear strength is given as a function of contact pressure,
sliding velocity and temperature in equation 4.3.

lnτ = τ
′

0ln
v

hϕ
+

Q
′

RT
+ n0exp

(
− v

aθ

)
lnP (4.1)

lnτ = nvlnv +
nT

T
+ nplnP +K

′
(4.2)

τ (P, T, v) = CP npvnvexp
nT

T
(4.3)

In order to measure the interfacial shear strength, experiments can be done where the shear
strength will be calculated from the measured friction force and calculated contact area. The
details about the procedure for calculation of contact area are explained in section 2.2 below.

2.2 Calculation of contact area and contact pressure for a coated line contact
The contact width b for a cylinder of radius r and length l pressing into an uncoated flat surface
is given in equation 5.1 in terms of its normal load Fn and effective modulus of elasticity E∗

for the substrate and the tool. In order to improve friction and wear behaviour, materials can
be coated with surface layers. The effective elastic modulus E∗ in then defined by the Young’s
modulus and the Poisson’s ratio of the coated system Ecs and νcs, and of the indenter Ein and
νin as given in equation 5.2. The effective Young’s modulus Ecs for a multilayered system with
the substrate ‘s’ covered with n number of layers is given in equation 5.3, see [31] and [32].
Equation 5.3 uses influence factors I0 and I1, given in equation 5.4 and 5.5 respectively with
i = 1 as the bottom layer and i = n as the top layer. The relative depth of the layer i ti in
equation 5.6 is the ratio of the total layer thickness up to layer i (t1, t2, . . . ti) and the contact
radius a. The average Poisson’s ratio ν of all the layers is given in equation 5.7.

The equations to estimate the effective modulus of a coated system is based on spherical
indentation of the multi-layered substrate. The influence factors I0 and I1 are functions of the
contact width (radius for point contact) a used in the expression of ti. The contact width is
typically computed from the effective elastic modulus as shown in equation 5.1.

In order to compute the contact width in a line contact for the case of a cylindrical roller in
contact with a flat surface, using the effective elastic modulus of the coated system, an initial
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Figure 2: Flow chart to calculate contact width and nominal contact pressure in coated systems.

guess for the contact width b0, is used to calculate the line contact width b. The calculated
contact width b is then corrected by adding the difference |b− b0| to b0 and using the new
value of contact width b∗ to recalculate b. The steps are iterated until the difference |b− b0|
is minimized below a given tolerance as shown by the algorithm in figure 2. The algorithm
calculates the line contact area for a single layer of (hot dip galvanized) zinc-coated steel sheet
using the effective Young’s modulus Ecs computed by the equation 5.8, deduced from equation
5.3 for n = 1 and νs = νc.

Figure 3: (a) The effect of coating thickness t on effective hardness Hcs and
Young’s modulus Ecs of a coated system and (b) the effect of applied load on
Ecs obtained using equation 5.8 and equation 6.1 and material data from table 1
(Hc = 0.5GPa, Hs = 1.4GPa, Ec = 70GPa, Es = 210GPa).
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The mean nominal contact pressure, for a Hertzian line contact, is calculated using equation
6.2 from the normal load Fn and the Hertzain contact area Ac = 2bl where b is the contact half
width and l is the contact length. The maximum nominal contact pressure P0 = 4Pnom/π should
be maintained below the yield stress of the substrate sheet to avoid any plastic deformation
[12]. The yield strength for perfectly plastically deforming substrate can be approximated by
σy = Hcs/2.8 as per [33]. The effective hardness Hcs of the coated system is given based on the
experimental fit relations by [34] and [35]. For a soft zinc coating of thickness t on a hard steel
substrate the Hcs is expressed in equation 6.1. The applied loads should be chosen such that
P0 < σy.

b =

√
4Fnr

πlE∗
(5.1)

1

E∗ =
1− ν2cs
Ecs

+
1− ν2in
Ein

(5.2)

1− ν2cs
Ecs

=

(
1− νs −

∑n−1
i=1 I1 (νi − νi+1)− I1 (νn − νs)

)
Es

1+νs
+
∑n−1

i=1 I0

(
Ei

1+νi
− Ei+1

1+νi+1

)
+ I0

(
En

1+νn
− Es

1+νs

) (5.3)

I0 =
2

π
arctant i +

(
(1− 2ν) tiln

(
1+t

2
i

t
2
i

)
+ ti

1+t
2
i

)
2π(1− ν)

(5.4)

I1 =
2

π
arctanti +

ti
π
ln

(
1 + t

2
i

t
2
i

)
(5.5)

ti =
i∑

k=1

tk
b

(5.6)

ν =
1

n

n∑
i=1

νi (5.7)

Ecs = Es + (Ec − Es)I0/,∀n = 1, νs = vc (5.8)
Ecs = Es + (Ec − Es)I0/,∀n = 1, νs = vc (5.9)

Figure 3a shows the variations in effective hardness and Young’s modulus of the zinc coated
steel sheet with the coating thickness that is calculated using equation 5.8 and equation 6 and
material data from table 1. The indentation hardness of the bulk zinc, zinc coating and the
steel sheets were measured Berkovich indenters at 100mN load. Both the hardness and Young’s
modulus of the zinc coated steel sheet decrease with increase in coating thickness from that of
the steel substrate to that of the zinc coating. The effective hardness of the coated system is
independent of the applied load. However, the effective Young’s modulus of the coated system
increasingly approaches towards the Young’s modulus of zinc with increase in coating thickness
for lower applied loads. For high loads the Young’s modulus of the stiffer substrate’s dominates
the effective Young’s modulus. The effective Young’s modulus Ecs ranges between 92.5-135.1
GPa and the effective hardness Hcs is 1.046 GPa is obtained from equation 5.8 and 6.1 for the
given zinc coating thickness of 20µm and applied load of 1 to 16N.

Hcs = Hs + (Hs −Hc) exp

(
−125

t

r

)
(6.1)

P nom =
N

Ac

=
N

2bl
(6.2)
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3 Experimental method

This section describes the design of the experimental set up for determining the boundary layer
shear strength. The preparation of the sheets specific to characterize the boundary layer shear
strength and ploughing experiments have been explained. The experimental set-up has also
been elaborated.

3.1 Design of experiments
The friction in sliding of a rigid asperity through a soft substrate is attributed to the resistance to
plastic deformation of the substrate and the shearing of the interface. The key to experimentally
characterize the interfacial shear strength is to eliminate the component of friction due to plastic
deformation of the sheet. Hence, the measured friction solely results from shearing of the
interface. Typically, large glass spheres have been slid on smooth (glass, mica, metal coated)
surfaces in experiments pertaining to characterize the boundary layer shear strength [8]. Since
a line contact distributes the load over a larger contact area compared to a point contact using
pins of similar dimensions, it is easier to limit the generated nominal contact pressures below
the yield stress of the sheet. This helps to avoid any macro-scale plastic deformation of the
substrate. Hence, the curved surface of a hard cylindrical roller pin is slid against a soft, flat
sheet in a lubricated line contact to characterize the interfacial shear strength.

Further, flattening and polishing of the substrate (sheet) is done to maximize the real contact
area, avoid unwanted friction and formation of wear particles due to asperity interlocking.
However, at the micro-scale, the local pressure on the asperities in the line contact exceeds
the yield point. To prevent the local plastic deformation of the asperities and optimize the
conformity of contact, multiple traverses are performed on the sliding track until a steady state
friction is obtained. During the initial sliding traverses, the harder asperities on the pin tool
plastically deforms the surface of the polished sheet during the ‘running-in’ phase. During
the subsequent traverses, repeated re-loading and unloading of the sheet results in metal work
hardening of the sheet surface thereby increasing its yield strength. As the surface of the sheet
work hardens, the surface of the sheet deforms elastically during sliding and a ‘steady state’
friction is reached. The friction measured in the ‘steady-state’ is predominantly due to shearing
of the boundary layers. Subsequently lower applied loads are applied during sliding of the roller.

The pressure distribution under the cylindrical roller is determined by the shape of the roller and
its surface roughness. The discontinuity in contact at the edge of the cylindrical roller results
in high stress concentration. The roller acts like a punch along the length of its contact with
the sheet. The stress concentration at edges combined with bending of the sheet localizes the
roller-sheet contact and results in ploughing instead of shearing on the sheet surface. Typically,
the edges of cylindrical rollers are crowned with different geometries to avoid the punching
(edge) effect leading to stress concentration at the edges. In the experiments for the current
study, the cylindrical roller has been provided with a logarithmic crowned profile towards the
edges [36].

3.2 Preparation of experimental specimen
Mirror polishing of rough DX46 steel sheets, shown in figure 4a, with roughness of 1.24 µm was
done. For mirror-polishing, the sheets are laser cut into 46 mm diameter circles and mounted
on bakelite discs of 50 mm diameter either by hot mounting or by using the Loctite industrial
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glue. Using an automatic lapping/polishing machine, initial coarse grinding of the mounted
sheet specimens is performed with 320 (46µm size) grade sandpaper under 30N load to remove
any unevenness. The specimens are then fine-polished using diamond suspension of different
particle sizes on metal disc in 3 steps, each lasting for 3 minutes under a load of 30N. The size
of the diamond particles at each step is reduced from 9µm to 3µm to 1µm. Finally, an OPS
(oxide polishing suspension) with 0.04µm grain size is used to obtain a scratch free surface. A
final mean surface roughness of 6-8 nm is obtained and the sheet is degreased using ethanol.
The polished sheet is shown in figure 4b with a clear view of its grain boundaries.

Figure 4: Surface of mounted sheet before (a) polishing Ra= 1.24 µm (b) after mirror polishing
Ra= 0.006µm and (c) shine polishing Ra= 0.028µm seen under confocal microscope at 50x

magnification.

A set of sheet specimens with substrate roughness of 20-30 nm, shown in figure 4c, were also
prepared by ‘shine polishing’, where the final polishing steps of 3µm, 1µm size diamonds
suspension and OPS in ‘mirror polishing’ were skipped. The polished sheet specimen was
degreased and stored at room temperature for 1000 hours to allow formation of a stable oxide
film on the surface. The presence of an oxide film and higher surface roughness of the
specimens helped prevent material transfer to the surface of the pin during characterization of
the interfacial shear strength of unlubricated steel sheets. The fresh, mirror polished specimen
with surface roughness of 6-8 nm had higher possibility of material transfer due to the high
interfacial shear strength resulting from direct contact between the metallic asperities.

3.3 Experimental set up
The shear experiments on DX56 steel sheet lubricated with 2 different lubricants were done
using the linear friction tester, shown in figure 5, with 3 repetitions. The linear friction tester
consists of a XY linear positioning stage driven separately by actuators as shown in figure
5c. A horizontal beam supports the loading tip and moves the Z-stage using a linear and
piezo actuator for coarse and fine displacement respectively while applying a normal load. The
normal load is applied using a force controlled piezo actuator, connected to a PID control loop
feedback system so the system can operate load controlled. The friction forces are measured
by a piezo sensor along the loading tip as shown in figure 5b. An example of the friction signal
divided by the normal load, the coefficient of friction, is shown as a function of the sliding
distance in figure 9a.

A cylindrical roller of diameter 10mm and length 10mm is mounted on a self-aligning pin as
shown in figure 5b and 5c. The pin holder consists of a joint which allows for rotation of the
roller in the axis along the sliding direction such that proper alignment of the roller over a
slightly titled surface results in a continuous line contact. Different loads were applied on these
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Table 1: Material parameters

Parameters Substrate Coating Tool/Pin
Geometry Circular sheet of thickness

1mm and diameter 50mm
Logarithmic
crowned
cylindrical roller

Radius at the centre of
roller r

- 5 mm

Uncrowned/contact length
of roller l

- 5 mm

Total length of roller - 10 mm
Material DX56 steel Zinc coated

/galvanized
steel

AISI 52100 bear-
ing steel

Coating thickness t uncoated 20 µm uncoated
Mean surface roughness Ra 8 nm 10 nm 100 nm
Young’s modulus, E 210 GPa 70 GPa [37] 210 GPa
Hardness of sheet H 1.4 GPa 0.5 GPa [38] 8.2 GPa
Poisson’s ratio ν 0.3 0.3 0.3
Lubricant A Viscosity:

η400C

Lubricant B Viscosity: η400C

Quaker FERROCOAT
N6130

23 mPas Fuchs Anticorit
PLS100T

90 mPas

Figure 5: (a) Linear friction tester for boundary shear characterization and ploughing
experiments with (b) its (figure 5a) schematic showing substrate specimen (B), (c) the loading
set-up and sliding tool (A).

rollers to perform load controlled shear experiments. The plots for forces on the roller pin were
obtained from the linear sliding tester and the average coefficient of friction for the steady state
was obtained for all applied loads. The wear track was studied under both optical and confocal
microscopes to measure the contact area on the wear track. The applied loads for characterizing
the interfacial shear strength were 1, 2, 4, 7, 11 and 16 N.
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4 Computational method

The ploughing of asperities in the substrate is modelled using material point method (MPM)
which has been introduced and implemented in Mishra et al. in [27]. The MPM-based ploughing
simulation models the MPM particles in the substrate using the ‘mpm-linear pair style’ code
which has been further explained in [27]. The indenter/asperity has been modelled using
triangular mesh as an STL file with no self-interaction. The asperity interacts with the substrate
using contact algorithm defined in the ‘tri-smd-pair style’ code [27] which includes the contact
and friction algorithm between the triangular mesh and MPM particles. The friction algorithm
computes the contact area and the overall friction using the interfacial shear strength which
will be measured in section 5.2. Figure 6 shows the MPM-ploughing model set up.

Figure 6: MPM simulation of an spherical indenter (asperity) with radius 0.1 mm ploughing
through a substrate along sliding x-direction with equivalent plastic strain being shown.

Table 2: Material parameters for DX56 steel substrate in MPM model.

Parameters Symbol Values/ expression
Substrate and indenter material density ρ 7900 kg/m3

Substrate and indenter specific heat capacity cp 502 J/(kg K)
Substrate and indenter thermal conductivity κ 502 W/(m K)

Young’s Modulus of substrate E 210 GPa
Poisson’s ratio of the substrate ν 0.3

Ambient temperature Troom 294 K

The flow stress is computed from the physically based isothermal Bergström van Liempt
hardening relation [39]. The relation was modified by Vegter for sheet metal forming
processes [40], leading to the following formulation where the flow stress σBL

y is decomposed
into a static-work/strain hardening stress σwh and dynamic stress σdyn which takes into
account the strain-rate and the thermal effects as shown in equation 7.1. This flow stress
model has been included in the current MPM numerical set up to account for the interaction
processes between dislocations in cell structures including the changing shape of dislocation
structures. The Bergström van Liempt material model constants are listed in table 3 with
their characteristic values obtained for the DX56 steel sheet [27]. The model parameters ε, ε̇
and T represent the strain, strain rate and working temperature respectively.
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Table 3: Bergström-van Liempt material model parameters for DX56 steel [27].

Parameters Symbols Value
Initial static stress σf0 82.988 MPa

Stress increment parameter dσm 279.436 MPa
Linear hardening parameter β 0.482
Remobilization parameter ω 6.690
Strain hardening exponent c 0.5

Initial strain ε0 0.005
Initial strain rate ε̇0 108s−1

Maximum dynamic stress σv0 1000 MPa
Dynamic stress power m 3.182

Activation energy ∆G0 0.8
Boltzmann’s constant k 8.617×10−5 eV

A power-law expression for boundary-layer shear stress as a function of the nominal pressure
Pc, sliding velocity vs and the contact temperature Tc has been implemented in the triangles-
particles interaction pair style following from equation 4.3, as given in equation 7.2 [27].

σBL
y = σwh + σdyn

= σf0 + dσm (β (ε+ ε0) + {1− exp [−ω (ε+ ε0)] }c) + σv0

(
1 +

kT

∆G0

ln
ε̇

ε̇0

)m (7.1)

τ = CpP
np
c Cvv

nv
s CT exp−

nT

Tc
= CP np

c vnv
s exp− nT

Tc
(7.2)

where Cp is the pressure constant, Cv is the velocity constant, np is the pressure exponent, nv is
the velocity exponent and nT is the temperature exponent. The constant term C the product
of Cp, Cp and CT . The C’s and n’s are experimentally fitting factors. The contact pressure
for experiments is taken as the nominal contact pressure Pnom = Fn/Ac. In the MPM model,
contact pressure is obtained between each indenter’s triangular mesh in contact with the MPM
particle of the sheet. The coefficients and exponents in the equation 7.2 can be arranged to
reduce the expression to the Coulomb friction law. In equation 7.2, the contact temperature is
obtained from the simulations for sliding as the wall temperature of indenter Tc. The relative
tangential velocity of the indenter’s triangle with respect to the MPM particle in contact vtan,
is taken locally as vs. The coefficients Cp and Cv and exponents np, nv and nT can be obtained
through experiments in a linear sliding friction experiments by varying the contact pressure,
sliding velocity and temperature.

5 Results and discussion

The interfacial shear strength of both lubricated and unlubricated, zinc coated and uncoated
steel sheet have been determined by the experimental method, discussed in this section. The
subscripts UL and QL correspond to unlubricated (no lubricant applied on the shine polished
sheet) and Quaker lubricated sheets while the superscripts MP and SP correspond to mirror
polished and shine polished sheets (specimen preparation explained in section 3.2) respectively.
Firstly, the contact area in the line contact has been calculated for varying loads based on
the model discussed in section 2.2. Using the calculated contact area, the interfacial shear
strength has been measured for the range of applied loads and sliding velocities and expressed
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as empirical equations. The equations have been implemented in the MPM-based numerical
model described in section 4. Further, the effect of interfacial shear strength on the friction
forces and wear mode in the sliding of the asperity/indenter is highlighted using results from
MPM-based ploughing simulation.

5.1 Calculation of contact area and contact pressure

Figure 7: (a) Surface of the cylindrical pin, (b) its surface height profile (Ra = 0.016µm) (c)
surface of the sheet (Ra = 0.073µm) after sliding experiments and (d) its surface height profile.
Length scale and colour bar for surface heights are shown on the right side for all the images.

The sliding of the cylindrical pin on the lubricated, mirror polished sheet surface at an applied
load of 16N increases its roughness from 6 nm to 93nm as shown in figure 7b and 7d. As
the asperities on the surface of the pin slide (plough) through the polished sheet, there is
transfer of roughness from the pin to the surface of the smooth sheet. Now, with increased
conformity between the contacting surfaces, the boundary shear characterization experiments
are performed on the same wear track with lower applied loads. On the other hands, the surface
of the pin remains unchanged for most lubricated experiments. However, there is transfer of
material from sheet to tool due to galling/adhesive wear for some unlubricated experiments
on steel and lubricated experiments on zinc coated steel specimen at high loads as shown in
figure 7a. Results pertaining to experiments with material transfer are avoided in calculation
of boundary layer shear strength.

Table 4: Contact width and contact pressure for line contact on zinc coating

Load
(N)

Contact width
b (Analytical)
(µm)

Contact width
b (FEA) (µm)

Nominal contact pres-
sure (Analytical) Pnom

(MPa)
1 8.44 11.8 23.7
2 11.68 13 34.4
4 16.01 17.2 30.3
7 20.40 23 68.3
11 25.32 28.8 87.3
16 30.02 34.2 106.7

The apparent contact width and the nominal contact pressure for the coated system are
calculated from the algorithm in figure 2, and validated against a finite element model (MSC
Marc) as listed in table 4. An element size of 0.2 µm is taken in the FE model for line
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contact. Both the analytical model and the finite element model give good agreement in
calculation of Hertzian line contact and hence contact pressure for coated systems. For lower
loads the finite element method requires a very fine mesh resolution to give an accurate line
contact width. The layer hardness of 800.141 MPa with a standard deviation of 18.788 MPa
is obtained for the zinc coating using Berkovich indentation at 100mN load.

5.2 Calculation of boundary layer shear strength

Figure 8: (a). Friction measurements with the linear sliding friction tester for various normal
loads Fn= 2, 11 and 22N. (b) Coefficient of friction with each traverse and running-in of the
sheet to obtain friction due to boundary layer shear at 16 N load.

The coefficient of friction vs sliding distance plots, obtained for different loads, are given in
figure 8a. The mean friction force is calculated over a sliding length of 14mm after the first
3mm of sliding for a total sliding distance of 20mm. The coefficient of friction due to shearing of
the boundary layer decreases with increasing load. The steady state friction force is obtained
after multiple traverses as shown in the steadying of the average coefficient of friction after
initial decline due to running-in with each traverse in figure 8b. The mean steady state friction
forces measured from the sliding experiments are divided by the computed Hertzian contact
area to obtain the boundary layer shear strength.

The mean coefficient of friction for the shear experiments are plotted against various sliding
velocities in figure 9. It can be seen that the boundary layer shear strength is not greatly
affected by the change in sliding velocity v. The boundary layer shear strength τ , for the
Quaker lubricant marginally increases with sliding velocity while that for the Anticorit lubricant
marginally decreases with sliding velocity, as shown in figure 9a and 9b respectively. For
experiments done with Quaker lubricant, the effect of shear strain rate, i.e. γ̇ = dv/dt for
boundary layer thickness t seems to dominate, as a result of which τ increases with v. For
experiments done with Anticorit lubricant, the visco-elastic effect seems to dominate, where
the effect contact pressure P ∝ P/exp(v/a) in response to application to normal stress (contact
radius a) reduces with v as a result of which τ decreases with v [15]. The relationship between
the interfacial shear strength and sliding velocity is given in equation 8.1 and 8.2 for both
the lubricants. The experiments were done at constant load of 7N and at room temperature.
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Corresponding to equations 4.3 and 7.2, np = 0 and nT = 0 are taken for equations 8.1 and 8.2.

τQI = 13.13× 107v0.018 (8.1)
τAI = 9.32× 106v−0.053 (8.2)

Figure 9: Variation of boundary layer shear strength with nominal contact pressure at a sliding
velocity of 1mm/s for (a) Quaker Ferrocoat N136, (b) Fuchs Anticorit PLS100T lubricated (c)
unlubricated DX56 sheet and (d) their comparison.

The characterization of boundary layer shear strength for ‘Quaker Ferrocoat N136’ and ‘Fuchs
Anticorit PLS100T’ lubricated and unlubricated -DX56 steel sheets with varying contact
pressures was done using the linear sliding friction experimental set-up, shown in figure 4.
Figure 10 shows the variation of boundary layer shear strength with (applied load) nominal
contact pressure for both lubricated and unlubricated steel sheets. As explained in the
literature [9] and [11], a higher contact pressure increases the potential barrier for the
shearing of the boundary layers, thereby increasing the interfacial shear strength. It can be
seen from figure 10a, 10b and 10c that the slope of the boundary layer shear strength plots
decreases with increase in nominal contact pressure. Hence, the boundary layer shear strength
(at constant sliding velocity of 1 mm/s and at room temperature) has been plotted against
the contact pressure by fitting the experimental data with the power law relation (based on
equation 7.2) in equations 9.1-9.3. Both the lubricants seem to result in boundary layers with
different shear strengths. The shear strength of the Quaker lubricated interface is slightly
lower than that of the Anticorit lubricated interface. The shear strength of the unlubricated
interface has been measured for experiments with stable friction behaviour where galling is
absent. The absence of a lubricant boundary layer results in formation of stronger metallic
junctions with high shear strength. So the unlubricated contact has a higher interfacial shear
strength than the lubricated contact, see figure 10d. Corresponding to equations 4.3 and 7.2,
nv = 0 and nT = 0 are taken for equations 9.1, 9.2 and 9.3 and equations 10.1 and 10.2.

τQI = 1.34P 0.88
nom (9.1)

τAI = 0.64P 0.93
nom (9.2)

τUI = 2.05P 0.88
nom (9.3)
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Figure 10: Variation of boundary layer shear strength with nominal contact pressure at a sliding
velocity of 1mm/s for (a) Quaker Ferrocoat N136, (b) Fuchs Anticorit PLS100T lubricated (c)
unlubricated DX56 sheet and (d) their comparison.

The characterization of the boundary layer shear strength for experiments done with zinc coated
DX-56 steel was also carried out with sheets lubricated with Quaker and Anticorit lubricants.
The unlubricated shear experiments done with zinc coated steel were avoided as steel pins
sliding through zinc coated sheets have shown a higher affinity for material transfer or galling.
The mean friction forces obtained from the shear experiments were divided by the contact
area calculated for the coated system in section 5.1. The boundary layer shear strengths were
plotted against the applied nominal pressure for experiments done with lubricated GI sheets (at
constant temperature and velocity) and fitted with power law expressions derived in equation
8.1 in figure 11a and11b. The curve fit expressions for both the lubricants are listed in equation
10.1 and 10.2.

τQGI = 0.32P 0.95
nom (10.1)

τAGI = 7.34P 0.78
nom (10.2)

5.3 Effect of boundary layer shear stress on single asperity sliding behaviour

The effect of the boundary layer shear strength on the friction and wear in sliding of a rigid
asperity has been studied in this section. Both experiments and simulations have been
performed using “asperities” of 1mm and 3mm diameter under Quaker lubricated and
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Figure 11: Variation of boundary layer shear strength with nominal contact pressure at a
sliding velocity of 1mm/s for zinc-coated GI sheet lubricated with (a) Quaker Ferrocoat N136
(b) Fuchs Anticorit PLS100T and (c) their comparison with each other and (d) with uncoated
steel sheet.

unlubricated contact. The MPM-based ploughing model incorporates the relationship
between the boundary layer shear strength and the contact pressure given in equations 9.2
and 9.3 for lubricated and unlubricated steel sheets to compute the interfacial friction. The
ploughing model also uses material model (equation 7.1) parameters listed in table 2 and 3 to
compute the substrate deformation. The change in wear regime and wear volume in the
presence and absence of a lubricant is highlighted using ploughing experiments and
simulations.

5.4 Effect on friction in ploughing.

The shear strength of the interface is varied by using a clean, unlubricated or lubricated ‘shine
polished’ substrate prepared as per the method explained in section 3.2. Indenters having tips
fitted with spherical balls of 3mm diameter are used to plough the substrate. MPM-based
ploughing simulations are done using same parameters as the experimental set-up. The MPM-
ploughing simulations have incorporated interfacial friction models from equation 9.1 and 9.3
for the ‘Quaker’ lubricated and unlubricated contact respectively. The coefficient of friction is
plotted against the sliding distance for ploughing experiments and ploughing simulations on
both unlubricated and lubricated substrates in figure 12a and 12b respectively. The mean value



D21

of the coefficient of friction is measured at the steady state and plotted against applied loads
ranging from 1N to 46 N. MPM-based ploughing simulations are also performed for applied
loads of 1 to 46N and for particle-cell sizes of 5, 10 and 20 µm. The coefficient of friction for
different resolutions are interpolated to 0 cell size to obtain the converged coefficient of friction.

The mean coefficient of friction obtained from MPM-based ploughing simulations with
‘Quaker’ lubricated and unlubricated substrate are validated against the ploughing
experiments for the applied load range. The MPM-based ploughing simulation results are in
good agreement with the experimental results for sliding of indenter of 3mm diameter through
the lubricated substrate. Previous results [27] have also shown agreement between
MPM-based ploughing simulation and ploughing experiments for an indenter of 1mm and
3mm diameter (figure 13). The MPM-based ploughing simulations on unlubricated substrate
also show good agreement with the ploughing experiments on unlubricated substrate for loads
ranging from 4 to 29N (figure 13a). For loads on either side of the range 4-29N, the
experimental coefficient of friction is higher than that numerical ones. Since the substrate is
not mirror polished (see section 3.2) and the roughness of the substrate is kept at 20 to 30
nm, which is close to the roughness of the spherical indenter, the asperities of the indenter
and substrate may interlock while sliding at low penetration depth. The asperity interlocking
(AI) results in the additional coefficient of friction for ploughing experiments at low loads.
Also, at high loads, the substrate-material is transferred onto the indenter-surface resulting in
increased wear and friction in the ploughing experiments. This phenomena, termed ‘wedging’
is further explained in section 5.3.3.

Figure 12: Coefficient of friction vs sliding distance for a 3mm diameter spherical tip indenter
sliding through ‘Quaker’ lubricated and unlubricated DX-56 steel substrate for (a) ploughing
experiments and (b) MPM-based ploughing simulations at an applied load of 16N (smaller
sliding distance in ploughing model is to reduce the computation time).

Having validated the numerical coefficient of friction results for various loads, indenter size
and interfaces, MPM-based ploughing simulations have been used to study the contribution
of interfacial shear strength to the total coefficient of friction. The ratio of the coefficient of
friction due to interfacial shear strength and the total coefficient of friction µ = µb/µ, for various
loads is shown in equation 11.1. The friction force due to ploughing has been calculated by
running MPM simulations without any interfacial shear. This had been done theoretically by
taking the coefficients of expressions in equation 9.1 and 9.3 as zero. The resulting friction force
has been attributed to the plastic deformation of the substrate only and termed as ‘ploughing
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Figure 13: (a) The validation of coefficient of friction obtained from MPM-based ploughing
simulations with ploughing experiments for various loads in ploughing of lubricated and
unlubricated substrates using a DX-56 steel sheet by 3mm diameter indenter (AI: asperity
interlocking, WW: wedging wear). (b) The analysis of component of coefficient of friction due
to shearing of the interface from MPM-based ploughing simulation of indenters of 1mm and
3mm diameter sliding through ‘Quaker’ lubricated and unlubricated substrates.

friction’. The coefficient of ploughing friction µp has been subtracted from the total coefficient
of friction µ and then normalized by µ to obtain µ as shown in equation 11.1. It can be seen
from figure 10b that the interfacial shear strength is a major contributor to the total friction
force for larger indenter shapes. The effect of interfacial shear on total friction acting on a
sliding asperity reduces with the applied load. As the penetration of the asperity into the
substrate increases with the applied load, the plastic deformation of the substrate increases.
This conversely diminishes the effect of the friction due to interfacial shear. The shape of the
plot in figure 10b corresponds to the flow stress curve with material hardening under increased
loading based on the Bergström van Liempt material model in equation 7.

µ =
µb

µ
= 1− µp

µ
⇒ µp = (1− µ)µ (11.1)

d =
dµ
d0

(11.2)

Ff = Fa + Fp = µ̃Ff + Fp ⇒ Ff =
Fp

1− µ̃
(11.3)

5.4.1 Effect on deformation of substrate.

The substrate deformation due to ploughing also depends on the interfacial shear strength.
The wear track on the substrate is observed under the confocal microscope to obtain the
ploughed profile as shown in figure 14a. The cross-section of the ploughed profile is plotted in
figure 14b in the zy-plane where the sliding direction of the indenter is along x-axis. It can
be seen that the increase in interfacial shear strength, in the absence of lubricant, increases
the deformation of the substrate and hence the ploughing depth. The ploughing depth d is
calculated as the sum of the groove depth dg and the pile-up height hpu as shown in figure 14b.
The ploughing depths are then computed for loads ranging from 1 to 46N for both lubricated
and unlubricated substrates. The ploughing depth for numerical simulations are converged for
particle-cell resolutions of 5-20µm.
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Figure 14: (a) Ploughed profile of unlubricated DX-56 steel substrate ploughed using an indenter
of 1mm diameter under an applied load of 16N as seen under confocal microscope at 20x
magnification (colour bar for heights given). (b) Comparison of the cross-section of the ploughed
profile in figure 14a with the ploughed profile of the lubricated steel substrate at the 16N load
by 1mm diameter indenter.

Figure 15: (a) The validation of ploughing depths obtained from MPM-based ploughing simu-
lations with ploughing experiments for various loads, ploughing of lubricated and unlubricated
substrates using a DX-56 steel sheet by 3mm diameter indenter. (b) The analysis of change
in normalized ploughing depths due to shearing of the interface from MPM-based ploughing
simulation of indenters of 1mm and 3mm diameter sliding through ‘Quaker’ lubricated and
unlubricated substrates.

The ploughing depths obtained from the MPM-based ploughing simulations for ploughing of
lubricated and unlubricated steel substrate by a 3mm diameter indenter have been validated
against ploughing experiments in figure15a. The ploughing simulation results agree well with
the experimental results for the given range of loads both in lubricated and unlubricated
conditions. The agreement also extends the validation of ploughing depths in [27] for different
interfaces and indenter sizes. An increase in ploughing depth increasing with increasing the
applied load can also be seen in the absence of lubricant.

The MPM-ploughing simulations done in the absence of interfacial shear strength by taking
coefficients in equation 9.1 and 9.3 as zero have been used to compute contribution of the
deformation in the substrate to the ploughing depth. The increase in ploughing depth due to
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interfacial shear has been characterized by normalizing the ploughing depth for (lubricated and
unlubricated) substrates with interfacial shear dµ to the ploughing depth of substrate without
interfacial friction d0, given as d in equation 11.2 and shown in figure 15b. The ratio for all
loads, indenter sizes and interfaces exceeds unity. An additional component of force acts on
the substrate, due to shearing at the interface, in the direction opposite to the direction of
plastic flow. For plastic flow beneath the indenter, the interfacial friction force on the substrate
also has components acting in the z direction. This component of interfacial friction along
with the applied load in −z direction, causes a biaxial stress state on the substrate elements
in contact which assists the deformation of the substrate and increases the ploughing depth of
the substrate. Also, the resistance of friction force due to interfacial shear to the plastic flow
of the deformed substrate around the indenter which acts reduces the ploughing depth.

Both the effects of interfacial friction force in resulting in ‘biaxial stress-state’ and ‘resistance
to plastic flow’ act against each other. However, the increase in ploughing depth with
increasing interfacial shear indicates the dominance of the ‘multiaxial stress-state’ effect. As
the contact area increases with the applied load, the magnitude of interfacial friction force
increases and hence the ploughing depth ratio increases. At higher loads the substrate not
only flows underneath the indenter, but also piles up and flow around the indenter. The
section of piled up substrate experiences interfacial friction force along the (loading) −z
direction. Hence the ‘biaxial stress-state’ effect diminishes for the piled-up substrate at higher
loads and the rate of increase of d decreases and becomes almost constant at higher loads
(figure 15b). The initial rate of increase of d is higher for 3mm diameter indenter where the
interfacial shear strength is a major contributor to total friction force as shown in figure 13b.
However, for the smaller indenter of 1mm diameter, d reaches a constant value (steady-state)
slower compared to larger 3mm diameter indenter.

Considering the depth factor d for larger indenters becomes constant at higher loads, the
ploughing depth dµ can be calculated as a factor (kd = d) of the friction less ploughing depth
d0. Since the coefficient of friction due to plastic deformation µp is a function of the frictionless
ploughing depth d0, it becomes constant for higher loads as can also be seen in figure 15b. The
total coefficient of friction µ is calculated as a factor kµ of µp, i.e. µ = kµµp,∀kµ = (1− µ)−1 as
shown in equation 11.1. Hence the total friction force is given as a factor of the total friction
force due to plastic deformation of the substrate (ploughing), i.e. Ff = kµFp. This corresponds
to the theory in Bowden and Tabor [1] where the friction force due to adhesion Fa, given using
factor µ̃ as µ̃Ff , and ploughing Fp are independent of each other and their sum is the total
friction force. Hence, the Bowden and Tabor relation for total friction force holds for large
indenters at large loads. Thus the total friction force for large indenters at high loads is given
in equation 11.3. So, the factors kµ and µ̃ are related as kµ = (1− µ̃)−1 and µ̃ = µ.

5.4.2 Effect on the wear behaviour.

The increase in interfacial shear strength results in transition of the wear mode from ‘ploughing’
to ‘wedging’ based on the ‘wear mode diagram’ for sliding of a single-asperity [18]. The absence
of lubricant at the sliding metallic interface can result ‘wedging’ and possible material transfer
[41]. The wear mode diagram plots the wear modes as a function of the ‘angle of attack’ and the
‘interfacial friction factor’. The angle of attack for a spherical asperity is defined as the angle
made by the tangent to the sphere at the point of contact with the substrate in the xz plane
with the sliding x-direction. The angle of attack γs for a sphere of radius r and ploughing depth
d is computed from the equation 12.1. The ‘interfacial friction factor’ fhk is the ratio of the
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interfacial shear strength τ to the bulk shear strength of the substrate κ. If the angle of attack
exceeds the critical value of γwd

pl (see equation 12.2) for fhk ∈ (0.5, 1) there is transition from
ploughing to the ‘wedging’ wear mode. The transition to the cutting wear mode is achieved for
an angle of attack γcupl,wd are approximated by equation 12.3 [42].

tanγs =
a

r − d
=

√
d (2r − d)

r − d
(12.1)

γwd
pl = arccosfhk ∀fhk ∈ (0.5, 1) (12.2)

γcupl, wd =
(π − arccosfhk )

4
(12.3)

Figure 16: Wear mode diagram for ploughing experiments done on Quaker lubricated (QL)
and unlubricated (UL) steel substrate which has been prepared by shine polishing (SP) and
mirror polishing (MP) (see section 3.2). The arrows indicate the change in angle of attack with
ploughing depth/applied loads with their end points marking the transition into wedging wear
mode from ploughing.

The surface of the spherical tip of the indenter was observed under the confocal microscope
after each experiment to check for material transfer. For lubricated ploughing experiments, the
value of the interfacial friction factor is less than 0.5 which is why the wear mode is generally
ploughing or cutting. The maximum ploughing depth obtained was 30 µm, for an (maximum)
applied load of 46N on the 1mm diameter indenter. The corresponding maximum angle of
attack computed was γQL = 19.6◦. From the wear mode diagram in figure 16, it can be seen
that the interfacial friction factor corresponding to the maximum angle of attack for ploughing
on a lubricated surface γQL corresponds to fhk < 0.8 (figure 16). Ploughing experiments on
unlubricated substrate has been done on steel sheets prepared by shine polishing and by mirror
polishing as explained in section 3.2. The shine polished substrate formed a stable oxide film
which prevents direct metal-metal contact during ploughing. Hence transition into the wedging
wear mode occurs at a ploughing depth of 8.6µm which corresponds to an attack angle γSPUL of
6.6◦. The interfacial friction factor corresponding to the transition attack angle γSPUL for shine
polished substrate is fhk = 0.95. For a mirror polished substrate, the transition to wedging
occurs almost immediately at low ploughing depth of 1.6µm. This transition corresponds to an
attack angle γMP

UL = 1.3◦ and an interfacial friction factor of fhk = 0.99. This implies that the
interfacial shear strength for a fresh, clean ‘mirror polished’ substrate (defined in section 3.2)
is close to its bulk shear strength.
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The surface of the 3mm spherical pins, for experiments done using the mirror polished and
shine polished substrate after the transition to wedging wear mode has been shown in figure 17.
The material transferred from the groove of the substrate is stacked and hardened as wedges
on the surface of pins as shown in figure 17a and 17c. It can be seen that the transition to
the wedging wear mode occurs at a low ploughing depth of 1.1µm for an unlubricated, clean
mirror polished substrate as compared to a high ploughing depth of 9.8 µm for a shine polished
substrate (defined in section 3.2) which has been used approximately after 1000 hours of the
polishing process. The ploughing depths of 1.1µm and 9.8µm correspond to the applied loads
of 4N and 46N respectively. This transition in wear mode corresponds to the computed attack
angle and interfacial friction factor mapped in figure 16.

Figure 17: Wear mode diagram for ploughing experiments done on Quaker lubricated (QL)
and unlubricated (UL) steel substrate which has been prepared by shine polishing (SP) and
mirror polishing (MP) (see section 3.2). The arrows indicate the change in angle of attack with
ploughing depth/applied loads with their end points marking the transition into wedging wear
mode from ploughing.

The modelling of the wedging wear mode is challenging using the MPM-based ploughing model.
This is because, to model material removal from the substrate, its transfer and adhesion onto the
surface of the asperity on unloading requires a robust damage model and adhesion model. Such
models have not been implemented in the current MPM-based ploughing model. However,
the friction and deformation of the substrate in the MPM-based ploughing model has been
compared to the experiments for the same experimental parameters resulting in wedging as
shown in figure 18. The friction plot in figure 18a shows the fluctuations in the friction with
sliding distance due to pile-up and stacking of the wedges (lumps of substrate material) in
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Figure 18: (a) The friction plots obtained from experiments and MPM based simulations and
(b) the mean position of MPM particles in four regions along the sliding track for an applied
load of 22N by 0.4mm diameter indenter (fhk = 1), corresponding to wedging in sliding on an
unlubricated substrate.

front of the indenter during wedging. This pile-up of the substrate material can be also seen
by checking the mean position of groups of particles along the sliding length of the ploughed
track as shown in figure 18b. It can be seen that the particle pile-up to subsequently higher
height (mean +z coordinate) as the asperity moves along the substrate. However, due to
absence of adhesion between the asperity and substrate the MPM particles do not stick to the
asperity as in case of wedging in experiments. Thus the MPM-based ploughing model can be
used to compute friction and ploughing depth for various interfaces given their interfacial shear
strength. The MPM-based ploughing model can also be used to develop a deeper understanding
on the effect of boundary layer shear strength on friction and deformation due to ploughing of
a single-asperity.

6 Conclusion

An experimental method to characterize the interfacial shear strength of lubricated and
unlubricated contacts (coated and uncoated) has been developed. The interfacial shear
strength has been fitted with empirical relations to express it as a function of contact pressure
and sliding velocity. The fitted relations have been successfully implemented in the
MPM-based ploughing model and the results have been validated against ploughing
experiments with good agreement. The MPM-based ploughing model has been further used
to understand the effect of interfacial shear strength of the friction and wear behaviour of a
single asperity sliding through a steel substrate. The Bowden and Tabor [1] relationship for
friction in sliding contacts has been shown to hold for large indenters at large applied loads.
In these cases, the contribution of the interfacial shear strength and plastic deformation to the
total friction force and the ploughing depth is shown to be independent and additive. An
experimental study on the transition from ploughing to wedging wear mode has been carried
out by varying the interfacial shear strength and the transition has been explained using the
wear mode diagram for spherical indenters [18].
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Abstract

An indentation based method to characterize the yield locus for steel sheets is developed and
implemented. Knoop hardness based indentation experiments have been performed on the
surface as well as on the cross sections of an uncoated steel sheet to obtain the corresponding
yield locus in the deviatoric and plane-stress situation. Stress ratios following the indenter’s
geometry are used to plot the yield locus from indentation data. The stress ratios have been
corrected for the anisotropy of the material by an optimization algorithm. Points are then
plotted in the plane-stress plane using the corrected stress ratios, the strain increment vectors
and indentation hardness data. The parameters for the Hill’s quadratic yield criteria are
obtained from the indentation data based on a curve fitted yield locus. The results obtained
using nano-indentation have been compared with those obtained from the standard
characterization tests for steel sheet and shown to have good agreement. The method is also
applied to the yield locus characterization of zinc coatings on steel sheet for multi-scale
modelling of friction in deep drawing.

Keywords: Knoop indentation, Anisotropy, Yield locus, Zinc coating, Galvanized steel.
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1 Introduction

The plastic deformation (yielding) in metals results from shear stress which causes the formation
and movement of dislocations at the slips systems in the crystals. The deformation modes in
most crystals are directional resulting in anisotropic yielding of the metals on loading. In sheet
metal forming processes like deep-drawing, metallic sheets are typically cold rolled a priori
which induces a deformation texture in the sheet [1]. The textures, i.e. preferred orientations
of crystals along direction of applied stress, are oriented along the rolling, transverse and normal
directions. Hence most sheet metals exhibit anisotropic yielding which is described by a yield
function and is represented by the corresponding yield surface in a three-dimensional principal
stress space.

Of the available criteria, Hill’s quadratic yield criterion has been most commonly used to
describe the anisotropic yielding in most metals [2]. Further, the von Mises and Tresca yield
criterions [3] and [4] for isotropic materials have been generalized and given a non-quadratic
model defined in the principal stress space by Hosford in [5]. Likewise, an anisotropic extension
of the Hosford model has been proposed by Hill in [6]. The yield criterions have been typically
plotted as yield loci in the octahedral π-plane with deviatoric stresses along the axis. Since in
sheet metal forming processes, the out-of-plane stresses are neglected, the yield loci can also be
plotted in the plane-stress plane. Anisotropic yield criteria specific to sheet metals have also
been developed in the principal stress space in [7], [8] and [9]. Among them, the Vegter yield
criterion [7] and [8] has been used to develop and characterize the yield loci for sheet metals in
the plane-stress plane.

The measurement of anisotropic yield parameters (Lankford coefficients: R values) is typically
done by uniaxial testing (tensile loading) of sheet material with varying orientations relative
to the rolling direction. For planar isotropic materials the R values are obtained by bulk
loading methods such as pure shear, uniaxial tensile, plane strain tensile or an equi-biaxial
tensile test. Each of these experiments are combined to measure the stress points on the
plane-stress plane, between which the Bezier curve has been used to describe the yield locus
independent of R values, in the Vegter yield criteria [10], [7] and [8]. Also virtual field methods
(VFM) have been used in combination with digital image correlation of strain fields to obtain
parameters for anisotropic yield criteria [11]. However, VFM has been applied successfully
for characterizing only certain types of yield criteria mostly for uncoated sheet metals [12].
Indentation based characterization techniques have also been modelled and designed to estimate
the anisotropic plastic properties [13], [14] and [15] from measured results. Using the load-depth
curve and the pile-up height modelled utilizing spherical indenters, the yield stress ratio has
been derived for planar isotropy [14] and [15]. FE models involving indentation near free edge,
free corner, interface of bonded samples and linear and circular scratch tests have also been
used to characterize anisotropic yield parameters [13]. However, a rigorous development of a
measurement and characterization method based on such indentation techniques is unavailable.

Among the pyramidal shaped indenters commonly used for hardness measurements [16], the use
of an asymmetric Knoop indenter [17] with a rhombic base having diagonals of lengths in ratio
7 : 1 has been used to measure the anisotropy in plastic deformation of metals. The dependence
of the measured hardness on orientation of the long diagonal of the Knoop indenter relative to
the crystal planes has been observed and explained using the resolved shear stress of the slip
systems for hexagonal single crystal of WC, zinc and zircalloy-2 in [18], [19] and [20]. However,
for larger indentations over multiple grains, a flow surface theory relating the deviatoric shear
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stress to the indentation hardness and the geometry of the Knoop indenter was first proposed by
Wheeler and Ireland [21]. By aligning the diagonals of the Knoop indenter along the principal
axes of stress (axes of anisotropy), six indentations were performed on zircalloy-2 specimens.
The Knoop hardness number (KHN) specific to each indentation was plotted in the octahedral
(deviatoric stress) plane by taking the ratio of the corresponding deviatoric stress as equal to
the ratio of the diagonal lengths of the Knoop indenter, i.e. 7 : 1. The yield locus was plotted
using the points on the plane and the strain ratios were compared with those obtained from
bulk tensile tests along the anisotropic axes to good agreement.

This technique of characterizing the yield loci from KHN data of anisotropic metals was modified
by relating the hardness number to plane-stress yield loci and implemented in [22] for two
titanium alloys. By relating the ratio of plastic strain underneath the indenter to the ratio
of its diagonal lengths and using constancy of volume of deformed substrate and the Lévy-
Mises equations, the strain ratios could be related to the stress ratios in the plane-stress plane.
The yield loci were plotted by equating the KHN with the equivalent stress for Hosford yield
criteria [22] and compared with the yield loci obtained by tensile tests [23] at various strains
to give the best agreement at 0.01 strain. The KHN-based yield loci of highly anisotropic
single magnesium crystal, polycrystalline magnesium sheets and magnesium alloys in plane-
stress plane were also compared with conventional yield loci for small strains in [24] but did
not show good agreement. Wonsiewicz and Wilkening [24] also observed the insensitivity of
the KHN-based yield loci to capture the difference in compression and in tension as well as the
excessive bulk of the KHN-yield locus into plane-stress plane’s quadrants for the stress ratios
computed using the techniques in [22]. Hence, the R value was included in the calculation of
the stress ratios from the strain ratios in [24]. Using the initial methods to plot a yield locus
from KHN [21], [22] and [24], the yield loci of pure polycrystalline titanium [25], titanium alloys
[26] and zircalloys [27], [28] have been determined.

Although the yield loci plotted from the indentation hardness seems convenient for bulk
polycrystalline metals and alloys as has been discussed above, micro-hardness indentation of a
coating along the anisotropic axes (surface and cross-section) is challenging. Hence, attempts
to utilize depth-sensing Nano indentation techniques with a Knoop indenter are made in [29]
and [30]. The hardness of the indent is measured from the maximum penetration depth in the
load-depth curve or the long diagonal lengths. However, compared to the standard Berkovich
tip, the elastic recovery along the shorter diagonal of the residual impression by the Knoop
indenter is accounted for. In order to express the elastic modulus, the ratio of the short and
the long diagonals of the residual impression by the Knoop indenter is used [30]. Knoops
indentation has also been analysed by modelling the indentation response of substrate with
elastic and elastoplastic material behaviour without [31] and with strain hardening effects
[32]. Numerical simulation of the depth-sensing indentation tests with a Knoop indenter on
substrates with various hardening and material properties were also done recently using 3D
finite element models to measure the area function, hardness and the elastic modulus [33] and
[34]. Knoop indentations have been also performed on ductile metals and brittle ceramics and
the results have been compared to other pyramidal shaped indenters (Berkovich and Vickers)
[35] and [36]. The slip anisotropy has been determined from the indentation anisotropy by
Knoop nano-indentation of SiC-6H single crystals [37].

The available research to measure the yield criteria for anisotropic material has mostly
focussed on bulk metals and alloys and not on surfaces and coatings. Thus far, experimental
techniques to characterize the parameters for yield criteria or yield locus for coated systems
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have not been investigated. Moreover, zinc coatings applied on steel sheets used in
deep-drawing have a high degree of anisotropy [38] and [39] due to orientation of the zinc
grains during the prior galvanization and temper rolling processes. However, the yield
criterion for zinc layer in galvanized steel sheets is unavailable in the literature. Among the
available characterization techniques for coating, nano-indentation using depth sensing
indentation has been mostly focussed upon [40]. Nano-indentation of zinc coating has been
done to quantify the elastic anisotropy by measuring the elastic modulus and hardness for
various grain orientations in [41]. Furthermore, yield loci have been plotted for various
anisotropic materials using Knoop indentation [42] and have shown fair agreement with
conventional yield loci.

Knoop indenter has not been used in Nano-indentation to plot obtain the yield locus of zinc
coating on steel sheet so far. With the current advances in technology, modelling and analysis
of Nano-indentation using the Knoop indenters, the Knoop indentation of both the surface and
cross-section of zinc coating on steel substrate has been performed in the current research. A
methodology to determine the parameters for Hill ’48 yield criteria [32] from Knoop hardness
number is designed. The current method accounts for the anisotropic behaviour of the coating
by measuring the stress ratios induced by asymmetric Knoop indenter. The yield parameters
are compared with those obtained by standard tests for a cold-rolled DC04 steel sheet, thereby
validating the methodology. The same method is then implemented for measuring the yield
parameters for the zinc coating in the temper-rolled, galvanized steel sheets as modelled by the
Hill ’48 yield criterion.

2 Calculation of yield parameters from KHN

A systematic procedure to derive the yield criteria for the zinc coating through indentation
hardness data has been laid out in this section. Hill’s quadratic yield function [2] is chosen for its
ability of being expressed in matrix vector product form and hence the ease of implementation
in numerical codes. Hills yield parameters have been related to the Lankford coefficients.
Accounting for the anisotropy, the stress ratios in plane-stress condition have been expressed
in terms of the Lankford coefficients and the strain ratio corresponding to each (six) Knoop
indentation as explained in [21].

Some of the key assumptions as obtained from the literature and used in the method described
below to obtain the yield parameters using Knoop indentation hardness are as follows:

1. The Knoop hardness number KHN in kgf/mm2 is approximated to be equal to the
equivalent flow stress, i.e. KHN is taken proportional to the shearing stress on the
octahedral plane and (uniaxial) yield strength in plane stress [22] and [43].

2. The ratio of the deviatoric strain along the long and short diagonals of the Knoop indenter
is assumed to be 1/7 [21].

3. The loading (strain) path of the Knoop indentation resulting in the intersection of the
KHN based stress points with the yield locus is assumed to be linear [21] and [22].

4. The contact between the Knoop indenter and the experimental specimen is assumed to
be frictionless and adhesionless.
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2.1 Hill’s Yield criterion and flow rule.
The quadratic Hill’s yield function f(σij) also named as the Hill 48 yield criterion [2] has been
used in the current work to quantify the anisotropy in sheet metals, see equation 1.1. The
Hill 48 yield criterion assumes no difference between the tensile and compressive yield stresses
in a particular stress direction. The yield criterion depends on the deviatoric stresses and is
pressure independent. Hence, σij are deviatoric stresses where i, j ε 1, 2, 3 being the anisotropic
axes and F, G, H, L, M and N are constants which are experimentally determined. For a
rolled sheet metal, 1 is the rolling direction RD, 2 is the transverse direction TD and 3 is the
normal direction ND. Typically, the constants F, G and H are determined from uniaxial yield
stresses with respect to the axes of anisotropy σy

11, σy
22 and σy

33 while the constants L, M
and N are determined from shear yield stresses associated to the same directions σy

23, σy
31 and

σy
12 as shown in equation 1.2. The Hill’s 48 yield criterion is expressed in equation 1.3 for the

principal stresses σ1, σ2 and σ3 aligned with the directions of anisotropy, k ε 1, 2, 3 being the
principal stress axes. Further assuming associated flow for plasticity in metals, the associated
flow rule is expressed in equation 1.4 using λ̇ which is the rate of the plastic multiplier. The
flow rule represents the coincidence between the plastic potential and the yield surface and
gives the plastic deformation rate ε̇p as orthogonal to the yield surface.

f(σij) ≡ F (σ22 − σ33)
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f(σk) ≡ F (σ2 − σ3)
2 +G(σ3 − σ1)

2 +H(σ1 − σ2)
2 = 1 (1.3)
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⇒ ∂εp

∂λ
=

∂f

∂σk

(1.4)

2.2 Relationship between yield parameters and Lankford coefficients
Typically, for thin rolled sheets, a plane-stress condition is assumed where σ3 = 0. The yield
criteria in plane-stress condition, i.e. for a planar anisotropic material is given in terms of
principal stresses, uniaxial yield stress in rolling direction σy

1 and Lankford coefficients in
equation 2.1. The Lankford coefficients or the plastic strain ratios R0, R90 and R45 are the
ratios of in-plane plastic strain to out of plane (through thickness) plastic strain due to
loading under uniaxial stress σ1, σ2 and σ12 (at an angle θ = 0◦, 90◦ and 45◦ relative to the
rolling direction) respectively as defined in equation 2.2. The relationship between the
Lankford coefficients and the Hill’s parameter in equation 2.2 has been derived from the flow
rule in equation 1.4. The Hill’s yield criterion is written for plane-stress condition in the
anisotropic axes taking σ13, σ23, σ33 = 0 in equation 2.3. Hill’s yield criteria in plane-stress is
written in terms of the Lankford coefficients in equation 2.4 [44]. By comparing the individual
terms in equation 2.3 and 2.4, the relationships between Hill’s yield parameters and the
Lankford coefficients are obtained in equation 2.5. For planar isotropy, the plastic strain ratio
R0 is independent of θ and R90 = R45 = 1. By substituting values of the yield parameters
F, G and H in equation 1.4, the equivalent flow stress is expressed in the principal stresses as
given in equation 2.6.
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2.3 Derivation of stress ratio’s using anisotropy constants

Figure 1: (a) The geometry of a Knoop indent showing lengths of short diagonal ds and long
diagonal Dl and (b) the orientation of six Knoop indentations ia, ib, ic, id, ie and if with Dl and
ds along RD (Rolling direction), TD (Transverse direction) and ND (Normal direction).

The ratio of plastic strain underneath the Knoop indenter along the long and short diagonal
is assumed proportional to the inverse of the ratio of the length of the diagonals, i.e.
dεpDl

/dεpds = ds/Dl = 1/7 as shown in figure 1a. This results from the plastic deformation
(displacement of substrate) along the diagonals of a penetrating Knoop indenter follows the
projected length the edges of the faces of the indenter in contact with the substrate.
Following the work done in [21], the diagonals of the Knoop indenters are oriented along the
principal coordinate direction which are also aligned along the axes of anisotropy (RD, TD
and ND). In the analysis, the axes of anisotropy for the measured specimen are supposed to
be known in advance. So, the sides of the Knoop indenter can be aligned with the anisotropy
direction. This is the case for six possible indentations namely ia, ib, ic, id, ie and if as shown
in figure 1b. In plane-stress condition the yield criterion is expressed in terms of principal
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stresses σ1 and σ2. Hence the strain ratios of the indentations ia and ib corresponding to the
σ1 − σ2 plane are taken as 1/7 and 7. The other strain ratios corresponding to the
indentations ic, id, ie and if are obtained from volume constancy, i.e. dεp1 + dεp2 + dεp3 = 0. The
strain ratios on the σ1 − σ2 plane are given in equation 3.1 as a vector B using the ratio
δ = 7. By using the associated flow rule the expression for the strain ratio vector B has been
expanded in equation 3.2 following which the stress ratio vector, i.e. the ratio of principal
stresses in plane stress-plane α = σ2/σ1 for each indentation (ia − if ) has been expressed in
terms of Lankford coefficients, and strain ratio vector B. The expression of α in equation 3.3
accounts for the anisotropy in the specimen characterized for its yield criterion parameters.
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2.4 Plotting points on σ1 − σ2 plane from KHN data.
The Knoop hardness number is taken proportional to the deviatoric shearing stress on the
octahedral plane. Therefore, the KHN is assumed to be equivalent to the equivalent flow stress
(uniaxial yield stress) in plane stress as explained in [22] and is in agreement with [43]. For the
Hill’s 48 yield criterion the equivalent stress in plane stress condition is given as the uniaxial
yield stress in the (rolling direction) principal axis 1, σy

1 . By equating the Knoop hardness
number with uniaxial yield stress (KHN ∼ σy

1), equation 4.1 can be obtained. By expressing
equation 4.1 in terms of ratios of σ1 and σ2, i.e. α for each indentation ia, ib, ic, id, ie and if the
expressions for the points (coordinates) on the KHN yield locus are obtained in the σ1 − σ2

plane as given in equation 4.2.
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The Knoop hardness number (KHN) is measured using the dimensions of the indentation mark
as shown in figure 1a. The KHN is given as the ratio of the applied load P and the area of
the indentation Ac. The area of the indent is given is terms of the major diagonal length Dl

of the indentation mark and a constant factor CK = 0.070279. For the Knoop indenter, the
contact area is given in terms of the indentation depth h as A = 64.55h2. Using the relationship
between the indentation depth h and major diagonal length as D = 30.514h, KHN is given in
terms of h in equation 5.1 in Kgf/mm2 units and in terms of h and D in equation 5.2 in GPa
units [29]. The Young’s modulus E of the specimen is calculated from the elastic recovery of
the indented material during unloading of the indenter [45]. However, the elastic recovery along
the shorter diagonal of the Knoop indenter is higher compared to that of the longer diagonal
of the Knoop indenter [30]. The difference in the recovered (final) contact length ratio and the
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maximum contact length 7.114 is proportional to the ratio KHN [GPa]/E. Hence, the Young’s
modulus of the specimen can be calculated by equation 5.3 using a geometry factor of 0.45 [30]
and [46].
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2.5 Optimizing the yield parameters based on KHN-data points
The yield parameters R0, R90 and σy obtained for the yield locus fitting the KHN based points
for all six orientations plotted in the σ1−σ2 plane (equation 4.2) is optimized by minimizing the
distance between the yield locus and the KHN based points in the σ1 − σ2 plane. The distance
between the KHN data points (σ1, σ2) and the yield locus is measured along a straight line
using either of the two methods described below. In both the methods, a linear strain path is
assumed for the Knoop indentation to find the intersection of the KHN data points with yield
locus as shown in figure 2.

Figure 2: Minimization of distance between the points plotted in the plane-stress plane and
the yield locus obtained from the values of R0, R90 and σy.

The distance between the points plotted using equation 4.2 from the KHN-data (σ1, σ2) and
the yield locus plotted from R0 and R90 values obtained by solving the equation for the ellipse
in the σ1 − σ2 plane for the plotted KHN-data points is calculated by two methods. In the
first method the shortest distance between the points and the yield locus is calculated taking
the perpendicular line from the points and the intersection with the yield locus. The slope of
the perpendicular line to the ellipse is given as mn and the slope of the ellipse (yield locus)
at the point of intersection is given as me as shown in figure 2. In the second method, the
distance between the KHN points and the yield locus along the line through the origin and the
KHN points intersecting the yield locus is minimized. The slope of the line passing through
the origin of the plane-stress plane and the measured points using KHN data points is given as
ms as shown in figure 2. The point of intersection (σ′

1, σ
′
2) for the normal to the yield locus,
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passing through the KHN-data point is given by solving equations 6.1 and 6.2. The point of
intersection (σ′

1, σ
′
2) along the line from the origin to the KHN-data points by solving equations

6.2 and 6.3. The total distance d between the KHN-data points and the intersecting points on
the yield locus is given as the norm of distance between the individual KHN points di (σ1, σ2)
and the points of intersection (σ′

1, σ
′
2).
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The values of R0, R90 and σy are chosen and changed such that the distance between the KHN-
data points and the yield locus is minimized in the σ1 − σ2 plane as shown in figure 2. The
optimization function selects various values of R0, R90 and σy using an objective function where
distance d is minimized as further explained in figure 2. The KHN data for all 6 orientations
are used to measure the coordinates in the σ1 − σ2 plane by taking an initial values of R0 = 1
and R90 = 1. The initial value of R0 and R90 are varied across a range of values until the
distance between the points and the yield locus is minimized.

Figure 3: Flowchart showing the optimization algorithm to obtain values of R0, R90 and σy.

To further analyse the data, an algorithm to plot the yield locus from the KHN data and
to calculate R0, R90 and σy has been developed and shown in figure 3. Initially, points are
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plotted in the deviatoric plane from KHN, using equation 3.1 (α = B) and 3.3 (R0 = R90 = 1)
respectively. However, the yield locus obtained in the deviatoric plane or for that matter in the
plane-stress plane with an isotropic assumption of R0 = R90 = 1 is not accurate for anisotropic
material. Also, typically sheet metal processes have used plane stress assumptions in expressing
anisotropic material behaviour. Hence, an algorithm has been developed to optimize the value
of R0 and R90 and use the optimized values to plot the yield locus in the plane-stress plane.
The algorithm minimizes the distance between the points plotted in the plane-stress plane using
KHN-data. Then, the yield locus plotted in the plane stress plane using the optimized values
of R0, R90 and the value of σy.

3 Experimental procedure

Anton Paar’s NHT3 nano-indentation set-up along with the Knoop indenter is used to perform
nano-indentation of both zinc coated and uncoated steel sheets. For higher loads Lecco’s
LM100 micro hardness test set up was used with a Knoop indenter. The geometry of the
Knoop indenter is explained in the current section. Also metallographic preparation of steel
sheets has been done prior to the indentation as explained in this section. The polished sheets
are also used for EBSD (electron backscatter diffraction) analysis in SEM (scanning electron
microscopy) to study the grain size and grain orientation in the sheets. The surface of the
specimen is measured using a confocal microscope for its roughness after polishing.

3.1 Preparation of specimens

Knoop indentation based characterization has been done on low carbon DC04 steel sheets and
zinc coating on steel sheets. Prior to characterization polishing of the sheets is done which
serves a two-fold purpose. The effect of friction on the maximum resolved deviatoric stress on
the surface of the Knoop indenter is minimised by polishing. The aim is to equate the Knoop
hardness to the deviatoric stress resulting in plastic flow of the sheet due to indentation. By
comparing the size of the indent with the grain size the indentation loads are adjusted such
that the indentation measurements are done for multiple grains.

Both the DC04 steel sheet and the zinc coated steel sheets have been obtained from cold rolling
mills with a marked rolling direction. They have been cut into rectangular sheets of different
sizes for polishing of the surface and the cross-section. Rectangular sheets of length 10mm and
with 15mm with the rolling direction along the length have been laser cut from the rolled sheets
and used for polishing the surface. The cross section of rectangular sheets of length 10mm cut
along transverse direction of length 15mm cut along rolling direction and width 2.5 mm width
have been polished as well. The surface of the 10× 15 mm sheets and the cross-section of the
10× 2.5 mm and 15× 2.5 mm are hot mounted using a bakelite disc of 25 mm diameter for the
metallographic preparation.

An automatic polishing machine was used to polish the mounted bakelite discs. The following
polishing steps are used for the surface and cross-section of the DC04 steel sheets. Grinding
of the steel sheets is done initially using 220 grade silicon carbide paper at 25N load and
300rpm for 3 minutes using water as lubricant. Further grinding was done using diamond
suspension of 9µm particle size at 40N load and 150rpm for 5 minutes. The grinding steps
removed unevenness on the surface of the steel sheet. Further polishing was done in three
steps. Diamond suspensions with 3µm and 1µm particle sizes were used at 20N load 150rpm
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Figure 4: Surface of the polished and etched (a) DC04 steel sheet and (b) zinc coating on
steel sheet at 20x magnification seen using confocal microscopy and (c) cross-section of the zinc
coated steel sheet at 1900x magnification seen using SEM.

for 4 minutes. For the final etching step, a silica suspension of 0.04 µm was used at 15N load
150rpm for 3 minutes. This results in a surface roughness of 20nm on the steel surface as shown
in figure 4a.

The polishing of the zinc coating using similar steps is challenging due to the softness of the
coating, the shrinkage gap between the coating and the bakelite resin mount and the reaction of
water with the coating resulting in discoloration. Hence water and water based lubricants are
only used in the initial grinding of the zinc coating cross-section using 320 grade sandpaper at
300 rpm and 9µm particle size diamond suspension at 150rpm both at 30N load for 4 minutes
respectively. To avoid the reaction of water, an alcohol based lubricant with diamond slurries
of 3µm and 1µm are applied at 25N and 20N at 150rpm for 4-6 minutes respectively. The final
etching of the zinc coating was done using de-agglomerated gamma alumina powder of 0.05µm
mixed with Ethanol denatured with iso-propyl alcohol at 15N and 150rpm for 2 minutes. In
order to polish the surface of the zinc coating on the steel sheet without removing the soft
zinc coating, the grinding steps are avoided and only polishing and etching steps are followed
similar to that of the zinc coating cross-section. The polished surface and cross-section of the
zinc coating is shown in figure 4b and 4c respectively. The size and thickness of the zinc grains
can be estimated to be around 100-200µm and 10-20µm from figure 4b and 4c respectively.
The slip deformation marks due to rolling process can be seen on the zinc grains in figure 4b.

3.2 Indentation test set-up

Anton Paar’s NHT3 nano-indentation set up has been used to perform indentation based
characterization of the DC04 and zinc coated specimen as shown in figure 5a. Nano
indentation is a depth sensing indentation technique where the applied load and the
penetration depth of the indenter into the specimen are recorded and used to determine the
mechanical properties of the test specimen [47]. The force is applied during indentation by a
piezo-electric actuator with a feedback control. In the current work, the Nano-indentation
tester can apply a load up to a maximum force of 500 mN at a resolution of 0.02 µN and a
maximum penetration depth of 200 µm at a resolution of 0.01nm. The Nano-indentation
tester used, has a noise floor value of ±0.5µN for load controlled indentation which indicates
the maximum resolution by which noise is precisely measured [48]. The schematic of the
Nano-indentation test set-up and the Knoop indenter tip is shown in figure 5a and 5b.

In a depth sensing nano-indentation technique [45] the hardness and the elastic modulus of the
specimen are measured using the loading and unloading curves respectively as shown in figure
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6b. During loading the load is increased to the set load Pm for a time duration of 30s. At
maximum load Pm the load is kept constant for a dwell time duration of 10s to avoid creep
effects. The unloading is done at a similar rate as loading for a duration of 30s. The loading
and unloading sequence and the corresponding penetration depth is plotted in figure 7.1. The
hardness of the specimen Hi is measured from the ratio of the applied load to the indentation
area Ac which corresponds to the maximum penetration depth hm as given in equation 7.1 for
Knoop indenter. The unloading of the indenter is followed by elastic recovery of the substrate.
The stiffness of the substrate system can be given as the slope of the unloading curve in figure
6b. The residual elastic modulus of the indenter substrate system Er is calculated by equation
7.2. The elastic modulus of the substrate Es is calculated from equation 7.3, given the elastic
modulus value of the indenter Ei.

Hi =
Pm

Ac

∀Ac = 65.44h2
m (7.1)

Er =

√
π

2

S

A
∀S =

dP

dh
(7.2)

1

Er

=
1− ν2

i

Ei

+
1− ν2

s

Es

(7.3)

Figure 5: Schematic of the (a) the nano-indenter set up, (b) the Knoop indenter and the indent.

3.3 Calibration of indenter shape function
The schematic of an indent on the cross section of a coating is given in figure 7a. The applied
load is maintained such that the size of the indent is less than the coating thickness (20µm).
However, prior to indentation experiments the tip of the Knoop indenter must be calibrated for
its tip shape by a shape function. The shape function of the indenter gives the projected area of
the indentation at the contact depth hc and is approximated by fitting polynomial function to
the experimentally calibrated data. The shape function takes into account the curvature of the
indenter tip in measurement of the projected contact area. By indenting the calibrated fused
silica specimen and curve-fitting the experimental data as shown in figure 7b, the shape function
of the Knoop indenter in nano-indentation was obtained with equation 8 and implemented in
the calibration file of the nano-indenter for Knoop indentation.
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Figure 6: (a) Loading and penetration curves for Nano-indentation using Knoop indentation
(b) to obtain hardness and stiffness from the load-depth curve [47].

For very large loads in micro-hardness measurement methods, where the elastic recovery is
negligible compared to the indent size, the hardness can be measured by the final indent size
after indentation. However, the KHN is measured with the depth sensing method at loads of
10-100mN by equation 7.1.

Ac = 97.77h2
c + 5.57× 10−6hc + 5× 10−14 (8)

Figure 7: (a) Schematic of Knoop indent in the coated cross-section. (b)Fitting of the contact
areas obtained for various penetration depths in calibration of shape function of the tip of the
Knoop indenter.

4 Results and discussion

The grain size and orientations of the DC04 steel sheet and zinc coated steel sheet have been
studied using SEM with EBSD analysis. Based on the grain size, the loads and distribution
of in the Knoop indentations has been varied such that the anisotropy at the crystal scale is
minimized. The grain orientations are also helpful in understanding the slip systems and the
anisotropy in the grains with respect to rolling process.
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The Knoop hardness number is measured for all 6 orientations for both the DC04 steel sheet and
the zinc coating on the steel sheet. The six orientation namely ia, ib, ic, id, ie and if correspond
to the orientation of the longer diagonal Dl and the shorter diagonal ds along the anisotropy
axes rolling direction RD, transverse direction TD and normal direction ND. Hence a given
orientation, for instance can be written as ND−rd where the long diagonal Dl is oriented along
the normal direction ND and the shorter diagonal ds is oriented along the rolling direction rd
(RD). The results are plotted in the plane-stress plane. The distance between the plotted
points and the yield locus d is minimized along the slope ms. Then the anisotropy parameters
are optimized using the algorithm in section 2.5 and used to plot the yield locus in plane stress
plane. The KHN-based yield curve and anisotropic parameters have been validated with the
yield curve and anisotropic parameters obtained using bulk tests.

4.1 Grain size and orientation of DC04 steel and zinc coating
The cross section of the zinc coated steel substrate and surface of the zinc coating showing
the individual grains is given in figure 8. The average grain size of the zinc coating can be
estimated to be around 100-200µm. It can be seen that the zinc grains are aligned as pancakes
with a thickness of 20µm. It can be deduced from figure 8a and 8b that the size of the grains is
typically in the order of the size of the Knoop indent (see figure 7a). If the grain size is larger
than the indentation size, then the grain size and orientation has a major effect on the properties
obtained from the indentation [41]. Hence larger loads are chosen for Nano-indentation keeping
in mind the coating thickness for zinc coated specimens. Furthermore, multiple indentations
(20-50 in number) have been performed as a matrix spread out over a region of the specimen
and the average of the data obtained from the indentation is taken. This helps in averaging
the effect of local grain orientation and size on the data obtained from the Knoop indentation.

Figure 8: (a) Image of the grains in the (a) cross section of the zinc coating and (b) surface of
the zinc coating on steel sheet after polishing and etching as seen in the backscattered image
in EBSD analysis.

Figure 9b shows the Euler angles in the inverse pole figure (IPF Z) map of the SEM scan of
the area shown in figure 8b. The zinc grains are mostly oriented along their (hcp crystals)
c axis almost normal to the sheet plane. However certain grains can be seen elongated and
aligned along the rolling direction in figure 9b. Multiple pyramidal slips and twins can be
seen throughout the grain matrix as well. The deformation of the zinc grains during the
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Figure 9: Image of the inverse pole figures (IPF Z) of the grains in the surface of the (a) DC04
steel sheet and the (b) zinc coating on steel sheet after polishing and etching as seen in the
EBSD analysis.

(temper/cold) rolling process orients the zinc grains in a preferred direction as can be seen in
figure 8a and IPF figure in figure 9b. The grain size of the steel substrate and the DC04 steel is
much smaller around 10-20µm from figure 8a and 9a. The DC04 steel grains (bcc (body centred
cubic) crystals) are predominantly aligned with their axis along the 111 direction.

4.2 Yield locus of DC04 steel
The hardness of the DC04 steel sheet specimen was measured for each of the six orientations
using 20 measurements. The average values of the Knoop hardness numbers for each six
indentations were plotted for 50g load in figure 10a. A maximum load of 50g equivalent to
490.05mN was applied using a Knoop indenter to avoid any grain effects on yield behaviour of
the DC04 steel. Multiple indentations have been done, in an indentation matrix shown in figure
10b. The size of the Knoop indentation has been measured by observing them under a confocal
microscope. The length of the long diagonal Dl, short diagonal ds and indentation depth h of
the Knoop indent mark is measured from the height profile of the indent as shown in figure
10c. The symbols in the bar plots below represent the orientation of the longer and shorter
diagonals of the Knoop indenter along the axis of anisotropy, e.g. the ND − rd represents the
longer diagonal Dl along the normal direction (N) and shorter diagonal ds along the rolling
direction (r).

The yield locus of the DC04 steel sheet is initially plotted in the deviatoric plane as shown
in figure 11. By assuming the Levy’s Mises criteria for isotropic materials, the stress ratio is
taken equal to the strain ratios from equation 3.1 (α = B). The six points ia, ib, ic, id, ie and
if corresponding to six indentation orientations are scaled according to the Knoop hardness
number given in table 1. However, the anisotropic parameters obtained from the deviatoric
yield locus are typically the same as those obtained from bulk tests for DC04 steel sheet [49].
Hence, the yield locus is plotted in the plane-stress plane and optimised to obtain the anisotropic
parameters.

The initial KHN-data points are plotted in the plane-stress plane by taking initial values of
R0 = R90 = 1. The yield locus is solved for the plotted points from which values of R0, R90

and σy are obtained. The values of R0 and R90 are used to correct and re-plot the yield locus
until the difference in the distance between iterated KHN-data points and the yield loci from
the values of modified R0, R90 and σy is below a specified tolerance. The optimized KHN-yield
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Figure 10: (a) Mean Knoop hardness number for indentations with six different orientations
on DC04 steel sheet at 491mN load. (b) Image of matrix of Knoop indents at 20 mN load and
(c) the height profile and size of the Knoop indent at 50mN load.

locus is plotted in the plane-stress plane in figure 12 and its optimized R0, R90 and σy are
listed in table 1 and compared with those obtained from the bulk loading tests of DC04 steel
[49]. The close agreement in both the methods, sets the possibility of using Knoop (Nano-)
indentation with the developed algorithm given in figure 12 to characterize the yield locus for
thin, zinc coatings of galvanized steel sheets [41].
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Figure 11: Yield locus for DC04 steel sheet in the deviatoric plane in the rolling direction z,
transverse direction θ and normal direction r with KHN scale in MPa.

Figure 12: The yield loci obtained from KHN data on the plane-stress plane optimised for
anisotropy and compared with that obtained with bulk tests on DC04 steel sheet.

Table 1: Knoop hardness number and Yield criteria parameters for DC04 steel sheet [49].

KHN-orientation Value[kgf/mm2] Yield criteria parameters Value
KHNia 118.25 Rbulk

0 1.93
KHNib 115.1 Rbulk

90 2.21
KHNic 177.35 σbulk

y 157.8 MPa
KHNid 167.4 RKHN

0 1.8
KHNie 136.55 RKHN

90 2.34
KHNif 141.35 σKHN

y 168.5 MPa
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4.3 Yield locus of Zinc coating
Multiple indentations have also been performed on the cross-sections of the zinc coating as
shown in the figure 13b and 13c. The size of the indents for indentation along the cross-section of
coating at higher loads (> 50 mN) exceeds the thickness of the coating cross-section. Hence, the
indentation load is taken as 20mN in order to keep the indentation size well within the coating
thickness of 20 µm as shown in figure 13b. The length of the longer diagonal for the 20mN
load can be seen as 10-12µm in figure 13c which is lower than the average coating thickness of
20µm. This corresponds to a penetration depth of h = Dl/30 which is approximately 0.4µm.
For such low penetration depth, the plastic flow along the coating thickness direction which
is also along the longer diagonal is minimal. The plastic flow occurs along the short diagonal
which is along the coating. Therefore, it can be concluded that for indentations with 20mN
loads along the coating cross section, the effect of substrate mechanical properties is minimal.
Furthermore, the plastic flow component under the indenter along the penetration direction
does not feel substrate effect for indentation along the coating cross section.

Figure 13: (a) Mean Knoop hardness number for indentations with six different orientations
on zinc coated steel sheet at two different loads. (b) Image of matrix of Knoop indents and (c)
the height profile and size of the Knoop indents at the cross section of the zinc coating at 50
mN load.
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The value of Knoop hardness value for all six orientations is plotted for three different loads in
figure 13a. A large deviation in the hardness values is obtained for each of the six indentation
orientation resulting from the effect of the orientation of the zinc grains on indentation hardness
(see figure 13a). The average value of the measurements of the indents at the same orientation
are taken to reduce the local effects of anisotropy due to grain size and orientation. The average
of the hardness values (KHN) obtained from indents with an applied load of 20 mN is used
to calculate the yield locus of the zinc coating in order to avoid effects of coating-substrate
interface, properties of the steel substrate, individual grain orientation and grain boundaries
(see figure 13b and 13c). The anisotropy determined using Knoop indentation accounts for the
anisotropy in the zinc coating attributed to the hcp crystal structure of the zinc as well as the
deformation textures induced in the zinc coating by the temper rolling of the galvanized steel
sheet.

Initially the yield locus for the KHN data is plotted in the deviatoric plane as shown in figure
14. The points on the deviatoric plane are plotted along the lines following the stress ratios
from equation 3.1 (α = B) and scaled according to the KHN data. Comparing the yield locus of
the DC04 steel and the zinc coating from figure 11 and figure 14, it can be said the zinc coating
has higher induced anisotropy compared to the DC04 steel sheet. The anisotropy in the plastic
deformation of the zinc coating and the steel is induced from the rolling process. The difference
in the size and amount of zinc along the thickness and surface plane could also be attributed to
the anisotropy in the mechanical properties of zinc coatings. Additional anisotropy is inherent
to the zinc grains due to their hcp (hexagonal closed pack) crystal structure. The difference in
the critical resolved shear stress for the various slip systems in the zinc grains, e.g. basal slip,
pyramidal slip and twinning results in its anisotropy [41] and [50].

Figure 14: Yield locus for zinc coating in the deviatoric plane in the rolling direction z,
transverse direction θ and normal direction r with KHN scale in MPa.

After validating the yield locus obtained from the Knoop indentations of DC04 steel sheet with
the bulk tests, the yield locus of zinc coating on steel sheets has been characterised by Knoop
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Figure 15: The yield loci obtained from KHN data on the plane-stress plane optimised for
anisotropy on zinc coating on steel sheet.

indentation. The KHN data has been listed for the 6 orientations in table 2. The points are
plotted in the plane stress σ1 − σ2 plane taking initial values of R0 = R90 = 1 in figure 15.
The values of R0, R90 and σy are then varied (increased/decreased) using constants a and b as
shown in the algorithm in figure 3. The distance d between the measured KHN-data points
on the plane stress plane and the yield locus based on R0, R90 and σy is computed. Finally,
the optimized yield locus for the zinc coating on the steel sheet is plotted by optimizing the
KHN-data points in figure 15. The parameters of the yield locus obtained using the procedure
above are listed in table 2.

Table 2: Yield criteria parameters for zinc coating on steel sheet

KHN-orientation Value [kgf/mm2] Yield criteria parameters Value
KHNia 44.7 Rbulk

0 -
KHNib 68.2 Rbulk

90 -
KHNic 68.0 σy [41] and [51] 55-115 MPa
KHNid 43.9 RKHN

0 0.45
KHNie 64.9 RKHN

90 1.56
KHNif 83.4 σKHN

y 57.7-81.7 MPa

Using equation 2.2 and 2.5 the parameters for the Hill’s quadratic yield criteria of the zinc
coating can be obtained from the R values as F = 0.2, G = 0.69, H = 0.31. The values of F,
G and H are implemented in the Hill’s quadratic equation in principal stress coordinates given
in equation 1.3. The constants of the shear stress in the Hill’s quadratic equation in equation
1.1 are taken N = 1.5, M = 1.5 and L = 1.5 assuming isotropy. As of now the value of R45

(Lankford coefficient/strain ratio at 45◦ orientation) is required to obtain the value of N has
not been obtained from the Knoop indentation method listed above.

The objective of the current work is developing a new indentation based method to characterize
the yield locus for metallic coatings with rolling induced anisotropy. To elaborate on this
method, as an example hot dip galvanized, temper rolled zinc coating have been used. The
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yield locus of the zinc coating has been successfully plotted from Knoop hardness data using
the above method after an initial validation of the yield locus by Knoop indentation with the
yield locus by standard tests for an uncoated cold rolled DC04 steel specimen.

5 Conclusion

To conclude, a method to obtain the yield parameters and to plot the anisotropic yield locus
based on Knoop indentation has been developed. The yield parameters are optimized to plot
the best fit yield locus from the KHN data. The method has been implemented to plot the yield
locus for DC04 steel sheet and validated against bulk tests. Both experimental characterization
procedures have been shown to be in good agreement. The method has been extended to plot
the yield locus of the zinc coating on steel sheet. The parameters for the Hill’s quadratic yield
criteria have been derived from the plotted yield locus of the zinc coating and can be used in
modelling of material deformation behaviour in various numerical simulations.
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Abstract

A coating layer is often present on engineering surfaces. An example is a zinc coating on steel
sheet, this being a soft metallic coating on a hard substrate. To characterize the tribological
behaviour of these engineered surfaces, it is necessary to understand the mechanical behaviour
of the coating during ploughing. The material point method (MPM)-based ploughing model
has been used to compute friction and the ploughed profile when an asperity is ploughing
through a coated surface. An analytical ploughing model has also been used to study the
effect of the thickness and hardness of the coating relative to the substrate on coefficient of
friction using rigid-plastic material behaviour and its results have been compared with the
MPM-model results. The MPM-based ploughing model has been experimentally validated
and is shown to agree well with the ploughing experiments using rigid spherical indenters
sliding through lubricated- zinc coated steel, uncoated steel and bulk zinc over a range of
applied loads.

Keywords: Friction model, Galvanized steel, Ploughing, Coating, Material point method.
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Nomenclature of symbols

Axy Projected contact area in the xy plane a Total contact radius
Ayz Projected contact area in the yz plane c Related to the coating (subscript)
C0 Proportionality constant for interfacial

shear
dp Total ploughing depth

Cp Proportionality constant for contact
pressure

dg Groove depth

E Young modulus d Penetration depth
Fn Normal load/force on the indenter f Ratio of interfacial to bulk shear

strength
Hcs Effective hardness of the coated sub-

strate
hpu Pile up height

Hc Hardness of the coating k1 Fitting factor for effective hardness
Hs Hardness of the substrate k0 Ratio of interfacial strength to hardness
H̃ Relative hardness of coating, Hc/Hs m Mass of particle
I Identity matrix nP Exponent of pressure
K Bulk Modulus nv Exponent of sliding velocity
Ppl Contact pressure due to plastic defor-

mation
nT Exponent of temperature

P Mean nominal contact pressure q Heat generated
Ra Mean surface roughness r Radius of the indenter/asperity
Rq Root mean squared surface roughness s Related to substrate (subscript)
T0 Contact/ambient temperature t Thickness of the coating
V Volume of particle tc Coating thickness for transition in

ploughing
ρ Density of the material vi Sliding velocity of the indenter
κ Shear strength of the substrate (bulk) x Related to x axis (sub/superscript)
κt Thermal conductivity y Related to y axis (sub/superscript)
τsh Shear strength of the interface z Related to z axis (sub/superscript)
τbl Shear strength of the boundary layer cs Related to coated-substrate (subscript)
σy Yield/flow stress pl Related to plastic deformation (sub-

script)
σh Hydrostatic stress sh Related to interfacial shear (subscript)
µ Coefficient of friction M Volumetric change
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1 Introduction

Zinc coatings are often applied on steel sheets in a molten zinc bath using continuous hot-dip
galvanizing to improve their corrosion resistance and paintability. The presence of a zinc coating
also affects the friction and wear behaviour of the galvanized sheets which are further used in
deep-drawing, stamping and other forming processes [1], [2] and [3]. Both the thickness and
the hardness of the zinc coating are critical for the tribological performance of the galvanized
products [1]. In the production process, the thickness of the zinc coating is controlled by using
air knives to remove the excess of zinc from the sheets drawn out from the zinc bath [4], while
the hardness of the galvanized sheets is varied by alloying the zinc bath with various elements
or by annealing the galvanized sheets [5].

During the loading and sliding of the forming tools and galvanized sheets against each other,
the harder tool surface flattens the asperities of the softer sheet surface, while the hard tool
asperities plough through the flattened sheet surface [6]. The friction force is therefore due
to the plastic deformation of the substrate as well as the shearing of the interface [7]. The
thickness of the coating and the hardness of the coating relative to the substrate determines
the friction and wear mechanisms in a coated system [8]. Furthermore, soft metallic coatings
have large scale localised plastic deformation resulting in coating fracture and abrasive wear,
these phenomena studied using scratch testing at [9] and [10]. Hence, numerical ploughing
models are critical in computing and understanding friction and wear.

The effect of the properties of the substrate and the coating on the plastic deformation in coated
systems have been studied by modelling both indentation and scratching using finite element
(FE) models [11] and [8]. The effect of the ratio of the yield strength of the coating relative to the
substrate, on the plastic deformation in the coating has been studied by indenting at different
penetration depths [11]. The critical depth, defined as the penetration depth below which the
substrate had negligible effect on the deformation in the coating, was shown to decrease with the
increase in coating-substrate yield strength ratio and size of the indenter tip [11]. For a coating-
substrate yield strength ratio less than 0.1-0.2, the measured critical depth was 0.3 times the
coating thickness [11] and [12]. Harder substrates promote initiation and propagation of plastic
deformation in the coating with increased pile-up of the coating material around the indenter
[11]. The critical penetration depth was given as a function of the ratios of yield strength and
stiffness of the coating and the substrate in [13]. Experimental studies on the effect of coating
thickness in single and multi-layer metallic coatings have been done in combination with FE-
based indentation models in [14], [15] and [16]. The contribution of coating and substrate
to ploughing and shear components of friction were also studied experimentally in [17] while
considering elastic recovery in hard coatings on steel. Experimentally validated theories have
shown the effect of coating thickness, surface roughness and material properties of the coating
and the substrate on friction and wear due to shearing in soft thin coating in [18], [19], [20] and
[21].

Although FE models for different coated systems have provided a good overview of the
deformation response of coatings to indentation, numerical ploughing models are required to
understand the dynamic deformation response of coating subjected to ploughing by an
asperity. Typically scratch models and experiments are used to study the coating-substrate
adhesion and coating damage mechanisms [9]. The scratch behaviour in both hard and soft
polymeric coatings has been studied using FE models [22], where the principal stresses along
the wear track have been analysed to explain the failure and damage in the coatings. The
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effects of coating thickness and hardness on deformation and damage have been studied by
FE models for scratching in multilayer polymeric coatings [23]. The stresses, strains, damage
and friction has been modelled for spherical indenters sliding through hard coated surface
using FE models in [24]. Similarly, critical loads, friction, deformation and damage in coatings
and coating-substrate adhesion are also studied for both hard and soft coatings using FE
models in [25] and [26]. Typically, a linear-elastic material model is used for hard coatings
while elastic-plastic material model is used for soft coatings in these FE models. The FE
models use adaptive re-meshing techniques to avoid element distortion in modelling large
scale plastic deformation which makes these models inefficient. Moreover, constant
(Coulomb’s law) coefficient of friction is used in the simulation for the shearing of the
indenter-coating interface [25] and [26].

Recently, particle-based, molecular dynamics (MD) models have been used to study
nano-indentation and nano-scratch behaviour of multi-layered films [27] and [28]. The effect
of indentation size and coating thickness on the indentation hardness [29] and the effect of
indentation depth on adhesion and plastic deformation during loading and unloading has been
observed and explained using the slip systems and plastic energy in MD simulations of
indentation [27]. MD simulation of scratching processes have been used to explain
coating-asperity adhesion, coating-substrate adhesion, plastic deformation, work-hardening,
pile-up, stick-slip and wear phenomenon in multi-layer films [28] and [30] at an atomistic
scale. However, the correct choice of interatomic potentials, scaling up and physical validation
of results are challenging in MD models.

In modelling of coated systems, it is critical to accurately characterize the material and contact
behaviour of the coating. Typically, the hardness and the Young’s modulus of a thin coating
is measured by nano-indentation considering the properties of the coating with respect to
the substrate in [31], [32] and [33]. Initial work to measure the effective hardness for single
layered coatings was done by [34] for soft coatings and by [32] for hard coatings. The effect of
indentation size and coating thickness was accounted for in estimating the intrinsic hardness
of both hard and soft coated systems using theoretical and FE models and experiments in [35].
Furthermore, the Young’s modulus of thin films can be characterized by the approach given in
[36] and [37]. Also, the shear strength of the asperity-coating interface needs to be characterized
accurately to model friction during ploughing. In the presence of a boundary layer on the coated
surface, e.g. aluminium and gold coating on glass [38] and [39], the interfacial shear strength
is characterized as a function of applied load [40].

The elastic and plastic properties of zinc coating on steel sheets have been characterized by
tensile tests in [41] and [42] and by nano-indentation in [43]- [44]. However, there is still
lack of sufficient data on the material, contact and interfacial properties of galvanized steel
sheets. Moreover, the numerical models available for coated systems have mostly studied either
indentation or scratching behaviour for hard-metallic or polymeric coatings relevant to their
damage and failure mechanisms. The available FE and MD based numerical scratch/ploughing
models for coated systems lack accurate experimental validation of the ploughing friction. Also,
specific numerical ploughing models for zinc coatings, in the galvanized steel sheets, are absent
in the literature to the knowledge of the authors.

Recently, the material point method (MPM) has been successfully used to model ploughing
in steel for various loads and indenter sizes [45]. The MPM-based ploughing model combines
features of both particle and mesh based numerical methods to measure friction and wear
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in lubricated steel sheets with experimental validation. Also the interfacial shear strength of
lubricated zinc coating has been measured for a range of loads in [46]. The current research has
focussed on extending the MPM-based ploughing model for lubricated, zinc coated steel sheets.
A theoretical study on the effect of the coating thickness and hardness of the coating relative to
the substrate on ploughing friction and ploughing depth has been done and compared with the
MPM-based ploughing model for coated-systems with a rigid-plastic (negligible elastic recovery
and work hardening) material behaviour. The size of the indenter, thickness of the zinc coating
and applied load have been varied to study their effect on ploughing friction and wear. The
MPM model results for zinc coated steel sheets are experimentally validated and compared
with ploughing experiments of uncoated steel sheets and zinc blocks. The results have been
explained using the available literature on characterization of soft, thin coatings.

2 Calculation of friction in ploughing of coated systems.

Before the MPM simulations of ploughing is discussed, an approximate analytical model has
been developed to investigate the expected effect of parameters such as coating thickness and
hardness on the frictional behaviour in ploughing of the coatings. The analytical model is
based on the concept of load sharing in a coated system in contact with a rigid-counter face,
given in [20], [47], and [21]. Rigid-plastic material behaviour is chosen for the coated system.
The analytical model will consist of a contact model to compute the contact area between
the asperity sliding through the coated substrate. Using the calculated contact area and the
hardness of coating, substrate and coated system the ploughing friction will be calculated.
As mentioned, the analytical model will be used to understand the factors contributing to
ploughing friction and to compare and explain the results obtained from the numerical (MPM)
ploughing model and ploughing experiments on coated systems respectively.

A rigid spherical indenter sliding through a rigid-plastic coated system could result in two
contacting conditions. In the first case, the spherical indenter is only in contact with the
coating, i.e. the ploughing depth dp is less than the coating thickness t. In the second case,
the spherical indenter is in contact with both the coating and the substrate, i.e. the ploughing
depth is more than the coating thickness.

The response to loading (indentation) of a coated system is determined from its effective
hardness Hcs. The effective hardness of a coated system Hcs is given by combining the
hardness of the substrate (Hs) and the hardness of the coating (Hc) typically by using a rule
of mixtures. The hardness Hcs is obtained as a function of coating thickness t from the
indentation response to a spherical indenter. For thin, soft coatings on hard substrates the
effective hardness is given using equation 1 [48]. The value k1 = 125 was obtained by
experimentally fitting the indentation response of spheres of various radii (r) on a coated
substrate, where Hcs ≈ Hc for values of t/r ≥ 0.04 [48].

Hcs = Hc + (Hs −Hc) exp

(
−k1

t

r

)
(1)

2.1 Calculation of contact area in ploughing of a coated substrate
For a spherical indenter of radius r, ploughing through the coated substrate with ploughing
depth less than or equal to the coating thickness (dp ≤ t), the contact radius is taken as a.
Considering the frontal half of the indenter in contact during ploughing through the coating in
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a rigid-plastic coated-substrate (see figure 1a), the horizontal projection Axy of the total contact
area is determined. By dividing the applied load Fn by the mean contact pressure Ppl (due to
plastic deformation), the horizontal projection (in the ‘xy plane’) of the contact area Axy is
obtained, see equation 2.1. For normal loading of a plastically deforming coated substrate, the
contact pressure Ppl equals the effective indentation hardness Hcs of the coated system. The
ploughing depth dp for a spherical indenter of radius r is obtained from its contact radius as
given in equation 2.2. The (vertical) cross-sectional contact area Ayz for a spherical indenter
ploughing in x direction is given as the area of the segment formed by the intersection of the
contact plane on the indenter’s ‘mid yz-plane’ and is expressed in equation 2.3 [45] (see figure
1b).

Axy =
πa2

2
=

Fn

Hcs

(2.1)

dp = r −
√
r2 − a2 (2.2)

Ayz = r2atan
a

r − dp
− a (r − dp) (2.3)

Figure 1: (a) Schematic of a spherical indenter of radius r ploughing through a rigid-plastic
coated substrate, with coating thickness t, coating hardness Hc, substrate hardness Hs. (b)
The frontal projection of the contact area of the indenter showing total ploughing depth dp,
ploughing depth into the substrate ds. (c) The horizontal projection of the contact area showing
total contact radius a and contact radius with the substrate as. (Coating in grey and substrate
in white).

Figure 1 shows the case of a rigid spherical indenter ploughing through both the coating and
the substrate. So, dp > t. The total ploughing depth dp is given as the sum of ploughing depth
in the substrate ds and ploughing depth in the coating dc. In this case dc = t, as dp > t. The
applied normal load Fn is now carried by both the coating and the substrate over the total
contact area Axy = Axys +Axyc where Axys is the contact area of the substrate and Axyc is the
contact area of the coating, (see figure 1c). It is assumed that the contact pressure generated in
the coating equals the effective hardness of the coated system Hcs, while the contact pressure
in the substrate equals hardness of the substrate Hs. The contact area of the coating with
the indenter Axyc (the area of the annular semi-circle in figure 1c) is given in equation 3.1 in
terms of the ploughing depth in the substrate ds, indenter radius r and coating thickness t
(using equation 2.2 for dp = ds + t). By equating the applied load to the contact pressure in
the contact area with the coating and the substrate and substituting expression of Axyc from
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equation 3.1, the expression of ds can be calculated by solving the resulting quadratic equation
in equation 3.2, and choosing the one feasible solution of ds (the ds < r). The horizontal and
vertical projections of the contact area with the substrate Axyc and Ayzs , are given in equation
3.3 and 3.4 respectively. The total horizontal projection Ayz of the indenter with the coated
substrate is now given by substituting dp = ds + t in equation 2.3. The vertical projection of
the contact area of the indenter with the coating Ayzc is given as the difference between Ayz

and Ayzs in equation 3.5 (see figure 1b).

Axyc = Axy − Axys = 0.5π
(
a2 − a2s

)
= 0.5π

(
r2 − (r − dp)

2 −
(
r2 − (r − ds)

2))
⇒ Axyc = 0.5πt (2 (r − ds)− t)

(3.1)

HsAxys +HcsAxyc = Fn ⇒ 0.5π
(
r2 − (r − ds)

2)Hs = Fn − 0.5πt (2 (r − ds)− t)Hcs

⇒ 0.5πHsd
2
s + π (Hcst−Hsr) ds + Fn − 0.5πt (2r − t)Hcs = 0

⇒ ds = −B +
√
B2 − 4AC

2A
∀ A = 0.5πHs, B = π (Hcst−Hsr) , C = Fn − 0.5πt(2r − t)Hcs

(3.2)

Axys = 0.5π
(
r2 − (r − ds)

2) (3.3)

Ayzs = r2atan
as

r − ds
− as (r − ds) ∀as =

√
r2 − (r − ds)

2 (3.4)

Ayzc = Ayz − Ayzs ∀Ayz = r2atan
a

r − ds − t
− a (r − ds − t) anda =

√
r2 − (r − ds − t)2

(3.5)

Figure 2: Algorithm to calculate the projected contact areas in the horizontal xy plane Ash

and vertical xz plane Apl for a rigid-sphere ploughing through a rigid plastic coated system in
x direction.
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An algorithm to compute the projection of contact area of the indenter sliding through a coated
substrate is shown in figure 2. The algorithm accounts for both the cases of contact between
the indenter and the coated substrate, i.e. indenter with the coating and the indenter with both
the coating and the substrate. An initial prediction of the ploughing depth of the spherical
indenter is made by equating the applied load with the effective indentation hardness Hcs. The
ploughing depth is compared with the coating thickness to categorize the contact condition
amongst the two cases described above. Following the set of equations 2.1-2.3 and 3.1- 3.5 the
algorithm computes the contact areas for each of the cases.

2.2 Calculation of components of ploughing friction force
The ploughing friction is calculated as the sum of the friction force due to plastic deformation
of the ploughed specimen and the friction force due to shearing of the interface [7]. The friction
force Ff acting on a spherical asperity ploughing through a specimen is given in equation 4.1.
The friction force due to ploughing is given as the product of the contact pressure due to the
plastic deformation of the substrate Ppl and the area of the ploughed cross section Ayz. The
friction force due to shearing of the interface is given as the product of the interfacial shear
strength τsh and the contact area between the indenter and the specimen at the surface Axy.
The overall coefficient of friction µ is calculated using equation 4.2.

Ff = Fpl + Fsh = pplAyz + τshAxy (4.1)

µ =
Ff

Fn

= µpl + µsh =
pplAyz + τshAxy

Fn

(4.2)

µpl =
Fpl

Fn

=
HsAyzs +HcAyzc

Fn

(4.3)

µsh =
Fsh

Fn

=
fsHsAxys + fcHcAxyc

3
√
3Fn

(4.4)

In ploughing through a rigid-plastic coated substrate, the stress acting on the ploughed cross
section ppl are taken as the hardness of the coating Hc or hardness of the substrate Hs. The
coefficient of friction due to plastic deformation of the coated system µpl is obtained using
equation 4.3, where the friction force due to ploughing is shared by the vertical projected
areas of the coating Ayzc and the substrate Ayzs. The shear stresses at the indenter-coating
contact and the indenter-substrate contact are taken as fractions (f), fc and fs of the maximum
shear strength of the coating τshc and the substrate τshs respectively. Typically for very clean
surfaces, f = 1. For a rigid-plastic material, its shear strength τsh is given as a factor 1/k0 of
its hardness H. Typically for metals k0 = 3

√
3 [10] and [49]. The interfacial friction due to

shearing of the substrate and the coating is given by fsτshs and fcτshc respectively distributed
over the horizontal projected areas Axys and Axyc respectively. The coefficient of friction due
to shearing of the interface µsh in a coated system is given in equations 4.4. If dp < t, the
coefficient of friction is given by substituting Ayzs = 0 and Axys = 0 in equation 4.3 and 4.4
respectively. The variations in µpl, µsh and µ with coating thickness t for a soft and a hard
coating and with relative coating hardness (hardness ratio) H̃ = Hc/Hs are illustrated in figure
3a, 3b and 3c respectively.

The shearing of the contact interface (on the vertical plane in the yz plane) also results in a
component for force F z

sh along the loading z direction. Hence the shear stress is carried by
vertical contact areas of the substrate Ayzs and the coating Ayzc . In ploughing using an applied
load of Fn in −z direction, F z

sh acts on the indenter in the z direction. The ratio of F z
sh and Fn
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is given for a coated system as a factor of µz
pl in equation 5.1. The total normal load F

′
n acting

on the indenter in z direction is now corrected by adding the force due to shear stress F z
sh to

applied load Fn. The contact area deformation and hence the ploughing depth of the coated
system is corrected using the load Fn in equation 2.1-2.3 and equation 3.1-3.5 [50]. Also the
friction forces are computed with the new contact areas in equation 4.1-4.4.

µz
sh =

F z
sh

Fn

=
τsAyzs + τcAyzc

Fn

=
1

k0
µpl (5.1)

F
′

n = Fn − F z
sh = Fn

(
1 +

1

k0

)
µpl (5.2)

Figure 3: Coefficient of friction due to ploughing of rigid-plastic coated substrate by 1mm
diameter indenter at Fn= 5N as a function of (a) coating thickness for a soft coating (H̃ =
0.5, Hs = 900MPa) and (b) hard coating (H̃ = 2, Hs = 450MPa) (k1 = 12.5). (c) Effect
of relative coating hardness H̃ (Hs = 450MPa) on ploughing coefficient of friction for coating
thickness t = 4µm and (d) t = 16µm.

The ploughing depths calculated using equation 2.2 and 3.2 is plotted in figure 4a and 4b as
a function of the coating thickness for a hard coating and a soft coating and as a function
of coating hardness with and without including the including the shear force F z

sh in the z
direction respectively. It can be seen from figure 4b, that µz

sh has a small contribution on the
ploughing depth. The results obtained from the analytical model will be discussed further in
comparison with the numerical MPM- ploughing model and ploughing experiments in section
4.1 and section 4.2 respectively. As the results shown in figures 3a and 4a are calculated over a
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Figure 4: Ploughing depth of rigid-plastic coated substrate by 1mm diameter indenter at
Fn= 5N as a function of the (a) coating thickness t for a soft coating (H̃ = 0.5, Hs = 900MPa)
and hard coating (H̃ = 2, Hs = 450MPa) (k1 = 12.5) and (b) relative coating hardness H̃
(Hs = 450MPa, t = 4µm) with and without correction of Fn using µz

sh.

large range of coating thickness t, the value of the fitting factor k1 is varied (from 125 to 12.5)
to avoid scaling effects and obtain smoother results.

3 Experimental and computational method

The current section describes the set-up used to perform the ploughing experiments and the
MPM-based ploughing simulation. The parameters of the material models and the interfacial
friction models used in the ploughing simulations are also plotted and listed in this section.

3.1 Experimental method
The preparation of both the zinc block and the zinc coated specimen for the ploughing experi-
ments is explained below. Also the ploughing experimental set-up is described.

3.1.1 Preparation of specimen

The zinc coated steel sheets are prepared by hot dip galvanizing 210mm long and 300mm
wide rectangular sheets in molten zinc bath. The surface of the (unrolled) zinc coating is
characterized by dendritic growth and spangles (snowflake) formed during solidification of the
molten zinc on surface of the steel sheet after hot dip galvanization as shown in figure 5a [51].
The surface roughness Ra of the galvanized sheets is measured to be 0.5µm. The mean thickness
of the zinc coating is maintained within 20-55µm by blowing off the excess zinc melt from the
sheet using air knives. The thickness of the zinc coating on the steel is measured using the
magnetic induction probe of Fisher’s FMP 40 Dualscope.

Mirror polishing of rough galvanized steel sheets is done by hot mounting circular galvanized
sheets of 46mm diameter on 50mm diameter bakelite disc. Polishing is done using an automatic
polishing machine. The galvanized sheets were polished using a diamond suspension with 9µm
particle size at 30N load, 150rpm for 90seconds. The fine polishing of the sheets was done
using a (water-less) alcohol-based yellow lubricant, as the softness of zinc and its reaction with
water can leave the coatings discoloured and with scratches. Firstly, the zinc coated surface was
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Figure 5: Surface of mounted (zinc coated) galvanized sheet before polishing, (a) as seen under
confocal microscope at 20x magnification with its (b) surface height profile, Ra= 0.5µm and
Rq = 0.75µm.

Figure 6: Surface of mounted (zinc coated) polished galvanized sheet, (a) as seen under a
confocal microscope at 20x magnification with its (b) surface height profile, Ra= 0.05µm and
Rq = 0.1µm.

Figure 7: Surface of mounted polished zinc block, (a) as seen under confocal microscope at 20x
magnification with its (b) surface height profile, Ra= 0.55µm and Rq = 0.7µm.

polished with a poly-crystalline diamond slurry suspension of 3µm particle size at 25N load,
150rpm for 90 seconds. Then a diamond slurry suspension of 1µm particle size was used at 20N
load, 150rpm for 90seconds. Finally, the sheets were polished using de-agglomerated gamma
alumina powder of 0.05µm particle size mixed with ethanol denatured with iso-propyl alcohol
at 15N and 150rpm for 60seconds. The polished sheet is shown in figure 6a where the grain
boundaries can be clearly seen. The resulting mean surface roughness was 0.05µm as shown in
figure 6b. The resulting mean coating thickness post polishing was measured to be 30 µm.
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For reducing the coating thickness, the duration and loads in the polishing steps were increased.
Zinc coated specimens were also polished up to 10 and 15µm coating thickness. Zinc coated
samples with a mean coating thickness of 40 and 55µm in an unpolished state were also used in
the ploughing experiments as specimens high coating thickness. To simulate a very high zinc
coating thickness, a zinc block was used. The rectangular zinc block was also mounted and
polished to obtain a mean surface roughness of 0.05µm as shown in figure 7.

3.1.2 Experimental set-up

Figure 8: (a) Linear friction tester for ploughing experiments with schematic of (b) A: loading
set-up (c) B: sliding set up and (d) the indenter/pin with 3mm diameter spherical tip.

The ploughing experiments on zinc coated DX56 steel sheet and zinc block lubricated with
Quaker FERROCOAT N6130 lubricant were done using the linear friction tester, shown in
figure 8, with 3 repetitions. The linear friction tester consists of an XY linear positioning stage
driven separately by actuators as shown in figure 8c. A horizontal beam supports the loading
tip and moves the Z-stage using a linear and piezo actuator for coarse and fine displacement
respectively while applying a normal load. The normal load is applied using a force controlled
piezo actuator, connected by PID control loop feedback system, so the system can operate load-
controlled. The friction forces are measured by a piezo sensor along the loading tip as shown in
figure 8b. Spherical balls of 1mm and 3mm diameter were mounted on the pin holder as shown
in figure 8d. In the experiments, the sliding distance was 10mm and the sliding velocity was
set equal to 1mm/s.

3.2 Computational method

The material point method (MPM), a particle-in-cell based modelling tool, has been used to
simulate ploughing. The MPM-based ploughing model has been introduced and implemented
successfully for ploughing of a steel sheet in [45]. In that paper, the model-set up, the material
model and the interfacial friction model used in the MPM-based ploughing simulations have
been elaborated. Further, the parameters for the material model and the interfacial friction
model have been listed using the data from tensile and compression tests, obtained from the
supplier, the literature on bulk zinc and zinc coatings [52], [53] and [54] and the experiments
done for interfacial shear characterization in [46].
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3.2.1 Model set-up

Figure 9: MPM simulation of an spherical indenter (asperity) with radius 0.2 mm ploughing
through a coated-substrate along sliding x-direction.

The MPM-based ploughing model results are obtained by extrapolating and converging the
results for decreasing particle/element sizes towards 0µm size, where the size of the particles
in coated-substrate is varied from 2.5, 5 to 10µm and the size of the triangles in the indenter
is varied from 5,10 and 20 µm. Indenters of radii 200, 500 to 1500µm are used for analytical
and experimental validation. The coating thickness is varied from 10-55µm, comparable to the
measured coating thickness of the zinc coated specimen. The particles in the coated-substrate
are grouped in the half cylindrical domain of radius 200µm and length 1mm. A scratch length
of 600µm is made using a spherical indenter sliding at a velocity of 0.1m/s. A mass scaling
factor of 1e6 is used to increase computation speed. Figure 9 shows the MPM-ploughing model
set-up. Table 1 list the MPM model set-up parameters.

The material model computes the total stress as a sum of the hydrostatic stress and the
deviatoric stress. The hydrostatic stress is computed using a linear equation of state as given
in equation 6.1. The bulk modulus K is obtained from the Young’s modulus E and the
Poissons ratio ν while the hydrostatic strain is obtained from the volumetric change M and
identity matrix I. The deviatoric stress is obtained by updating the flow stress using a radial
return plasticity algorithm [45]. Assuming, adiabatic conditions, the heat generated �q due to
plastic deformation results in a temperature change �T which is calculated in equation 6.2
using the specific heat capacity cp and the mass of the particle m = ρV (material density ρ
and cell volume V ). The heat transfer is calculated using thermal conductivity κt. The
parameters for heat transfer in zinc and steel are listed in table 3 and 4.

σh = KMI ∀ K =
E

3(1− 2ν)
(6.1)

�T =
�q

mcp
(6.2)

The flow stress σy is taken as constant for a rigid-plastic material. In the model, the flow stress
is computed for materials using physically based material models. The isothermal Bergström
van Liempt hardening relation [55], modified by Vegter for sheet metal forming processes [56],
is used for the DX56 steel substrate where the flow stress σBL

y is decomposed into a static-strain
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Table 1: MPM ploughing model parameters.

Parameters Symbol Values/ expression
Rigid spherical indenter radii Ri 0.2, 0.5 and 1.5 mm

Semi-cylindrical substrate radius Rs 0.2 mm
Sliding distance of indenter l 0.6 mm

Semi-cylindrical substrate length ls 1 mm
Coating thickness t 15 and 30 µm

MPM particle cell size rp 2.5, 5 and 10 µm
Indenter’s mesh element size rt 5, 10 and 20 µm
Sliding velocity of indenter vi 0.1 mm/s

Sliding distance ds 0.6 mm
Mass scaling factor ms 1e6

hardening stress σwh and dynamic stress σdyn. It takes into account the strain ε, strain-rate
ε̇ and thermal (temperature) T effects as shown in equation 7.1. The Bergström van Liempt
material model parameters for the DX56 steel sheet are listed in table 3 [45]. The Johnson-
Cook material model is used for modelling the flow stress σJC

y of the bulk zinc specimen [57] as
shown in equation 7.2 where ε is strain, ε̇ is strain-rate and T is temperature. The flow stress
σS
y for the zinc coating is computed from the initial yield stress σy0using the material model in

equation 7.3. The model is taken from [43] and [52], and has similarities with the Swift strain
hardening law [58]. Table 4 lists the material model parameters for bulk zinc and zinc coating,
given in equations 8.2 and 8.3.

σBL
y = σwh + σdyn

= σf0 + dσm (β (ε+ ε0) + {1− exp [−ω (ε+ ε0)] }c) + σv0

(
1 +

kT

∆G0

ln
ε̇

ε̇0

)m (7.1)

σJC
y = (A+Bεp)

(
1 + Cln

ε̇

ε̇0

) (
1−

(
T − T0

Tm − T0

)q)
(7.2)

σS
y = σy0

(
1 +

E

σy0

ε

)n

(7.3)

The interfacial friction algorithm is used to calculate the friction force due to shearing of the
interface as the product of the interfacial shear strength τbl and contact area Ac. For rigid-
plastic materials, the interfacial shear strength can be given as a fraction f of the bulk shear
strength κ in equation 8.1 (model parameters listed in table 2 and used in section 4.1). The
boundary-layer shear strength at the interface of the indenter and the metallic coating/substrate
(lubricated) is given as a function of the nominal contact pressure P , sliding velocity vi and the
contact temperature T0 in equation 8.2 [43], where, C0 is the proportionality constant, np is the
pressure exponent, nv is the velocity exponent and nT is the temperature exponent, obtained
by fitting experimental data. For a constant vi and T0, a power-law relationship between τbl
and P can be deduced in equation 8.3. This interfacial friction model is used in ploughing
simulation of zinc coated steel in section 4.2 (model parameters are given in table 5).

τbl = fκ (8.1)

τbl = C0P
np
vnv
i exp− nT

T0
(8.2)

τbl = CpP
np (8.3)
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3.2.2 Model parameters

The material model parameters for bulk specimens of DX56 steel sheets are obtained by uniaxial
tensile tests. Tensile tests are done at various strain rates and temperatures up to a true strain of
1. The resulting stress-strain curves are fitted with equation 7.3 to obtain the model parameters,
listed in table 3. The strain hardening parameters (A, B and p) of the zinc block are obtained
by fitting the stress-strain data from the uniaxial compression tests pependicular to the rolling
plane with equation 7.2. The strain rate hardening and thermal softening parameters (C and
q) are obtained by fitting the results from Kolsky bar experiments done on commercially pure
zinc in [54] with equation 7.2. The material model parameters for the zinc coating on steel in
[43] and [52] are obtained from the load-depth curves of nanoindention experiments measured
on various zinc grains in [53]. The material parameters for bulk zinc and the zinc coating are
listed in table 4.

Figure 10: Comparison of (a) the true flow stress-strain curves for DX56 steel sheet, zinc coated
steel sheet and zinc block obtained by uniaxial compression test and (b) of the boundary layer
shear stress against applied nominal pressure of DX56 steel sheet and zinc coated steel sheet
lubricated with Quaker FERROCOAT N136 lubricant [46].

Table 2: Material parameters for rigid-plastic material

Parameters Symbol Value/expression
Elastic modulus of the substrate Es 210GPa

Poisson’s ratio (coating and substrate) ν 0.3
Elastic modulus of the coating Ec 80GPa

Reference hardness of the coating H0c 225/450MPa
Reference hardness of the substrate H0s 450/900MPa

Reference coating thickness t0 25µm
Relative hardness of coating H̃ 0.1− 10

Coating thickness t 0− 200µm

Interfacial shear stress τsh H/3
√
3

The true stress-strain curves of the DX56 steel, bulk zinc and zinc coating are plotted in figure
10a [52] and [53]. The DX56 steel shows highest flow stress (hardness) compared to both
the bulk zinc and zinc coating. The pure zinc block shows higher strain hardening, although
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low yield strength compared to the zinc coating. The interfacial friction model parameters
for Quaker lubricated zinc coated steel sheet and uncoated steel sheet have been obtained by
performing boundary layer shear experiments in a linear friction tester [46]. Likewise, the
boundary layer shear stress of the Quaker lubricated steel sheet and Quaker lubricated zinc
coated steel sheet are plotted as a function of the applied nominal pressure in figure 10b. The
boundary layer shear strength results are used to calibrate the interfacial friction model given
in equation 8.2. The model parameters obtained are listed in table 5. The boundary layers at
the interface of the zinc coating and the sliding pin have a lower shear strength compared to
those formed at the interface of the DX56 steel sheet and the sliding pin.

Table 3: Parameters for DX56 steel substrate [45].

Parameters Symbols Value
Heat transfer

Material density ρ 7850 kg/m3

Specific heat capacity cp 502 J/(kg K)
Thermal conductivity κt 50 W/(m K)

Equation of state
Young’s modulus E 210GPa
Poisson’s ratio ν 0.3

Material model
Initial static stress σf0 82.988 MPa

e Stress increment parameter dσm 279.436 MPa
Linear hardening parameter β 0.482
Remobilization parameter ω 6.690
Strain hardening exponent c 0.5

Initial strain ε0 0.005
Initial strain rate ε̇0 108s−1

Maximum dynamic stress σv0 1000 MPa
Dynamic stress power m 3.182

Activation energy �G0 0.8
Boltzmann’s constant k 8.617×10−5 eV

The material parameters, listed in table 2 are for rigid-plastic material behaviour. The relative
hardness of the coating to the substrate H̃ = Hc/Hs is varied from 0.1 to10 to study the effect
of coating hardness on ploughing friction and ploughing depth. The coating thickness t is varied
from 0 (uncoated substrate) to ∞ (bulk coating) to study the effect of coating thickness on
ploughing friction and ploughing depth. To simulate rigid-plastic behaviour, hardness is taken
as H = 3σy [49] and shear strength of the bulk is taken as κ = σy/

√
3 [10]. The interfacial

friction factor is taken to be f = 1 assuming a very clean surface. A high value of (maximum)
interfacial shear in the analytical study can help highlight its effect on the overall ploughing
friction. The interfacial friction model given in equation 8.3 is used to determine the interfacial
shear strength.
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Table 4: Parameters for zinc [52], [53] and [54].

Parameters Symbols Value
Heat transfer

Material density ρ 7140 kg/m3

Specific heat capacity cp 377 J/(kg K)
Thermal conductivity κt 116 W/(m K)

Equation of state (bulk)
Young’s modulus E 108GPa
Poisson’s ratio ν 0.25

Material model (bulk)
Initial yield stress A 82.51MPa

Strain hardening exponent p 0.1786
Strain hardening constant B 288.34

Strain rate hardening constant C 0.0202
Reference strain rate ε̇0 1s−1

Thermal softening constant q 0.843
Reference temperature T0 298 K

Melting point temperature Tm 692.68 K
Equation of state (coating)

Young’s modulus E 80GPa
Poisson’s ratio ν 0.3

Material model (coating)
Initial yield stress σy0 85MPa

Strain hardening exponent n 0.14

Table 5: Interfacial friction model parameters [46].

Parameters Symbols Value
Quaker lubricated DX56 steel sheet

Pressure constant Cp 1.34
Pressure exponent np 0.88
Quaker lubricated Zinc coated steel sheet
Pressure constant Cp 0.32
Pressure exponent np 0.95

4 Results and discussion

The coefficient of friction and ploughing depths obtained from the MPM-based ploughing
simulations of the coated systems have been compared with those obtained from the
analytical model in section 2. The coating thickness and relative material hardness has been
varied to study their effect on friction and ploughing depths for rigid-plastic material
behaviour. Ploughing experiments have been performed on bulk zinc and zinc coatings on a
steel substrate over a range of coating thicknesses and applied loads using spherical indenters
of two different sizes. The coefficient of friction and the ploughing depths obtained from the
experiments are used to validate the results obtained from the MPM-based ploughing model
and thereby to study the effects of applied load, indenter size, coating thickness and substrate
material properties on the ploughing behaviour of (soft) coated system such as galvanized
steel. The MPM results obtained for particle sizes of 5 and 10µm are extrapolated to
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converge to infinitesimal particle sizes.

4.1 Analytical validation of the MPM-based ploughing model
In the following, the ploughing depths and the coefficient of friction obtained from the theory
given in section 2 has been plotted and compared with those obtained from the ploughing
simulations of rigid-plastic coated-substrates in section 4.1.1 and 4.1.2 respectively. The effects
of relative hardness of the coating with respect to the substrate H̃ and the coating thickness t on
the coefficient of friction and the ploughing depths have been studied. The material parameters
used in the MPM-simulations of the rigid-plastic coated-substrates to be compared with the
analytical model in this section are listed in table 2.

The ploughing depth and coefficient of friction, are obtained for the ploughing simulations
utilize a 0.4mm diameter indenter at 3N load. A coating thickness of t = 25µm is taken in
the first study where the relative hardness of the coating H̃ is varied from 0.1 to 10 and the
interfacial shear strength is varied for two different cases. In the first case, the interfacial shear
strength of the coating τc and the substrate τs is kept constant at H0/k0 where H0 = 450MPa
and k0 = 3

√
3. In the second case, the interfacial shear strength of the coating and the substrate

is taken as per τ = H/k0 where H = Hs for the substrate and H = Hc for the coating. In the
second study, the coating thickness is varied from 0µm for uncoated substrate to 200µm for the
coating material as bulk. The relative coating hardness is varied for two different cases. In first
case, H̃ = 0.5 (Hc = 450MPa, Hs = 900MPa) and in the second case, H̃ = 2 (Hs = 900MPa,
Hc = 450MPa).

4.1.1 Comparison of ploughing depth

Figure 11: Ploughing of a spherical indenter through a soft coating on a hard substrate (H̃ =
0.25, t = 25µm) resulting in pile up, stacking and eventual peeling off of the coating. (b) The
corresponding plot of components forces acting on the indenter.

The total ploughing depth obtained from the ploughing simulations is compared with that
obtained by the analytical model in figure 12 using equations 2.2 and 3.2 which calculate the
ploughing depths with and without considering the interfacial friction force in the z direction.
The ploughing depths obtained by the analytical model agree well for those obtained from the
ploughing simulations for both studies.
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Figure 12: Simulated ploughing of rigid-plastic coated substrate by 0.4 mm diameter ball at 3N
load. (a) Effect of relative coating hardness H̃ (t = 25µm) on the total ploughing depth with a
constant interfacial shear and with interfacial shear τ = H/k0. (b) Effect of coating thickness
on the total ploughing depth for a hard coating (H̃ = 2) and a soft coating (H̃ = 0.5). (Marks:
MPM model, Lines: Analytical model). CW: Coating wear/degradation.

In the first study, where the relative hardness H̃ is varied from 0.1 to 10, the ploughing depths
obtained using the analytical model and the MPM simulations decrease with H̃ and are shown
to agree for H̃ ≥ 0.5 in figure 12a. For low values of H̃ (coating hardness), the ploughing
depths obtained from the MPM model exceed those calculated by the analytical model. Also
for low values of H̃, the indenter penetrates more into the coating and the simulated ploughing
depths exceed the coating thickness resulting in the wear of the coating material as shown in
the corresponding MPM ploughing simulations in figure 11a. The coating material piles up in
front of the indenter as layers and wears out which can be related to degradation mechanisms
such as peeling and delamination of thin soft coatings, as also shown in [22]. The results in
figure 12a show that ploughing depth dp is not affected by the interfacial shear strength.

In the second study, the total ploughing depths for a hard coating (H̃ = 2) and for a soft
coating (H̃ = 0.5) are studied as a function of the coating thickness t as shown in figure 12b.
The ploughing depths obtained from the MPM ploughing simulations agree well with those
obtained from the analytical model. The ploughing depth for the soft coated system increases
with coating thickness, as the effective hardness of the soft coated system decreases with the
increase in coating thickness. Consequently, the ploughing depth for the hard coated system
decreases with coating thickness as the effective hardness increases with the coating thickness
(equation 1). The slope of the ploughing depth plots changes at a coating thickness tc = 5.75µm
for the soft coating and tc = 4.3µm for the hard coating where dp = t after which increase in t
results in transition of the contact of the indenter from both the substrate and the coating to
the coating only. So, the ploughing depths are calculated accurately by MPM for all cases.

4.1.2 Comparison of coefficient of friction

The overall coefficient of friction µ, obtained from the MPM ploughing simulations is also
compared with the values obtained by the analytical model using equations 4.2 which combines
µpl and µshfor a coated substrate. The results are shown to agree well in both the case studies
depicted in figure 13. The mean coefficient of friction is calculated from the friction plots given
in figure 11b. The steady increase in friction force can be seen over the sliding distance in figure
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11b which corresponds to the piling up of material in front of the coating as shown in figure
11a.

The calculated coefficient of friction plotted against H̃ for a constant interfacial shear stress
(figure 13a) shows a good agreement with the simulated coefficient of friction. The ploughing
depth at H̃ = 0.46 corresponds to the coating thickness t = 25µm as shown in figure 12a.
Hence, at lower H̃ and for dp > t, there is coating wear, resulting in the difference in friction
computed by the MPM model and the analytical ploughing model. As τshc = τshs is constant,
and dp and consequently Apl and Ash decrease with H̃, thereby decreasing µpl and µsh. However
in the case where τshc = Hc/k0, µsh = τshcAsh increases with as Hc (H̃), in spite of the decrease
in Apl and Ash. Therefore the simulated coefficient of friction increases with H̃ is also shown
in figure 3c, and agrees with the simulated coefficient of friction.

Figure 13: Simulated ploughing of rigid-plastic coated substrate by 0.4 mm diameter ball
at 3N load. (a) Effect of relative coating hardness (t = 25µm) on the overall coefficient of
friction with a constant interfacial shear and with interfacial shear τ = H/k0. (b) Effect of
coating thickness on the total ploughing depth for a hard coating (H̃ = 2) and a soft coating
(H̃ = 0.5). (r = 200µm, k1 = 12.5) (Marks: MPM model, Lines: Analytical model). CW:
Coating wear/degradation.

The coefficient of friction has been plotted as a function of the coating thickness t for a hard
coating (H̃ = 2) and a soft coating (H̃ = 0.5) in figure 13b. The coefficient of friction obtained
from the MPM simulations agrees well with the values obtained from the analytical model. For
a low coating thickness, the indenter is in contact with both the coating and the substrate. In
figure 13b, µ is shown to initially increase and then decrease with t for the hard coating. The
initial increase in µ corresponds to the increase in contact area due to increase of the (hard)
coating thickness which require more friction force to shear and plough. However once the
indenter is in contact with the coating only (t > 7.8µm), the coefficient of friction plot follows
the ploughing depth plot, and decreases with increase in t for the hard coating. Therefore, with
the same analogy, the coefficient of friction first decreases and then increases (t > 6.5µm) with
coating thickness for a soft coating. The plots in figure 13b resembles the coefficient of friction
versus thickness plots in figure 3a and 3b. A fitting factor of k1 = 12.5 is used to calculate
Hcs for r = 0.2mm. It can be concluded that the MPM accurately predicts the coefficient of
friction for ploughing in a coated substrate.
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4.2 Experimental validation of ploughing friction and depths

The friction and ploughing depths are obtained from the MPM-based ploughing model over
a range of applied loads (1-46 N) and indenter sizes of 1mm and 3mm. The coefficient of
friction and ploughing depths were calculated for MPM particle sizes of 2.5, 5 and 10µm and
extrapolated to 0µm to obtain a resolution independent result. The plots for the friction force
and the ploughed profile obtained from the ploughing simulation are compared with those
obtained from the ploughing experiments. The material parameters listed in table 3, 4 and 5
are used in the MPM ploughing model in this section. So the actual material behaviour has
been implemented.

4.2.1 Comparison of ploughed profile

Figure 14: Surface profile of zinc coating on steel ploughed at 22N load by 1mm dia. sphere in
(a) ploughing experiments as seen using confocal microscope at 20x magnification and from (b)
MPM-simulations as seen using OVITO visulization tool. (c) Cross-section of the zinc coated
specimen specimen during ploughing. (d) Comparision of the ploughed cross-section obtained
from MPM-simulation and eperiments by 1mm dia. ball at 22N load. (MPM model parameters:
table 3, 4 and 5).

The height profile of the ploughed surface in the sliding xy plane obtained from the ploughing
experiments and the MPM simulations are shown in figure 14a and 14b respectively. The
ploughed profiles are plotted over the cross-section (yz plane) in figure 14d. The MPM particles
along the cross-section of the wear track (see figure 14c) were grouped and their positions
at the end of the simulation were plotted in figure 14d. The cross-section of the ploughed
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profile obtained from both the ploughing experiments and the MPM simulations showed good
agreement in figure 14d. The total ploughing depth dp is calculated as the sum of the groove
depth dg and the pile-up height hpu in figure 14d.

Figure 15: Comparison of the ploughing depths obtained from MPM model and ploughing
experiments on Quaker lubricated zinc block and DX56 steel sheet by a 1mm diameter ball
[46]. (MPM model parameters: table 3, 4 and 5).

Figure 16: Ploughing depths for load controlled test carried out with indenters of diameter
1mm and 3mm on lubricated zinc coated steel sheet (zinc coating thickness of 15µm) with
the linear sliding friction tester and MPM-ploughing model that includes the material model
parameters from table 3 and 4 and interfacial friction model parameters in table 5. (MPM
model parameters: table 3, 4 and 5).

The total ploughing depths obtained from the uncoated steel sheet [45] and the zinc block both
lubricated by Quaker lubricant and ploughed by a 1mm diameter ball were compared and found
to be in good agreement (figure 15). The zinc block having a lower yield stress compared to
the DX56 steel sheet (see figure 10a) resulted in a higher ploughing depth for all the loads. The
ploughing depth for the zinc blocks also increased faster than that of the DX56 steel sheets due



F22

to the lower strain hardening of the zinc block at high loads compared to the DX56 steel sheet
(see figure 10, table 3 and table 4). Having validated the ploughing depth for bulk zinc and
steel, the numerically calculated ploughing depths will be also validated using zinc coated steel
sheet.

The total ploughing depth obtained from the ploughing experiments and simulations on the zinc
coated steel sheet for a load range of 1-46N were compared for spherical indenters of 1mm and
3mm diameters and found to agree well as shown in figure 16. It is obvious that the larger 3mm
diameter indenter penetrates less compared to the 1mm indenter owing to its larger contact
area to carry the applied load.

Ploughing experiments and MPM simulations were also done for zinc coated steel sheets with
a coating thickness ranging from 0-55µm including the zinc block (bulk zinc). The ploughed
profile of the zinc coated steel sheets was compared with the ploughed profile of the zinc block
at the zinc surface and at 15µm beneath the surface, see figure 17. For a zinc coated steel sheet
with 15µm coating thickness, the deformation of the (surface of the steel substrate) bulk steel
is significantly lower than the bulk zinc due to its higher hardness as shown in figure 17a and
17b. Also, the higher hardness of the steel substrate results in a lower ploughing depth at the
surface of the zinc coating as compared to that of the zinc block as shown in figure 17a and
17b.

Figure 17: Comparison of deformation in the ploughed specimen (ploughed cross-section profile)
at the surface (blue) and the interface 15µm depth (red) (a) in presence of 15 µm zinc coating
on steel substrate and (b) with pure zinc block under 22N load by 1mm diameter indenter (
MPM model parameters given : table 3, 4 and 5).

The differences in the ploughing depths obtained from experiments with steel sheet, zinc coated
steel sheet and the zinc block are summarised over loads ranging from 1-46N in figure 18a. As
the thickness of the zinc coating is increased from 10 to 15, 30, 40 and 55 µm, the ploughing
depths are also shown to increase for three different loads in figure 18b. The increase in
ploughing depth with coating thickness is due to the decrease in the effective hardness for the
soft zinc coated system with increase in coating thickness (see equation 1). The rate of increase
in ploughing depth with respect to the coating thickness increases with increase in the applied
load. The MPM simulations have a larger increase in ploughing depth compared to that of the
experiments with coating thickness above 30µm, as shown in figure 18b. The lower penetration
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Figure 18: (a) Comparison of ploughing depths obtained from ploughing experiments by 1mm
indenter with Quaker lubricated DX56 steel sheet, 15µm thick zinc coated steel sheet, and pure
zinc block. (b) Effect of coating thickness on ploughing depth for applied loads of 11, 22 and
37N obtained from ploughing experiments and compared with MPM simulations for 22N load
with 1mm diameter ball. (MPM model parameters: table 3, 4 and 5).

depths obtained from the ploughing experiments for large coating thickness can be explained
by the rougher surface of thicker (unpolished) zinc coatings which could result in higher surface
hardness of the zinc coatings. Further the yield strength of the zinc coating used in the MPM
simulations is measured by Nano-indentation for a coating thickness of 10µm [53]. For higher
coating thickness, the size and orientation of the zinc grains could have significant effect on the
measured yield strength and hardness. The mechanical properties of the thicker zinc coatings
are unknown in the current analysis to be used in the MPM model.

4.2.2 Comparison of coefficient of friction

The forces acting on the indenter were plotted over the sliding distance as obtained from the
ploughing experiments and simulations in figure 19. The pin was slid over a distance of 0.6
mm in the MPM simulations. The friction force Fx due to ploughing in x direction is divided
by the normal force Fz to obtain the overall coefficient of friction µ. The average coefficient of
friction was measured during steady state from 3mm to 9mm sliding distance in the ploughing
experiments and from 0.3mm to 0.6mm sliding distance in MPM simulations.

The coefficient of friction is obtained for the MPM ploughing simulations on the zinc block
and the DX56 steel substrate lubricated with Quaker oil by a 1mm diameter ball is shown to
be in good agreement over the load range of 1-46N in figure 20. The coefficient of friction for
ploughing of the zinc block is slightly higher than for the DX56 steel sheet at normal loads
larger than 7N. The higher coefficient of friction results from the larger plastic deformation of
the bulk zinc during ploughing as can be seen from the higher ploughing depths for the bulk
zinc in figure 15. However, in spite of a large difference in the ploughing depths between bulk
zinc and steel sheet, resulting in a large component of coefficient of friction µpl, the difference
in the overall coefficient of friction is minimized. This is due to the large contribution of the
coefficient of friction due to interfacial shear µsh to the overall µ [46], where the boundary layer
shear strength τbl of lubricated zinc is also lower than that of the lubricated steel sheet (see
figure 10b). The coefficient of friction at lower loads is higher for the ploughing experiments
compared to the MPM simulation due to the possible asperity interlocking at low dp.
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Figure 19: Forces acting on a 1mm diameter spherical indenter ploughing in x direction on a
lubricated, 15µm thick, zinc coated steel sheet at 22N normal load in (a) experiments and (b)
MPM simulations.

Figure 20: Comparison of the coefficient of friction obtained from MPM model and ploughing
experiments on Quaker lubricated zinc block and DX56 steel sheet by 1mm diameter ball [45].
(MPM model parameters: table 3, 4 and 5).

The mean coefficient of friction obtained from both ploughing experiments and MPM
simulations was plotted over a range of loads (1-46N) for spherical indenters of 1mm and
3mm diameters sliding over zinc coated steel sheet in figure 21. The coefficient of friction
obtained from the MPM ploughing model is very close to that obtained from the ploughing
experiments. The coefficient of friction obtained for ploughing with 1mm diameter ball
increases steadily with the applied load range of 1-46N. However, as the diameter of the
indenter is increased to 3mm, the coefficient of friction drops significantly compared to
ploughing with 1mm ball. The increase in indenter size reduces the penetration of the
indenter into the coating required to balance the applied load. The effective hardness of the
coated system in response to penetration by a larger indenter is also higher as shown in figure
1a [48]. Furthermore, the increase in indenter size also increases the relative contribution of
interfacial shear strength to the coefficient of friction as shown in [46]. Consequently, the
coefficient of friction due to interfacial shear reduces with increase in applied load. However,
for large indenters although the coefficient of friction due to ploughing increases with load.
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Figure 21: Coefficient of friction for load controlled tests carried out with indenters of diameter
1mm and 3mm on lubricated zinc coated steel sheet (zinc coating thickness of 15µm) with
the linear sliding friction tester and MPM-ploughing model that includes the material model
parameters from table 3 and 4 and interfacial friction model parameters in table 5. (MPM
model parameters: table 3, 4 and 5).

The later counterbalances the decreasing coefficient of friction due to interfacial shear. This
results in almost constant overall coefficient of friction over the range of applied loads.

The effect of asperity size on ploughing friction is explained below using the analytical
ploughing model and power law curve fitting of experimental data in equations 9.1-9.2 for
their mathematical simplicity. The ploughing depth here is taken to be less than the coating
thickness. The relationship between the ploughing depth and applied load for the 1mm and
3mm diameter indenters is obtained by power law fitting of figure 16. Taking dp = a1F

x1
n , we

have a1 = 8.6× 10−6, x1 = 0.95 for 1mm dia. ball and a1 = 4.7× 10−6, x1 = 0.85 for 3mm dia.
ball. By curve fitting the relationship between Ayz and the ploughing depth dp from equation
2.3 to a power law Ayz = b1d

y1
p , the coefficients b1 = 1.51, y1 = 0.96 and b1 = 0.15, y1 = 1.5 are

obtained for 1mm and 3mm dia. balls respectively. Assuming a constant hardness Hc = 3σy0

where σy0 for zinc is taken 85MPa [44], an analytical expression of µpl in given in terms of Fn

in equation 9.1. By curve fitting the relationship between Axy and the ploughing depth dp
from equation 2.2 to a power law Ayz = c1d

z1
p , the coefficients c1 = 0.0015, z1 = 0.997 and

c1 = 0.0046, z1 = 0.999 are obtained for 1mm and 3mm dia. balls respectively. Also, from
equation 8.2, τbl = CpP

np where, Cp = 0.32, np = 0.95 and P = Fn/Axy (see table 5). By
substituting the power law relations, µsh is given as a function of applied load Fn in equation
9.2. The total coefficient of friction µ is taken as the sum of µsh and µpl.

µpl = Hc
Ayz

Fn

=
Hc

Fn

b1d
y1
p =

Hc

Fn

b1(a1F
x1
n )y1 (9.1)

µsh = τsh
Axy

Fn

= Cp

(
Fn

Axy

)np
(
Axy

Fn

)
= Cp

(
c1d

z1
p

Fn

)1−np

= Cp

(
c1(a1F

x1
n )z1−1)1−np (9.2)

The analytical coefficient of friction relations obtained by curve fitting are plotted in figure 22.
A good agreement is shown for the 3 mm diameter indenter in figure 22b. The increase in µpl

for the 3mm ball is smaller than the 1mm ball as expected from the lower plastic deformation
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Figure 22: Effect of asperity shape on ploughing coefficient of friction studied using analytical
model and curve fitting for (a) 1mm diameter indenter (b) 3mm diameter indenter sliding on
zinc coated steel.

with the larger indenter. The analytical under predicts the coefficient of friction for 1mm
ball in figure 22a. Although a constant hardness is assumed, the increase in hardness due to
strain hardening is ignored in the simple analysis shown in figure 22. In reality, the increase in
hardness is higher for 1mm ball where higher ploughing depths result in higher hardening and
higher hardness. From the results in figure 22a, the analytical model can be used to predict
ploughing friction given the experimental data on the ploughing depths in a substrate.

The presence of zinc coating on the steel substrate results in a reduced coefficient of friction in
ploughing as compared to both the zinc block and the steel substrate (see figure 23a). This is
because the presence of hard steel substrate underneath the zinc reduces the ploughing depth
in the zinc (see figure 17) and hence µpl. Furthermore, the interfacial shear strength of Quaker
lubricant on zinc coating is lower as compared to that on DX56 steel substrate as shown in
figure 10b. As interfacial shear has a major contribution to the overall coefficient of friction for
large indenters [46], the lower boundary layer shear strength of the zinc coating combined with
its low plastic deformation during ploughing contribute to a lower coefficient of friction in the
zinc coating compared to bulk zinc and steel. At low normal loads, both the bulk zinc and the
zinc coating have higher coefficient of friction. This could be due to asperity interlocking and
high interfacial shear strength (see figure 4a) for the rough zinc surface.

The effect of coating thickness on the overall coefficient of friction for the soft zinc coating on the
steel substrate is shown in figure 23b. The coefficient of friction was measured from ploughing
experiments on zinc coatings with coating thickness of 10, 15, 30, 40 and 55µm for 11, 22 and
37N loads and MPM simulations for the same coating thickness at 22N load. The coefficient
of friction decreases with increase in coating thickness up to 15µm and then increases with the
coating thickness until the bulk zinc (infinite coating thickness). The change in coefficient of
friction with zinc coating thickness resembles the theoretical relation between the coefficient of
friction and the coating thickness for soft coatings shown in figure 4a. A higher coefficient of
friction for thicker coatings, obtained with the MPM simulation could be explained due to the
increase in ploughing depth and the higher µsh, for a perfectly smooth zinc coated surface with
Rq = 0µm (see figure 4c).
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Figure 23: (a) Comparison of coefficient of friction obtained from ploughing experiments by
1mm indenter with Quaker lubricated DX56 steel sheet, 15 µm thick zinc coated steel sheet,
and pure zinc block. (b) Effect of coating thickness t on coefficient of friction at loads of 11, 22
and 37N obtained from ploughing experiments and compared with MPM model for 22N load
with 1mm diameter ball. (MPM model parameters: table 3, 4 and 5).

5 Conclusion

The coating thickness, substrate material properties and applied load have been varied to
study their effect on the ploughing friction and ploughing depth. An analytical model is
developed to predict the coefficient of friction and wear track depth of a single asperity
ploughing through a coated or uncoated substrate and also validated using the using the
MPM based-ploughing model. The ploughing behaviour of a zinc coating on a steel substrate
has been numerically modelled and validated to good agreement using the MPM-based
ploughing model and ploughing experiments. The analytical model is calibrated relative to
the experimental data and then used to explain the variation in coefficient of friction with
applied load and indenter size in ploughing experiments. The analytical model is also able to
predict the effect of the coating thickness and substrate hardness on the coefficient of friction
and ploughing depth for various normal loads in the ploughing experiments. Therefore, it can
be concluded that friction in ploughing of a coated system is a function of the material
properties (flow/yield curve) of the coating and the substrate, the shear strength of the
contacting interfaces and the coating thickness.
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