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Summary

Controlling friction and adhesion at a wafer-waferstage interface is in direct relation with
high precision and stability of the positioning mechanisms of a lithography machine.
Understanding these two phenomena is the first and key step in controlling them. This
thesis aims at developing a BEM (Boundary Element Method) model for an adhesive
frictional contact of a rough interface, representing the wafer-waferstage interface, along
with experiments to verify the validity of the model. The developed model consists of two
main blocks which are interacting with one another: adhesion and pre-sliding friction.

Adhesion is considered to be dominated by the van der Waals forces (in vacuum
conditions) and the capillary force (in ambient conditions). In the first step, a previously
developed algorithm for the non-adhesive normal contact of rough surfaces is extended to
include the adhesion effect due to van der Waals forces. This BEM model is further
extended, in the second step, to account for the capillary force due to a humid
environment and thin water films adsorbed on the contacting surfaces. In the developed
model, the effects of various parameters, such as work of adhesion, roughness properties,
and relative humidity are investigated. To verify the accuracy of the model, a series of
pull-off force measurements, both in vacuum and ambient conditions, is conducted using
an Atomic Force Microscope (AFM) at the contact of a cantilever with an SiO2 colloidal
probe and a silicon wafer. The experimental results are then compared with the model
predictions for the measured forces.

In the second block, a BEM model is developed for the pre-sliding behavior of a rough
interface formed by two contacting surfaces. The adhesive terms are then embedded in
this model. The influences of different parameters, such as work of adhesion and
roughness parameters, on the friction hysteresis loops, pre-sliding displacement, and
static friction force are studied. To validate the model, friction measurements are carried
out in an in-house setup, named VAFT (Vacuum Adhesion-Friction Tester), for the
contact of a polymeric ball against a silicon wafer under various normal loads.

The developed BEM model, as the output of this thesis, can be used as a tool to design
textures on the waferstage in order to achieve a desirable level of friction and adhesion
aiming at a higher level of precision, stability, and durability during the lithography
process.



Samenvatting

Het beheersen van wrijving en adhesie op het wafer-waferstage interface staat in directe
relatie met een hoge precisie en stabiliteit van de positioneringsmechanismen van een
lithografiemachine. Het begrijpen van deze twee verschijnselen is de eerste stap in het
beheersen ervan. Dit proefschrift is gericht op het ontwikkelen van een BEM (Boundary
Element Method) -model voor het adhesieve wrijvingscontact in een ruwe interface, die
de wafer-waferstage interface representeert.Ook zijn er experimenten uitgevoerd om het
model te valideren. Het ontwikkelde model bestaan uit twee samenhangende onderdelen:
een adhesie contact model en een pre-sliding model.

Adhesie wordt beschouwd te worden gedomineerd door van der Waals-krachten (in
vacuüm) en de capillaire kracht (in de aanwezigheid van water). In de eerste stap is een
eerder ontwikkeld algoritme voor het niet-adhesieve contact van ruwe oppervlakken
uitgebreid met adhesie vanwege van der Waals-krachten. Dit BEM-model is verder
uitgebreid, in de tweede stap naar een omgeving waarbij dunne waterfilms geadsorbeerd
zijn op de contactoppervlakken. Met het ontwikkelde model zijn de effecten van
verschillende parameters, zoals werk of adhesie, ruwheidseigenschappen en relatieve
vochtigheid, onderzocht. De nauwkeurigheid van het model zijn middels een serie
”pull-off” krachtmetingen, zowel onder vacuüm- als omgevingsomstandigheden,
uitgevoerd met behulp van een Atomic Force Microscope (AFM) bij het contact van een
cantilever met een SiO2 collöıdale probe en een siliconwafer. De experimentele resultaten
worden vergeleken met de modelvoorspellingen voor deze gemeten krachten.

In het tweede blok wordt een BEM-model ontwikkeld voor het pre-sliding van de ruwe
interface van de twee contactoppervlaken. De invloeden van verschillende parameters,
zoals werk of adhesie en ruwheidsparameters, op de frictiehysterese-lussen, pre-sliding en
de statische wrijvingskracht zijn geanalyseerd. Om het model te valideren, worden
wrijvingsmetingen uitgevoerd op een in-house opstelling, genaamd VAFT (Vacuum
Adhesion-Friction Tester), voor het contact van een siliconwafer onder verschillende
normaal belastingen.

Het ontwikkelde BEM-model kan worden gebruikt als een hulpmiddel om texturen op de
waferstage te ontwikkelen die bijdragen aan een hogere precisie en stabiliteit van het
lithografie proces.
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Chapter 1

INTRODUCTION

1.1 Background

Adhesion (stickiness) and friction (the resistance to sliding motion between two
contacting surfaces) are the two fundamental interfacial phenomena that can be found in
thousands of daily situations. For instance, friction between a shoe and floor is required
for walking (beneficial friction). Wear and energy loss due to the friction in bearings and
gears is another example (undesirable friction). Examples of adhesion can be found in
sealants, printing, cell biology, medicine, engineering, etc.
In nature, many living creatures can achieve a high level of controllability in the adhesion
and friction of their biological attachment structures. Such surface structures are
implemented for their movement. Spiders, lizards, and insects are good examples of
creatures with this ability. Another example is a gecko with its elegant hierarchical
fibrillar architecture on its toe-pad which enables it to climb and traverse walls and
ceilings very fast, despite its relatively large body weight. Inspired by these biological
systems, in the modern technology, it is also very desirable to control adhesion and
friction at the mating surfaces, especially in nanotribology applications such as
Micro/Nano Electro-Mechanical Systems (MEMS and NEMS) and micro-scale devices
like hard disk drives. More specifically, following the recent advances in semiconductor
technology, the roadmap to achieve a better accuracy in design and fabrication of smaller
and smaller computer chips requires high precision and stability of the positioning
mechanisms of the lithography machines.
Start-stop of a positioning mechanism and loading the wafer on the waferstage are two of
the most prominent examples in semiconductor applications where adhesion and friction
are considered the key factors of precision. However, a lack of deep understanding of
these two phenomena impedes engineers to design a dedicated mechanism or surface
texture to achieve a high level of precision and accuracy in manufacturing tiny computer
chips. Thus, understanding friction and adhesion is of great importance in such

1



2 CHAPTER 1. INTRODUCTION

applications.

1.2 Surfaces in contact

Surfaces scale always have micro/nano scale roughness even if they look very smooth. In
other words, the contact between two surfaces, in practice, consists of a number of micro-
contacts between the high asperities on both contacting surfaces, as schematically shown
in Figure 1.1. In this regard, Bowden made this analogy that “Putting two solids together
is rather like turning Switzerland upside down and standing it on Austria – the area of
intimate contact will be small” [1]. To study adhesion and friction, thus, it is necessary
to first understand the contact of rough surfaces, since these two phenomena are strongly
dependent on the interaction between the contacting asperities.

Figure 1.1: Schematic representation of the contact of two surfaces.

1.2.1 Adhesion

Adhesion is the tendency of two surfaces to stick to one another. The energy and force
required to separate them are called work of adhesion and pull-off force, respectively. The
strength of adhesion is related to the surface energies of the contacting surfaces and the
medium through which the contact has formed. In practice, this strength is often very
small, while it can be considerable for smooth and compliant surfaces. Two surfaces in
contact usually adhere to each other; if not, it could be due to three reasons: a small
real area of contact, contamination layers or particles on the surfaces, and residual elastic
stresses which can break up the adhesion bonds. Adhesion typically consists of different
components, each or a combination of which can contribute to the total adhesive force. A
few of these forces are as follow:

• Van der Waals forces: Short-range and weak electrostatic forces between uncharged
surfaces due to the interaction between transient or permanent dipole moments.

• Capillary force: meniscus force arising from the water bridges formed around the
contact asperities or at the near-contacting asperities due to the adsorbed water
films from the humid environment on the surfaces.
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• Electrostatic force: Strong and long-range force acting between charged surfaces.

1.2.2 Friction

Friction is the resistance to motion as two surfaces are rubbed along each other. The earliest
studies of friction date back to the 15th century where Leonardo da Vinci presented the
rules governing the sliding of a rectangular block on a flat surface. Unfortunately, his
studies had no scientific impact as his notes remained unpublished for hundreds of years.
It was, later on, Amonton who introduced the friction rules which are now known as
Amonton’s laws of friction [2]:

• The friction force is proportional to the normal load

• The friction force is independent of the apparent contact area

A third law was later added by Coloumb which states that [3]:

• The friction force is independent of sliding velocity.

The first law can be mathematically expressed as:

Ff = µFn (1.1)

where Ff and Fn are the friction and normal force, respectively, and µ is the proportionality
factor or namely the coefficient of friction. This expression also implies the second law of
Amonton which states that the friction does not depend on the apparent contact area.
The third law states that, once the motion starts, the friction force does not depend on the
sliding velocity. In addition, Coulomb made a clear distinction that the static coefficient
friction, µs, is larger than the kinetic one, µk. Adhesion was initially proposed to be
the cause of friction. This hypothesis appeared to contradict the Amonton’s second law.
Bowden and Tabor cleared up this contradiction in the 1930s by introducing the concept
of the real contact area made up of a number of small regions of contact, referred to as
asperities, where atomic contacts take place [1]. This implies that only a small fraction of
the apparent contact area really touches the counter surface.

1.3 Application

In a lithography process, the accuracy at which a layer is placed on top of the previous one
is called overlay error. It is an important specification determining the smallest feature size
that can be printed. Less overlay error means a better functionality of the computer chip.
Therefore, reduction of this error is of special interest. One of the main contributors to the
overlay error is the interaction between the wafer and waferstage. For a lithography process,
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the wafer needs to be loaded at a high level of accuracy and reproducibility. This requires
specific and stable friction/stiction properties between the wafer and the waferstage over
long periods of time. On a waferstage, burls are present to reduce the contact between the
wafer and waferstage (see Figure 1.2). As friction and adhesion are strongly dependent on
the microgeometry (roughness) of the contacting surfaces, a dedicated texture on the burls
should be designed to minimize adhesion and reach a stable level of friction at this interface.
In one hand, it is proven that the roughness can reduce adhesion by orders of magnitude.
On the other hand, a rougher surface is more susceptible to wear at a frictional contact.
This emphasizes the significance of designing an appropriate surface texture. Prior to such
a design, the relation between the surface microgeometry (roughness) and adhesion and
friction phenomena needs to be comprehensively understood.

Figure 1.2: The contact between a wafer and waferstage.

1.4 Objectives of the project

The main aim of the project is to find out how friction and adhesion are related to the
surface topography at the burl-wafer interface. More specifically, the transition from stick
to slip (which occurs at the start-stop conditions) and how it is affected by adhesion
are concerned. The objective is to develop a numerical model to study the stick-slip
transition and pre-sliding displacement at a rough interface in the presence of adhesion.
For this, a BEM (Boundary Element Method) model is developed and validated at different
environmental conditions. This model is developed in different stages listed below:

• Developing a BEM model for the normal adhesive contact at a rough interface of
two contacting surfaces, where the adhesion originates from van der Waals forces
(representing a vacuum environment).

• Extending the model to include the capillarity effect at such an interface due to the
adsorbed water films on the surfaces and the humidity of the ambient environment.

• Performing pull-off force measurements using an AFM (Atomic Force Microscope)
at various environmental conditions and comparing the results with the model
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prediction.

• Extending the model to include the effect of a shear force to study the transition
from stick to slip.

• Investigating the effect of adhesion on the stick-slip transition.

• Performing friction experiments using an existing experimental setup to verify the
accuracy of the frictional model.

The outcoming knowledge can be used as a tool to design surface textures on a burl
in order to achieve a controlled and desirable level of friction and adhesion.

1.5 Outline of the thesis

This thesis focuses on the influence of adhesion, coming from either van der Waals forces or
capillary force, on the (partial) slip contact at a rough interface of two surfaces. The thesis
consist of two main parts: Part I and Part II. Part I gives an overview of the problem, the
literature, and the main outcomes of the thesis. Part II provides the published studies of
the author and his co-authors within the framework of the thesis objectives. Part I includes
four chapters. The current chapter describes the problem along with the aim and objectives.
The second chapter summarizes the existing continuum contact models for rough surfaces.
In its first section, various approaches for the normal contact of rough surfaces including
analytical models of Greenwood-Williamson and Persson’s theory, and numerical methods,
such as finite element, boundary element and Green’s function molecular dynamics are
compared. In the second section, the literature on the transition from stick to slip at a
tangential contact of two surfaces is provided. In the end, the boundary element method
is chosen to be the most appropriate numerical scheme for the problem at hand. The third
chapter summarizes the main outcomes of the papers, presented in Part II of the thesis.
In the end, chapter four provides conclusions and recommendations for further research.
Part II of the thesis includes the six publications coming from the findings of this research
(papers A to F).
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Chapter 2

CONTACT OF ROUGH
SURFACES

2.1 Normal contact

When two rough surfaces are pressed against each other, they touch at a number of high
peaks or asperities which deform elastically or plastically to form micro-contact areas. The
sum of these areas is typically a small fraction of the apparent (nominal) area over which
the two surfaces are brought into contact. This leads to high pressures at these micro-
contacts to which the severity of wear and surface fatigue are related.
The real area of contact depends on the surface topography, material properties, and
interfacial loading conditions. The proximity of the asperities leads to adhesive contacts
due to interatomic interactions. When the two surfaces experience a relative movement,
the adhesion of asperities along with other sources of surface interactions contribute to the
friction force. Repeated surface interactions and the developed stresses at the interface
result in the formation of wear particles and finally failure. Thus, modeling the contact
between rough surfaces is crucial in friction and wear studies.

2.1.1 Greenwood-Williamson model

Dealing with the contact of rough surfaces is demanding and has been treated by different
approaches in the past few decades. One of the first studies of the real area of contact
was the elegant work of Greenwood and Williamson which applies to the contact of two
flat elastic planes, one of which is smooth and the other is rough [4]. In the GW model,
it is assumed that the rough surface is represented by asperities with identical radius of
curvature, β, while their heights follow a Gaussian (or a known) distribution as:

φ(z) =
1

σs
e−z

2/2σ2
s (2.1)

7
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with σs being the rms of summit heights. Considering the separation of d between the two
surfaces, as shown in Figure 2.1, the probability of the contact for an asperity is:

P (z > d) =

∫ ∞
d

φ(z)dz (2.2)

Assuming that the total number of asperities, N , is large enough so that the expected
number of contacts, n, is expressed as:

n = N

∫ ∞
d

φ(z)dz (2.3)

As the Hertzian theory applies to each asperity contact (refer to Appendix A for details),
the total area of contact, Ac, and total contact force, F0, can be obtained as:

Ac = πβN
∫∞
d (z − d)φ(z)dz

F0 =
3

2

√
βNEs

∫ ∞
d

(z − d)3/2φ(z)dz (2.4)

where 1/Es = (1− ν2
1)/E1 + (1− ν2

2)/E2 is the effective elastic modulus.

Figure 2.1: Contact of a rough elastic surface against a rigid smooth flat surface.

Multi-asperity contact theory was initiated by this original GW model and was later
refined by Bush, Gibson, and Thomas (BGT) [5], McCool [6], Greenwood [7], Carbone
and Bottiglione [8] and Carbone [9].
One of the main limitations of the original GW model is that it assumes that all
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asperities deform independently. Although, this assumption makes the calculation of the
total force very simple and straightforward, it ignores the fact that all asperities touch
the same substrate. Each individual contacting asperity deforms the substrate and shifts
down all other asperities and in this way, reduces the number of contacting asperities or
in general, the real area of contact. Ciavarella et al. extended the GW model to
incorporate the interaction between asperities by treating the contact pressures and
resulting deformations as uniformly distributed on the apparent contact area [10]. This
improvement results in a reduction of real contact area and total contact force for a given
separation. Another improvement to the GW model by means of inclusion of the
interaction between asperities was proposed by Chandeasekar et al. [11]. They developed
a finite element model of a representative model of a rough surface where the interaction
between asperities is governed by the Hertzian theory. To account for the interaction
between asperities, Vakis implemented the statistical summation of asperity forces while
the interaction between non-contacting asperities are also taken into account [12]. He also
proposed a curve-fitted expression for the asperity interaction by the nominal contact
force predicted by other models.

Adhesion modeling in GW

To deal with adhesion at a rough interface using the GW model, researchers couple a single
asperity adhesive contact model such as JKR, DMT, MD, and or a numerical model (see
Appendix A for details) with a statistical distribution of summit heights such as Gaussian
or deterministically using a measured rough surface profile [13–20].
Accounting for the capillary force for a rough contact using the GW theory follows the
same approach (see Appendix A for details). Authors have extended the single asperity
meniscus models to the contact of rough surfaces and studied the effects of the roughness
parameters and the relative humidity of the environment on the total adhesive force and
friction coefficient [21–26]. The important phenomenon that is ignored in such models is
the role of the water films available at the interface. These thin films, adsorbed from the
humid environment, mediate the formation of the micro-meniscus islands and, depending
on their thickness, can considerably alter the total adhesive force.

Limitations of GW models

In addition to neglecting the interaction between neighboring asperities, there are still
limitations attributed to the multi-asperity contact models. Since the surface is described
only in terms of the summit geometry, the geometry of the remaining of the surface is
discarded. This information loss is problematic when the separation profile is needed for
adhesive interaction, for instance. In addition, the independence of each individual asperity
deformation from its neighboring ones is unrealistic. For loads, high enough compared to
the elastic modulus or roughness size, contact regions might physically get close enough
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to combine and form a larger domain. Whereas, there is no mechanism in such models to
account for this. Furthermore, the distribution of the size and shape of asperities depends
on the measurement parameters i.e. bandwidth sufficiency and multiscale nature of rough
surfaces. In one hand, if the roughness profile is bandwidth limited, the sampling frequency
must be high enough to completely resolve the profile. On the other hand, considering the
broadband multi-scale character of the profile is a more subtle issue. All these limitations
are even more severe for the contact of rough surfaces or compliant materials [27].

2.1.2 Persson’s theory

Figure 2.2 depicts the contact between two rough surfaces at increasing magnification ζ.
At the lowest magnification, ζ = 1, it looks that there is a complete contact at the macro-
asperities contact zones while increasing the magnification, the roughness at smaller and
smaller length scales is detected revealing that the contact is taking place only at high
asperities. As a matter of fact, the real area of contact would vanish if there would be
no short distance cut-off [28]. In reality, yet, there must be such a short distance cut-off
as the shortest scale possible is the atomic distance. It must be noted that increasing
the magnification results in higher asperity pressures. In reality, this asperity pressure
could become so high, at high magnifications, that the interface yields plastically before
reaching the atomic scale. Therefore, the largest magnification should be determined by
the interface yield stress [29].

Figure 2.2: A rough interface at increasing magnifications (adapted from [28]).

The fundamental idea behind the Persson’s theory of contact is to include all the
roughness length scales [30]. Therefore, defining A(λ) to be the contact area on the length
scale λ (while assuming the surface to be smooth for all length scales shorter than λ), the
relative fraction of the surface area is expressed as:
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P (ζ) =
A(λ)

A0
(2.5)

in which A0 is the nominal contact area. In addition, q0 = 2π/λ0 and q = q0ζ are defined
as the wavevector at lowest magnification and at magnification ζ, respectively. P (σ, ζ),
denoting as the stress distribution in the contact area at magnification ζ, satisfies the
diffusion like equation:

∂P

∂ζ
= f(ζ)

∂2P

∂σ2
(2.6)

in which:

f(ζ) =
πE2

s

4
qLq

3C(q) (2.7)

where C(q) is the surface roughness power spectrum at the wavevector q. For the elastic
contact of a rectangular block against a flat substrate with the uniform stress σu (and
neglecting the edge effects), P (σ, 1) = δ(σ − σu) is the initial condition. It is noted that
P (σ, ζ) must vanish as σ → ∞ which is considered one of the two boundary conditions.
The other one is P (0, ζ), which says the stress distribution is zero for all magnifications in
absence of an external normal pressure. Solving Eq.2.6 for P (σ, ζ) gives:

P (σ, ζ) =
1

2
√
πG

(
e−(σ−σu)2/4G − e−(σ+σu)2/4G

)
(2.8)

P (ζ) =

∫ ∞
0

P (σ, ζ)dσ = erf(σu/2
√
G) (2.9)

where:

G(ζ) =
π

4
E2
s

∫ ζq0

qL

q3C(q)dq (2.10)

As an example for a self-affine fractal rough surface, the power spectrum of the profile,
C(q), is expressed as:

C(q) =

C0 qL < q < q0

C0

(
q
q0

)−2(H+1)
q > q0

(2.11)

where H is the Hurst exponent and q0 is the lower cut-off (roll-off) wavevector. C0 is also
determined by the surface rms roughness, hrms, as [31]:
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h2
rms =

πC0

αH
q2

0, α =
1

(1 +H − (qL/q0)2H)
(2.12)

Consider a self-affine fractal surface of a 100µm×100µm square patch with roughness rms
of 5nm, the Hurst exponent of H = 0.8, and the roll-off wavevector, q0, to be 10 times larger
than qL. Figure 2.3(a) illustrates the power spectrum of this surface. Figure 2.3(b) shows
the stress distribution for two different magnifications. As previously stated, increasing the
magnification, the stress distribution becomes wider, its peak becomes smaller and shifts to
higher pressures [29]. This means higher local pressures and a higher possibility for smaller
asperities to deform plastically. Applying a normal pressure of σu = 0.001Es, Figure 2.3(c)
displays the decrease of the relative contact area with the magnification. As the roll-off
wavevector is π/qs = 10−5m−1, the highest magnification to reach the atomic distance of
2 × 10−5m is approximately ζ = 4.7. This confirms that although the relative contact
area vanishes for very high magnifications, the largest physically possible magnification
(up to atomic scale distances) results in a noticeable relative area of contact. Figure 2.3(d)
depicts the variation of the relative contact area vs. the nominal pressure for three different
magnifications (assuming an elastic contact). It is observed that the contact area at lower
magnifications reaches the full-contact conditions at a lower nominal pressure.

Limitations of Persson’s theory

In principle, the Persson’s theory needs only the height auto-correlation function (or power
spectrum in frequency domain) of the contacting surfaces as well as their mechanical and
surface properties to evaluate the contact area and pressure distribution. Though, it does
not give the profile of the pressure or the contacting areas. In addition the validity regarding
the assumption of a diffusive process is questioned for some reasons [32]. Another criticism
to this theory has been raised in [33] showing that the pressure distribution and true
contact area differ between surfaces with either a self-affine or experimentally measured
rough profiles provided that everything else is identical.

2.1.3 Finite Element Models

Initial studies of the contact between rough surfaces by means of the finite element model
(FEM) was conducted by Hyun et al. and Pei et al. [34, 35]. In these studies, the roughness
is dealt with down to the discretization scale. In addition, they described the height
profile by only one node per asperity which results in an overestimation of the contact area
[36]. Although these methods can obtain a good approximation of the contact clusters
distributions, they fail to give precise results for the local behavior of separate contact
clusters. This disadvantage was corrected in later studies by introducing the shortest
wavelength to be much longer than the surface discretization scale [37].
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Figure 2.3: (a) Power spectrum of a self-affine rough surface (b) stress distribution for
two different magnifications (c) contact area decay vs. magnification (d) evolution of

contact area vs. nominal pressure for different magnifications.

Adhesion modeling in FEM

Modeling adhesion at the interface of two surfaces by means of FEM goes back to the study
of Cho and Park [38]. They investigated the adhesive elastic contact of a ball against a
half-space where the adhesion energy is governed by the Lennard-Jones potential. An
extension to this study to include the adhesive interaction at very small scales was carried
out by Sauer and Li [39];. Later on, Sauer and Wriggers performed a FEM simulation on
the adhesive contact at nano-scale while considering the adhesion to be either a body force
or a surface force [40]. They found the model treating with adhesion as a surface force
more efficient but less accurate for a strong adhesion energy. The dynamic adhesive contact
model through a FEM simulation with application to the adhesion of a gecko spatula was
proposed by Sauer [41].
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Limitations of FEM models

The main problem of FEM simulations in tribology is that, in essence, the entire physical
domain must be discretized which makes it inefficient in comparison to other numerical
methods considering only the boundary of the domain, namely the contact interface, such
as the Boundary Element Method and Green Function’s Molecular Dynamics. This is even
more severe for the contact of rough surfaces where the interface itself already requires a
very fine mesh and high amount of computation to solve the contact problem.

2.1.4 Green’s Function Molecular Dynamics (GFMD)

GFMD is, in principle, a Boundary Value Problem which is solved using regular molecular
dynamics. The main idea behind GFMD is to use the fluctuation-dissipation theorem to
calculate the Green’s function of homogeneous solids [42]. Using this method, it is possible
to compute the dynamic response of a semi-infinite elastic solid to external boundary
(surface) forces [43]. Concerning the damped dynamics (static case), in tribology, it has
been used to simulate the contact mechanics of rough surfaces [33, 42–46]. One of the
merits of GFMD is that it only needs the knowledge of the displacements at the surface
of the solid. In other words, only does the surface of the contacting bodies need to be
discretized and not the bulk. It is stated that GFMD can handle a very large number of
elements which even exceeds the size of very accurate surface topography measurements.
Convergence can be achieved within a few thousand time steps. However, it is inefficient
when the relative contact area is less than 0.1% for which hundred thousand iterations
might be required [47].
For an elastic contact at an interface, where a nominal pressure p0 is applied, the problem
is to solve Eq.2.13 for p̃if (q) [43].

Es
2
qũ(q) + p̃if (q) + p̃ext(q) = 0 (2.13)

where X̃ is the Fourier transform of X. Here, p̃ext(q) = p0δ0,q, where δ is the Kronecker
delta function. In addition, ũ(q) and p̃if (q) are the deformation and interfacial stress which
are related to one another through:

p̃if (q) =

{
−p0, q = 0

−Es
2 qũ(q), q 6= 0

(2.14)

It is noted that the case q = 0 represents a smooth contact where the interfacial stress is
everywhere uniform and equal to the external nominal pressure.
GFMD attempts to solve Eq.2.13 for the interfacial stress where one can assume a hard-
wall interaction at the interface meaning that the interacting bodies cannot penetrate
into one another. In other words, as two atoms start to penetrate into each other, the
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interaction energy immediately goes to infinity with respect to the penetration depth. As
this assumption might not be straightforward, an exponentially repulsive potential can be
implemented instead, where, in contrast to the hard-wall condition, the interaction energy
exponential increases with the penetration depth as the two atoms penetrate [42, 48]. As
it can be seen in Figure 2.4, Campana and Muser showed that, for a Hertzian contact, the
hard-wall interaction can reproduce the sharp features of the analytical pressure profile. For
the case of exponentially repulsive potential, however, the transition between contact and
non-contact regions is faded out [42]. Yet, they believe that the real interactions between
surfaces extend over a nonzero penetration and this exponentially repulsive potential might
be physically more realistic than the hard-wall assumption.

Figure 2.4: GFMD solution for the pressure distribution of a Hertzian contact for
different values of the resolution, a (Rc is the contact area), assuming (a) a hard-wall

interaction and (b) an exponentially repulsive potential adapted from [42].

Adhesion modeling in GFMD

In the case of an adhesive contact, the interfacial stress in Eq.2.13 has to change. Muser
expressed this term in the Fourier domain as [45]:

p̃if (q) =
1

A0

∫
d2r exp(−iqr) {σc(r) + σadh(r)} (2.15)

in which, σc(r) is the stress function required to satisfy the hard-wall interaction (or the
exponentially repulsive potential) and σadh(r) is the adhesive stress which is explicitly
dependent on the separation at the interface, g(r). This dependence can be expressed by
different definitions as [49, 50]:
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σadh(r) = −∆γ

z0
×



g(r)
z0

exp
(
−g(r)2

2z20

)
, Gauss model

2g(r)/z0(
1+

g(r)2

z20

)2 van der Waals model

16
9
√

3
H
(

9
√

3
16 z0 − g(r)

)
Maugis-Dugdale model

8
3

[(
z0

g(r)+z0

)9
−
(

z0
g(r)+z0

)3
]

Lennard-Jones model

exp
(
−g(r)

z0

)
Exponential model

(2.16)

where H(x) denotes the Heaviside function. Figure 2.5 compares the mentioned adhesive
models for their dependence on the separation. It must be noted the total work of adhesion
for all models, i.e. the area under the shown curve, is the same and equal to ∆γ. It is
also observed that at zero separation, the Exponential and Maugis-Dugdale models have a
finite adhesive stress while the other three models define a zero stress.
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Figure 2.5: Separation dependence of adhesive stress models.

2.1.5 Boundary Element Method

The Boundary Element Method is, in general, a numerical method to solve linear partial
differential equations by mapping them on the boundary of the domain. In the contact
of rough surfaces, rather than discretizing the entire 3D domain, the contact interface is
divided into small patches where the unknown functions are approximated in terms of
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nodal values, and the integral equations are discretized and solved numerically. As all
the approximations are transformed to the boundary, the BEM has better accuracy and
efficiency (since the dimensionality reduces by one order) in contact of rough surfaces than
other numerical methods such as the finite element method and molecular dynamics.
For the non-adhesive frictionless contact of two bodies, BEM, in principle, minimizes the
total complementary potential energy for which, the variational form is expressed as [51]:

F (P ) = h∗P +
1

2
P TkP, P ≥ 0 (2.17)

where h∗ = h− δz, with h and δz being the initial (undeformed) interfacial separation and
the prescribed normal displacement, respectively. The composite deformation of the two
surfaces, due to the interfacial pressure P , over the region Ω is given by:

u(x, y) =

∫
Ω
k(x− ξ, y − η)P (ξ, η) dηdξ (2.18)

where x and y are the spatial coordinates and k(x, y) is the Boussinesq kernel function and
is expressed as [52]:

k(x, y) =
1

πEs

1√
x2 + y2

(2.19)

The final (deformed) interfacial separation, g(x, y), is related to the deformation through:

g(x, y) = u(x, y) + h(x, y)− δz (2.20)

The non-adhesive contact problem necessitates the pressure to be positive at the contact
regions, where there is no separation between the two surfaces (where g(x, y) = 0). On the
other hand, at separated areas (where g(x, y) > 0), the pressure must be zero. Moreover,
the pressure distribution must balance the applied normal load, F0. In other words, the
non-adhesive frictionless contact problem is summarized as:

P (x, y) > 0 at g(x, y) = 0, (2.21a)

P (x, y) = 0 at g(x, y) > 0, (2.21b)∫
Ω
P (x,y)dxdy = F0 (2.21c)

In order to perform a numerical solution to this problem, Eqs. 2.18-2.21 need to be
expressed in the discretized format. To discretize the calculation area, Ω, it is divided
into N2 rectangular surface elements with grid sizes of ∆x and ∆y. Therefore, one can
assume a piecewise constant function within each surface element for the contact pressure
distribution. The discrete form of the convolution integral of Eq.2.18 is then given by:
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uij =

N∑
k=1

N∑
l=1

Ki−k,j−lPkl, i, j = 1, 2, ..., N (2.22)

where uij is the surface deformation at node (i, j), Pkl is the uniform pressure acting upon
the element centered at node (k, l), and Kij are the influence coefficients, expressed as (xi
and yj are the spatial coordinates of node (i, j)):

Kij =

∫ ∆x/2

−∆x/2

∫ ∆y/2

−∆y/2
k(xi − ξ, yj − η) dηdξ, i, j = 1, 2, ..., N (2.23)

The discretized contact problem is then expressed as:

Pij > 0 at gij = 0, (2.24a)

Pij = 0 at gij > 0, (2.24b)

∆x∆y
N∑
i=1

N∑
j=1

Pij = F0 (2.24c)

There are several numerical schemes to solve Eq.2.23 as it is mathematically a quadratic
optimization problem. The first attempts to solve this problem were carried out through
the simplex method by Conrey and Seireg [53] and then, Kalker and van Randen [54].
Gauss elimination is an alternative which is limited to small values of N due to its large
computation time [55]. An iteration-based scheme is more efficient and originally
developed by [56, 57], where they start with an initial contact area and indentation
(prescribed displacement) and solve Eq.2.23 by means of a standard iteration scheme like
the Gauss-Seidel method. Then, the contact area and indentation are modified to satisfy
the inequalities of the problem. The process is repeated until the contact area and
indentation remain fixed [51]. Polonsky and Keer proposed a 2D Multi-Level
Multi-Summation (MLMS), originally developed by Brandt and Lubrecht [58], to
calculate the deformation along with the Conjugate Gradient Method (CGM) to
minimize to complementary energy. The principal idea behind the MLMS is to perform
the summation of Eq.2.18 on a coarse grid and then, transfer the outputs to a fine grid
based on a Lagrange polynomial interpolation [59]. An efficient and quite fast approach
to calculate the deformation is to evaluate Eq.2.18 in the Fourier domain where the space
domain convolution converts to the frequency domain multiplication for which the Fast
Fourier Transform (FFT) can be implemented. The implementation of this approach
along with a CGM iteration scheme was first conducted by Nobi and Kato [60], and
modified later on by Liu et al. [61]. Ever since, as a fast and accurate numerical
algorithm, it has been extensively exploited for various non-adhesive contact problems in
order to determine the normal and tangential contact stresses and contact area [62–70].
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Adhesion modeling in BEM

Until recently, most of the studies on an adhesive contact employing BEM was mostly
focused on a single asperity contact [71–73], where the geometry of a spherical asperity
is estimated by a parabola and the Lennard-Jones potential was used to describe the
separation-dependence of the adhesive stress. Carbone et al. studied the adhesive contact
of a soft semi-infinite solid and a randomly rough rigid surface with a self-affine fractal
profile [74]. Recently, Medina and Dini proposed a BEM model based on a Multi-Level
Multi-Integration scheme for the adhesive contact at an interface and studied the contact of
a rigid rough sphere against a flat half-space, where the LJ potential was used to describe
the adhesive stress outside the contact area [49]. They found out that the strength of
adhesion depends on the roughness level in such a way that the roughness can either
increase or decrease the adhesive force. Recently, a few authors have combined DC-FFT
method with CGM to study the adhesive contact at a rough interface, where adhesion is
described by the exponential model [75, 76], LJ potential [77], and a Dugdale approximation
[78]. These methods showed very fast convergence and a high level of accuracy.

The studies of the capillary force for the contact of rough surfaces using BEM is
pretty scarce. Rostami and Streator proposed a deterministic approach to study the
liquid-mediated adhesion between rough surfaces [79]. Based on the liquid volume
available at the interface, they defined a wetting radius and the non-contact areas inside
the wetting radius would experience a constant capillary pressure. They, however,
neglected the contribution of mobile liquid at the interface, which indeed contributes to
the meniscus formation. As mentioned before, a significant contributor to the capillary
force is the adsorbed water films from the humid environment onto the contacting
surfaces. It was Tian and Bhushan who pioneered such a study [51]. They studied the
effect of ultra-thin liquid films adsorbed on the rough surfaces on the formation of
micro-menisci islands within the interface in the contact area and on friction. They found
out the greater the thickness of the liquid film, the larger the contact area and static
friction force. In their calculations, however, they did not incorporate the elastic
deformations due to the adhesive stress. Moreover, they considered the film thickness to
be uniform all over the rough surface. However, due to the capillary pressure and the
liquid surface tension, the film is distributed in such a way to be thinner at the peaks and
thicker in the valleys.

Since the local thickness of the film, especially at the peaks, influences the distance to
which the micro-meniscus extends, it sounds crucial to take into account the true
distribution of the film. Therefore, the leveling dynamics of a thin liquid film on a
substrate gives the non-uniform and true distribution of the film on a rough substrate.
This issue is highly important in painting and coating industries. It was Orchard who
first found out the effect of interplay between the surface tension and viscosity, in one
hand, reduces the free surface irregularities, and on the other hand, limit the flow due to
the leveling dynamics [80]. Ahmed et al. and Seeler et al. numerically studied the effect
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of rheology on the leveling of thin fluid films on solid substrates [81, 82]. Surface
topography is also another factor which needs to be considered for the leveling dynamics
[83–85]. A comprehensive numerical model for the leveling dynamics of thin paint film
flow, including the effects of evaporation and complex rheology of the paint, was proposed
by Figliuzzi et al. [86]. Considering the Newtonian behavior of water and neglecting the
evaporation effect, this model can be used to find the true non-uniform distribution of a
thin water film on a rough surface which helps to estimate the capillary force at a rough
interface more accurately (the reader is referred to Appendix B for the details of this
model).

2.2 Frictional contact and partial-slip

Despite the vast usage of friction since the early human, such as making fire using the heat
generated by the friction between two wood pieces, the understanding of its nature is still of
fundamental interest. There are, in general, two categories of friction: partial-slip friction
and steady-state friction (gross-sliding or full-slip friction). The latter state is reached
when the contacting bodies are macroscopically sliding (slipping) over one another.

In the partial slip regime, the bodies are macroscopically observed to be sticking and
there is only local relative displacements taking place at the interface. This state is also
called stick-slip as it is in practice the transition from a full-sticking contact to a full-
slipping one. The beautiful sound of a violin is due to macroscopic stick-slip between
the hair of the bow and the strings. It is also the cause of jerking of brakes, squeal and
chatter in bearings, and inaccuracy in machining and positioning mechanisms. During the
stick phase, the friction force builds to a critical value, called static friction. Once this
critical force has been reached, full slip or macroscopic sliding at the interface starts and
due to the energy release, the friction force decreases and remains constant with time and
displacement.

2.2.1 Partial slip at an ideally smooth interface

The first study on the partial slip contact was conducted independently by Cattaneo [87],
and Mindlin [88] for the contact of a smooth interface of a ball and a flat. Figure 2.6(a)
shows the circular contact of an elastic ball against a rigid flat half-space due to a fixed
normal load. Initially, in the absence of an external shear force, the entire contact area,
as shown in Figure 2.6(b), experiences a full stick condition, where there is no relative
displacement between the two bodies. Upon the application of a tangential force, a ring of
slip, surrounding the central sticking area, forms and develops toward the center of contact
along with further increase in the tangential force. As soon as this slipping ring covers the
entire contact area (and the sticking area disappears at the center), gross sliding occurs.
The force required to start gross-sliding is called the static friction force as, based on the
Amonton’s law of friction, is proportional to the normal load by means of a factor named
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the static coefficient of friction, µs. The tangential displacement at the start of gross sliding
is called the pre-sliding displacement (also known as preliminary displacement) and serves
as an important specification in precision engineering.

Figure 2.6: Transition from stick to slip, based on the Mindlin solution

For such an asperity contact, the tangential displacement is expressed by [52]:

δx = δ0

{
1−

(
1−

Ff
µsFn

)2/3
}

(2.25)

in which, the pre-sliding distance, δ0, is given by:

δ0 =
3µsFn

4a

(2− ν)(1 + ν)

E
(2.26)

here, E, ν are the elastic modulus and Poisson’s ratio of the contacting materials and a is
the contact radius.

Later on, Mindlin and Deresiewicz extended this solution to account for an oscillating
tangential force, which leads to friction hysteresis behavior [89]. The amplitude of the
oscillating friction force is insufficient to cause gross-sliding. Figure 2.7(a) depicts the
friction loading steps, which is divided into three general paths of OA, ABC, and CDE.
The tangential displacement, in these three paths, is given by:
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Figure 2.7: Hysteresis behavior of a single asperity contact based on the Mindlin solution

δOAx = δ0

{
1−

(
1−

Ff
µsFn

)2/3
}

(2.27a)

δACx = δ0

{
2

(
1−

F ∗ − Ff
2µsFn

)2/3

−
(

1− F ∗

µsFn

)2/3

− 1

}
(2.27b)

δCEx = −δ0

{
2

(
1−

F ∗ + Ff
2µsFn

)2/3

−
(

1 +
F ∗

µsFn

)2/3

− 1

}
(2.27c)

in which F ∗ is the amplitude of oscillating tangential force (see Figure 2.7). In the
original Mindlin solution, it was assumed that the contacting materials are identical.
This assumption simplifies the solution since the normal pressure and shear stress
components become decoupled and cannot affect each other as they cannot induce any
deformation in the other directions. The contact of dissimilar materials, nevertheless,
does not follow this condition and the normal pressure and shear stress components are
coupled. There has been no analytical solution for this complex problem and researchers
have resorted to numerical solutions for it. Kogut and Etsion conducted a FEM
simulation on the contact of a rigid flat pressed against an elastic perfectly plastic ball
[90]. They used an approximate analytical solution to evaluate the static friction force.
Rather than using the Amonton’s law of friction, they treated the sliding friction as
failure mechanism based on the plastic yield. Wang et al. proposed a FEM model to
study the partial slip fretting contact of a ball against a flat, where the friction coefficient
in the slip region is not fixed [91]. Yue and Abdel Wahab studied the effect of a variable
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coefficient of friction on the gross-sliding and partial slip conditions of fretting wear [92].
They found out that considering a variable coefficient of friction is more crucial for the
partial slip conditions and the FEM results are close to the experimental ones. Chen and
Wang developed a 3D numerical model for the partial slip contact of elastically dissimilar
materials [93]. They used a CGM-based algorithm to determine the contact area and
stick region. Wang et al. followed the same strategy to study the partial slip on a 3D
elastic layered half-space, which is suitable to study the effect of a coating on the contact
problem [66]. An extension to this model to simulate the friction hysteresis behavior in
the partial slip contact mode is provided in [94]. Rodriguez-Tembleque et al. proposed a
BEM formulation to model wear under gross-sliding and partial slip conditions [95].
Gallego et al. also proposed a CGM-based model and implemented DC-FFT to calculate
the convolution integrals to simulate the fretting modes I, II, and III [96]. They found a
discrepancy between their numerical results and those of the Mindlin solution for the
contact of dissimilar materials. In contrast to the Mindlin solution, the development of
the slipping area is no longer symmetric. Furthermore, due to the dissimilarity of the
elastic properties of the contacting bodies, normal pressure causes relative displacement
at the interface and therefore, a slipping area in the absence of a shear stress.

2.2.2 Partial slip at a rough interface

Despite the recent advances of modeling the normal contact, the tangential contact of
rough surfaces is not well-understood yet, due to the complexity of adhesion, stick to slip
transition, lubrication, and wear. The initial studies were conducted by combining the
Mindlin solution and Greenwood-Williamson statistical model to investigate the
proportionality of the friction force and normal load at a rough interface [97]. Further
similar research, known as multi-asperity contact models, were conducted to study the
partial slip and gross-sliding friction [66, 94, 95, 98].

As one of the main limitations of multi-asperity models is that the interaction between
asperities is not taken into account, other numerical approaches have been employed by
researchers. Pohrt and Li [68], and Paggi et al. [99], proposed a CGM-based BEM model
for the partial slip contact at a rough interface. They assumed a uni-directional shear stress
proportional to the normal pressure in the slip zone. Yet, they did not take the coupling
between the normal pressure and shear stress into account. Grzemba et al. proposed
a characteristic length parameter defining the crossover from sticking to slipping for the
contact of self-affine fractal surfaces [100]. Kasarekar et al. developed a numerical approach
to study the fretting wear under partial slip conditions [101]. They found the roughness
details at small length-scales a major factor in wear simulations. Chen and Wang extended
their previously developed BEM model for the point contact of dissimilar materials to
evaluate the static friction force and coefficient of friction at a rough interface of a ball and
a flat [102]. Rather using the Amonton’s law of friction, they set a constant shear strength
all over the contact area, τm, as a local criterion for transition from stick to slip. Therefore,
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dividing the contact area into stick and slip regions, one can distinguish between these two
by the following definition:

Astick : |q| =
√
q2
x + q2

y < τm, |s| =
√
s2
x + s2

y = 0, (2.28a)

Aslip : |q| =
√
q2
x + q2

y = τm, |s| =
√
s2
x + s2

y > 0 (2.28b)

where |q| and s are shear stress and relative displacement at the interface, respectively.
This criterion states that in the stick zone, there is no relative displacement between the
two contacting bodies and the shear stress is smaller than the constant shear strength,
whereas these two are greater than zero and equal to the shear strength at the slip region,
respectively. Base on the Amonton’s law of friction, Chen and Wang developed a BEM
model for the partial slip contact at the interface of two contacting bodies of dissimilar
materials [93]. There, the stick and slip regions are distinguished based on the following
criterion:

Astick : |q| =
√
q2
x + q2

y < µsp, |s| =
√
s2
x + s2

y = 0, (2.29a)

Aslip : |q| =
√
q2
x + q2

y = µsp, |s| =
√
s2
x + s2

y > 0 (2.29b)

which implies that the slipping crossover is not a fixed value all over the contact area
but depends on the coefficient of friction and local pressure, similar to Amonton’s law of
friction. Due to the dissimilarity of the contacting materials, the pressure profile is affected
by shear stress components, too, and therefore, the contact needs to be solved iteratively
to find the pressure profile and the contact area.

Although there is rich literature on the influence of adhesion on the contact pressure
and contact area, the studies on the effect of this phenomenon on friction and specially
partial slip is quite scarce. Sari et al. studied the effect the plane-strain version of the
Cattaneo-Mindlin problem in the presence of adhesion where the contact area is determined
using the Maugis theory independent of the tangential forces [103]. The contact area is
composed of a central stick zone surrounded by an annulus of slip in which the shear stress
is assumed constant. Adams studied the adhesive pre-sliding contact of a smooth curved
elastic body and a flat half-space [104]. He assumed the surface energy to be in a manner
similar to the JKR theory for spherical contact. In the plane strain condition, the contact
is in full stick until the tangential force reaches a critical value where there is a transition
either directly to gross-sliding or to a partial slip state in which the central stick region is
surrounded by two slip stripes.
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2.3 Research gaps

As the main objective of this thesis is to study the adhesion and partial slip interaction
between a silicon wafer and a burl, a comprehensive numerical model needs to be developed
for the contact of (slightly) rough surfaces.

Given the topographies of the mating surfaces along with their mechanical and
surface properties, the model must be able to calculate the contacting region(s) and the
corresponding pressure. The limitations of GW models and Persson’s theory make them
inappropriate for the purposes of this thesis. In practice, the interface of a wafer and
waferstage is only lightly loaded which restricts the contact to be a very small fraction of
the apparent contact area. The use of GFMD is here controversial as it is not efficient for
such low values of real area of contact.

The model must also be able to simultaneously deals with the adhesive components,
namely the van der Waals and capillary forces, as these can strongly affect the contact
area. The literature, however, is mostly focused on the normal contact in the presence of
van der Waals forces, for which, there is still a big debate in the scientific community in
terms of accuracy and efficiency of the proposed numerical models. On the other hand,
the role of the capillary force in the normal contact problems of rough surfaces is, to a
large extent, limited to the GW models. To the best of the author’s knowledge, there is
no proper numerical model dealing with the capillary force at a rough interface where the
formation of micro-menisci islands is mediated by the adsorbed water films from the humid
environment. Therefore, the strength of the capillary force is in direct relation with the
local thickness of these films. Thus, a big gap, here, is the distribution of the water films
over the contacting rough surfaces which is neither flat nor follows the topography of the
rough surface, but, due to the capillary effect, is thinner at the summits and thicker in the
valleys. The numerical model must also consider this effect.

The model must simulate the transition from stick to slip when the external tangential
force is not large enough to cause full slip at the interface. Although there is a number
of numerical studies for this transition for the contact of rough surfaces, the presence of
adhesion is always neglected, while, as mentioned before, adhesion increases the contact
area and consequently increases both the pre-sliding displacement and the static friction
force. Therefore, the model must be capable of taking these effects into account.

This chapter summarized the frequently used models for the normal and tangential
contact of rough surfaces in the absence and presence of adhesion. Among the proposed
methods, BEM is a better approach to follow since very fine resolution surface
measurements can be implemented to describe the topography of the contacting surfaces
and at the same time doing all the computations in a reasonable amount of
computational time and memory. It is also very powerful and efficient since all the
approximations are transformed into the boundaries and the dimensionality reduces by
one order.
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Chapter 3

SUMMARY OF THE
RESEARCH

3.1 Introduction

The aim of the thesis is to find the relation between adhesion and friction at the rough
interface of a wafer and the wafer stage. Specifically, the effect of the adhesion force,
originating from van der Waals and capillary forces (depending on the medium in which
the contact is made), on the stick-slip transition or partial slip contact at such an interface.
A lithography machine operates either in vacuum or ambient conditions. In vacuum, the
van der Waals forces between the two contacting solids are responsible for the adhesion
force. In ambient, however, both van der Waals and capillary forces contribute to the
total adhesion force, while the effect of the latter one is more prominent. The vapor in
the humid environment condenses and adsorbs on the surfaces to fill in the holes and
gaps at the contact interface. There are three adhesive components to be considered: the
solid-solid van der Waals interaction, the solid-water van der Waals interaction, and the
capillary force origination from the tensile stress inside the micro-menisci islands formed
around the contacting and at the near-contacting asperities. Given the normal loads and
surface topographies of the surfaces in contact (here the silicon wafer and a burl) along
with their mechanical and adhesive properties, a numerical model is needed to solve for
the pressure distribution at the interface. The numerical procedure for the calculation of
the normal contact pressure in presence of adhesion is depicted in the flowchart of Figure
3.1. In the first step, mechanical properties, surface topographies, adhesion details (work
of adhesion and relative humidity), and the normal load are input to the algorithm. In
step 2, an initial guess is made for the normal pressure. Using this pressure profile, the
deformation at the interface in step 3 and then in step 4, the separation or gap is calculated.
Adhesive components, which are directly or indirectly dependent on the local gap at the
interface, are also set at this step. Step 5 checks for convergence in the pressure profile

27
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Figure 3.1: Calculation of the normal pressure in presence of adhesion

and if it is not met, the indentation (normal rigid body displacement) is updated in step
6 and then another iteration is started over from step 2 using the new pressure profile.
The iteration loop should be repeated until the pressure profile reaches convergence. The
mathematical description of these steps are provided in papers A and B of Part II of the
thesis.

The total effect of adhesion, no matter where it originates from, is to increase both the
contact area and the contact repulsive force which, in any case, leads to a higher friction
force and pre-sliding displacement. Given the adhesive normal pressure, the partial-slip
problem is solved based on the flowchart shown in Figure 3.2. The static coefficient of
friction and the tangential loads along with the parameters required for the normal pressure
calculation are input in step 1. Step 2 solves the adhesive normal pressure as explained
previously. In step 3, the shear stress components are calculated using the assumed rigid
body displacements caused by the external tangential loads. Shear forces are estimated in
step 5 and compared with the external ones in step 5. If they are not within an acceptable
level of tolerance, the rigid body displacements are updated in step 6 and another loop of
iteration is repeated. As soon as the shear forces converge, the normal pressure is checked
for convergence in step 7 and if it is not converged, the geometry is updated by considering
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Figure 3.2: Flowchart of the partial-slip contact problem.

the deformation in the contact geometry due to the shear stress components and then
the outer level of iteration is repeated until these components make no noticeable change
in the normal pressure and geometry. Papers D and E of Part II of thesis explain the
mathematical details of these steps.

It should be noted at this stage that it is crucial to consider the contribution of the
interfacial phenomena in the stick-slip transition. Hence, the entire study is divided into
two major sections. The first is to simulate adhesion at a rough interface and the second is
to simulate the transition from a stick to full slip state and how it is affected by adhesion.

3.2 Normal contact and adhesion

When two rough surface are brought into contact, high asperities touch the counter
surface and deform either elastically or plastically to form micro-contacts. In the absence
of adhesion, the formation of these contact patches depends on the topographies of the
contacting surfaces, their mechanical properties, and the loading conditions i.e. the
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normal force. Formation of adhesive bonds directly (for the van der Waals forces) or
indirectly (for the capillary force) depends on the proximity of the surfaces in contact.
The areas right around the micro-contact patches where the two surfaces are slightly
separated, have the potential to experience such bonds, depending on the surface energies
of the bodies in contact and the medium through which the contact has formed. To
analyze the adhesion and its effect on the contact area and pressure, thus, it is very
important to initially locate the micro-contacts with corresponding pressure distribution.
The pressure profile, in the absence of adhesion, must fulfill the complementarity
conditions based on which the pressure must be zero at separated regions and non-zero at
contacting areas. Provided that the mechanical properties, the normal force, and the
surface topographies are all known, a BEM numerical scheme implements the Conjugate
Gradient Method (CGM) (as an optimization algorithm to solve the contact problem
with these conditions), is implemented to calculate the resulting pressure and separation
profiles.

3.2.1 Adhesion due to van der Waals forces

To include the effect of adhesion, the CGM was first extended to treat this phenomenon,
originating solely from van der Waals forces at this state, as a constant negative stress
in locations with a separation smaller than a specific value. This is called a Dugdale
approximation of the Lennard-Jones potential, which expresses the separation dependence
of the adhesion between two parallel planes, as explained in Appendix A. The algorithm is
described, in detail, in Paper A of Part II of the thesis. The model is verified by comparison
to the well-known model of Maugis-Dugdale for an adhesive contact of an elastic ball against
a half-space (Figure 3.3), and for a ball against a wavy substrate (Figure 3.4).

The model is also used to analyze the pull-off force of a bi-sinusoidal interface, as a
monomodal representation of a rough interface, and fit a master curve on the results to
give an expression for the pull-off force as a function of geometrical properties and work of
adhesion at the interface. The pull-off force is found to be:

Fpull−off = 10.39Rc∆γk
0.041 (3.1)

where k is the wavelength ratio. The pull-off force, similar to JKR and DMT models (as
expressed in Appendix A), is independent of the elastic modulus and linearly proportional
to the work of adhesion and radius of curvature, Rc, at the contact point.

Finally, to check the capability of the developed model to simulate the adhesive contact
of rough surfaces, it is used to investigate the contact of a smooth ball and a rough half-
space with a wide range of roughness values starting from a molecular level up to a few
nanometers (Figure 3.5). Although it is known that roughness decreases adhesion, a slight
level of roughness can cause local regions within the contact area to experience very small
separations and therefore adhesive stress which in the end results in an increase in the
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Figure 3.3: Variation of contact radius with normal force, for different values of the
adhesive parameter, λ = 1.16µT . Solid lines and dots are respectively due to the MD

model and numerical expressions for pressure (ball-on-flat contact with
E = 73GPa, ν = 0.17, R = 2.5mm).

adhesion force. A further increase in roughness level, separate the majority of the micro-
contact zones by greater distances, where they experience no adhesive forces. Only local
areas surrounding the asperities with a positive pressure experience a high adhesive force.
This trend can be realized through the normalized adhesive force curve in Figure 3.6 for
two values of the Tabor parameter.

3.2.2 Adhesion due to van der Waals and capillary forces

The previously developed model for the adhesive contact between two surfaces of arbitrary
geometry was then extended to take into account the effect of a humid environment and
the resulting capillary force. In ambient conditions, water vapor condenses and adsorbs on
the surfaces and fill in the gaps and holes of a contact interface. The volume of adsorbed
water depends on the available vapor in the environment which is typically a function of the
relative humidity. Usually a very thin water film (around a few nanometers) is adsorbed
on a surface. This film is neither uniform (following the topography of the surface) nor
flat (to immerse all the high asperities of a surface), but in the form shown in Figure 3.7,
due to the capillary pressure and the water surface tension. Here, the water film surface
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Figure 3.4: Variation of normal force with approach for different values of λ in the contact
of a sphere over a wavy surface, (a) α = 0.1, (b) α = 0.2, (c) α = 0.3. Solid lines and dots
are respectively due to the analytical MD model and (current) numerical expressions for
pressure (ball-on-wavy flat contact with E = 73GPa, ν = 0.17, R = 2.5mm and α being

the degree of profile waviness (refer to Paper A of Part II)).
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Figure 3.5: Contact pressure for a smooth and rough ball of different roughness rms on a
smooth flat at the same normal load for µT = 2 (ball-on-flat contact with

E = 73GPa, ν = 0.17, R = 2.5mm and F0 = 10µN).
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Figure 3.6: The effect of roughness rms on the normalized adhesive force for two different
values of µT

height, roughness profile, and the local thickness of the film at time t are denoted by hw,
hs, and e, respectively. Thus, finding the distribution of a water film on a rough surface is
the first step to simulate micro-menisci formations at a rough interface (see Appendix B
for the details of the numerical algorithm for this problem).

The second step is to locate the areas where these micro-menisci islands are formed and
developed, depending the capillary rise level (see Appendix A for more details on the
capillary force at a single-asperity contact in the presence of thin water films). Theses
islands form around the contacting asperities and at the near-contacting ones (where the
separation is smaller than the summation of the local water film thickness on the two
surfaces) and develop to an extent depending on the capillary rise (which is a function of
relative humidity), see Figure 3.8. All such areas experience a constant capillary pressure
which is controlled by the relative humidity. In addition to the capillary force, the solid-
solid and water-solid van der Waals interactions contribute to the total adhesive force,
whose effect is less dominant in ambient and humid environments. As the humidity level
of the environment rises, more water is adsorbed on the surfaces, which gives rise to larger
micro-menisci islands and therefore, a larger capillary force. At very high humidity levels,
however, due to the drop in the capillary pressure and lack of room for further development
of the micro-menisci islands, the total capillary force drops quickly. See, for example,
Figure 3.9 which shows this behavior vs. relative humidity. More details and examples are
provided in Paper B of Part II of the thesis.
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Figure 3.7: Leveling of a water film over a rough surface.

3.2.3 Experimental validation of the normal contact model

This stage focuses on experimental evaluation of the normal adhesive contact block of
the developed BEM model. The measurement and numerical prediction pull-off force,
as an indicative of the adhesion strength between two bodies under specific environmental
conditions, is a suitable approach to compare the model with experiments. For this purpose,
Atomic Force Microscopy (AFM) is here used to measure the pull-off force between an AFM
cantilever with a 5µm SiO2 colloidal probe and a substrate both in vacuum and in ambient
conditions, where different types of adhesive components (van der Waals and capillary
forces) can contribute to the total adhesive force. Two substrates are implemented for
this purpose: a silicon wafer and a 300nm thick SiO2 film deposited on a silicon wafer.
The measurements are performed at three states. State 1 refers to the initial pull-off force
measurements in ambient conditions, where the temperature and relative humidity are
22◦C and 35%, respectively. State 2 is a vacuum condition (HV) with 10−5mbar of pressure
which is left overnight, before performing the pull-off force measurements, to remove the
organic contaminants from the substrate. Finally, state 3 starts 10 minutes after we vent
the vacuum chamber and open it, where the samples are exposed to the ambient conditions
again. For each state and substrate, the pull-off force is carried out on 256 spots. The
topography of the substrates and their power spectral density (PSD) are shown in Figure
3.10, where the PSD suggests that the SiO2 is rougher than Si.

Figure 3.11 also illustrates the topography of the probe before and after the entire
measurements, implying that it has changed (smoothened) during the measurements. The
spread (the mean value with error bars) of measured and predicted pull-off forces at the
mentioned three states are plotted in Figure 3.12(a) and (b) for the Si and SiO2 substrates,
respectively. The simulations have also performed five topographies (only one of which is
shown here).

The steep rise in the measured pull-off force from the ambient conditions of state 1 to
the vacuum conditions of state 2 is attributed to two phenomena: one is the removal of
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Figure 3.8: (a) Meniscus formation at the contact of two rough surfaces in the presence of
adsorbed water films (b) strategy to find meniscus-wetted asperities (c) a schematic
diagram of contact area, meniscus-wetted area, and cross-cut area at mean meniscus

height.
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Figure 3.9: Comparison of the capillary force for a rough interface with different RMS
values (rough flat-on-flat contact with E = 64GPa, ν = 0.17 and F0 = 500µN).

the existing hydrocarbon contamination film from the substrates in vacuum and the other
one is the change in the topography of the probe since a large number of measurements
have been performed on it. Figure 3.13 shows a typical measured force-distance curve for
the SiO2 substrate. The curvy snap-in shape in the approach part of state 1 suggests that
the probe is first touching a soft material. Since this behavior is not observed in state 3,
where there is water monolayers adsorbed on the substrate, it is suggested that this soft
material is a hydrocarbon contamination film (and perhaps a mix of water molecules and
contamination) which is removed in vacuum. This contamination film reduces the surface
energy of the contacting materials, leading to a lower pull-off force than expectation.

The measured surface topographies before the tests are implemented to predict the pull-
off force in the ambient conditions of state 1. Although there seems to be good agreement
between simulations and experiments for both Si and SiO2 substrates, the agreement is
merely a coincidence since the impact of the contamination layer on the measurements of
this state is not considered in the simulations.

The probe roughness measured after the experiments is used to predict the pull-off force
for states 2 and 3. The predicted pull-off force for state 2 is lower than the measurements
due to neglecting the effect of existing water monolayers in vacuum on the predicted pull-off
force for this state. This can be confirmed by the slight increase in the measured pull-off
force from state 2 to 3, where a larger increase, as also suggested by the simulations, is
expected.
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Figure 3.10: Roughness height of (a) Si and (b) SiO2 substrates on a 2µm× 2µm area
(512× 512 pixels) and (c) their PSD
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Figure 3.11: The zoomed-in view of the colloidal probe topography (a) before and (b)
after the tests on 2µm× 2µm (left) and 0.8µm× 0.8µm (right) areas
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Figure 3.12: Comparison of measured (blue) and predicted (red) pull-off forces for (a) Si
and (b) SiO2 substrates
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Figure 3.13: Typical measured force-distance curve for the SiO2 substrate at three states

3.3 Pre-sliding behavior and the role of adhesion

Now that the impact of the adhesive components on the contact pressure and contact area
are clarified, one has to explore to what extent it can alter the pre-sliding behavior. The
fact that the friction force is proportional to the real area of contact is an indicator of the
significant role of adhesion in the pre-sliding behavior. Adhesion increases both the real
contact area and contact repulsive force which both result in a higher static friction force
and pre-sliding displacement. Similar to the normal contact case, first the model for a
non-adhesive contact must be developed.

3.3.1 Partial slip

When two surfaces in contact are tangentially loaded by a force smaller than the static
friction force (static friction force is the tangential force required to make two surfaces in
contact starts to slide over one another), surface stresses and strains are not uniformly
distributed over the interface. Thus, the entire contact area is divided into two regimes of
tangential contact namely stick and slip. In the stick region, the surfaces are sticking to
each other so that there is no relative displacement. In the slip region, there is a non-zero
relative displacement. In total, only a part of the contact is slipping, though, there is no
macroscopic relative displacement. That is why this state is called partial slip. As the
tangential force increases, the slip region develops (and simultaneously the stick region
shrinks) to cover the entire contact area as soon as the tangential force reaches the static
friction force. It is frequently assumed that in the slip region, through an analogy to the
Amonton’s law of friction, the shear stress is proportional to the contact pressure and
the proportionality factor is the static coefficient of friction. However, the shear stress in
the stick region is unknown and it must be in a form to meet the sticking conditions and
balance the tangential load in combination with the shear stress in the slip region. It was
mentioned, in the previous chapter, that for the contact of a ball on a flat, the Mindlin
solution only applies to the contact of identical materials, while the problem needs to be
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Table 3.1: Comparison between different Tabor parameters in terms of the corresponding
positive and adhesive forces and normalized tangential forces.

µT F−0 (µN) F+
0 (µN) Fnr = Fx/µfF0 Fx/µfF

+
0

0 0 10.000 0.97 0.9700
0.5 -6.088 16.088 1.56 0.9697
1 -16.018 26.018 2.52 0.9685
2 -42.114 52.114 5.04 0.9690

solved numerically when the materials are dissimilar. In this case, the normal pressure and
shear stress components are coupled, meaning that each of the three stress components
can induce deformations in all three directions. Therefore, the calculation of the normal
pressure must include the geometry change due to the deformations in the normal direction
caused by shear stress components and vice versa, which is achieved via an iterative scheme.

The Conjugate Gradient Method is again used here to meet the conditions imposed
by the partial slip contact. The first impression that the results make is that even in the
absence of an external shear stress, a part of the contact is slipping due to the difference in
the elastic properties of the contacting surfaces since the in-plane deformations are coupled
with not only the shear stress but also the normal pressure. Second, the development of
the slip region over the contact area is asymmetric, in contrast to Mindlin solution which
predicts a symmetric development of the annular slip region toward the center of contact.
This behavior is shown in Figure 3.14 for various values of the normalized friction force,
Fnr = Fx/µfF0, with Fx and F0 being the tangential and normal loads.

The effect of adhesion on the pre-sliding behavior can be included by means of
changing the normal pressure with an adhesive contact pressure, as described previously.
An assumption, here, is that there is no shear stress in the adhesive region. The details of
the algorithm are described in Paper D of Part II of the thesis.

Figure 3.15 shows the variation of stick area to contact area ratio and rigid body
displacement vs. normalized friction force for increase values of the Tabor parameter for
a smooth ball on flat contact under a fixed value of the external normal force. The graph
confirms that adhesion increases both static friction force (normalized friction force) and
pre-sliding displacement. In addition, the normalized friction force, as an indicator of
the start of the gross-sliding, is controlled by the contact repulsive force, F+

0 and not the
external normal force (see Table 3.1). As the external normal load, which is the summation
of the adhesive force, F−0 , and the contact repulsive force, is fixed, an increase in adhesion
increases the adhesive force and therefore the contact repulsive force too.

This finding is even more significant for the contact of rough surfaces where the
adhesive force is, to a large extent, dependent on the roughness details. The numerical
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Figure 3.14: Development of the slip region over the contact area vs. normalized friction
force (ball-on-flat contact with E = 130GPa, ν = 0.3, R = 10µm, F0 = 10µN , µf = 0.2

and µT = 0.5).



CHAPTER 3. SUMMARY OF THE RESEARCH 43

0 1 2 3 4 5

0

0.1

0.2

0.3

0.4

0 0.1 0.2 0.3 0.4 0.5

0

2

4

Figure 3.15: (a) Variation of the stick area to contact area as a function of the normalized
tangential force (b) Normalized tangential force vs. rigid body displacement in x direction

simulations for the contact of a ball on a rough flat with different levels of roughness rms
under a fixed external normal force suggest that, for a non-adhesive contact, roughness
can increase the pre-sliding displacement, while the static friction force is entirely
independent of the roughness. For the adhesive contact, however, the combined effect of
adhesion and roughness is not cumulative but symbiotic (see Figures 3.16 and 3.17).
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Figure 3.16: The variation of Astick/Acontact versus normalized tangential force, Fnr, for a
non-adhesive case and three different values of the Tabor parameter, µT , and different

rms values; subplots (b), (c), and (d) have the same legends as subplot (a) for rms values
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Figure 3.17: The variation of δx versus normalized tangential force, Fnr, for a
non-adhesive case and three different values of the Tabor parameter, µT , and different

rms values; subplots (b), (c), and (d) have the same legends as subplot (a) for rms values

3.3.2 Friction hysteresis and its history dependence

In the previous pre-sliding model, the tangential force is applied in one single step. In
reality, however, the friction force is applied in an incremental manner. As a consequence,
this single-step loading cannot simulate the hysteresis behavior of friction since it does
not include the history-dependence of the friction force. To modify the model to achieve
this objective, the definition of stick and slip regions needs to be changed. Here, rather
than considering merely the relative displacement at the interface, the rate of change in
the relative displacement is set as the criterion to distinguish between stick and slip
regions. For an incremental tangential force, the rate of relative displacement in zero and
non-zero (yet small compared to the contact radius) for stick and slip regions,
respectively. It is noted that the shear stress is still proportional to the normal pressure in
the slip zone. The details of the model are explained in Paper E of Part II of the thesis.

To study the hysteresis behavior of friction, the tangential force oscillates between two
entities. The amplitude of the tangential force is smaller than the static friction force in
order for the contact to remain in the partial slip contact. Since it was previously shown
that it is the contact repulsive force which controls the start of gross-sliding and, not the
external normal force, the amplitude of the friction force is chosen to be µfF

+
0 and the

loading path is shown in Figure 3.18, while the normal load is fixed.



48 CHAPTER 3. SUMMARY OF THE RESEARCH

Figure 3.18: Tangential loading path.

The first point that this hysteresis behavior differs from the previous model is the
transition from stick to slip, as shown in Figure 3.19. When a pure normal force is applied
on such a configuration (point A), an annulus of slip surrounds a circular sticking area. As
soon as an infinitesimal friction force is applied (corresponds to point A′ which is placed
right after point A in the loading path), the shape of the stick zone changes (Figure 3.19A′).
Further increase in the friction force makes the sticking area shrink and disappear at the
turning point D, which corresponds to a full slip state. At this point, the friction force
direction is reversed and the whole contact area experiences a full-stick state which shrinks
towards the center similar to the Mindlin solution (however non-symmetrically) as shown
for points D′ to H. At the turning point H, the friction force direction is again reversed,
and the same behavior is repeated up to the next turning point.

In the presence of adhesion, the previously mentioned statements about static friction
force and pre-sliding displacement still hold.

3.3.3 Experimental evaluation of the pre-sliding behavior

At this stage, the pre-sliding block of the model is evaluated experimentally. As
performing measurement to see the effect of adhesion was not possible with the available
equipment, it was decided to use an in-house built setup for friction measurements in
order to study the pre-sliding behavior. Specifications of the setup necessitates to have a
soft and rough interface to obtain sufficiently large pre-sliding displacements. Therefore,
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Figure 3.19: Transition from stick to slip for the contact of dissimilar materials,
numerical solution (ball-on-flat contact with E = 70GPa, ν = 0.3, R = 50µm,

F0 = 10µN , µf = 0.2 and µT = 0)
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Figure 3.20: Roughness height of the balls (1.1mm× 1.1mm area): (a) HDPE and (b)
POM.

the frictional contact of two rough polymeric balls, HDPE (High Density Polyethylene)
and POM (Polyoxymethylene), against a smooth silicon wafer at three normal loads
(25mN, 50mN and 75mN) and five spots is experimentally studied. The friction
coefficient and sliding stroke for each set of measurement are extracted from experiments
to be considered inputs to the developed BEM model along with the measured surface
roughness of the balls and their mechanical properties.

The roughness height of the balls are depicted in Figure 3.20. with a zoomed view to
see the highest asperities where the contact patches form. Four friction loops are simulated
using the sliding path (instead of loading path) as show in Figure 3.21.

As, in the case of contact between dissimilar materials, friction takes a few loops to
converge to a stable one, therefore only the last simulated loop is compared with the
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0

Figure 3.21: Displacement path.

last loop of experiments. Figures 3.22 and 3.23 depict the development of slipping area
and shrinking of the sticking zone within the contact area for three spots (A, B and C)
on the pre-sliding part of the friction hysteresis loop (with Fx/µfF0 = −0.5, 0, and 0.5,
respectively).

Figures 3.24 and 3.25 compare the experimental and numerically predicted friction
hysteresis loops for both contacts (HDPE and POM balls against a silicon wafer) at three
normal loads. There is rather good agreement between the experiments and simulations.

To have a quantitative comparison between experiments and simulations, the lateral
contact stiffness, defined as the local slope of the friction-displacement curve, is calculated
(using a power-law curve fitting) at the mentioned three points on the hysteresis loop (see
Figure 3.26). Except for the case of the POM ball contact at point A for normal loads of
25mN and 75mN , the rest of numerically predicted values for the lateral stiffness are in
good agreement with those of the experiments. It is confirmed that from point A to C, the
lateral stiffness decreases since a larger part of the contact area is slipping and experiencing
a greater relative displacement and thus, the contact becomes laterally more compliant.

In general, the higher lateral stiffness of the POM contact compared to HDPE is due
to the larger elastic modulus of POM (1.38GPa) than that of HDPE (0.98GPa) and the
smoother surface of POM.
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Figure 3.22: Stick-slip transition from point A to C for three different normal loads:
HDPE ball-silicon wafer contact (the size of each image is 0.2µm× 0.2µm).
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Figure 3.23: Stick-slip transition from point A to C for three different normal loads:
POM ball-silicon wafer contact (the size of each image is 0.2µm× 0.2µm)
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Figure 3.24: Comparison of simulation and experimental friction hysteresis loops for
HDPE ball - silicon wafer contact.
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Figure 3.25: Comparison of simulation and experimental friction hysteresis loops for
POM ball - silicon wafer contact.
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Figure 3.26: Comparison of the experimental (solid lines) and numerical (markers) lateral
stiffness at points A, B, and C for (a) HDPE and (b) POM contact on the silicon wafer.
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Chapter 4

CONCLUSION AND
RECOMMENDATIONS

4.1 Conclusion

In this thesis, a BEM model for the adhesive pre-sliding behavior at a rough interface of
two contacting surfaces was proposed. The complete model is developed in a number of
steps. At first, the model is developed for the adhesive normal contact where the
adhesion originates from the van der Waals forces. Similar to the Maugis-Dugdale model
of adhesion of a ball on a flat, the Lennard-Jones potential, which is used to describe the
separation-dependence of these forces, is estimated by a Dugdale approximation, based
on which, the adhesion is present as long as the local separation does not exceed a critical
value. Local regions surrounding the contact patches at an interface, meeting this
separation rule, experience a constant negative stress which is the maximum negative
stress of the Lennard-Jones potential. The existing CGM algorithm for the non-adhesive
contact problem between two surfaces of arbitrary geometries is extended to capture this
definition of adhesive stress.

The model was first verified through comparing the numerical results with analytical
expressions for two well-known cases of adhesive contact, namely the ball on a flat
half-space and ball on a wavy half-space. In addition, the pull-off force from a
bi-sinusoidal interface was considered and numerically solved for various values of the
elastic modulus, work of adhesion, radius of curvature and wavelength ratio. In the end,
an expression was fitted on the numerically predicted values to give a very good
analytical approximation of the pull-off force at this interface. The pull-off force was
found to be linearly proportional to the work of adhesion and radius of curvature of the
contacting summits, similar to JKR and DMT theories of adhesion. Further, the adhesive
contact of a smooth ball on a rough surface with several values of rms roughness ranging
from 0 (for an ideally smooth surface) to 100z0 was investigated. It was shown that a

57
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small change in rms roughness can increase the pull-off force, adhesive force, and area
ratio.

Secondly, the model is extended to include the effect of the capillary force as the
dominating component of the total adhesive force in the ambient conditions. Thin water
films, whose thickness depends on the relative humidity of the environment, are adsorbed
on the surfaces and considered to mediate the formation of micro-menisci islands around
the contacting and at the near-contacting asperities. The uneven distribution of these
films over the contacting rough surfaces is calculated by numerically solving the equations
of mechanical equilibrium and rheology of the water. In areas, where a micro-meniscus
has formed, a constant humidity-dependent negative stress exists.

It was found that the capillary force first increases with RH and then decreases as a
results of variation in both capillary area and capillary pressure. The maximum of the
capillary force was found to be larger and at a lower RH for surfaces with smaller
curvatures (here longer auto-correlation length and or smaller rms roughness). The
normal force appeared to be a key factor as it can change not only the maximum
capillary force but also the entire curve of capillary force versus RH.

At the last step of this block, the adhesive normal contact model was experimentally
evaluated by performing pull-off force measurements using an AFM for the contact
between an SiO2 colloidal probe and two substrates in vacuum and ambient conditions.
The measurements were performed initially in ambient, followed by vacuum and then
ambient again. Results showed there is a sharp increase in the pull-off force due to
removal of the hydrocarbon contamination from the substrates and or the change in the
topography of the colloidal probe. The presence of contamination was confirmed by the
curvy snap-in behavior in the approach part of the force-distance curve of the
measurements. Although the predicted pull-off force for the ambient conditions was in
good agreement with experiments, the model predicted lower forces for the vacuum
conditions as it neglects the presence of water monolayers on the substrates even under
vacuum conditions.

The next block is the stick-slip behavior and the effect of adhesion and roughness on it.
Adhesion, coming from the van der Waals force, is modeled by means of a Dugdale
approximation of the total work of adhesion. The contact area is divided into stick and
slip regions, distinguished by the local values of the shear stress components and normal
pressure, and the relative displacement at the interface. The CGM algorithm is
implemented to find the optimum solution for the shear stress components and stick and
slip regions, meeting the mentioned conditions.

The numerical results suggest that, for an adhesive contact, it is the contact repulsive
force that controls the start of gross-sliding and not the external normal force. This
repulsive force increases with adhesion. It was also shown that the adhesion increases
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both pre-sliding displacement and static friction force, while roughness can only increase
the former one. However, the combined effect of roughness and adhesion is not
cumulative as these two parameters are found to be interdependent and any change in
the roughness significantly changes the adhesive behavior and thus, the normal pressure
distribution.

At this stage, since the tangential load was applied in a single-step, it could not include
the history of friction and thus, it could not simulate the friction hysteresis behavior. The
definition of the stick and slip regions changed accordingly. Then, rather than merely the
relative displacement, the rate of relative displacement was used to distinguish between
the stick and slip. In the stick region, this rate was zero, while it was non-zero in the slip
region. Then, the amplitude of the oscillating tangential force to capture the hysteresis
behavior, was set to be smaller than the static friction force. It was shown that, the
contact of dissimilar materials does not obey the well-known Mindlin solution, and there
is a remarkable difference and asymmetry in the results due to the difference in the
mechanical properties of the bodies in contact. Results also suggested that adhesion can
exclusively increase the static friction force and pre-sliding displacement at a smooth
interface. On the other hand, roughness can only increase the pre-sliding displacement for
a non-adhesive contact. For an adhesive contact at a rough interface, however, the effect
of combined adhesion and roughness is not cumulative.

The last step was to experimentally evaluate the effect of adhesion on the pre-sliding
behavior. Since performing measurement to see the effect of adhesion was not possible
with the available equipment, the friction behavior at a rough interface of two elastic
polymeric balls (HDPE and POM) against the smooth surface of a silicon wafer at three
normal loads and at five spots was measured using an in-house built-in setup. Extracting
the friction coefficient and stroke from the experiments and using them as inputs to a
BEM model, the same friction hysteresis loops were predicted compared with
experiments. The lateral stiffness of the contact was also calculated at three points on the
friction loop both experimentally and numerically to quantitatively compare the results.
The difference in lateral stiffness between the HDPE and POM is attributed to the
difference in elastic modulus, friction coefficient, and their surface roughness.

4.2 Recommendations

There are a number of points to be addressed for future research.

• The current simulations are conducted on micro-scale, where the sizes of the scanned
area is 2 − 10µm. The question, left open here, is that whether these results can
be extended to macroscopic level. In other words, can such a small measured area
represent the topography of the entire microscopic contact? This is even more crucial
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for surfaces with roughness inhomogeneities, where roughness properties varies over
the surface from point to point. Here, a multi-scale study could help. Larger area
measurements can detect areas with higher asperities or higher patches compared to
the rest of the surface and then, the focus can be put to such areas.

• One of the major steps in the calculation of the capillary force is to find the uneven
distribution of the water films on the contacting surfaces. This step is basically
solving a very complex PDE and takes a long time for the film to reach a stable
state. Since only this stable state is needed, the PDE can be converted to a large
number of algebraic equations. Yet, this large system of algebraic equations needs
to be solved efficiently. As conventional methods like Gaussian elimination and LU
decomposition are pretty slow and occupy too much memory, faster algorithms, which
are typically iterative-based, are needed [110].

• In the pre-sliding model, the deformation in vertical direction induced by the shear
stress components is taken into account. This deformation can change the interfacial
profile and consequently, the contact pressure distribution. Another factor that can
change this profile is when the tangential displacement is larger than the measurement
resolution which forms new contact pairs and probably, local stick-slip behavior. This
behavior normally appears in friction experiments as a saw-tooth shape in the sliding
regime. Future research can include this change in the interfacial profile to capture
this local stick-slip transitions. The starting point, in this regard, could be surface
updating by including the tangential displacements caused by the contact stresses.

• An approach to experimentally see the effect of adhesion on pre-sliding is to
perform friction measurements with the AFM. The cantilevers with colloidal probes
can be also used to make a large nominal contact area and therefore higher friction
forces. A challenge, however, is the torsional calibration of the cantilever. There are
theoretical and experimental methods to precisely calibrate the cantilevers with
sharp tips. For colloidal probes, however, theoretical approaches are not reliable as
they cannot consider the true effect of the glue, binding the sphere to the cantilever.
On the other hand, experimental methods are also pretty demanding.
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Appendix A

SINGLE-ASPERITY CONTACT

A.1 Non-adhesive contact: Hertzian theory

When two elastic bodies with non-conforming curved surfaces are brought into contact,
point or line contact between them changes to area contact leading to 3D stresses at
this area. In 1882, using the theory of elasticity, Heinrich Hertz developed an analytical
strategy to find these contact stresses by means of considering the shape of the contact
and the deformation of the contacting bodies. The Hertzian contact theory assumes the
half-space approximations [52]:

• Contact area is small compared to the size of contacting bodies.

• Contact stresses are concentrated in the proximity of the contact region and their
intensity rapidly decreases with the distance from the contact point.

• Contact stresses are not critically dependent on the shape of bodies distant from the
contact region. Therefore, the shape of the bodies can be well approximated with
parabolic shapes.

• All the assumptions of the classical theory of elasticity apply (small strain,
homogeneous material)

Figure A.1 illustrates the frictionless contact of an elastic sphere of radius R and elastic
properties of E1 and ν1 against an elastic half-space with elastic properties of E2 and ν2

under a normal force F0.

The Hertz solution for this problem leads to the contact radius, a, pressure profile,
P (r), and indentation, δ, as:

a =

(
3RF0

4Es

)1/3

(A.1)
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Figure A.1: Two elastic bodies in contact before and after the contact.

P (r) = P0

(
1− r2

a2

)1/2

, P0 =
3F0

2πa2
(A.2)

δ =
a2

R
(A.3)

in which, the reduced elastic modulus, Es, is expressed as:

1

Es
=

1− ν2
1

E1
+

1− ν2
2

E2
(A.4)

and the distance from the center of contact, r, is expressed as a function of the spatial
coordinates, x and y:

r =
√
x2 + y2 (A.5)

Figure A.2: Hertzian solution for a ball on flat contact.
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Figure A.2(a) displays the variation of contact radius vs. the scaled normal force (by
4Es/3R). The scaled normal force vs. scaled indentation (by 1/R) is also shown in Figure
A.2(b). The normalized pressure profile, shown in Figure A.2(c), implies that the contact
pressure within the contact area is parabolic with its maximum in the contact center and
its minimum at the contact edge. Outside the contact, there is no contact pressure.

A.2 Adhesive contact

According to the Hertzian theory, when the normal force is removed from the contact, the
contact area reduces to zero. This means that the two surfaces require no force to separate.
In reality, however, the surfaces stick to the contact even after the force is removed. This
is due to the adhesion at the interface. Therefore, a negative (pulling) normal force is
required to separate the two surfaces, referred to the pull-off force. There are different
types of adhesive forces at the interface of two contacting (or near-contacting) bodies
which contribute to the total adhesive force depending on the material properties and the
medium through which the contact is formed. Van der Waals, capillary, electrostatic, as
well as hydrogen-bond forces, are examples of the contributors to the total adhesive force.

A.2.1 van der Waals forces

Van der Waals forces are the results of (weak) short-range electrostatic interactions between
uncharged molecules or atoms due to the interaction of permanent or transient electric
dipole moments. The Lennard-Jones (LJ) potential is typically used to express the distance
dependency of these forces. The LJ potential describes the pressure between two atoms,
separated by a distance z0, as:

p =
8∆γ

3z0

[(z0

z

)9
−
(z0

z

)3
]

(A.6)

where ∆γ and z0 are the total work of adhesion and the equilibrium separation, respectively.
In Eq.A.6, z is the separation between surfaces in the atomic description of the surfaces
which differs from its continuum counterparts, g. In the atomic description, the zero-
pressure conditions takes place at z = z0 as equilibrium. In the continuum description,
however, the equilibrium occurs at g = 0. Therefore, these two description can be easily
related by:

g = z − z0 (A.7)

Substituting Eq.A.7 in Eq.A.6, gives rise to the continuum description of the LJ potential
separation dependence as:
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p =
8∆γ

3z0

[(
z0

g + z0

)9

−
(

z0

g + z0

)3
]

(A.8)

Bradley’s model

50 years after Hertz developed his non-adhesive contact theory, Bradley provided an exact
solution for the potential between two rigid spheres of radii R1 and R2 with perfectly
smooth surfaces. He showed that these two spheres adhere to one another with the force
of 2πR∆γ, where R = R1R2/(R1 +R2) is the equivalent radius.

Johnson, Kendall, and Roberts (JKR) model

The first classical theory of adhesion for an elastic contact was proposed by Johnson,
Kendall, and Roberts [105]. This model is based on the balance between the stored elastic
energy and the loss of surface energy. This model confines the entire surface energy inside
the contact area. The pressure description of this model is expressed as:

p(r) =
2aEs
πR

(
1− r2

a2

)1/2

−
(

2∆γEs
πa

)1/2(
1− r2

a2

)−1/2

(A.9)

where the contact radius, a, is related to the normal force, F0, by:

a3 =
3R

4Es

(
F0 + 3πR∆γ +

√
6πR∆γF0 + (3πR∆γ)2

)
(A.10)

This contact radius is larger than the one predicted by the Hertzian theory, as in the case
of zero normal force, in contrast to the Hertzian contact predicting a zero contact radius,
the JKR model give a non-zero contact radius as:

a3 =
9πR2∆γ

2Es
(A.11)

The largest negative force that the interface can tolerate before the full separation,
known as the pull-of force, is given by:

F JKRpull−off =
3

2
πR∆γ (A.12)

Derjaguin, Muller, and Toporov (DMT) model

Derjaguin, Muller, and Toporov (DMT) proposed another model of adhesion for a single
asperity contact by assuming a compressive Hertzian pressure distribution inside the
contact area and adhesive pressure outside the contact area [106]. This model neglects
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the effect of adhesion on the contact area. The contact radius is related to the normal
force as:

a3 =
3R

4Es
(F0 + 2πR∆γ) (A.13)

which leads to the pull-off force as:

FDMT
pull−off = 2πR∆γ (A.14)

Maugis-Dugdale (MD) model

Although JKR and DMT models take different approaches and make significantly different
assumptions, they are both true. It was shown by Tabor that these two models are the
two opposite extreme limits of a single theory characterized by the Tabor parameter [107]:

µT =

(
R∆γ2

E2
sz

3
0

)1/3

(A.15)

The JKR model is valid for large values of the Tabor parameter, as in the case of large
and compliant contacts. The DMT model, however, is suitable for low values of this
parameter, as for small and stiff contacts. Physically it is not realistic to confine adhesion
to either inside or outside of the contact area. The contribution of adhesion from both
inside and outside of the contact was first considered by Muller et al. [108]. They
developed a numerical solution for the adhesion interaction by integrating the
Lennard-Jones potential and characterizing the transition from DMT to JKR by
adjusting the Tabor parameter. Subsequently, Maugis implemented the principles of
elasticity and fracture mechanics to derive an analytical transition from DMT to JKR
model by means of a Dugdale approximation of the LJ representation of the adhesion
[108]. Maugis represented the surface force in terms of a Dugdale cohesive zone and
stated that adhesion is present up to a specific value of separation, between the two
contacting bodies, named h0. Over this separation the attractive pressure of σ0, which is
the maximum attractive pressure of the LJ potential, is applied such that [109] (Figure
A.3):

∆γ = σ0h0 (A.16)
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Figure A.3: Dugdale approximation of the LJ potential.

This results in σ0 = 16∆γ/9
√

3z0 and h0/z0 = 9
√

3/16 = 0.974. Based on the definition
of the MD model, the pressure inside the contact region is the superposition of the positive
Hertzian pressure of radius a and the negative adhesive pressure. Outside the contact
region, the attractive pressure is constant for z0 ≤ z ≤ z0 +h0 , or equivalently, over a ring
of inner and outer radii of a and c, in which the separation is:

φ =

{
0, at r = a

h0, at r = c
(A.17)

For such a contact, the normalized contact radius, AM , the normalized normal force, FM ,
and the adhesive parameter, λ, are defined as:

AM = a

(
4Es

3π∆γR2

)1/3

(A.18)

FM =
F0

πR∆γ
(A.19)

λ = 2σ0

(
9R

16π∆γE2
s

)1/3

' 1.16µT (A.20)

Given a normal force, one must simultaneously solve Eqs. A.21 and A.22 for AM and m:
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FM = A3
M − λA2

M

(√
m2 − 1 +m2 tan−1

√
m2 − 1

)
(A.21)

λA2
M

2

[√
m2 − 1 + (m2 − 2) tan−1

√
m2 − 1

]
+

4λ2AM
3

[√
m2 − 1 tan−1

√
m2 − 1−m+ 1

]
= 1

(A.22)

Finally, the pressure profile, P (r) and the normalized indentation, ∆m, are given as:

P (r) =

2Esa
πR (1− r2/a2)1/2 − 2σ0

π tan−1
(

m2−1
1−r2/a2

)1/2
, r ≤ a

−σ0, a < r ≤ c
(A.23)

∆M = δ

(
16Es

9π2∆γ2R

)1/3

= A2
M −

4

3
AMλ

√
m2 − 1 (A.24)

Figure A.4 compares the pressure profiles of the Hertzian contact and the three adhesive
models. The variation of the normalized contact radius vs. normalized normal force and
normalized normal force vs. normalized indentation are illustrated in Figure A.5. This
figure implies that when the normal force is removed from the contact, in contrast to the
Hertzian contact, the surfaces stick to one another as there is a non-zero contact radius and
a positive indentation. Applying a negative normal force reduces the contact radius and
indentation. Further increasing the negative force starts the pull-off process and as soon as
the negative force reaches its maximum tolerable value by the contact interface, adhesive
bonds are broken and the two surfaces abruptly separate while the contact radius, right
before the full separation, was non-zero. The higher the work of adhesion, the higher the
pull-off force. Moreover, for higher values of the work of adhesion, corresponding to higher
values of λ, the contact radius at the separation moment is smaller and the indentation
is more negative which means that the interface deforms more significantly before the
separation.

Figure A.4: Pressure profiles based on (a) Hertzian model, (b) JKR model, (c) DMT
model, and (d) MD model.
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Figure A.5: Variation of (a) normalized contact radius vs. normalized normal force and
(b) normalized normal force vs. normalized indentation for different values of the

adhesive parameter.

Johnson and Greenwood constructed an adhesion map for the elastic adhesive contact
of a ball against a flat based on the MD model (Figure A.6). It can be confirmed that
the JKR model is suitable for large values of λ (or equivalently the Tabor parameter µT ),
whereas it is appropriate to consider the DMT model for low values of this parameter.

Figure A.6: Adhesion map [110].
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A.2.2 Capillary force

Liquids with small contact angles condense from humid environment to fill in cracks and
pores. At a dry and smooth ball-on-flat interface, water condenses to form a meniscus
outside the contact area (Figure A.7). At thermodynamic equilibrium, the meniscus radius
of curvature or namely Kelvin radius, rk, is directly controlled by the relative humidity
(RH) as [111]:

(
1

r1
− 1

r2

)−1

= rk =
γV

RgT logRH
(A.25)

Figure A.7: Meniscus formation at a smooth ball-on-flat interface.

where 1/r1 and 1/r2 are the meniscus curvatures, V the molar volume of water, Rg the
universal gas constant, and T the absolute temperature. The capillary pressure inside the
meniscus is then given by:

∆Pcap =
γ

rk
=
RgT logRH

V
(A.26)

Figure A.8 displays the formation of a meniscus at the interface of a ball-on-flat
configuration in the presence of a thin adsorbed water film. The curvature of the
meniscus does not significantly change the thickness of the adsorbed film [112].
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Figure A.8: Meniscus formation at a smooth ball-on-flat interface in the presence of an
adsorbed water film.

The meniscus radii of curvature in the presence of a thin adsorbed water film with
thickness of t1 and t2 on the ball and flat, respectively, can be simply obtained as:

r1 =
R(1− cosφ)− a2/R− (t1 cosφ+ t2)

1 + cosφ
(A.27a)

r2 = R sinφ (A.27b)

where a and φ are the contact radius and the meniscus filling angle, respectively. The term
a2/R counts as the normal indentation. Substituting Eq.A.27 in Eq.A.25 reads:

1

R sinφ
− 1 + cosφ

R(1− cosφ)− a2/R− (t1 cosφ+ t2)
=
RgT

γV
logRH (A.28)

Solving this equation for the filling angle, φ, gives the capillary force as:

Fcap = π
(
R2 sin2 φ− a2

)
∆Pcap (A.29)

It is worth noting that the contact radius, a, in Eq.A.28 is unknown and dependent on the
capillary force (and the filling angle) as well as some other parameters which needs to be
numerically obtained.



Appendix B

LEVELING OF A THIN LIQUID
FILM

This appendix presents the numerical procedure to solve the leveling problem of a thin
liquid film on a rough surface. Given the rough profile as hs(x, y) and the initial uniform
film thickness as e0, the dynamics of this problem expresses the height of the film free
surface, hw(x, y, t), as [86]:

∂hw
∂t

=− γ

3η

∂

∂x

[
(hw − hs)3

(
∂3hw
∂x3

+
∂3hw
∂x∂y2

)]
− γ

3η

∂

∂y

[
(hw − hs)3

(
∂3hw
∂y3

+
∂3hw
∂y∂x2

)] (B.1)

where the initial condition is given by:

hw(x, y, t = 0) = hs(x, y) + e0 = hw0 (B.2)

Eq. B.1 can be summarized as:

∂hw
∂t

= f(t, hw) = c0 (Dx +Dy) (B.3)

with c0 = −γ/3η and:

Dx =
∂

∂x

[
(hw − hs)3

(
∂3hw
∂x3

+
∂3hw
∂x∂y2

)]
(B.4a)

Dy =
∂

∂y

[
(hw − hs)3

(
∂3hw
∂y3

+
∂3hw
∂y∂x2

)]
(B.4b)
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The 4th-order Runge-Kutta scheme can be implemeneted to solve the ordinary differential
equation of Eq. B.3 with the suitable time increment of s as:

hwn+1 = hwn +
1

6
(k1 + 2k2 + 2k3 + k4) (B.5a)

tn+1 = tn + s (B.5b)

for n = 0, 1, 2, ..., where:

k1 = s f(tn, hwn) (B.6a)

k2 = s f

(
tn +

s

2
, hwn +

k1

2

)
(B.6b)

k3 = s f

(
tn +

s

2
, hwn +

k2

2

)
(B.6c)

k4 = s f (tn + s, hwn + k3) (B.6d)

An important step in solving Eq. B.3 is to evaluate the f function, or equivalently Dx

and Dy, at each time step. For a rough substrate, assuming a periodic solution for hw at
each step, the derivative property of the Fourier transform can be exploited to convert the
complex derivatives of Eq. B.1 to algebraic values in the frequency domain. This property
states that for a function g(x):

F [g(x)] = G(ω)→ F [
dg

dx
] = jωG(ω) (B.7)

where F is the Fourier transform operator. ω and j are the radial frequency and the
imaginary unity, respectively.
Another property of the Fourier transform that is used here is the convolution property,
stating that for functions g1(x) and g2(x):

F [g1(x) g2(x)] = G1(ω) ∗G2(ω) (B.8)

where the symbol ∗ means convolution. This property means that the Fourier transform
of the product of two functions is the convolution of their individual Fourier transform.

Now, the derivative and convolution properties of the Fourier transform are implemented
to simplify the Dx and Dy functions in the frequency domain as:
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F [Dx] = jωx
[
(Hw −Hs) ∗ (Hw −Hs) ∗ (Hw −Hs) ∗

(
−jωx(ω2

x + ω2
y)Hw

)]
(B.9a)

F [Dy] = jωy
[
(Hw −Hs) ∗ (Hw −Hs) ∗ (Hw −Hs) ∗

(
−jωy(ω2

x + ω2
y)Hw

)]
(B.9b)

in which Hw and Hs are the Fourier transform of hw and hs. Moreover, ωx and ωy are
the radial frequencies corresponding to the x and y directions in the spatial domain.

At this stage, suppose that the discretized rough profile of hs of length L is given by a
square matrix of N2 elements and so does the hw0 . Therefore, hw also has the same size.
The frequency range for −L/2 < x, y < L/2 is then, −2πN/L < ωx, ωy < 2πN/L.

The main step in the leveling problem is to evaluate f(t, hw) at each time step. Due to its
complex structure, it has been simplified in the frequency domain. Therefore, it is
evaluated in this domain, or simply F [Dx] and F [Dy] need to be calculated and then at
each step:

f(t, hw) = c0 F−1 [F [Dx] + F [Dy]] (B.10)

in which F−1 is the inverse Fourier transform operator.
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[95] L. Rodŕıguez-Tembleque, R. Abascal, and M. H. Aliabadi, “A boundary elements
formulation for 3D fretting-wear problems,” Engineering Analysis with Boundary
Elements, vol. 35, no. 7, pp. 935–943, 2011.
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Abstract

Modeling adhesion between two contacting surfaces plays a vital role in
nano-tribology. However, providing analytical models, although desirable,
is mostly impossible, in particular for complex geometries. Therefore,
much attention has to be paid to numerical modeling of this phenomenon.
Based on the adhesive stress description of the Maugis-Dugdale model of
adhesion, which is credible over a broad range of engineering applications,
an extended Conjugate Gradient Method (CGM) has been developed for
adhesive contact problems. To examine the accuracy of the proposed
method, the common case of the adhesive contact of a rigid sphere on an
elastic half-space is investigated. To further evaluate the accuracy of this
method, the adhesive contact of a rigid sphere over a wavy elastic
half-space is also studied for different combinations of the amplitude and
wavelength. There is good agreement between the analytical solution and
the values predicted by the proposed method in the force-approach curves.
Moreover, the calculation of pull-off force at a bisinusoidal interface
between two surfaces is carried out for various cases to study the effects of
different influential parameters including work of adhesion, elastic
modulus, radius curvature at a crest, and the wavelength ratio. A curve is
fitted on the calculated pull-off force in order to express it as an analytical
relation. Similar to the JKR and DMT expressions for the pull-off force of
a rigid ball on an elastic half-plane, the fitted curve is not affected by the
elastic modulus and is linearly dependent on the radius of curvature and
the work of adhesion. In addition, a power law governs the relation
between pull-off force and the wavelength ratio. In the end, it is shown
that roughness can either increase or decrease the adhesive force at a
rough interface depending on the degree of the roughness.

Keywords: Adhesion, Numerical modeling, Conjugate Gradient Method,
Pull-off force, Roughness

1 Introduction

Adhesion plays a significant role in several technological fields and serves
as one of the main reliability issues while dealing with smooth surfaces in
contact under relatively low normal loads such as the case of micro/nano
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devices [1, 2]. The early research on adhesion in contact mechanics was
done by Bradley who studied the adhesive contact of rigid spheres [3].
Later on, two opposing classical theories of adhesion, JKR [4], and
DMT [5], for single spherical elastic contacts were presented. Although
these two models take different approaches and make significantly different
assumptions, they are both true. It was shown by Tabor that these two
models are the two opposite extreme limits of a single theory characterized
by the Tabor parameter [6]:

µ = (
R∆γ2

E∗2z2
0

)1/3 (1)

where R,∆γ,E∗, z0 are the radius of the sphere, work of adhesion, the
effective elastic modulus, and the equilibrium separation. The JKR model
is valid for large values of the Tabor parameter, as in the case of large and
compliant contacts. The DMT model, however, is suitable for low values of
this parameter, as for small and stiff contacts. Following these two models,
Muller et al developed a numerical solution to the adhesion interaction by
integrating the Lennard-Jones potential and characterized the transition
from DMT to JKR by adjusting the Tabor parameter [7]. Subsequently,
Maugis provided a solution to this contact problem through assuming the
contribution of adhesion inside and outside the contact area, by means of a
Dugdale approximation and is known as Maugis-Dugdale (MD) model [8].
Based on the MD model, Johnson and Greenwood constructed an adhesion
map for the contact of elastic spheres [9, 10]. Although the mentioned
analytical models provide exact solutions to the adhesion problem, they
are limited to simple and smooth geometries. Thus, researchers have
resorted to numerical approaches for surfaces with a more complex
geometry [11–13]. Several authors have attempted to numerically evaluate
the adhesion between two rough surfaces through multi-asperity and finite
element approaches. In multi-asperity models, the surface is described
merely in terms of the summit geometry and the rest of the surface is
discarded [14–16]. As the main limitation of this model, next to the
simplified summit geometry, is the assumption of a Gaussian distribution
of roughness height, which is not valid for many engineering applications,
different height distributions have been implemented, all of which still have
the limitation to a specific application [16–19]. Finite element models for
adhesive contact problems, incorporating the Lennard-Jones potential into
the framework of nonlinear continuum mechanics, have also been
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developed [20,21].
The roughness of a surface could be described by means of surface

models, such as fractals and Fourier transforms [22–25]. In these cases,
numerical simulation of an adhesive contact has been considered while
taking into account the regenerated topography of the contacting surfaces
and not the original topography as it is measured. Here, the measured
topography of a surface can be different from the roughness details
regenerated or approximated by stochastic parameters. Consequently,
since the adhesion force is a function of the exact local distance between
the asperities of the two contacting surfaces, changing this distance
influences the corresponding local adhesive force, and thus, deviation in
the adhesive behavior is expected. Therefore, the core purpose of the
current study is to develop a numerical adhesive contact solver between
two elastic surfaces without any assumption on or restriction to the
topography of the surfaces. Restricting ourselves to this goal, the
Conjugate Gradient Method (CGM) is considered. CGM is a fast and
accurate numerical algorithm typically implemented for a system of linear
equations and is often used in an iterative scheme [26]. Polonsky and Keer
first implemented this method for non-adhesive normal contact
problems [27]. Ever since, this method has been extensively exploited for
various non-adhesive contact problems in order to determine the normal
and tangential contact stresses and contact area [28–33].

In the present study, the CGM is extended to include a Dugdale
approximation, similar to MD model of adhesion, for the adhesive stress.
In this way, it is used for the adhesive contact analysis between two elastic
bodies with a general complex surface geometry.

2 Adhesive parameters

Maugis represented the surface force in terms of a Dugdale cohesive zone
and stated that adhesion is present up to a specific value of the separation
between the two contacting bodies, named h0. Within this separation, the
attractive pressure of σ0, which is the maximum attractive pressure of
Lennard-Jones potential, is applied such that [8]:

∆γ = σ0h0, σ0 =
16∆γ

9
√

3z0

(2)

This results in h0 = 9
√

3z0/16 = 0.974z0. In the equation above, z0 is
the equilibrium separation, ranging from 0.2nm to 0.4nm. Based on the
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definition of the MD model, the pressure inside the contact region is the
superposition of the positive Hertzian pressure of radius a and the negative
adhesive pressure. Outside the contact region, the attractive pressure is
constant over a ring of inner and outer radii of a and c, in which:

separation =

{
0 at r = a

h0 at r = c
(3)

The Dugdale stress, −σ0, and the maximum separation, h0, are the two
adhesive parameters that will be used in the proposed algorithm for the
adhesive normal contact between two bodies.

Figure 1: Dugdale approximation (red line) of Lennard-Jones potential (blue
line)

3 Problem definition

When two rough surfaces are brought into contact, the generated normal
stress (pressure) deforms the surfaces. The composite deformation of the
two surfaces, u(x, y) due to the applied pressure, P (x, y), over the region Ω
is given by:

u(x, y) =

∫
Ω
k(x− ζ, y − η)P (ζ, η)dζdη (4)
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where x and y are the spatial coordinates and k(x, y) is the Boussinesq kernel
function and is expressed as [34]:

k(x, y) =
1

πE∗
1√

x2 + y2
,

1

E∗
=

1− ν2
1

E1
+

1− ν2
2

E2
(5)

in which Ei, νi, i = 1, 2 are the elastic moduli and Poisson ratios of the
two contacting surfaces. If the separation between these two surfaces before
and after the deformation are denoted by h(x, y) and g(x, y), they can be
related to the deformation as:

g(x, y) = u(x, y) + h(x, y)− δ (6)

where δ is the rigid approach of the two surfaces (Fig. 2). The
non-adhesive contact problem necessitates the pressure to be positive at
contacting areas, where there is no separation between the two surfaces
(where g(x, y) = 0). On the other hand, at separated areas (where
g(x, y) > 0), the pressure must be zero. Moreover, the pressure
distribution must balance the applied normal load, F0. In other words:

P (x, y) > 0 at g(x, y) = 0 (7a)

P (x, y) = 0 at g(x, y) > 0 (7b)∫
Ω
P (x,y)dxdy = F0 (7c)

The adhesive contact problem is, nevertheless, different from the
definition by Eq. (7). For an adhesive contact problem, there is a negative
stress between separated areas described by the Lennard-Jones potential as
an explicit function of the local separation. As stated in the previous
section, the MD model of adhesion assumes this dependence to be a step
function of the local separation (by means of a Dugdale approximation of
the Lennard-Jones expression). Based on this description, the negative
stress due to adhesion at separated areas is a constant value (−σ0, the
Dugdale stress which is the maximum negative stress of the Lennard-Jones
potential) as long as the local separation does not exceed a specific value
(named h0 as defined in the previous section). At all other separated areas,
there is no adhesive stress. It is also important to note that the pressure
may take negative values at contacting areas but it is never smaller than
−σ0 (therefore, the pressure transition between contacting and separate
areas is continuous). This model could be mathematically summarized as:
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Figure 2: The normal contact between two bodies; undeformed (dash lines)
and deformed (solid lines)

P (x, y) > −σ0 at g(x, y) = 0 (8a)

P (x, y) = −σ0 at 0 < g(x, y) < h0 (8b)

P (x, y) = 0 at g(x, y) > h0 (8c)∫
Ω
P (x,y)dxdy = F0 (8d)

The aim of the current study is to solve Eq. (8) for P (x, y) at a general
topography between two surfaces provided that the geometry of the
contacting bodies (h(x, y)), the normal load (F0), the mechanical
properties (E and ν), and the work of adhesion (∆γ) are all known.

4 Numerical technique

As it was stated before, providing an analytical solution for the problem
defined in previous section is only limited to simple geometries and
therefore, this section aims at developing a numerical algorithm for more
complex geometries.
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4.1 Discretization

The first step to numerically solve Eq. (8) is to discretize the calculation
area. Thus, the area Ω is divided into N2 rectangular surface elements with
grid sizes of ∆x and ∆y. Therefore, one can assume a piecewise constant
function within each surface element for the contact pressure distribution.
The discrete form of the convolution integral of Eq. (4) is then given by:

uij =
N∑
k=1

N∑
l=1

Ki−k,j−lpkl i, j = 1, 2, ..., N (9)

where uij is the surface deformation at node (i, j), pkl is the uniform
pressure acting upon the element centered at node (k, l), and Kij are the
influence coefficients, expressed as (xi and yj are the spatial coordinates of
the node (i, j)):

Kij =

∆x/2∫
−∆x/2

∆y/2∫
−∆y/2

k(xi − ξ, yj − η)dηdξ i, j = 1, 2, ..., N (10)

In practice, the DC-FFT algorithm developed by Liu et al can be used to
evaluate the linear convolution of Eq. (9), efficiently [34]. If the FFT of Kij

and pij are respectively denoted by K̃ij and p̃ij , the convolution summation
of Eq. (9) is performed as follows:

uij = IFFT [K̃ij .K̃ij ] i, j = 1, 2, ..., N (11)

where IFFT stands for Inverse Fast Fourier Transform. This method
has been used by many authors [35–37]. One should, however, note that
the FFT -based convolution leads to periodicity errors which are, due to
the non-periodic nature of the contact problem, more prominent close to
the boundaries of the target area. One approach to minimize this error is to
expand the calculation domain by zero-padding the applied pressure outside
the target area. In the present study, where needed, the calculation domain
is chosen to be 2 times greater than the target domain (contact domain) [34].

4.2 CGM-based iteration scheme

Due to the fact that the only inputs to the general elastic contact problem
are mechanical properties, normal force, and contacting surfaces geometry,
the aim of the non-adhesive contact problem is to find the set of grid points
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pressure, pij , which satisfies the Kuhn-Tucker complementary conditions
over the target area Ω:

pij ≥ 0, gij ≥ 0, pijgij = 0, i, j = 1, 2, ..., N (12)

Various methods have been proposed to solve this nonlinear
optimization problem, among which, Conjugate Gradient Method (CGM)
is regarded as one of the most prominent ones in terms of simplicity,
accuracy, and convergence (readers are referred to [27] for details). To
include the effect of adhesion, the definition of the mentioned problem,
according to the adhesive stress description of MD model, must change as
follows (the problem proposed in section 3 is here mimicked in the discrete
format):

pij > −σ0 at gij = 0 (13a)

pij = −σ0 at 0 < gij < h0 (13b)

pij = 0 at gij > h0 (13c)

∆x∆y

N∑
i=1

N∑
j=1

= F0 (13d)

The following CGM algorithm is based on the one proposed by Polonsky
and Keer [27]. However, in some steps, changes have been made to satisfy the
conditions imposed by the presence of adhesion (described by Eq.(13)). The
following procedure is an optimization algorithm to minimize the separation
at contact nodes (defined as the objective function of the problem to be
minimized). The whole process, as will be described, is summarized in Fig.
3 (the mathematical background of this algorithm is beyond the scope of
this study and the readers are referred to [34] for details). The detailed
description of this algorithm is provided next and is suitable for the readers
who wish to implement it for computer programming.
Step 1. Set the initial pressure and balance the force using the approach
presented in step 6. A constant pressure over the target area is a suitable
initial choice.
Step 2. Initiate the iteration and calculate the deformation, uij , by means
of Eq. (11) and set the separation and subtract its mean value as follows:
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gij = uij + hij (14a)

ḡ =
1

Nc

∑
(i,j)∈Ic

gij (14b)

gij = gij − ḡ (14c)

In the equation above, Nc is the number of nodes in the contact region,
Ic, for which pij > −σ0. To exclude the points with zero pressure but
separation greater than h0 from this definition for the contacting nodes, we
later set the pressure at such nodes to a very high negative value such as
−1000σ0.

Figure 3: Numerical algorithm, the extended CGM

As stated by Polonsky and Keer, a precious feature of CG algorithm is
the force balance which obviates the need for including the approach (also
called penetration) between the two surfaces while computing the surface
separation and therefore, enables the problem to be solved within only one
level of iteration [27]. In other words, the approach is claimed to be ḡ, which
is updated in each iteration.
Step 3. Compute the new conjugate direction tij as:

tij = gij + δ
G

Gold
tij , (i, j) ∈ Ic (15)

where:
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G =
∑

(i,j)∈Ic

g2
ij (16)

In this algorithm, the subscript old refers to the parameter value at the
previous iteration. Therefore, Gold and δ are respectively set to 1 and 0
before the iteration starts.
Step 4. Store the current value of G for the next iteration by setting
Gold = G. Then, do the following convolution and subtract the mean value
of rij as follows:

rij =
∑

Ki−k,j−ltkl (17a)

r̄ =
1

Nc

∑
(i,j)∈Ic

rij (17b)

rij = rij − r̄ (17c)

This convolution can be also carried out through Eq. (11). Then, calculate
the step length, τ as:

τ =

∑
(i,j)∈Ic gijtij∑
(i,j)∈Ic rijtij

(18)

Step 5. Store the current pressure, pij as pijold to be used in the next step
for error estimation. At this stage, the pressure is updated by making a step
in the direction tij :

pij = pij − τtij , (i, j) ∈ Ic (19)

Next, instead of setting all negative values of pij to zeros, as it is done for
a non-adhesive elastic contact problem, set all pij < −σ0 to −σ0. Also,
nodes with non-positive pressure and separation greater than h0 must be
set to −1000σ0. Polonsky and Keer defined the overlap area as the set
of all non-contacting nodes (pij = 0) at which separation is negative [27].
However, these nodes are defined here as the ones with negative pressure
and separation:

Iol = {(i, j) : pij < 0, gij < 0} (20)
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If Iol = ∅, then δ = 1. Otherwise, δ is set to zero and the following correction
at these nodes is performed:

pij = pij − τgij , (i, j) ∈ Iol (21)

Since τ is always positive, the nodes in overlap area will enter the contact
region by this correction.

Step 6. To balance the force, in the general elastic contact problem,
the total force, F is determined by multiplying the grid area by the
summation of the pressure over the whole area and then, the pressure at
this stage is multiplied by the ratio F0/F , where F0 is the external normal
load. In the present algorithm, however, we seek to keep the constant
negative pressure,−σ0, unchanged. Therefore, before applying the
multiplication, the constant value of −σ0 is added to the pressure at nodes
with non-zero pressure (shifted to zero) in order to keep the nodes with the
constant negative pressure unaffected. Finally, the pressure is subtracted
by beforehand added −σ0:

cp =
F0 + ∆x∆y

∑
pij>−σ0 σ0

∆x∆y
∑

pij>−σ0(pij + σ0)
(22a)

pij = cp(pij + σ0)− σ0, at nodes with pij > −σ0 (22b)

where ∆x and ∆y are the grid element sizes. It can be easily proven that Eq.
(22) balances the force and the force corresponding the updated pressure
distribution is the same as applied external one. Eventually, the relative
error is estimated as:

ε = ∆x∆y
∑
|pijold − pij | (23)

If the relative error is smaller than the specified tolerance, the iteration
stops. Otherwise, another iteration must be performed. It should be noted
that one must set all pressures less than −σ0 to zero before calculating the
deformation in step 2 and relative error in step 6. In the end, it is very
important to note that since the CGM algorithm is based on minimizing
the local separation at contact points as the residual, it is not necessary to
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check whether this local separation is zero when the convergence is
reached. In the present algorithm, the contribution of each element in the
pressure distribution and deformation is considered separately and thus,
there is no assumption in terms of the geometry. Therefore, this algorithm
can be utilized at any geometry between two contacting bodies.

5 Numerical example

In this section, to demonstrate the accuracy of the proposed method, two
cases, for which the analytical solutions are available in the literature, will be
numerically investigated. First, the well-known case of the adhesive contact
of a rigid sphere and a flat elastic half-space will be studied. And second,
the contact of a rigid sphere over a wavy half-space will be investigated.
Inserting the normal force and the geometry of the contacting surfaces into
the algorithm, it is expected to predict the true contact pressure and radius
and then other required outputs. For the first case, the problem reduces to
original MD model of adhesion for a ball-on-flat contact.

5.1 Adhesive contact of a rigid sphere over a flat elastic half-
space

In this section, the ball-on-flat contact will be numerically analyzed and
the results including the contact pressure, contact radius, and the imposed
approach of the two bodies are compared to their analytical counterparts
provided in [38]. The geometry of the sphere, as one of the inputs to the
numerical algorithm, is estimated to be a parabola (as long as r << R) as:

h =
r2

2R
(24)

in which r is the distance from the center of the contact plane and R is
the sphere radius. The other input to the numerical algorithm is the
external normal force. The analytical contact radius corresponding to this
force is then determined. The calculation area is extended to 2 times
farther than the analytical contact radius to minimize the periodicity error
to an acceptable level (as described in [34]). The whole calculating area is
divided into 512 × 512 uniform square elements for this example. The
parameter values are chosen as E = 73GPa, ν = 0.17, R = 2.5mm. Fig.
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Figure 4: (a) Variation of contact radius with normal force, (b) Variation
of normal force with approach, for different values of λ. Solid lines and

dots are respectively due to the MD model and (current) numerical
expressions for pressure
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4(a) depicts the normal force vs. contact radius for various values of λ
within the boundaries of JKR and DMT theories. Based on the nature of
adhesion, when the normal force continuously goes down toward zero, the
contact radius decreases as well, up to the point at which this force reaches
zero. At this point, in contrast to the Hertzian contact model, the contact
radius is non-zero. Following this trend (as shown in Fig. 4), applying a
negative (pulling) force decreases the contact radius up to the complete
separation of the contacting bodies. The (pulling) force required to
separate the two bodies is named pull-off force. Further, the separation
will be called jump-off since at this certain point, the molecular links
between the surfaces of the bodies are abruptly broken (while the contact
radius is still greater than zero). The reverse phenomenon, which is named
jump-in and is literally unstable, occurs when the two bodies approach one
another and at a certain separation, they jump into contact. As it is shown
in Fig. 4(a), the proposed numerical approach is capable of tracking the
contact behavior from a comparatively high applied force to jump-off
point. However, due to its unstable nature of the contact under such
conditions, this algorithm does not give a solution at the areas specified by
arrows, which can be expected. This instability may also be interpreted
through contact radius. It is apparent in Fig. 4(a) that for every negative
force, there are two corresponding contact radii and only is the greater one
stable due to its lower level of potential.
The other parameter to be evaluated is the approach. In [38], an analytical
expression for this parameter as a function of contact radius was presented.
Fig. 4(b) displays this relation for various values of λ. It is apparent that
there is good agreement between the analytical curve and the values
predicted by the numerical algorithm.

5.2 Adhesive contact of a rigid sphere over a wavy elastic
half-space

In the following, the adhesive contact of a rigid sphere over a wavy elastic
half-space is briefly investigated and the present numerical algorithm is
employed to predict the analytical expressions provided for this problem.
Fig. 5 depicts the geometry of the contact of a rigid sphere and a wavy
elastic half-space. The total separation between these two surfaces is given
by:

h(r) =
r2

2R
+A

(
1− cos

2πr

ξ

)
(25)
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where r, R, ξ, and A are the distance from the center of contact, the
radius of sphere, the wavelength and the amplitude of the wavy surface,
respectively. The governing equation to find the cohesive zone , based on
MD model of adhesion, is as follows [39]:

1 = 2λā2

(
β

3

)2/3

[
√
m2 − 1 + (m2 − 2) tan−1

√
m2 − 1]

+
8

3
λ2ā

(
β

3

)1/3

[
√
m2 − 1 tan−1

√
m2 − 1−m+ 1]

+ 2πλα

(
β

3

)2/3

[1− cos 2πām− π2āH0(2πā)

+ 2πāH0(2πā sin−1 1

m
− 2πā

∫ 1

0

tH0(2πāt)√
m2 − t2

)]

(26)

The dimensionless normal force and approach are expressed as:

P̄m(ā) = P̄1(ā)− 4λā2

(
β

3

)2/3

[
√
m2 − 1 +m2 tan−1

√
m2 − 1], (27)

∆̄m = ā2 + ā

[
π2αH0(2πā)− 2λ

(
1

9β

)1/3√
m2 − 1

]
(28)

where,P̄1(ā), the Hertzian contribution in normal force, is given by:

P̄1(ā) = 4β

[
2ā

3
+ α

(
4π2ā3

3
+
πā

2
H1(2πā)− ā2H2(2πā)

)]
(29)

In Eqs. (26, 28-29), Hi is the Struve function of order i (the Struve
functions are the solutions of the non-homogeneous Bessel’s differential
equation) and the following dimensionless parameters have been employed:

P̄ =
P

π∆γR
, β =

ξ3E∗

2π∆γR2
, ā =

a

ξ
, ∆̄ =

∆R

ξ2
, α =

AR

ξ2
(30)
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Figure 5: Schematic representation of the contact of a rigid sphere over a
wavy elastic half-space

Eqs. (26-29) fully describe the MD adhesive contact problem between a
rigid sphere and a wavy elastic half-space. Having in hand the external
normal force, one must solve Eqs. (26-27) for m and ā, then, Eq. (28) is
used to compute the normal approach (for more details refer to [39]).
To examine the accuracy of the present numerical algorithm, the external
normal force and the geometrical characteristics of this type of contact are
inserted into it and it is expected to predict the contact radius and
approach given by the analytical expressions of Eqs. (26-29). The
numerical values for parameters in this problem are considered the same as
those of section 5.1. The wavelength of the wavy surface is also chosen to
be 0.8µm. Fig. 6 shows the variation of normal force with approach for
different values of λ for three different geometries of the wavy surface,
specified by α = 0.1, α = 0.2, and α = 0.3. As it can be seen in this figure,
there is good agreement between the analytical solution and results by the
numerical algorithm. Again, for every negative force, similar to the case of
the ball-on-flat contact, theoretically, there are more than one
corresponding approaches, only one of which is physically stable and the
numerical algorithm can only capture this stable state. This behavior is
observable in Fig. 6 through a number of jumps in each curve. This
phenomenon, which causes energy dissipation and toughening of the
contact interface, indicates that models which assume reversible approach
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and separation processes neglect a principal mechanism for interface
toughening [39].

6 Pull-off force of a bisinusoidal interface

One of the simplest analytical representations for topography between two
rough surfaces is the bisinusoidal profile which expresses a mono-modal
distribution of asperities with two crossing rough waves. This combined
interface could be created when one of the contacting surfaces is flat and
the other one has a bisinusoidal roughness. For those tribological
applications in which adhesion needs to be taken into account, providing a
precise modeling is crucial. For detachment process, specifically, it is
highly required to have an estimation of the pulling force needed to detach
the contacting surfaces. This section aims at proposing an analytical
expression for the pull-off force at a bisinusoidal interface as a function of
mechanical and geometrical properties of the contacting bodies. This aim
will be achieved through fitting a curve on the calculated pull-off forces by
means of the developed numerical algorithm.

6.1 Geometry of a bisinusoidal interface

A typical bisinusoidal profile, with wavelengths λx and λy in x and y direc-
tions and amplitude S, is depicted in Fig. 7. It is worth noting that while
adhering to the counter surface, the area in contact will be an ellipse whose
dimensions are related to the wavelengths λx and λy (See [40] for more de-
tails). The height of this profile is described as:

h(x, y) = S cos

(
2πx

λx

)
cos

(
2πy

λy

)
, −λx

2
< x <

λx
2
, −λy

2
< y <

λy
2
(31)

It must be noted that since this profile is originally periodic, there is no need
to expand the computation domain before using DFT. The effective radius
of curvature of this profile is also expressed as:

Rc =
√
RxRy (32)
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Figure 6: Variation of normal force with approach for different values of λ
in the contact of a sphere over a wavy surface, (a) α = 0.1, (b) α = 0.2, (c)
α = 0.3. Solid lines and dots are respectively due to the M and (current)

numerical expressions for pressure
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Figure 7: A typical bisinusoidal profile

where Rx and Ry are the radii of curvature in x and y directions, respectively
and are obtained through the second derivative of the surface profile as [41]:

Rx =
λ2
x

4π2S
, Ry =

λ2
y

4π2S
(33)

The wavelength ratio is also defined as:

k =
λy
λx
, λy ≤ λx (34)

6.2 Analysis

The pull-off condition that is dealt with in this section assumes the contact
to be only at the crests. To include any possible effect of the mechanical
and geometrical parameters on the pull-off force, various values are chosen
for the work of adhesion, elastic modulus, radius of curvature at a crest,
and the wavelength ratio. These values are presented in Table 1. It is very
important to note that S, Rc, and k fully define a unique bisinusoidal
interface geometry. Each of the parameters in Table 1 takes 5 different
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Table 1: Parameter values for the calculation of pull-off force at a
bisinusoidal interface, S = 5nm

Parameter Values

∆γ(mJ/m2) 30,40,50,60,70
R(µm) 100,200,300,400,500
E∗(GPa) 80,90,100,110,120
k 0.1,0.3,0.5,0.7,0.9

values. Therefore, there are 54 = 625 different combinations of these
parameters. One should, of course, note that the Tabor parameter for any
of these combinations is within the MD boundaries. By means of the
proposed numerical algorithm, the pull off force is calculated through
generating the force-approach curve and finding the largest negative force
on the curve for all these combinations.

6.3 Curve fitting on the pull-off force results

For the mentioned 625 different combinations of mechanical and
geometrical parameters, presented in Table 1, the pull-off force at the
bisinusoidal interface is calculated. At this stage, we aim at fitting a curve
on these calculated values to express the pull-off force at such an interface
as an explicit function of the mentioned parameters. The general form of
the curve is chosen to be:

fpull−off = aE∗βR1+β
c ∆γ1−βkb (35)

where a, b, β are unknown constants to be identified. The powers of
E∗, Rc,∆γ terms are expressed as functions of β in such a way to keep
the physical dimension in both sides the same, i.e. Newton. Through an
optimization algorithm, one can find the optimum set of the mentioned
constants which makes the general function of Eq. (35) fit best to the
calculated pull-off forces. The resulting constants are presented in Table 2.
The identified values imply that the pull-off force is not dependent on the
effective elastic modulus of the contacting bodies. In addition, this pull-off
force is linearly dependent on both radius of curvature and work of adhesion
which is identical to the JKR and DMT predictions of the pull-off force
of a rigid ball over an elastic half-space. For the contact of a sphere of
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Table 2: Identified values for the unknown constants of Eq. (43) through
Genetic Algorithm optimization algorithm

Parameter β a b

value 0.0 10.390 0.041

radius R and a half-plane, if we define fpull−off = nmodelR∆γ, we will have
nJKR = 3π/2 = 4.71, nDMT = 2π = 6.28 and nJKR < nMD < nDMT [41].
Similarly, considering the fact that the surface investigated in this section
(Fig. 7) effectively includes 2 crests (1 in the center and 4 quarters in the
corners), the mentioned linearity constant for a circular area in contact when
k = 1, caused at a single crest, is a/2 = 5.20. Hence, for k = 1 we have
nJKR < nBi−sinusoidalMD < nDMT . This consistence ascertains the validity of
the fitted curve. Further, this value implies that if this relation is used to
estimate the pull-off force in case of very large or small values of the Tabor
parameter (corresponding to the JKR and DMT theories, respectively), the
absolute value for error will be 10.4% and 16.1%, respectively.

7 The roll of roughness in the contact pressure

As stated before, the proposed algorithm does not make any assumption
about how roughness is distributed over the contacting surfaces. The
roughness could be either a measured roughness or a generated surface
texture. The former one is applicable when the surface roughness is
measured, for instance, by an Atomic Force Microscope (AFM). The latter
one could be implemented to design a surface roughness and study the
effects of different roughness parameters such as rms, skewness, and
kurtosis. In both cases, the proposed algorithm can be used to study the
adhesive behavior. In this section, we aim at studying the effect of
roughness rms on the adhesive contact between a smooth ball of radius
Rb = 100µm and a rough half-space. The method proposed by Hu and
Tonder has been implemented to numerically generate a Gaussian rough
surface [42]. The rough profile is first subtracted by its arithmetic average
value and then scaled in the vertical direction to create rough surfaces with
different values of rms and keep the spatial distribution of peaks and
valleys the same [12]. The mentioned subtraction is necessary in order to
keep higher order statistical parameters such as skewness and kurtosis
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unaffected. This technique enables one to isolate the effect of varying
roughness rms and maintain the same distribution of asperities, since
different distributions of asperities (even with same rms) lead to different
adhesive behaviors.

Fig. 8 depicts the normalized contact pressure at this contact for
different values of the roughness rms at the same normal load and for
Tabor parameter µ = 2. It is well-known that the roughness can reduce
the adhesive force. However, it is apparent that the small amount of
roughness rms can cause a large zone within the macro contact (and
especially close to the contact boundary) to experience a small separation
(smaller than h0), where the adhesive stress is maximum. As we further
increase the roughness rms, the majority of the contact zone is separated
by greater distances (greater than h0), and experiences no adhesive forces.
Only local areas surrounding the asperities with a positive pressure are in
the zone for a high adhesive force. This trend can be realized through the
adhesive area and force (Aadhesive and Fadhesive) in Fig. 8. A similar
behavior is observed in Fig. 9 which shows the variation of pull-off force
for this configuration versus roughness rms for two different values of
Tabor parameter. It can be seen that the pull-off force first increases with
the roughness rms and then decreases. Fig. 10 depicts the effect of
roughness rms on the contact pressure distribution at F0 = 10µN . As the
rms increases, the positive contact pressure scales up since the asperities
locations remain the same (unless the increase in the roughness rms makes
the asperity separate from the counter surface and experience a negative or
zero stress depending on the local separation). However, at nodes with a
negative pressure, the pressure scales down to −σ0 and then disappears as
soon as the local separation exceeds h0.

The effect of roughness rms on the adhesive force normalized by the total
normal force (F0 = 10µN) is shown in Fig. 11(a) for two different values
of the Tabor parameter. Increasing the roughness rms, as discussed for Fig.
8, first increases and then decreases the adhesive force. Fig. 11(b) depicts
the effect of roughness rms on the area ratio, defined as the ratio of integral
of the area with a negative stress to the contact area. As the roughness
increases, the adhesive area decreases; yet, the decrease in the contact area
is greater which, in total, leads to an increase in this ratio. It is worth noting
that at all rms values, a higher Tabor parameter predicts a lower area ratio
since a higher Tabor parameter corresponds to a higher work of adhesion
and thus a higher contact area, which leads to a lower area ratio.
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Figure 8: Contact pressure for a smooth and rough ball of different
roughness rms on a smooth flat at the same normal load for µ = 2.
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Figure 9: The variation of pull-off force vs the roughness rms
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Figure 10: The effect of roughness rms on the contact pressure for µ = 2
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Figure 11: The effect of roughness rms on (a) the normalized adhesive
force and (b) the area ratio
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8 Conclusion

In this paper, the Conjugate Gradient Method (CGM) was extended for
adhesive contact analyses between two elastic bodies with a general
geometry (either rough or smooth of any shape) based on the assumptions
of the Maugis-Dugdale model of adhesion. The accuracy of the proposed
algorithm was examined through the conventional case of ball-on-flat
adhesive contact and later, the contact of a ball over a wavy surface. Then,
by means of the proposed algorithm, the pull-off force at a bisinusoidal
interface was calculated for various cases of different geometrical and
mechanical properties and a curve as a function of all these parameters
was fitted on the calculated pull-off forces. The fitted curve showed no
dependence on the elastic modulus, but a linear trend vs. radius of
curvature and work of adhesion. In the end, the contact between a smooth
flat and a rough ball was considered. It was shown that small degrees of
roughness can increase the pull-off force, adhesive force, and area ratio.
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Abstract

This paper proposes a Boundary Element Model (BEM) for the
adhesive contact at the rough interface of two contacting bodies, where a
thin water film is adsorbed on the surfaces due to the condensation from
the humid environment. Three adhesive components contribute to the
total adhesive force: solid-solid and liquid-solid van der Waals interactions
and capillary force. Rather than a film with uniform thickness, the true
distribution of the water film over the surfaces is considered. The capillary
component of the adhesive force is first verified through the well-known
capillary force model at the smooth contact of a rigid ball-on-flat
configuration for different values of the Relative Humidity (RH) of the
environment. Then, the adhesive contact at a rough interface with three
different relative auto-correlation lengths under different normal loads is
considered. It is found that the capillary force dominates the total
adhesive force and it increases with RH, while the other two adhesive
components are rather constant. In addition, the capillary force appears to
first increase with RH and then decrease as almost the entire non-contact
area of the interface is covered by a meniscus. This variation in the
capillary force depends on the auto-correlation length, roughness rms of
the rough interface, and the normal load. Furthermore, it is confirmed that
the capillary force, while employing a water film with uniform thickness,
deviates that of the true distribution of this film.

Keywords: Adhesion, Capillary, Thin water film, Boundary element
method

Nomenclature

A area of target domain
A1w2 Hamaker constant for bodies 1 and 2 contacting across medium w
a contact radius
E∗ reduced elastic modulus
e film thickness
ea air gap
F0 external normal force
Fadh adhesion force
Fcap capillary force
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Fel electro-static force
Ftotal total adhesive force
FvdW van der Waals adhesive force
g local gap
h0 maximum allowable gap for adhesion
hs roughness height
hw water film free surface
L size of the target domain
Lac auto-correlation length
N no. of grid points in each direction
p pressure
pss solid-solid adhesive pressure
R ball radius
Rg universal gas constant
RH Relative Humidity
r1,2 meniscus radii
rk Kelvin radius
S equivalent meniscus height
sm meniscus height
T Temperature
t1,2 film thickness on bodies 1 and 2
V Molar volume of water
Vadh adsorbed water volume
z0 Equilibrium distance
∆Pcap capillary pressure
∆γ work of adhesion
Ω Computation domain
Ω1
ws water-solid interaction area, scenario 1

Ω2
ws water-solid interaction area, scenario 2

Ωwetted meniscus-wetted areas
γ surface tension
η viscosity
σ roughness rms
θ1,2 contact angles of bodies 1 and 2
η viscosity
φ filling angle
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1 Introduction

Along with the rapid development of micro-nano electromechanical systems
(MEMs/NEMs), intermolecular adhesive interactions between two surfaces
has attracted a lot of attention among the researchers. In such devices,
adhesion is a common failure mechanism and a major reliability concern
since strong adhesive forces arise due to the high surface energies of the
contacting solids and or the formation of liquid menisci between contacting
surfaces leading to undesirable friction forces. Prediction of these adhesive
forces is crucial for the design of micro/nano devices. To reach this purpose,
providing analytical models is, although desirable, almost impossible due to
the complexity of the geometry of the contacting surfaces. Thus, numerical
modeling is a suitable alternative for such cases. Bradley was the first in
studying adhesion in contact mechanics by looking at the adhesive contact
between two rigid spheres [1]. Then, two opposing models, JKR [2] and
DMT [3], were proposed for spherical elastic contacts. It was shown by Tabor
that, regardless of their different approaches and assumptions, both models
were correct as they were two opposite extremes of a single theory. The
JKR model is valid for the case of large and compliant contacts. The DMT
model, whereas, is suitable for the small and stiff contacts. Following these
two models, Maugis proposed an adhesive model (known as Maugis-Dugdale
(MD) model) for this spherical contact through a Dugdale approximation of
the Lennard-Jones potential (which defines the adhesive energy) [4].

Although such analytical models provide exact solution to the adhesive
problem, they are limited to smooth contacts with simple shapes. For the
adhesive contact of rough surfaces, however, numerical methods are
essential. Several authors have attempted to numerically evaluate the
adhesion between two rough surfaces through multi-asperity [5, 6], finite
element [7, 8], statistical [9–11], molecular dynamics [12–14], and boundary
element models (BEM) [15, 16]. Yet, there is a lot of discussion in the
scientific community in this regard [17–22]. Vakis et al recently conducted
a very comprehensive review of these methods along with the tribological
applications in different scales [23].

The strong adhesion bond between the sand particles in a sandcastle,
powders and sand in granular materials, and so forth is due to the liquid
menisci forming around the contact area of two adjacent particles. The
corresponding force caused by this phenomenon is called meniscus or
capillary force. Understanding this phenomenon is important in granular
materials, adhesion of insects, geckos, and spiders, and micro-nano
electromechanical systems. Haines [24] and then Fisher [25] were among
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the first who realized the importance of capillary forces.
Investigation of the meniscus formation between smooth surfaces of

different configurations such as sphere-sphere, sphere-plane, plane-plane,
cone-cone, cone-plane and so on can be found frequently in
literature [26–32]. The transition of water from ordered to bulk form as a
function of the relative humidity has been investigated for a ball-on-flat
configuration in [33–35]. It was shown that for low values of relative
humidity (RH < 30%), 1 to 3 monolayers of water molecules are adsorbed
on the surface behaving like ice and therefore, no meniscus forms.
Consequently, the adhesive force is only contributed by the van der Waals
force due to the solid-solid and liquid-solid interactions. At higher levels of
relative humidity, however, the capillary force is responsible for the
adhesive force.

To study the meniscus formation and capillary force between rough
surfaces, researchers have pursued different numerical approaches such as
multi-asperity, statistical, and boundary element approaches. Xue and
Polycarpou coupled a single asperity meniscus model, based on the
extended Maugis-Dugdale elastic theory, with a statistical roughness
surface and presented an improved multi-asperity meniscus force model for
rough contacts [36]. de Boer proposed a multi-asperity model by extending
the Greenwood-Williamson model of rough surfaces [37]. Wang and
Regnier developed a capillary adhesion model for the contact of a single
asperity of a power law shape with a flat surface and extended it to the
contact between rough surfaces [38]. Based on the fractal theory,
describing the behavior of multiple roughness scales and the Gaussian
roughness distribution, You and Wan proposed a model to account for the
van der Waals and capillary forces between a rough particle and
surface [39]. Peng et al studied the capillary adhesion of rough fractal
surfaces [40]. They implemented a Dugdale approximation of the Laplace
pressure to express adhesive interaction at the contact interface. As the
main limitations of such multi-asperity models, one should note that
merely the summits are considered and the rest of the surface is discarded.

Tian and Bhushan proposed a numerical algorithm to study the micro-
meniscus effect of a very thin liquid film on the static friction of rough
surface contacts [41]. They modified the classical meniscus theory of a single-
sphere contact to include the effect of multi-asperity contacts in the presence
of an ultra-thin liquid film adsorbed on the contacting surfaces. In their
calculation, however, they did not incorporate the elastic deformations due
to the adhesive pressure. Lin and Chen developed a model for the adhesive
meniscus force at the interface of a rough surface and a smooth surface
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covered by a thin water film [42]. They also considered the variation of the
water film as a normal load is applied. Rostami and Streator proposed a
deterministic approach to study the liquid-mediated adhesion between rough
surfaces [43]. Based on the liquid volume available at the interface, they
defined a wetting radius and the non-contact areas inside the wetting radius
would experience a constant capillary pressure. They, however, neglected
the contribution of mobile liquid at the interface, which indeed contributes
to the meniscus formation. Hence, a comprehensive model to predict the
adhesive force between two rough surfaces in the presence of the adsorbed
liquid films is still in need.

In this paper, we present a boundary element model to analyze the
adhesive contact between two rough surfaces where thin films of water are
adsorbed on the contacting surfaces mediating the formation of meniscus.
The total volume of adsorbed water depends on the contacting materials
and increases with relative humidity. The thickness of the water films
varies over the interface in such a way to fulfill the mechanical equilibrium
and Newtonian rheology of water. Three components contribute to the
total adhesive force: solid-solid and water-solid van der Waals interactions
and capillary force. The deformation due to the adhesive pressure is also
included in the total deformation of the interface. The next section
introduces these components and formulates their contribution to the total
adhesive force.

2 Theory and modeling

When two surfaces are brought into contact under an external normal
load, an attractive force pulls the two surfaces together. This adhesive
force might originate from different sources: van der Waals interactions
between the opposing molecules on the two surfaces, a capillary force due
to the meniscus pressure, an electrostatic force due to a possible electric
charge on the surfaces, and so forth. The total work of adhesion is the
work required to put into the system to separate these two surfaces from
equilibrium to an infinite distance. In general, the total adhesive force is
the summation of all these attractive forces:

Fadh = FvdW + Fcap + Fel + ... (1)

In this paper, we study the van der Waals and capillary forces as the main
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Figure 1: Dugdale approximation of Lennard-Jones potential

contributors to the adhesive force between two rough surfaces. The total
van der Waals force comes from two types of interaction: solid-solid and
water-solid interaction. In the following, these two interactions as well as
the capillary force are modeled.

2.1 van der Waals forces

The van der Waals forces are distance dependent interactions between
atoms which are divided into three categories: dipole-dipole interactions,
randomly induced dipole interactions, and interaction between non-polar
molecules [44]. The adhesive pressure, pss, due to van der Waals
interactions is expressed through the Lennard-Jones potential (neglecting
any capillary or electrostatic forces) as an explicit function of the
separation, g:

pss =
8∆γ

3z0

((
z0

g + z0

)9

−
(

z0

g + z0

)3
)

(2)

where ∆γ is the work of adhesion due to solid-solid van der Waals
interaction (see Fig. 1). In the equation above, z0 is the equilibrium
separation, typically ranging from 0.2nm to 0.4nm.

Bazrafshan et al proposed a CGM (Conjugate Gradient Method) based
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BEM algorithm by means of a Dugdale approximation for the total work
of adhesion to solve the adhesive normal contact between two bodies, given
by [16]:

p > −σ0 at g = 0 (3a)

p = −σ0 at 0 < g < h0 (3b)

p = 0 at g > h0 (3c)∫
Ω
pdxdy = F0 (3d)

in which, −σ0, the maximum attractive pressure of the Lennard-Jones po-
tential, is applied such that [4]:

∆γ = σ0h0, σ0 =
16∆γ

9
√

3z0

(4)

This results in h0 = 9
√

3z0/16 = 0.974z0. The parameter h0 is the maximum
allowable gap for the presence of adhesion (the constant negative stress −σ0

as a Dugdale approximation of adhesion energy). In other words, in non-
contact regions, a constant negative stress (−σ0) is present as long as the
local separation is smaller than h0.

2.2 Capillary force

Liquids with small contact angles spontaneously condense from vapor to
fill in cracks and pores. At a dry and smooth ball-on-flat interface, water
condenses to form a meniscus outside the contact area (Fig. 2). At
thermodynamic equilibrium, the meniscus radius of curvature or namely
Kelvin radius, rk, is directly controlled by the relative humidity (RH)
as [44]: (

1

r1
− 1

r2

)−1

= rk =
γV

RgT logRH
(5)

where 1/r1 and 1/r2 are the meniscus curvatures, V the molar volume of
water, Rg the universal gas constant, and T the absolute temperature. When
two rough surfaces are brought into contact under a light normal load, only a
few pairs of asperities come into contact. In the presence of a thin adsorbed
water film, a meniscus forms around the contacting and near-contacting
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Figure 2: Meniscus formation at a smooth ball-on-flat interface.

asperities [44]. The pressure inside the meniscus is smaller than that outside
the meniscus, resulting in an additional pulling force acting on the contacting
surfaces.

Leveling of a thin water film over a rough surface

A thin film of water over a rough surface is neither flat nor the form of
the rough surface, but follows the form illustrated in Fig. 3. The uneven
distribution of this film over a rough surface is due to Laplace-Young pressure
difference at summits and valleys of the surface. Having the topography of
the surface, hs(x, y), and the volume of adsorbed water on it, Vads(RH), one
can find the true uneven distribution by numerically solving the equations of
mechanical equilibrium and rheology of the water. To do this, suppose that
the water film is deposited on the surface at t = 0 and the initial thickness,
e(x, y, 0), is assumed to be uniform all over the surface, computed as:

e(x, y, 0) =
Vads(RH)

A
(6)

The water film is then non-uniformly distributed on the surface as time
passes to reach a stable level while the volume of water is constant, and the
same as its initial value, at any time as:∫

Ω
e(x, y, t) dxdy = Vads(RH) (7)
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Figure 3: Leveling of a water film over a rough surface.

Combining the mechanical equilibrium and Newtonian rheology for water
and neglecting the gravity reads [45]:

∂hw
∂t

=− γ

3η

∂

∂x

[
(hw − hs)3

(
∂3hw
∂x3

+
∂3hw
∂x∂y2

)]
− γ

3η

∂

∂y

[
(hw − hs)3

(
∂3hw
∂y3

+
∂3hw
∂y∂x2

)] (8)

where hw(x, y, t) = e(x, y, t)+hs(x, y) is the height of the water free surface.
When the water free surface reaches a stable level, it does not change with
time. Eq. (7) is a set of high order non-linear partial differential equations
which is numerically solved using the method of lines. If the input rough
profile, hs, has N2 surface elements (and so does hw), the method of lines
converts Eq. (7) to a set of N2 coupled ordinary differential equations of
the first order. Since the roughness is assumed to be periodic, the derivation
property of the Fourier Transform can be exploited to convert the derivatives
to the function nodal values. Then, this set of N2 ordinary differential
equations are solved using the adaptive step-size Runge-Kutta scheme [45].

Meniscus formation between two rough surfaces

When the two surfaces approach one another, several isolated micro-menisci
occur at the contact interface around the contacting asperities and also at
near-contacting asperities (Fig. 4(a)). This formation is dependent on the
relative humidity and roughness parameters.

It is first assumed in this study that there is no water flow between the
contacting surfaces. We also neglect the squeezed water when two counter
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asperities come into contact. This assumption underestimates the capillary
force since this squeezed water can help to form larger menisci and thus,
larger capillary force. This is even more significant for surfaces with long
auto-correlation lengths as the available water film at the peaks is
comparatively thicker due to smaller local gradients. For the sake of
simplicity, however, we neglect the effect of this squeezed film. There are
two mechanisms governing the formation of meniscus around an asperity
contact. One is the condensation from the humid environment and the
other one is surface migration-controlled growth [41]. These two
mechanisms are distinguished by the source from which water required for
the meniscus formation is supplied. Either or both of these mechanisms
could be involved in the meniscus formation process. It is here assumed
that water is supplied through capillary condensation from the humid
environment to form the meniscus. This way, the original volume of
adsorbed water is kept the same after the contact. As a result, the
distribution of the thin water films does not change as the surfaces come
into contact at a few asperities; at least it can be claimed that the film
thickness changes much more in the valleys than in the summits (which is
out of interest as the valleys have a lower contribution to the total
adhesion). Therefore, one can keep the original distribution of water films
(before the contact) for the calculations in the next section.

The total capillary force is a function of the meniscus shape and volume.
Since determining the exact shape of meniscus is demanding, we conduct a
simplified approach by approximating the effective section of a meniscus as
an arc so that the meniscus height is given by [41]:

sm = rk (cos θ1 + cos θ2) (9)

Here, θ1 and θ2 are the contact angles (see Fig. 2). It must be noted that,
in the presence of water films, the curvature of the meniscus does not
significantly change the thickness of the adsorbed film [46]. Therefore, the
meniscus rises to 2rk rather than the one expressed in Eq. (9). We also
neglect the variation of the meniscus height around the irregular asperities.
At this stage, it is required to locate the areas wetted by meniscus. These
areas experience the capillary pressure. To do this, it is easier to first
combine the heights of the two rough surfaces and put the summation of
the thickness of the two water films on a smooth surface as shown in Fig.
4(b). It is first important to mention that the meniscus-wetted areas are
the ones whose local gap from the counter surface is smaller than the
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Figure 4: (a) Meniscus formation at the contact of two rough surfaces in
the presence of adsorbed water films (b) strategy to find meniscus-wetted
asperities (c) a schematic diagram of contact area, meniscus-wetted area,

and cross-cut area at mean meniscus height
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summation of the local thickness of the water films. The cross-cut areas of
the combined roughness at the meniscus height of S = 2rk + e1 + e2 (e1

and e2 are the local thickness of the water films on bodies 1 and 2 as
obtained through the leveling procedure described in section 2.2.1) which
are linked to the meniscus-wetted areas are considered to experience the
capillary pressure. In other words, the cross-cut area at the meniscus
height is first grouped into individual islands. Then, those islands, which
overlap the meniscus-wetted areas, are selected to undergo the capillary
pressure and the rest of the islands are discarded (see Fig. 4(c)).

Thermal fluctuations at molecular level can roughen the free surface of
water films [46]. In addition, the van der Waals interaction between water
films of the opposite sides at locations where the two films are very close to
one another needs to be taken into account (see the small gap prone to form
a meniscus in Fig. 4(a)). Combining these two effects at such locations, the
two films can jump into contact and quickly form a meniscus similar to the
one around the near-contacting asperities. To treat this behavior, we define
a critical distance, dcr, to distinguish whether such a meniscus forms or not.
There is no strict criterion for the value of this parameter. However, it is
expected to be in the order of 1-3 diameters of a water molecule. Here, we
assume this parameter to be three times the size of a water molecule.

To put it all together, micro-menisci islands can form in three types of
places at the interface while meeting either of the mentioned criteria: around
the contacting asperities, at near contacting asperities, and at areas with a
very small gap (smaller than dcr) prone to form a micro-meniscus. In all
these wetted areas, Ωwetted, a capillary pressure of ∆Pcap exists:

∆Pcap =
γ

rk
=
RgT logRH

V
(10)

2.3 Water-Solid interaction

The other component in the adhesive force, which needs to be taken into
consideration, is the interaction between the two solids through water and
air (or vacuum) as media. In this case, two scenarios exist depending of the
local gap between each two counter elements. The first scenario takes place
where the local gap between these two nodes is smaller than the summation
of the local thickness of the two water films (Fig. 5(a)). Therefore, the
thickness of the trapped water, ew, is the same as the local gap and the
local adhesive stress is given by [44]:
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Figure 5: Two different scenarios for the water-solid interaction

P 1
ws = −A1w2

6πe3
w

(11)

where A1w2 is the Hamaker constant for media 1 and 2 interaction across
water. The region at the interface eligible for this scenario is named Ω1

ws.

The second scenario occurs where the local gap is larger than the
summation of the local thickness of the two water films (Fig. 5(b)). The
region at the interface eligible for this scenario is named Ω2

ws. For this
case, the local stress is expressed as [44]:

P 2
ws = − 1

6π

(
Awaw

e3
a

−
√
A1w1Awaw

(ea + e1)3
−
√
A2w2Awaw

(ea + e2)3
+

√
A1w1A2w2

(ea + e1 + e2)3

)
(12)

where Aikj is the Hamaker constant for media i and j interacting across
medium k and a and w stand for air and water, respectively.
One needs to note that the largest and dominating term in Eq. (12) is
Awaw/e

3
a since the denominators of the other terms are comparatively much

greater than ea. On the other hand, considering the fact that ea has to
be larger than dcr, the third power of ea makes it very small compared to
the case of Eq. (11). Therefore, it can be concluded that the water-solid
interaction is dominated by scenario (a) in Fig. 5.

3 Numerical algorithm

This section summarizes the numerical scheme of the proposed approach.
The present contact problem is the extension of Eq. (3) (which defines
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the adhesive contact problem in the presence of only van der Waals forces)
to include the capillary pressure and van der Waals water-solid interaction
described in sections 2.2 and 2.3. This equation suggests that there is no
pressure at areas where separation is greater than h0. In presence of liquid
films and capillary effect, however, such areas experience either or both of
the capillary force and water-solid van der Waals interaction. Therefore, the
present contact problem is given by:

p > −σ0 at g = 0 (13a)

p = −σ0 at 0 < g < h0 (13b)

p = ∆Pcap at Ωwetted (13c)

p = P 1
ws at Ω1

ws (13d)

p = P 2
ws at Ω2

ws (13e)∫
Ω
pdxdy = F0 (13f)

It is noted that for the solid-solid van der Waals interaction to be present,
the local gap is required to be smaller than which is smaller than (or
perhaps almost equal to) the size of a water molecule. In such areas, thus,
no meniscus or water-solid interaction can exist.

In order to solve the contact problem of Eq. (13) for the unknown
pressure, p, a BEM-based approach is implemented. The boundary
element method (BEM) is a numerical method which transforms governing
partial differential equations into integral equations over the surface or
boundary of a domain [47]. Therefore, rather than discretizing the entire
3D domain, the boundary (here the contact interface) is divided into small
patches where the unknown functions are approximated in terms of nodal
values, and the integral equations are discretized and solved numerically.
As all the approximations are transformed to the boundary, the BEM has
better accuracy and efficiency (since the dimensionality reduces by one
order) in contact of rough surfaces than other numerical methods such as
finite element method and molecular dynamics.

Fig. 6 depicts the flowchart of the proposed numerical algorithm. In
the first step, mechanical and surface properties of the contacting bodies as
well as the loading conditions, surface topographies, and relative humidity
are input to the algorithm. The relative humidity, along with the
adsorption properties of the contacting surfaces, is used to estimate the
volume of adsorbed water on the surfaces in a humid environment [48]. An
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alternative to this is to measure this parameter at different values of the
relative humidity of the environment which gives out an adsorption
isotherm. Here, the volume of adsorbed water is used to calculate the
distribution of the thin water films on the surfaces as explained in section
2.2.1.
In step 2, an initial guess is provided for the pressure. Using this initial
pressure, in step 3, the corresponding deformation at the interface is
computed as:

u(x, y) =

∫
Ω
k(x− ζ, y − η)p(ζ, η) dζdη (14)

where x and y are the spatial coordinates and k(x, y) is the Boussinesq kernel
function and is expressed as [49]:

k(x, y) =
1

πE∗
1√

x2 + y2
,

1

E∗ =
1− ν2

1

E1
+

1− nu2
2

E2
(15)

in which Ei, νi, i = 1, 2 are the elastic moduli and Poisson ratios of the
two contacting surfaces. If the initial gap between these two surfaces before
the deformation is denoted by h(x, y), the gap after deformation can be
calculated as:

g(x, y) = u(x, y) + h(x, y)− δ (16)

where δ is the rigid approach of the two surfaces. All the operations in
Eqs. (13-15) are carried out numerically over the discretized domain [16].
All adhesive force components are (directly or indirectly) functions of the
gap at the interface and are computed in step 4. According to Eq. (12),
the solid-solid van der Waals interaction, given by a constant negative stress
−σ0, is present at areas with gap smaller than h0. In all the meniscus wetted
areas, the capillary pressure, ∆Pcap is set and finally, the water-solid van
der Waals interaction is present in either of Ω1

ws or Ω2
ws.

In step 5, the pressure is updated by balancing the force corresponding the
current pressure (including the new adhesive components) with the external
normal force. Step 6 checks whether the pressure has converged. If so,
the iteration loop stops; otherwise, it starts over from step 3 using the
new pressure. The base of this algorithm and the details for updating the
pressure is presented in [16]. Here, however, the water-solid interaction and
capillary forces in steps 4.2 and 4.3 are embedded in that algorithm.
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Figure 6: Numerical scheme to solve the adhesive normal contact problem
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Figure 7: Adsorption isotherm of water on a silicon-oxide surface (redrawn
from Ref. [50])

4 Numerical examples and discussion

This section provides two numerical examples. In both examples, the
adsorption isotherm of water on the hydrophilic surface of Silicon-Oxide
(SiO2), measured by Asay and Kim [50], is used to express the average
thickness of the water film as a function of RH. It is reported that at RH
ranging from 0 to 30%, water grows up to three monolayers of
hydrogen-bonded ice molecules (Region A in Fig. 7). Then, the liquid
structure of water starts to appear and the ice-like structure grows to
saturation for RH up to 60% (the transition regime, Region B in Fig. 7).
Above 60% of RH, the adsorbed water is considered to be bulk and
continues to increase in thickness (Region C in Fig. 7). The water
meniscus is expected to form in this region.

In the following examples, we first examine the accuracy of the proposed
BEM model by evaluating the well-known capillary force for the ball-on-flat
configuration. Then, the formation of micro-menisci at a rough interface
will be investigated.

4.1 Ball-on-flat configuration

Fig. 8 displays the formation of a meniscus at the interface of a ball-on-
flat configuration in the presence of a thin adsorbed water film. As it was
mentioned, the curvature of the meniscus does not significantly change the
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Figure 8: Meniscus formation at a smooth ball-on-flat interface in the
presence of an adsorbed water film

thickness of the adsorbed film [51].
The meniscus radii of curvature in the presence of a thin adsorbed water

film with thickness of t1 and t2 on the ball and flat, respectively, can be
simply obtained as:

r1 =
R(1− cosφ)− a2

R − (t1 cosφ+ t2)

1 + cosφ

r2 = R sinφ

(17)

where a and φ are the contact radius and the meniscus filling angle, respec-
tively. The term a2/R counts as the normal indentation. Substituting Eq.
(17) in Eq. (5) reads:

1

R sinφ
− 1 + cosφ

R(1− cosφ)− a2

R − (t1 cosφ+ t2)
=
RgT

γV
logRH (18)

Solving this equation for the filling angle, φ, gives the capillary force as:

Fcap = π
(
R2 sin2 φ− a2

)
∆Pcap (19)
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Figure 9: Comparison of the analytical and numerical solutions for the
capillary force at different RH for two different ball radii (R)

It is worth noting that the contact radius, a, in Eq. (18) is unknown and
dependent on the capillary force (and the filling angle) as well as some other
parameters. To the best of our knowledge, however, there is no analytical
solution for this problem in the presence of adsorbed films. Here we consider
both the ball and flat to be rigid in order to have a zero contact radius and
therefore, only does the filling angle remain to be solved and used in Eq.
(19). The adsorption isotherms for the ball and flat are considered to be
that of SiO2. One must know that the effect of van der Waals forces in Eq.
(18) is not considered. Therefore, we also neglect its contribution in the
proposed model for this problem.

This problem is solved using the proposed model for two different values
of the ball radius. Fig. 9 compares the capillary force obtained through the
analytical solution of Eq. (18) and the proposed model. The relative error
in both cases and at any RH value is negligible, implying that the numerical
results are in good agreement with the analytical solution.

Here we conclude that the capillary problem for an elastic ball-on-flat
configuration can be numerically solved using the proposed model where
the contact radius and filling angle are both automatically derived from the
numerical results.
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4.2 Rough interface

This section aims at studying the adhesive contact at a rough interface.
Three Gaussian rough surfaces with different autocorrelation lengths, Lac,
and the same rms value of σ, shown in Fig. 10, are generated. The size of
each profile is L×L = 10µm× 10µm and it includes 256× 256 nodes which
is typical of the surface topography measurement carried out by an Atomic
Force Microscopy (the reader is referred to [52,53] for the effect of resolution
on the contact area). Each of these surfaces comes into contact with a rigid
flat surface. The properties of silicon-oxide (SiO2) are used for the elastic
rough surface and the water, for the case studied here, is assumed to be
adsorbed only on the rough surface and thus, the flat surface is dry. For
all of the following simulations, the external normal load is 500µN unless
otherwise it is mentioned.

Fig. 11 shows a cross section of the leveled water film on top of the
mentioned three rough surfaces at different RH levels. The film appears to
be thicker at the peaks for surfaces with long auto-correlation length. In
other words, the lower local gradients of the surface reduces the tendency of
the water to flow towards the valleys.

The development of the meniscus area around the contacting regions at
the three rough interfaces with increasing the relative humidity is shown in
Fig. 12. It is apparent that the meniscus forms right around the contacting
and at the near-contacting asperities and develops as the relative humidity
increases. The micro-meniscus islands become larger and larger so that they
can touch the neighboring micro-menisci and form a larger meniscus. At a
high relative humidity level, at around 90%, all these islands are merged to
form a single meniscus area which is developed all over the non-contact area.
It is worth noting that from 90% to 100% of RH, some of the micro-contacts
are lost. The reason is that, in this range, the capillary force decreases
rapidly (it will be further on explained why) and therefore, the contact
repulsive force (which is always larger than the external normal force due to
the presence of adhesive forces) decreases accordingly and results in a lower
contact area.
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Figure 10: The roughness height (in nm) of the three generated Gaussian
isotropic rough surfaces with different auto-correlation length ratio
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Figure 11: The leveled water film on the rough surfaces at different RH
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RH = 60 % RH = 65 % RH = 70 %

RH = 75 % RH = 80 % RH = 85 %
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Figure 12: The development of meniscus area with increasing RH at the
three rough interfaces with different auto-correlation lengths, (a)

Lac/L = 0.02, (b) Lac/L = 0.05, and (c) Lac/L = 0.1

The variation of each of the adhesive force components and the total
adhesive force at the rough interface with RH is depicted in Fig. 13(a-c).
The capillary force first increases to reach its maximum at around 90% RH
and then rapidly decreases to zero. To explain this behavior, one needs
to note that in one hand, the capillary area increases and on the other
hand, the capillary pressure, ∆Pcap, decreases with RH and therefore, the
capillary force, which is the product of these two parameters, is a trade-
off between these two changes. Initially, the increase of the capillary area
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dominates the decrease in the capillary pressure. At higher levels of RH,
where most of the non-contact area is covered by the merged micro-menisci,
the capillary area does not increase noticeably with RH; specifically, after
the whole non-contact area is covered with meniscus, there is no room for
the capillary area to increase. This is the point where the decrease in the
capillary pressure starts to dominate and thus, the capillary force steadily
decreases to zero. Looking at Fig. 13(d), which compares the capillary
force variation for rough interfaces with different auto-correlation lengths,
reveals that the RH at which the maximum capillary force occurs, decreases
with the auto-correlation length. In addition, the maximum capillary force
increases (however not proportionally) with the auto-correlation length, too.
The reason is that the water film is comparatively thicker for surfaces with
longer auto-correlation lengths due to the smaller local gradients at the
peaks. This figure also implies that at very large RH values, the capillary
force is almost the same for all three surfaces and independent from the auto-
correlation length due to the fact that all the non-contact area is covered by
the meniscus and this parameter is, to a large extent, the same for all these
three surfaces.
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Figure 13: Variation of different adhesive components vs. RH at three
different auto-correlation lengths (a-c) and (d) comparison of the capillary

force component
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Figure 14: Roughness heights (in nm) of four different Gaussian rough
surfaces with identical auto-correlation length (Lac/L = 0.02), and RMS

values (σ = 5nm); surface 1 is the same as Figure 10(a)

One should also note that the solid-solid and water-solid interaction
forces (Fss Fws and respectively) are rather constant with RH, however
larger for longer auto-correlation lengths. Furthermore, these two
components are quite smaller than the capillary. In other words, the
capillary force has the major contribution to the total adhesive force
(Ftotal).

With the intention to confirm the repeatability of the presented
simulations, the capillary development for three different realizations of the
same statistical parameters of Fig. 10(a), shown in Fig. 14, is investigated.
The variation of the capillary force with RH under 500µN of the normal
load is depicted in Fig. 15. As it can be seen, the capillary force for each of
the rough interfaces lies within a quite narrow band and they all follow the
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same curve. Hence, one can conclude that the surface shown in Fig. 10(a)
is representative of its corresponding statistical parameters and the
observed trend for the capillary force holds for other similar surfaces. In
addition, similar trends can be expected for surfaces shown in Fig. 10(b
and c).
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Figure 15: The comparison of the capillary force for 4 different Gaussian
rough surfaces with identical auto-correlation lengths and RMS values

(Lac/L = 0.02, σ = 5nm)

In order to see how roughness RMS can affect the capillary force
variation, the surface shown in Fig. 10(a) is scaled in vertical direction to
generate surfaces with RMS values of 7.5nm and 10nm while the
auto-correlation length is kept the same. It is noted that this scaling does
not change higher order statistical parameters of the surface such as
skewness and kurtosis as long as the arithmetic average of the roughness
heights is zero. The variation of the capillary force with RH for these
surfaces with different RMS values is illustrated in Fig. 16. This figure
suggests that as the RMS values decreases, the capillary force increases
and its peak is shifted to a lower RH value. This is, to some extent, similar
to the effect of auto-correlation length (see Fig. 13(d)). In both cases,
smaller local curvatures, due to smaller RMS value and or longer
auto-correlation length, results in higher capillary force and shifting the
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capillary peak to a lower RH value.
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Figure 16: The comparison of the capillary force for a rough interface with
different RMS values

Another parameter that affects the capillary force at the contact of two
rough surfaces is surface deformation. The more the surfaces deform and get
closer to one another, the higher chance for larger micro-menisci to form and
thus, a larger capillary force. Fig. 17 shows the variation of the capillary
force at the three rough interfaces of Fig. 10 for three quite different values
of the external normal load. It appears conspicuous that the normal load can
change not only the peak location (the corresponding RH value) and value
of the capillary force but also the whole shape of the curve. In other words,
it can change the width of the peak as well; specifically, Fig. 17(c) implies
that there is no increase in the capillary force with RH for the normal load
of 5000µN since the deformation is so large and the contacting surfaces get
so close that even at 60% of RH the major part of the contact is covered by
meniscus and any further increase in RH does not remarkably change it so
that the decrease in the capillary pressure steadily decreases the capillary
force, too. At very high RH values (over 90%), the capillary force due to
different normal loads is slightly different which is due to the minor difference
in the non-contact area.
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Figure 17: The effect of external normal load on the capillary force

One of the most significant steps in the proposed model is to find the
uneven distribution of the water films on the contacting surfaces as
described in section 2.2. Here, we are going to investigate how much the
capillary force can deviate if we assume a uniform distribution of the water
films. When the distribution is uniform, the water film is thicker at the
high asperities. This is much more prominent for surfaces with shorter
auto-correlation lengths due to the large local gradients which force the
water flow towards the valleys. Consequently, at lower RH values, the
probability of forming micro-menisci around non-contact asperities is
higher. In addition, as the film is thicker around the contacting asperities
(compared to the uneven distribution), the micro-menisci islands around
these asperities develop to a farther distant. Combining these two effects,
at lower RH values, a larger capillary force is expected when the water film
distribution is uniform. This point can be easily noticed in Fig. 18 which
compares the capillary force variation with RH between the variable and
uniform thickness for the three rough interfaces of Fig. 13 under 500µN of
the normal load. At larger RH values, micro-menisci become larger so that
they can merge and form larger unified menisci. At such values, the
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surface deformations are greater (due to larger capillary force) so that the
accumulated water in the valleys can touch the counter surface and help
menisci develop to a farther distant. Considering the fact that there is
more water accumulated in the valleys when the uneven distribution of the
water film is implemented, the resulting capillary area (and therefore the
capillary force) is greater. These two regimes are less dominant as the
auto-correlation lengths increase since the difference between uneven
distribution and the uniform thickness is less (as explained before). For
very large RH values, over 90%, there is no significant difference between
the calculated capillary forces as almost all of the non-contact area is
covered by a meniscus.
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Figure 18: The comparison of the capillary force with uniform and variable
thickness of the water film over the rough surfaces
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5 Conclusions

A boundary element model for the adhesive contact of two rough surfaces
in the presence of a thin water film adsorbed on the contacting surface is
proposed. The distribution of this water film was considered to be uneven
over the rough surface. Three different adhesive force components were
considered. The capillary force, as the major contributor to the total
adhesive force, appeared to dominate the solid-solid and water-solid
interaction forces. In addition, the capillary force first increased with RH
and then decreased as a results of variation in both capillary area and
capillary pressure. The maximum of the capillary force was found to be
larger and at a lower RH for surfaces with smaller curvatures (here longer
auto-correlation length and or smaller roughness rms). The normal force
also appeared to be a key factor as it can change not only the maximum
capillary force and the corresponding RH but also the entire curve of
capillary force versus RH.
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[45] B. Figliuzzi, D. Jeulin, A. Lemâıtre, G. Fricout, J.-J. Piezanowski, and
P. Manneville, “Numerical simulation of thin paint film flow,” Journal
of Mathematics in Industry, vol. 2, no. 1, p. 1, 2012.

[46] K. R. Mecke, “Thermal fluctuations of thin liquid films,” J. Phys.:
Condens. Matter, vol. 13, pp. 4615–4636, 2001.

[47] Q. Wang and Y. Chung, Encyclopedia of tribology. 2013.

[48] H.-J. Butt, K. Graf, and M. Kappl, Physics and chemistry of interfaces.
Weinheim: WILEY VCH GmbH & Co. KGaA, 2003.

[49] K. L. Johnson, Contact Mechanics. Cambridge: Cambridge University
Press, 1985.

[50] D. B. Asay and S. H. Kim, “Evolution of the adsorbed water layer
structure on silicon oxide at room temperature.,” The journal of
physical chemistry. B, vol. 109, no. 35, pp. 16760–16763, 2005.

[51] F. W. DelRio, M. L. Dunn, and M. P. de Boer, “Capillary adhesion
model for contacting micromachined surfaces,” Scripta Materialia,
vol. 59, no. 9, pp. 916–920, 2008.

[52] M. Ciavarella and A. Papangelo, “Discussion of Measuring and Under-
standing Contact Area at the Nanoscale: A Review (Jacobs, T. D. B.,



B-42 Paper B

and Ashlie Martini, A., 2017, ASME Appl. Mech. Rev., <b>69</b>
(6), p. 061101),” Applied Mechanics Reviews, vol. 69, no. 6, p. 065502,
2017.

[53] T. Jacobs and A. Martini, “Review : Measuring and Understanding
Contact Area at the Nanoscale,” Applied Mechanics Reviews, vol. 69,
no. November 2017, 2017.





Paper C





The Effect of Surface Roughness on

Adhesion: Experimental Evaluation of a

BEM Model

M. Bazrafshan1,2*, M.B. de Rooij2, E.G. de Vries2, and D.J. Schipper2

1Materials innovation institute (M2i), van der Burghweg 1, 2628 CS
Delft, Netherlands

2Laboratory for Surface Technology and Tribology, Department of
Engineering Technology, University of Twente, P.O. box 217,

7500AE, Enschede, Netherlands



Abstract

Atomic Force Microscopy (AFM) is an appropriate method to study
the adhesion between two surfaces. Using a micron-size silicon dioxide
colloidal probe, the adhesion at a rough interface of the probe and a
substrate of either a silicon wafer (Si) or a thick silicon dioxide film (SiO2)
is investigated. Pull-off force, as an indicative of adhesion strength, is
measured in ambient and vacuum conditions. Going from ambient to
vacuum conditions, there is a steep increase in the measured pull-off force
due to the removal of a hydrocarbon contamination film and or a change in
the topography of the colloidal probe. Measurements in ambient after
vacuum show a slight increase in the pull-off force due to the small increase
in the water film thickness adsorbed on the substrate and probe after the
samples are exposed to ambient conditions. In addition, a recently
developed BEM (Boundary Element Method) model is implemented to
predict the pull-off force at these interfaces using the measured
topographies of the contacting surfaces and the humidity dependent
adsorbed water film thickness. Although simulations are in agreement with
experiments for the ambient conditions after vacuum, the BEM model
predicts a lower pull-off force than experiments in vacuum.

Keywords: Adhesion, Roughness, Pull-off Force, Boundary Element
Method, Atomic Force Microscopy

Nomenclature

A1w2 Hamaker constant for bodies 1 and 2 contacting across medium w
Ac contact area
ew water film thickness
F0 external normal force
Fpull−off pull-off force
g(x, y) separation profile
h0 maximum allowable gap for adhesion
P (x, y) pressure profile
Pws water-solid adhesive pressure
Rg universal gas constant
Rt AFM cantilever tip radius of curvature
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RH Relative Humidity
rk Kelvin radius
S equivalent meniscus height
T Temperature
V Molar volume of water
z0 Equilibrium distance
∆Pcap capillary pressure
∆γ work of adhesion
Ω Computation domain
Ωws water-solid interaction area
Ωwetted meniscus-wetted areas
γ surface tension
γ1,2 surface energy of bodies 1 and 2
γ12 interfacial energy

1 Introduction

Along with the rapid development of MEMS/NEMS (Micro/Nano Electro-
Mechanical Systems), the role of adhesion, as a dominant issue in achieving a
high level of reliability and durability, is becoming more vital everyday. More
specifically, controlling friction at the mating surfaces in such nanotribology
applications is a challenge as it can be strongly affected by adhesion [1–
8]. Therefore, a comprehensive understanding of this phenomenon at the
interface of the mating components of such devices is a key step in designing
such versatile devices.

The tendency of two surfaces to stick to one another is called adhesion.
It can be due to one or a combination of physical interactions such as van
der Waals, capillary, electrostatic forces, and chemical bonds like hydrogen
bonding. The presence and strength of each of these contributors depend
on the contacting materials and the medium through which the contact has
formed. The energy and force required to separate two contacting surfaces
are called work of adhesion, ∆γ, and pull-off force, Fpull−off , respectively.
Atomic Force Microscopy (AFM) is usually used to measure the pull-off force
at the interface of the cantilever tip and the counter surface. Having the
tip radius, Rt, JKR (Johnson-Kendall-Roberts) or DMT (Derjaguin-Muller-
Toporov) are typically implemented (depending on the strength of adhesion
compared to the elasticity of the contacting surfaces) to estimate the work
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of adhesion due to van der Waals forces as [9, 10]:

∆γJKR =
2Fpull−off

3πRt
(1)

∆γDMT =
Fpull−off

2πRt
(2)

Van der Waals forces are the dominant contributor to the total adhesion force
in a vacuum or a very dry environment. In ambient, however, the vapor in
the humid environment condenses onto the surfaces and fills in the gaps
and holes to form meniscus bridges. In such cases, the total adhesion force
is dominated by the capillary force. Therefore, the strength of adhesion
is in direct relation with the Relative Humidity (RH) of the environment
as well as the hydrophilicity of the surfaces in contact. There are various
research studies on AFM measurements of the pull-off force, with different
tip materials such as Si, SiO2, and Si3N4, either in vacuum or over a range
of RH from 2% up to 100% [11–21]. They have observed different trends in
the pull-off force versus RH.

To analyze the work of adhesion, no matter in which environment the
experiments are conducted, the cantilever tip radius, which has to be
known, is typically measured using a Scanning Electron-Microscope
(SEM). However, the uncertainty in the measured radius of such nanosize
tips is still an issue. Moreover, the resulting high contact pressures can
deform the tip radius quickly and introduce an error to the measurements.
Using cantilevers with a colloidal probe is an appropriate alternative to
avoid such issues. For this, a micron-size sphere of desired material, such
as SiO2, is glued to the very end of a tipless cantilever. Ducker et al. were
the first who implemented this technique by attaching a 3.5µm SiO2

sphere to a cantilever to measure adhesion [22]. Fukunishi and Mori
measured the pull-off force between an 8µm glass colloidal probe and two
hydrophilic and hydrophobic substrates for several RH values ranging from
10% to 80% [23]. They observed a monotonic increase in the pull-off force
as a function of RH for the hydrophilic substrate due to strong capillary
condensation. For the hydrophobic substrate, however, the measured
forces did not change with RH because of the weak capillary condensation.
Biggs et al. observed no change in the measured pull-off force between a
15µm glass particle and a glass substrate for RH below 60% [24]. However,
there was a jump in the measured forces right above 60% of RH resulting
from the capillary force.
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The mentioned studies have attempted to explain the variation of the
pull-off force versus RH using an ideally smooth ball-on-flat configuration.
In reality however, even such micron-size probes have rough surfaces which
drastically influence the adhesion at the contact interface. In other words,
the real area of contact at the snap-off moment is far smaller than the
circular contact area calculated by such analytical models. This fact has
been addressed in several research studies. Ata et al. measured the adhesion
force between a glass colloidal probe and alumina, silica, and titanium-
coated silicon wafers for several RH values [25]. They observed a difference
between theoretically expected values for the pull-off force and the measured
ones due to the roughness of the colloidal probe. Jones et al. studied
the pull-off force at the interface of a flat glass or a silicon wafer and a
silicon AFM tip or glass balls of different sizes for various RH values ranging
from 5% up to 90% [26]. They found that the measured pull-off force by
the sharp silicon tips was close to the predicted values by Laplace-Kelvin
theory. Though, they measured lower values with the colloidal probes than
the predicted forces due to the probe surface roughness. Using a flat silicon
tip with 2µm of diameter, Colak et al. investigated the pull-off force from
smooth and chemically etched silicon wafers over a range of RH [27]. The
measured pull-off force at the rough surface of the etched wafer was an order
of magnitude lower than that of the smooth wafer. Since the measured pull-
off force for the contact of a silicon wafer and glass colloidal probes did not
correlate with the radii of the probes, Yang et al. developed a multi-asperity
elastic-plastic model to explain the effect of probe surface roughness on the
measured pull-off force under dry conditions (RH < 30%) [28]. Matope et
al. fitted a roughness rms-dependent curve on the measured pull-off force
for the contact of a silica particle and several rough metallic films coated
on silicon wafers [29]. They observed a rapid decrease in the pull-off force
when the roughness rms increased from 0.3nm to 1nm. Further increase in
the roughness, however, did not change the pull-off force.

Despite the extensive research on adhesion using AFM with either
sharp cantilevers or cantilevers with a colloidal probe, the measured
surface topography of the cantilever tip and the substrate has never been
considered to explain the roughness effect on the measured pull-off forces.
It is noted that the rms roughness is not the only parameter describing the
random nature of the roughness. In addition, multi-asperity models come
along with several issues such as the lack of interaction between
neighboring asperities and considering merely the summits and discarding
the rest of the surface. The ideal case, thus, is to use the exact profile of
the contacting surfaces as measured. This paper focuses on experimental
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evaluation of a recently developed BEM (Boundary Element Method)
model for the adhesive contact at a rough interface, where the measured
topography of the contacting surfaces should be implemented as an
input [30]. The contact between a cantilever with a colloidal probe and a
substrate is made both in vacuum and in ambient conditions in order to
investigate the respective contribution of van der Waals and capillary
forces. The topography of both the colloidal probe and the substrates is
measured with AFM using a sharp tip. The results of this study can help
to predict the adhesive behavior at a rough interface and also improve the
measurement of surface energy of the materials.

2 BEM model

This section summarizes a BEM model which will be used for comparison
to the experimental results. This model deals with the adhesive elastic
contact at the rough interface of two surfaces onto which thin water films
are adsorbed due the humid environment.

In a vacuum environment, since there is no water film, the van der Waals
forces between the contacting solids are responsible for the adhesion force,
as shown in Figure 1. This figure shows the adhesive contact at the rough
interface of two surfaces, where a normal force of F0 is exerted on it. Here,
a constant negative stress, −σ0, pulls the surfaces toward one another right
around the contacting and at the near-contacting areas as far as the local
separation is smaller than a critical value, h0, given by:

h0 =
∆γ

σ0
= 0.974z0 (3)

where ∆γ and σ0 are the work of adhesion and maximum tensile stress of the
Lennard-Jones potential. In addition, z0 is the equilibrium distance ranging
from 0.2nm to 0.4nm. For this situation, the contact problem to be solved
is to find the pressure distribution, P (x, y), and separation profile, g(x, y),
at the interface in such a way to meet the following conditions [31]:

P (x, y) > −σ0 at g(x, y) = 0 (4a)

P (x, y) = −σ0 at 0 < g(x, y) < h0 (4b)

P (x, y) = 0 at g(x, y) > h0 (4c)∫
Ω
P (x,y)dxdy = F0 (4d)
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Figure 1: Schematic representation of the contact pressure profile in
vacuum.

These conditions state that, first, at areas with no separation (where surfaces
are touching, i.e. g(x, y) = 0), the pressure is greater than −σ0. Second,
the pressure takes a constant negative value, −σ0 at separated areas with
separation, yet, smaller than h0 (i.e. 0 < g(x, y) < h0). Third, there is no
pressure at separated areas with separation larger than h0 (i.e. g(x, y) > h0).
In addition, the summation of the pressure distribution over the computation
domain, Ω, needs to be equal to the external normal force. Bazrafshan et
al. developed a BEM model as an extended version of Conjugate Gradient
Method (CGM), originally developed by Polonsky and Keer [32], to solve
this adhesive contact problem at a rough interface given by Eq. (4) [31].

In ambient, water vapor condenses from the humid environment to
adsorb on the surfaces, fill in the gaps and holes, and form micro-menisci
around the contacting and at the near-contacting asperities. Figure 2(a)
illustrates the interface of two rough surfaces, where formation of such
micro-menisci is mediated in presence of thin water films adsorbed from
the humid environment. It is noted that the volume of adsorbed water
onto a solid depends on the surface properties as well as the humidity of
the environment. In order to locate these micro-menisci, the topographies
of the contacting surfaces are combined. Moreover, the summation of the
local water films thickness is put on a flat surface which touches the
combine rough surface around the contacting areas and also
non-contacting areas where the local separation is smaller than the
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combined water films thickness (see Figure 2(b)). The extent to which a
micro-meniscus extends, depends on the capillary rise given by:

S = 2rk + e1 + e2 (5)

where e1 and e2 are the water films thickness adsorbed on the surfaces before
contact and rk is the Kelvin radius, controlled by RH as:

rk =
γV

RgT logRH
(6)

where V , Rg, γ, and T are the molar volume of water, the universal gas
constant, water surface tension, and the absolute temperature, respectively.
Three components contribute to the total adhesive force: capillary force,
solid-solid, and water-solid van der Waals interactions. At areas wetted by
a micro-meniscus, Ωwetted, there is a constant capillary pressure pulling the
surfaces toward each other (see Figure 2(b)):

∆Pcap =
γ

rk
=
RgT logRH

V
(7)

The solid-solid van der Waals interaction, the same as the one for vacuum
conditions, is present right around the contacting and near-contacting areas,
where the local separation is smaller than h0. It must be noted that the
solid-solid interaction and capillary pressure cannot be present together at
a single spot as the critical separation of h0 is smaller than a water molecule
diameter and thus, no meniscus is present in such areas. Water-solid van der
Waals interaction is also the third adhesive component which is actually a
solid-solid interaction with water as the medium. This interaction is present
at areas where a micro-meniscus has also formed, Ωws. However, this weak
interaction decays very quickly with the local separation which makes its
contribution very small, compared to the other two components:

Pws =
A1w2

6πe3
w

(8)

where A1w2 is the Hamaker constant for bodies 1 and 2 interacting through
water, and ew is the local separation which is filled with water.
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Figure 2: (a) Formation of micro-menisci at a rough interface in ambient
and (b) schematic representation of the contact pressure profile.

In total, the contact problem, in ambient conditions, to be solved is to
find the pressure distribution at the interface in such a way to meet the
following conditions:

P (x, y) > −σ0 at g(x, y) = 0 (9a)

P (x, y) = −σ0 at 0 < g(x, y) < h0 (9b)

P (x, y) = ∆Pcap at Ωwetted (9c)

P (x, y) = Pws at Ωws (9d)∫
Ω
P (x,y)dxdy = F0 (9e)
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Bazrafshan et al. developed a BEM model to solve this adhesive contact
problem in a humid environment in the presence of thin water films to meet
the conditions given by Eq. 9. This model is more comprehensive than the
one in [31] as it can also cover the vacuum conditions by simply neglecting
the water films.

3 Experiments

The experiments are conducted using a vacuum AFM (Parksystems NX10)
in a cleanroom. A pre-calibrated (with known spring constant) silicon
cantilever with a 5µm SiO2 colloidal probe is used to make contact with
the substrate and measure the pull-off force. The substrate is either a bare
silicon wafer (1 0 0) or a silicon wafer with a 300nm thick silicon dioxide
layer on top. No cleaning is performed prior to the measurements as they
have been protected in their original packages. The roughness of the
colloidal probe is measured once before and another time after the
measurements.

There are three states of measurements. State 1 refers to the initial
pull-off force measurements in ambient conditions, where the temperature
and relative humidity are 22◦C and 35%, respectively. State 2 is a vacuum
condition (HV) with 10−5mbar of pressure which is left overnight, before
performing the pull-off force measurements, to remove the organic
contaminants from the substrate. Finally, state 3 starts 10 minutes after
we vent the vacuum chamber and open it, where the samples are exposed
to the ambient conditions again.

For each state and substrate, the pull-off force measurement is carried out
on a 16×16 grid over a 10µm×10µm area (256 spots in total). The loading-
unloading speed and the normal force setpoint are also set to 0.2µm/sec
and 100nN , respectively. The experiments are first conducted in state 1 for
both substrates and then, the other two states are followed in a row for each
substrate.

4 Simulations

In this section, the mentioned BEM model is implemented to predict the
pull-off force at the interface of the colloidal probe and the substrate for
given environmental conditions. Based on definition, the pull-off force is
the largest negative force on the force-distance curve for an adhesive normal
contact. Numerically, the negative normal force is increased gradually as
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Table 2: Mechanical properties of the contacting surfaces

Si SiO2

Elastic modulus (GPa) 130 64

Poission’s ratio 0.28 0.17

long as the contact problem converges to a stable pressure profile. Therefore,
the largest negative force for which the contact pressure still converges is
known as the pull-off force.

The mechanical properties of the contacting surfaces are listed in Table
2. The van der Waals work of adhesion between two bodies of 1 and 2, with
surface energies of γ1 and γ2, is defined as:

∆γ = γ1 + γ2 − γ12 (10)

where γ12 is the interfacial energy and is neglected for the contact of identical
materials [33]. The work of adhesion is here set to ∆γ = 2γSiO2 = 88mJ/m2

for both interfaces since there is always a native oxide layer on a silicon
wafer [33].

An important input to the model is the surface topography of the
contacting bodies. The AFM measurement of the roughness height of a
2µm × 2µm area on the silicon wafer and silicon dioxide film is shown in
Figure 3(a) and (b). Figure 3(c) compares the power spectral density
(PSD) of these two surfaces. The higher power, C, of the SiO2 surface
roughness in lower wavevectors (q) suggests a rougher surface compared to
Si. This is also indicated by the rms roughness of their surface profiles
where rmsSi = 0.46nm and rmsSiO2 = 0.74nm. The roughness height of the
Si and SiO2 samples has been measured at four more spots (not shown
here) to be used for simulation and calculate the pull-off force at different
spots. This helps to investigate the simulations sensitivity to different
topographies while they have similar statistical properties.

Figure 4 illustrates the colloidal probe surface topography on a 2µm ×
2µm area before and after the measurements. A zoomed-in view reveals
that, despite the low contact pressures (as we assume), the topography of
the probe has changed during the experiments. As it will be discussed in
the next section, this change of topography has a noticeable impact on the
pull-off force.
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Figure 3: Roughness height of (a) Si and (b) SiO2 substrates on a
2µm× 2µm area (512 × 512 pixels) and (c) their PSD.
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Figure 4: The zoomed-in view of the colloidal probe topography (a) before
and (b) after the tests.

The relative humidity (RH) of the environment is another important
input to the model as it determines how much water is adsorbed on the
contacting surfaces. In other words, since the available adsorbed water film
on the surfaces mediates the formation of micro-menisci at the contact
interface and also contributes to the van der Waals interaction, the total
adhesive force is, to a large extent, influenced by the RH of the
environment. Asay and Kim [34] and Chen et al. [35] have measured the
water vapor adsorption isotherms on SiO2 and Si substrates at the room
temperature, respectively. The RH in the ambient conditions, that we have
conducted the measurements, is around 35%. At this RH, the water film
thickness on SiO2 and Si have reported to be approximately 0.9nm and
0.6nm, respectively. Such thin films correspond to monolayers of water
molecules and not its bulk form. Therefore, the formation of micro-menisci
cannot be fully developed. Asay and Kim found out that, on the SiO2

substrate, water starts to form its bulk at 30% of RH and completes at
60%. Thus, they suggested a linear relation between RH and the
contribution coefficient of the capillary force in this range [34], which is
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Figure 5: Comparison of measured (blue) and predicted (red) pull-off
forces for (a) Si and (b) SiO2 substrates.

equal to 0.17 for RH = 35%. Hence, in the simulation, only 17% of the
total capillary pressure is considered. For the vacuum environment, it is
also assumed that the RH is very low (1− 2%) and also, there are no water
molecules. Nevertheless, the water molecules are the last to disappear in
vacuum and it might take days or even weeks. This means that water
monolayers are always on the substrates during the measurements and
they cannot be easily eliminated. However, for the simulation in the
present study, we assume that there is no water in the vacuum
environment influencing the pull-off force.

5 Results and discussion

The spread (the mean value with error bars) of measured and predicted
pull-off forces at the mentioned three states are plotted in Figure 5(a) and
(b) for the Si and SiO2 substrates, respectively. As mentioned before, the
measurements have been performed at 256 spots for each state to
investigate the repeatability and effect of topography change on the
experimental results. The simulations have also performed with the five
topographies measured on each substrate.

For both cases, there is a steep rise in the measured pull-off force from
the ambient conditions of state 1 to the vacuum conditions of state 2. This
increase seems to be in contrast to the theory as, in vacuum, the interface
experiences only van der Waals forces between the solids, while in ambient
conditions, the presence of micro-menisci and van der Waals contribution of
the water-solid interaction add up to the total adhesive force. Comparison



C-14 Paper C

-640 -620 -600 -580
-1

-0.5

0

0.5

1

1.5

-50 0 50
-4

-2

0

2

4

-300 -250 -200
-4

-2

0

2

4

Figure 6: Typical measured force-distance curve for the SiO2 substrate at
three states.

of the measured force-distance curve for the three states can explain this
discrepancy. Figure 6 shows a typical measured force-distance curve for the
SiO2 substrate. Although both states 1 and 3 are conducted in ambient
conditions, they show a different behavior. The curvy snap-in shape in
the approach part of state 1 suggests that the probe is first touching a soft
material. Since this behavior is not observed in state 3, where there are water
monolayers adsorbed on the substrate, it is suggested that this soft material
is a hydrocarbon contamination film (or even a mix of water molecules and
contamination) which is removed in vacuum. The same behavior for the
Si substrate has been observed (not shown here). Such contamination film
reduces the surface energy of the contacting materials, leading to a lower
pull-off force than expectation.

Another possible reason for this steep increase in the measured pull-off
force after vacuuming the AFM chamber, is the change in the topography of
the probe during the measurements. As shown previously, the smoothened
tip of the colloidal probe, due to a large number of measurements, has a
larger potential contact area which leads to a larger adhesive force, too.

The measured surface topographies before the tests are implemented to
predict the pull-off force in the ambient conditions of state 1. Although
there seems to be good agreement between simulations and experiments for
both Si and SiO2 substrates, the agreement is merely a coincidence since
the impact of the contamination layer on the measurements of this state is
not considered in the simulations.

To predict the pull-off force for states 2 and 3, the probe roughness
measured after the experiments is used. The predicted pull-off force for state
2 is lower than the measurements. As mentioned before, we assume that
there is no water molecule in vacuum, however, it is pretty demanding and
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time-consuming to remove water monolayers from the hydrophilic surfaces
of Si and SiO2 only by vacuuming the AFM chamber. In other words, the
difference between predictions and experiments is highly probably due to
the neglected effect of water monolayers in vacuum in simulations. This
can be confirmed by the slight increase in the measured pull-off force from
state 2 to 3, where a larger increase, as also suggested by the simulations, is
expected.

The contact area along with the adhesive regions at the pull-off
moment are shown in Figure 7 for both substrates and the three states,
with topographies of Figures 3 and 4 as inputs. The predicted pull-off
force for the Si substrate, as shown in Figure 5, is larger than that of the
SiO2. This is due to the smoother surface of Si than SiO2 (as discussed in
section 4) which leads to larger adhesive areas. Nonetheless, this difference
is rather small at state 1 since the combined roughness of the interface is
dominated by the probe roughness (compare Figures 7 (a) and (d)). This
difference is more obvious at states 2 and 3 where the surface of the
colloidal probe has become smoothened so that the probe roughness is no
longer dominant and the substrate roughness contributes to the pull-off
force, too (compare Figures 7 (c) and (f)). Therefore, both contact and
adhesive areas are potentially larger.

The variation of the contact area vs. the normal load is also depicted in
Figure 8. It is confirmed that the contact area for Si as substrate is larger
than that of SiO2 due to its smoother surface. Because of the same reason,
the contact area is less sensitive to the normal load for Si compared to SiO2

close to the pull-off point as increasing the pulling force (decreasing the
normal load) does not change the contact area remarkably and only breaks
the adhesive bonds. There is only a slight difference in the pull-off force due
to the larger capillary area in the case of Si (see Figure 7 (a) and (d)).

6 Conclusions

In this paper, we conducted AFM pull-off force measurements at the
interface of a micron-size silicon dioxide colloidal probe and two different
substrates, namely a silicon wafer and a silicon dioxide layer on top of a
silicon wafer, in ambient and vacuum conditions. The steep increase in the
measured pull-off force from ambient to vacuum was attributed to the
hydrocarbon contamination removal and change of the colloidal probe
topography during the measurements. The numerical prediction of the
pull-off force was in agreement with experiments for the ambient
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Cap & ws-vdW    

Figure 7: The (zoomed-in view of) contact area as well as the adhesive
regions at the pull-off moment (ss-vdW: Solid-Solid van der Waals

interaction, Water-Solid van der Waals interaction, and Cap: Capillary.)
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Figure 8: The variation of the contact area vs. normal load for all states
and both substrates.

conditions after vacuum, while the lower predicted pull-off force was due to
neglecting the present monolayers of water molecules on the contacting
surfaces. The trend for both substrates in state 1 is quite similar as the
interface topography is dominated by the probe roughness.
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Abstract

This paper proposes a boundary element model for the stick-slip
transition at the contact of two bodies of dissimilar materials in presence
of adhesion due to van der Waals force. The adhesion is modeled using a
Dugdale approximation of adhesive energy. The coupling between the
normal pressure and shear stresses is included so that there is no full-stick
condition, even in the absence of an external shear stress. Furthermore,
the evolution of the slip area over the contact area is different from the
well-known Cattaneo-Mindlin solution due to the difference in the
mechanical properties of the contacting bodies. It is also shown that the
adhesion increases the pre-sliding distance and the static friction. While
roughness can only increase the former one. However, the combined effect
of roughness and adhesion on the pre-sliding distance is not cumulative as
these two parameters are found to be symbiotic.

1 Introduction

When two surfaces in contact are tangentially loaded by a force smaller than
the force required to cause a gross sliding (here named the static friction
force), surface strains are not uniformly distributed over the two surfaces.
Consequently, the contact area is divided into two different regions of stick
and slip. Each spot in the contact area corresponds to two adjacent points
on the two surfaces. In the stick region, the two points move together while
sticking to each other and there is no relative displacement. In slip region,
whereas, they gradually separate from each other due to the difference in
displacements. Increasing the tangential force makes the slip area develop
over the contact area (and stick area shrink) and as soon as it covers the
entire contact area, full slip or gross sliding occurs. This behavior is called
stick-slip or micro-slip and can be frequently found in many engineering
applications. In addition, the displacement at which full slip starts is called
pre-sliding distance and serves as an important specification in precision
engineering.

The analytical solution to this problem for cylindrical contacts of
identical materials was derived by Cattaneo [1] and Mindlin [2], separately.
Later on, Ciavarella solved the generalized Cattaneo partial slip plane
contact problem [3, 4]. When the contacting materials are identical, as in
the case of Cattaneo-Mindlin solution, the normal pressure and shear
tractions are automatically decoupled. It means that the normal pressure
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cannot impose any tangential displacement (and therefore any change in
the shear tractions) and on the other hand, the shear tractions cannot
cause any normal displacement (and any change in the normal pressure).
The contact of dissimilar materials, nevertheless, does not obey this
classical theory and the interaction between normal pressure and shear
tractions cannot be neglected. This matter implies that even in the
absence of an external shear stress, a normal load can cause relative
tangential displacement in some areas of the contact and thus micro-slip.
Deriving analytical solution for this problem is quite complicated. For such
problems, the numerical analysis is a good alternative. Finite Element
Method (FEM) has been widely used for simulation with complicated
material behavior and shapes [5, 6]. Chen and Wang developed a BEM
(Boundary Element Method) model to study the partial slip problem for
the contact of dissimilar materials [7]. Wang et al proposed a BEM model
to analyze the partial slip contact problem on 3D layered materials [8].

In addition to material properties, surface roughness is a key factor
affecting the frictional behavior between two contacting surfaces. When
two rough surfaces meet one another, the contact is restricted only to the
high asperities and therefore, the real contact area is essentially less than
the nominal one and this matter strongly influences the frictional behavior.
It is, therefore, very important to take into account this factor as well
while studying the stick-slip transition. The first studies on the role of
roughness in contact and friction were conducted by Archard [9],
Greenwood and Williamson [10], and Bowden and Tabor [11]. In
particular, several authors have studied the stick-slip contact between
rough surfaces. Paggi et al studied the transition from full-stick to full-slip
condition at fractal surfaces with different values of the Hurst exponent by
means of a BEM model [12]. Grzemba et al estimated the preliminary
displacement of a frictional contact at the self-affine fractal surface to be
dependent on only the normal force for low values of this parameter and
also on the roughness rms for a higher normal force [13]. Medina et al
provided analytical and numerical models for the tangential stiffness for
elastic contact of rough surfaces, which is proportional to the normal load
and independent from the Youngs modulus of elasticity [14]. A numerical
model for the tangential contact of rough surfaces has been developed by
Wang et al [15]. They considered the contribution of both elastically and
plastically deformed asperities. Kennedy et al used scale-sensitive fractal
parameters to characterize the surface roughness of glass and aluminum
computer hard disks and correlate these parameters with the stick-slip
behavior of textured hard disks [16]. They found out that the friction



Paper D D-3

coefficient is well correlated with the thickness of the adsorbed water layer
at the interface, which is determined by the shape of asperity height
distribution, especially the high asperities. Wei et al studied the roughness
dependent stick-slip behavior occurring between a rigid indenter and a Si
specimen numerically and experimentally [17]. Gavrila and Cretu proposed
a numerical model to investigate the wear for smooth and rough contacts
under partial slip conditions [18]. Chen and Wang presented a
deterministic numerical model to predict the static friction coefficient for
rough sphere-on-flat contacts [19]. Dini and Hills investigated the stick-slip
behavior for a rough ball-on-flat contact of identical materials [20]. The
roughness is distributed over the flat by means of a uniform array of
spherical asperities. Kasarekar et al developed a numerical model to study
the pressure and contact geometry evolution for rough surfaces subjected
to fretting wear under partial slip conditions [21].

Although the roughness on the contacting surfaces makes the real
contact area remarkably less than the nominal one, the presence of
adhesive forces between the two surfaces can increase the real contact area
through increasing the local pressure on the asperities and pulling the
non-contacting areas toward each other. There has been extensive research
into the effect of this parameter on the contact area of rough
surfaces [22–27]. The effect of adhesion on the contact area in the plane
strain version of the Cattaneo/Mindlin problem is considered in [28]. The
contact area is determined by the adhesive forces using the Maugis theory
independent from the tangential forces. The tangential forces are
distributed between a central stick zone and the surrounding slip zones in
which the shear stress is assumed to be constant. Adams studied the plane
strain problem of a curved elastic body pressed against an elastic
half-space [29]. The effect of adhesion is included through the use of
surface energy in a manner similar to the well-known JKR theory for
spherical contacts. The contact is characterized by complete stick up to a
critical value of the tangential force when there is a transition either
directly to complete sliding or to a partial slip state in which a central
stick zone is surrounded by two slip zones.

This paper proposes a BEM model for the adhesive stick-slip contact
between two bodies (smooth against rough) of dissimilar materials. The
coupling effect between the normal pressure and shear stresses is included
so that there is no full-stick condition, even in the absence of an external
shear stress. In the slip area, the shear stress is proportional to the local
normal pressure, based on the Amontons law of friction. Whereas, the shear
stress in the adhesive zone is neglected. A tangential force is applied on the
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Figure 1: Contact variables in the x− z plane, δz and δx are the rigid body
displacements, uz and ux elastic displacement, and g is the gap between

the two bodies

system, reducing the stick area, until the slip zone develops and covers the
entire contact area. At this moment, full slip starts. The combined effect of
roughness and adhesion is also studied.

2 Theory and problem definition

Figure 1 illustrates the contact geometry between bodies 1 (rigid) and 2
(elastic half-space). The x and y axes are on the surface and the z axis goes
inward the half-space. The rigid body 1 is compressed into the half-space
by a normal force F0. Body 1 is tangentially loaded by forces Fx and Fy

in x and y directions, respectively (Figure 1(a)). These contact loads result
in normal pressure p and shear tractions qx and qy at the interface. The
relative surface displacements at point x, y are expressed as:

ux(x, y) = cxx ∗ qx + cxy ∗ qxy + cxz ∗ p
uy(x, y) = cyx ∗ qx + cyy ∗ qxy + cyz ∗ p
uz(x, y) = czx ∗ qx + czy ∗ qxy + czz ∗ p

(1)

where symbol * means continuous convolution and cmn(m,n = x, y, z) are
the Greens functions [7]:
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cxx =
1

πr3

(
x2

E′
+
y2

E∗

)
, cxy =

xy

πµ∗r3
, cxz = − x

πµ′r2

cyy =
1

πr3

(
x2

E∗
+
y2

E′

)
, cyx = cxy, cyz = − y

πµ′r2

czz =
1

πE∗r3
, czx = −cxz, czy = −cyz

(2)

in which:

r =
√
x2 + y2,

1

E′
=

1 + ν1

E1
+

1 + ν2

E2
,

1

E∗
=

1− ν2
1

E1
+

1− ν2
2

E2
,

1

µ′
=

(1 + ν1)(1− 2ν1)

2E1
− (1 + ν2)(1− 2ν2)

2E2
,

1

µ∗
=
ν1(1 + ν1)

E1
+
ν2(1 + ν2)

E2

(3)

In order to perform the numerical calculation, the contact area is divided into
N2 rectangular surface elements with grid sizes of ∆x and ∆y. Therefore,
one can assume a piecewise constant function within each surface element
for the contact pressure and shear tractions distribution. In the discrete
format, the surface deformation at node (i, j), is given by:

umij =

N∑
k=1

N∑
l=1

(
Ci−k,j−l
mx qklx + Ci−k,j−l

my qkly + Ci−k,j−l
mz pkl

)
,

m = x, y, z, i, j =1, 2, ..., N

(4)

where pkl, qklx , and qkly are the uniform pressure and shear tractions acting
upon the element centered at node (k, l) and the influence coefficients are
expressed as (xi and yj are the spatial coordinates of the node (i, j)):

Cij
mn =

∫ ∆x/2

−∆x/2

∫ ∆y/2

−∆y/2
cmn(xi − ξ, yj − η) dηdξ,

m, n =x, y, z, i, j = 1, 2, ..., N

(5)
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The analytical expressions for the influence coefficients are presented in
Ref. [7]. In practice, the DC-FFT algorithm can be used to evaluate the
linear convolution of Eq. (4), efficiently:

um = IFFT
[
C̃mxqx + C̃myqy + C̃mzp

]
, m = x, y, z, i, j = 1, 2, ..., N

(6)

where IFFT stands for Inverse Fast Fourier Transform and X̃ is the FFT of
X. This method was first introduced by Stanley and Kato [30], and later
on used by many several authors [31–38].
The general contact model is expressed as [39]:

sijx = uijx − δx
sijy = uijy − δy
gij = uijz + hij − δz, i, j = 1, 2, ..., N

(7)

Here, δx, δy, and δz are the rigid body displacements of all elements due to
the external forces along the three axes, respectively, sx and sy the relative
slip distance parallel to the and axes, the gap between the two bodies after
loading, and is the initial gap, as shown in Figure 1(b). Bazrafshan et al
proposed a CGM (Conjugate Gradient Method) based BEM algorithm to
solve the adhesive normal contact between two bodies, given by [40]:

pij > −σ0 at gij = 0 (8a)

pij = −σ0 at 0 < gij < h0 (8b)

pij = 0 at gij > h0 (8c)

∆x∆y
N∑
i=1

N∑
j=1

pij = F0 (8d)

in which −σ0, the maximum attractive pressure of the Lennard-Jones
potential, is applied such that [41]:

∆γ = σ0h0, σ0 =
16∆γ

9
√

3z0

(9)

This results in h0 = 9
√

3z0 = 0.974z0, where ∆γ is the work of adhesion.
The parameter h0 is the maximum allowable gap for the presence of
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adhesion (the constant negative stress −σ0 as a Dugdale approximation of
adhesion energy). In the equation above, z0 is the equilibrium separation,
ranging from 0.2 nm to 0.4 nm. Having the adhesive normal contact
solved, each node [i, j] is considered to be non-contacting ([i, j] ∈ Anc) if
the local pressure at this node is either zero or −σ0 and the local gap is
greater than zero:

Anc =
{

[i, j] | pij = {−σ0 or 0}, gij > 0
}

(10)

On the other hand, a contacting element ([i, j] ∈ Ac) can experience each
of the following conditions:

A1
c =

{
[i, j] | pij ≥ 0, gij = 0

}
A2

c =
{

[i, j] | − σ0 < pij < 0, gij = 0
}

Ac = A1
c ∪A2

c

(11)

Here, A1
c refers to the nodes with positive pressure and zero gap, while

A2
c indicates the nodes with a negative stress (yet greater than −σ0) and

zero gap. A2
c specifies the nodes close to the contact boundaries to define

the continuous transition from a positive pressure to the negative adhesive
stress (−σ0). In the end, the total contact area,Ac is the union of A1

c and
A2

c .
In the present study, the loading process is assumed to be slow. The

general assumptions of a stick-slip contact model can be summarized as
follows [39]:

• In the stick region (Ast), shear traction does not exceed a limiting
value (namely static friction) determined by the Amontons law of
friction with a constant coefficient of friction (µf ), and the slip
distance between the two contact surfaces is equal to zero.

• In the slip region (Asl), shear traction is equal to the static friction, and
the slip distance of two contact surfaces is relatively small compared
with the contact dimension. The direction of the shear traction must
be opposite to the direction of the slip.

This assumption regarding the shear traction is different from the
constant shear traction in the slip zone implemented by Savkoor [42] and
Hanke et al [43]. Here, the shear traction in the slip zone is controlled by
the local pressure. The statements above can be mathematically expressed
as:
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Ast =

{
[i, j] ∈ A1

c |
√
qij

2

x + qij
2

y < µfp
ij ,

√
sij

2

x + sij
2

y = 0

}
Asl =

{
[i, j] ∈ A1

c |
√
qij

2

x + qij
2

y = µfp
ij ,

√
sij

2

x + sij
2

y 6= 0

} (12)

It must be noted that the shear stress at nodes with a negative stress
(whether in contact or not) is neglected. In addition, the union and
intersection of sticking and slipping areas are:

Asl ∪Ast = A1
c , Asl ∩Ast = 0 (13)

An outline of the solution to the stick-slip problem in the presence of
adhesion is depicted in Figure 2. In step 1, material properties, initial
surface geometry, contact forces, work of adhesion, and the static coefficient
of friction are input to the algorithm. Step 2 solves the adhesive normal
contact problem as described in [40]. In step 3, CGM is used to calculate
the shear tractions as in [7]. In steps 4 and 5, the tangential forces are
estimated and checked whether they are within an accepted tolerance from
the real (external) tangential forces. If the convergence is not met, the rigid
body displacements in tangential directions are updated in step 6, based on
the estimated tangential forces and the shear tractions are again calculated.
In step 7, the convergence in the normal contact pressure is checked and if
it is not met, the surface geometry, in step 8, is updated through including
the effect of shear stresses on the deformation in direction [7].

3 Results and discussion

The current algorithm is used to analyze the adhesive stick-slip transition
of a rigid ball of radius R = 10µm compressed into an elastic half-space by
a normal force F0 = 10µN . The deformations, everywhere in this study, are
assumed to be elastic. The mechanical properties for the elastic half-space
are set to E2 = 130GPa, ν2 = 0.3. The friction coefficient is also considered
to be µf = 0.2. The Tabor parameter is then defined to calculate the work
of adhesion:

µT =

(
R∆γ2

E∗2z3
0

)1/3

(14)

The chosen values for this parameter are µT = 0.5, 1, 2 and for each value,
the adhesive contact problem is solved analytically to calculate the adhesive
radius, c0 [41]. Then, the target domain is considered to be −c0 < x, y < c0.
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Figure 2: Solution algorithm (steps with thicker borders summarize
multi-steps)
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It must be noted that, in order to minimize the periodicity error due to
the DC-FFT, the target domain needs to be expanded by zero-padding the
applied pressure outside this domain [38]. The whole computation domain
is then discretized into 1024× 1024 square elements, which results in ∆x =
∆y = 8− 13nm for the grid size.

3.1 Smooth ball-on-flat contact

In this section, the contact of a rigid ball over a smooth elastic half-space is
studied. First, the normal force, in the absence of an external shear stress,
is applied on the system. An annulus of slip is created around the sticking
area in the center. This is due to the difference in the mechanical properties
of the contacting bodies which leads to different strains and deformations at
the contact interface [7]. By applying and then increasing a tangential force
(in x direction for instance), the stick zone is dragged to the left side (when
body 1 is stiffer than body 2) until it touches the contact border. Further
increase in the tangential force makes the stick zone shrink dramatically at
the rear part of contact area until it vanishes entirely. This evolution is
depicted in Figure 3. The normalized tangential force is defined as:

Fnr =
Fx

µfF0
(15)

For the non-adhesive contact of the identical materials, the full slip takes
place at Fnr = 1 since only qx (shear stress in only one direction) exists. For
the case of dissimilar materials, however, it is indicated that the stick zone
reduces to zero at a normalized tangential force slightly smaller than unity
due to the presence of the shear traction in the y direction as well [7]. When
the contact is adhesive, depending on the magnitude of the work of adhesion,
the contact area and contact pressure distribution are different even under
the same external normal force. Thus, a different transition from stick to
slip is expected. For instance, Figure 3 shows that the full slip starts at
Fnr = 1.56, in the presence of adhesion, rather than Fnr ' 1 for a non-
adhesive contact. To explain this, one should note that the external normal
force is the summation of the contact positive force (F+

0 ) and the adhesive
force (F−0 ):



Paper D D-11

F0 =F+
0 + F−0 (16a)

F+
0 =∆x∆y

∑
pij>0

pij (16b)

F−0 =∆x∆y
∑
pij<0

pij (16c)

As mentioned before, the shear stress in adhesive areas is neglected and
only inside the area with positive pressure is considered. The required
tangential force to start full slip, i.e. the static friction force, is µfF

+
0

rather than (nearly) µfF0, and since F+
0 > F0, it can be verified that a

tangential force higher than µfF0 is needed for the start of the full slip.
To demonstrate the effect of adhesion on stick-slip transition, the same

problem is solved for three different values of the Tabor parameter. The
ratio of the sticking area to contacting area, Astick/Acontact, is considered
to be the criterion to check how far the contact is from the full slip. When
the tangential force is zero, this ratio is smaller than one, implying that a
part of the contact is already slipping (for the contact of identical
materials, it starts from 1, based on the Cattaneo-Mindlin solution). With
increasing the tangential force, this ratio decreases gradually and in the
end, as soon as it becomes zero (the stick zone vanishes), full slip starts.
Figure 4(a) illustrates the variation of Astick/Acontact versus the normalized
tangential force. The normalized tangential force versus rigid body
displacement is also shown in Figure 4(b). The rigid body displacement at
the start of full slip is called pre-sliding distance and serves as an
important specification in precise engineering. It is conspicuous that as the
Tabor parameter increases, the static friction force and also the
corresponding pre-sliding distance increase, too. This behavior can be
interpreted by looking at the corresponding adhesive force, F−0 presented
in Table 1, which increases with the Tabor parameter and accordingly
increases the positive force, F+

0 , based on Eq. (16). It is worth noting that
if the tangential force, Fx, is normalized by µfF

+
0 , as shown in Table 1, the

corresponding value is still slightly smaller than unity. One may, therefore,
conclude that in order to have an estimation of the static friction force in
an adhesive contact, µfF

+
0 might serve as an acceptable approximation

rather than µfF0. Another point that one might note is that the initial
value of Astick/Acontact decreases with an increase in the Tabor parameter
which is due to the increase in contact area for higher values of this
adhesive parameter.
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Figure 3: Evolution of the stick zone with increasing the tangential force
for µT = 0.5
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Table 1: Comparison between different Tabor parameters in terms of the
corresponding positive and adhesive forces and normalized tangential forces

µT F−0 (µN) F+
0 (µN) Fnr = Fx/µfF0 Fx/µfF

+
0

0 0 10.000 0.97 0.9700
0.5 -6.088 16.088 1.56 0.9697
1 -16.018 26.018 2.52 0.9685
2 -42.114 52.114 5.04 0.9690

0 1 2 3 4 5

0

0.1

0.2

0.3

0.4

0 0.1 0.2 0.3 0.4 0.5

0

2

4

Figure 4: (a) Variation of the stick area to contact area as a function of
the normalized tangential force (b) Normalized tangential force vs. rigid

body displacement in x direction
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3.2 A rigid smooth ball on a rough elastic half-space

In the previous section, it was shown that the determining factor in
transition from stick to full slip for a smooth contact is µfF

+
0 rather than

µfF0 and adhesion imposes its influence through changing this positive
force. This section aims at studying the combined effect of roughness rms
and adhesion on this transition. So far, no comprehensive understanding of
the effect of roughness rms on the static friction coefficient has been
achieved. In the present study, the level of roughness and therefore the
local slopes are kept low (rms < 100z0 = 20nm) and also, one of the
contacting bodies is smooth. Hence, we neglect the variation of this
coefficient with roughness rms. The adhesive contact between a smooth
ball of radius R = 100µm and a rough half-space is considered. The
mechanical properties and loading conditions are the same as those in
previous section. The method proposed by Hu and Tonder has been
implemented to numerically generate a Gaussian rough surface [44]. The
10µm × 10µm generated profile with roughness rms of 20z0 = 5nm, slope
rms of 0.113 is illustrated in Figure 5(a). The power spectral density of
this profile is also shown in Figure 5(b). The rough profile is first
subtracted by its arithmetic average value and then scaled in the vertical
direction to create rough surfaces with different values of rms and keep the
spatial distribution of peaks and valleys the same [45]. The mentioned
subtraction is necessary in order to keep higher order statistical
parameters such as skewness and kurtosis unaffected. This technique
enables one to isolate the effect of varying roughness rms and maintain the
same distribution of asperities, since different distributions of asperities
(even with the same rms) lead to different adhesive behaviors.

The problem is first solved for a non-adhesive case to investigate the
individual effect of roughness rms on pre-sliding behavior. Figure 5(a)
displays the variation of non-adhesive Astick/Acontact as a function of the
normalized tangential force, Fnr, for different rms values. Imposing a
rough profile on a smooth surface decreases the contact area. However, it
was shown by Chen and Wang that the decrease in the stick area is larger
which, in total, results in a smaller value for Astick/Acontact for rough
contacts compared to smooth ones [19]. It is also worth mentioning that
all curves, although starting from different point, end up in the same point
on the horizontal axis which means that, for a rough contact, the static
friction force is independent from the roughness rms. Using a multi
asperity model, Winogrodzka showed that increasing the roughness rms at
the contact of two rough surfaces increases the pre-sliding distance [46].
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Figure 5: (a) The generated Gaussian profile and (b) its power spectral
density (q is the wave-vector)

The same behavior is observed in Figure 6 which illustrates the tangential
displacement, δx, versus the normalized tangential force.

At this stage, the problem is solved in presence of adhesion characterized
by three different values of Tabor parameter. Figure 5(b, c, d) depicts the
variation of Astick/Acontact versus normalized tangential force for these values
of the Tabor parameter. It is apparent that increasing the roughness rms can
move the static friction force either forward or backward on the horizontal
axis compared to a smooth contact. As mentioned in previous section, the
start of a full-slip in an adhesive contact is directly controlled by the contact
positive force, F+

0 . Small amount of roughness rms can cause a large zone
within the macro contact to experience a small separation (smaller than
h0), where the adhesive stress is maximum. As we further increase the
roughness rms, the majority of the contact zone is separated by greater
distances (greater than h0), and experiences no adhesive forces. Only local
areas surrounding the asperities with a positive pressure are in the zone for
a high adhesive force. Therefore, increasing roughness rms first increases
and then decreases the adhesive force and consequently the contact positive
force. This transition is highly dependent on the work of adhesion (or namely
the Tabor parameter).
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Figure 6: The variation of Astick/Acontact versus normalized tangential
force, Fnr, for a non-adhesive case and three different values of the Tabor

parameter, µT , and different rms values; subplots (b), (c), and (d) have the
same legends as subplot (a) for rms values

Figure 7 shows the variation of the positive force as a function of
roughness rms for different values of the Tabor parameter for F0 = 10µN
to illustrate at which rms value, this positive force is maximum and so is
the static friction force. It also shows that this maximum shifts to higher
rms values for higher values of the Tabor parameter.
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Figure 8: The variation of δx versus normalized tangential force, Fnr, for a
non-adhesive case and three different values of the Tabor parameter, µT ,
and different rms values; subplots (b), (c), and (d) have the same legends

as subplot (a) for rms values

The variation of the normalized tangential force versus rigid body
displacement for different values of roughness rms and Tabor parameter is
shown in Figure 6. This variation, in contrast to Astick/Acontact, is not
merely controlled by the contact positive force, but by a combined effect of
adhesion and roughness (which are symbiotic). Figure 8 illustrates the
pre-sliding distance for different combinations of roughness rms and Tabor
parameter. As mentioned before, the higher roughness rms, the higher
pre-sliding distance for non-adhesive contact. In addition, Figure 8 shows
that adhesion can exclusively increase the pre-sliding distance.
Nonetheless, the combined effect of these two parameters is not cumulative
which means that increasing both parameters simultaneously does not
increase the pre-sliding distance. The reason behind this behavior is that
adhesion and roughness are interdependent and changing roughness affects
the adhesive force.
Although the results presented in this study were due to a single value for
the external normal force, the same trends and behaviors are expected for
other normal forces as well. It only needs to be considered that the static
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Figure 9: Pre-sliding distance for different combinations of the roughness
rms and Tabor parameter

friction coefficient might differ as a function of normal load (as long as its
dependence on roughness rms and material properties is not considered).

4 Conclusions

In this paper, a BEM model was presented for the stick-slip transition for
the adhesive contact of two bodies of dissimilar materials. The adhesion was
modeled using a Dugdale approximation of adhesive energy. The coupling
between the normal pressure and shear stresses was taken into account. Via
this coupling, normal pressure and shear tractions imposed displacement in
other directions. Consequently, there was no full stick condition, even in the
absence of an external shear stress. It was shown that the adhesion increases
both pre-sliding distance and static friction force. While, roughness can
only increase the former one. However, the combined effect of roughness
and adhesion is not cumulative as these two parameters are found to be
interdependent and any change in the roughness significantly changes the
adhesive behavior and thus, normal pressure distribution.
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Abstract

Friction hysteresis results from an oscillating friction force at a contact
interface. At nano-scale, this phenomenon is affected by the roughness of
the contact interface and adhesion. In nanotribology, therefore, it is highly
desirable to understand and predict this behavior to estimate the energy
loss and possible wear. This paper presents a boundary element model
(BEM) for the adhesive friction hysteresis contact at the interface of two
bodies of arbitrary geometry. In the model, adhesion is represented by
means of a Dugdale approximation of the total work of adhesion at local
areas with a very small gap between the two surfaces. The amplitude of
the oscillating tangential displacement is very small compared to the
contact area which means that the interface does not experience
gross-sliding between the two surfaces (the contact remains in the
pre-sliding state). Hence, the frictional contact is divided into sticking and
slipping regions, defined based on the local values for shear stress and
normal pressure, and the rate of relative displacement. The model is first
verified by comparing the numerical and analytical (Mindlin theory)
solutions for the contact of a smooth ball and a flat of identical materials
under a fixed normal force and an oscillating friction force. Then, the
problem is solved at the smooth interface between a rigid ball and an
elastic flat for various values of the work of adhesion. It is shown that as
the work of adhesion increases, both static friction force and pre-sliding
displacement increase due to the increase in the contact repulsive force. In
addition, the rough interface between a glass ball against a silicon wafer
and a DLC (Diamond-Like Carbon) coating is considered. Since adhesion
depends on the interface roughness, the corresponding contact repulsive
force is different for these interfaces. For the smoother interface, a larger
contact repulsive force and consequently, a larger static friction force and
pre-sliding displacement are obtained.

Keywords: Boundary Element Method, Friction, Hysteresis, Adhesion,
Roughness, Pre-sliding
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1 Introduction

It is nowadays very well-known that tribological phenomena such as
friction, adhesion, and wear start at asperity level where the roughness
details of the mating surfaces, along with their physical properties,
dominate the real contact area. In nanotribology, specifically, both
roughness and adhesion symbiotically influence the contact area. One of
the phenomena, on which the functionality and lifetime of mechanical
components depend, is the frictional hysteresis, where mechanical contacts
are subject to small (compared to the contact area) oscillating tangential
displacements. If the oscillating friction force is small enough to avoid
gross-sliding at the interface, pre-sliding friction (also known as partial
slip) takes place. This can cause fretting wear of the surfaces and fretting
fatigue. In line with the elegant studies of Cattaneo [1] and Mindlin [2, 3]
on the partial slip problem for the contact of bodies of identical materials,
other researchers followed numerical approaches. Kogut and Etsion
conducted a FEM simulation on the contact of a rigid flat pressed against
an elastic perfectly plastic ball [4]. They used an approximate analytical
solution to evaluate the static friction force. Rather than using the
Amontons law of friction, they treated the sliding friction as a failure
mechanism based on the plastic yield. Wang et al proposed a FEM model
to study the partial slip fretting contact of a ball against a flat, where the
friction coefficient in the slip region is not fixed [5]. Yue and Abdel Wahab
studied the effect of variable coefficient of friction on the gross-sliding and
partial slip conditions of fretting wear [6]. They found out that considering
a variable coefficient of friction is more crucial for the partial slip
conditions and the FEM results are close to the experimental ones. Chen
and Wang developed a 3D numerical model for the partial slip contact of
elastically dissimilar materials [7]. They used a CGM-based (Conjugate
Gradient Method) algorithm to determine the contact area and stick
region. Wang et al followed the same strategy to study the partial slip on a
3D elastic layered half-space, which is suitable to study the role of a
coating in a contact problem [8]. An extension to this model, to simulate
the friction hysteresis behavior in the partial slip contact mode, is provided
in [9]. Rodriguez-Tembleque et al proposed a BEM formulation to model
wear under gross-sliding and partial slip conditions [10]. Gallego et al also
proposed a CGM-based model and implemented DC-FFT (Discrete
Convolution-Fast Fourier Transform) to calculate the convolution integrals
to simulate the fretting modes I, II, and III [11]. They found a discrepancy
between their numerical results and those of the Mindlin solution for the



Paper E E-3

contact of dissimilar materials. In contrast to the Mindlin solution, the
development of the slipping area is no longer symmetric. Furthermore, due
to the dissimilarity of the elastic properties of the contacting bodies,
normal pressure causes relative displacement at the interface and therefore,
a slipping area exists even in the absence of a shear stress.

Although all these models deal with ideally smooth contact interfaces,
they can serve as a basis for multi-asperity models for the frictional contact
of rough surfaces. The initial studies were conducted by combining the
Mindlin solution and Greenwood-Williamson statistical model to investigate
the proportionality of the friction force and normal load at a rough interface
[12]. Further similar research, known as multi-asperity contact models, were
conducted to study the partial slip and gross-sliding friction [13–16]. As
one of the main limitations of multi-asperity models is that the interaction
between asperities is not taken into account, other numerical approaches
were employed by researchers [17–22].

It is well-known that the surfaces are, even at nano-scale, rough, meaning
that the contact loads are carried only by the high asperities of the profile.
In other words, as the contact is restricted to such local areas, the real
area of contact, as an important parameter in friction studies, is essentially
much less than the nominal contact area. In the presence of adhesion at
the interface, the separated areas are pulled toward the counter surface,
leading to higher contact pressures and making new contact patches at near-
contacting regions and right outside the boundaries of already contacting
areas. There is rich literature on the effect of adhesion on the contact area
and pressure at a rough interface [23–37]. Sari et al studied the plane-
strain version of the Cattaneo-Mindlin problem in the presence of adhesion
where the contact area is determined using the Maugis theory independent
of the tangential forces [38]. The contact area is composed of a central stick
zone surrounded by an annulus of slip in which the shear stress is assumed
constant. Adams studied the adhesive pre-sliding contact of a smooth curved
elastic body and a flat half-space [39]. He assumed the surface energy to
be in a manner similar to the JKR (Johnson, Kendall, Roberts) theory
for spherical contact (with infinitely large adhesive stress at the edges of
contact [40]). In the plane strain condition, the contact is in full stick regime
until the tangential force reaches a critical value. This critical force causes
a direct transition to either full slip or to a partial slip condition where two
slip regions surround the central stick zone. Bazrafshan et al proposed a
numerical model for the adhesive contact of rough surfaces in partial slip
regime [41]. They numerically showed that, for an adhesive contact, it is the
contact repulsive force, rather than the external normal force, that controls
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the start of gross-sliding. In their model, the tangential force is applied in
one single step. In other words, they did not include the history-dependence
of the friction force which is needed to simulate friction hysteresis.

This paper presents a BEM model for the adhesive frictional contact
at a rough interface of two bodies with dissimilar materials. The history-
dependence of friction is considered to determine the stick and slip regions
in the partial slip regime and simulate the hysteresis behavior of friction.
The coupling between the normal pressure and shear stress components
leads to asymmetry of the stick-slip transition. The shear stress is locally
proportional to the normal pressure in the slip region, while it is neglected
in the adhesive area. The stick zone as well as the corresponding shear
stress are unknown and must be calculated numerically so that they fulfill
the conditions imposed by the stick-slip definition. An oscillating tangential
force is applied step-by-step between the two entities of loading where the
gross-sliding is about to start.

2 Theory and problem definition

The contact configuration at the interface of bodies 1 (elastic) and 2 (rigid)
is shown in Figure 1. Body 2 is pressed against body 1 under a normal force
of F0. The tangential forces Fx and Fy are applied on body 1 in x and y
directions, respectively. In addition, h and g are the separation before and
after the deformation, respectively, and δm(m = x, y, z) is the rigid body
displacement. The deformation in each direction, um(m = x, y, z), resulted
from the normal pressure, p, and shear stress components, qx and qy, at
point (x, y) and time t, is given by:

ux(x, y, t) = cxx ∗ qx(x, y, t) + cxy ∗ qxy(x, y, t) + cxz ∗ p(x, y, t)
uy(x, y, t) = cyx ∗ qx(x, y, t) + cyy ∗ qxy(x, y, t) + cyz ∗ p(x, y, t)
uz(x, y, t) = czx ∗ qx(x, y, t) + czy ∗ qxy(x, y, t) + czz ∗ p(x, y, t)

(1)

Here, symbol * means continuous convolution and cmn(m,n = x, y, z) are
the time-independent Greens functions [7]. After deformation points 1 and
2 on bodies 1 and 2 move to points 1’ and 2’. Therefore, in the normal
direction, the separation, g, can be related to the deformation, rigid body
displacement, and initial separtion as:

g(x, y) = uz(x, y) + h(x, y)− δz (2)
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Figure 1: Contact variables (adapted from [41])

When tangential forces are small enough to avoid gross-sliding, the non-
uniform deformations at the interface are locally different from the global
rigid body displacement. Consequently, the relative displacement, sm, could
be locally non-zero and thus, partial slip takes place.

sm(x, y, t) = um(x, y, t)− δm(t), m = x, y (3)

Therefore, the entire contact area is divided to two regimes of stick and
slip, distinguished by two criteria. In the stick region, the shear traction,√
x2 + y2, must not exceed the limiting value of µfp, while these two must

be the same in the slip zone. This condition is in analogy with the
Amontons law of friction. The nonlinearity of friction due to the stick-slip
transition results in a hysteresis behavior once an oscillating tangential
force is applied on the contact interface. This leads to the dependence of a
contact state to the previous ones. As a result, the contact stress
components and deformations in Eq. (1) are functions of time, t, too.
Hence, the secondary condition needed to be fulfilled, to determine stick
and slip regions, is the rate of relative displacement which must be zero
and non-zero in stick and slip zones, respectively. Here, this rate is defined
by the change of the relative displacement at each moment compared to
the previous one:
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∆sm(x, y, t) = sm(x, y, t)− sm(x, y, t−∆t), m = x, y (4)

where ∆t is the time increment which is replaced by loading steps for the
quasi-static application of the tangential force in the current study. The
mentioned criteria, at time t, can be mathematically expressed as:

Ast = (x, y) ∈ Ac |
√
qx(x, y)2 + qy(x, y)2 < µfp(x, y),√

∆sx(x, y)2 + ∆sy(x, y)2 = 0

Asl = (x, y) ∈ Ac |
√
qx(x, y)2 + qy(x, y)2 = µfp(x, y),√

∆sx(x, y)2 + ∆sy(x, y)2 6= 0

(5)

here, Ac refers to the contact area, or in other words, the nodes with positive
pressure and zero gap. The presence of adhesion results in a larger contact
area compared to a non-adhesive contact. In this study, the total work of
adhesion, ∆γ, is expressed by means of a Dugdale approximation, meaning
that the constant negative stress, −σ0 (maximum negative stress of the
Lennard-Jones potential), is present at areas with a smaller separation than
h0, given by [42]:

h0 =
∆γ

σ0
, σ0 =

16∆γ

9
√

3z0

(6)

where z0 is the equilibrium distance ranging from 0.2 to 0.4nm [43]. In that
sense, the normal pressure, over the computation domain Ω, in the presence
of adhesion, described in Eq. (6), is also dealt with [42].

p(x, y, t) > −σ0 at g(x, y, t) = 0 (7a)

p(x, y, t) = −σ0 at 0 < g(x, y, t) < h0 (7b)

p(x, y, t) = 0 at g(x, y, t) > h0 (7c)∫
Ω
p(x, y,t)dxdy = F0 (7d)

An outline of the algorithm for the hysteresis behavior of the adhesive
friction problem is illustrated in Figure 2. Material properties, initial
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separation, loading conditions, work of adhesion, and the static friction
coefficient are input to the algorithm, in the first step. In step 2, the
adhesive stick-slip problem in the absence of an external shear force, as
described in [41], is solved. In step 3, the tangential forces are increased by
a specified increment. Step 4 solves the adhesive normal contact as
explained in [42]. Then, step 5 solves the stick-slip problem for the shear
stress components based on a CGM algorithm [41]. In steps 6, the
tangential forces increments are calculated and checked in step 7 to see
whether they are within an accepted tolerance from the ones set in step 3.
If the convergence is not fulfilled, the increment of the rigid body
displacements in tangential directions are updated in step 8. Step 9 checks
the convergence in the normal contact pressure and if it is not met, the
surface geometry, in step 10, is updated by taking into account the
deformation in z direction caused by the current shear stress
components [7]. Step 11 checks whether the loading steps in tangential
directions has ended. If not, the increments of the tangential forces are
adjusted in step 3. In the proposed algorithm, all the calculations are
carried out on a discretized interface and history of tangential loading, as
described in [41].

3 Numerical examples and discussion

The proposed algorithm is implemented to study the adhesive pre-sliding
contact of a ball of radius R = 50µm pressed against an elastic half-space
by the normal force of F0. The interface deformations, everywhere in this
study, are considered elastic. The mechanical properties of the elastic half-
space are set to E1 = 70GPa, ν1 = 0.3. The friction coefficient is also set
to µf = 0.2. Bazrafshan et al showed that, for adhesive contacts, it is the
contact repulsive force, F+

0 , that controls the start of gross-sliding and not
the external normal force [41]. The contact repulsive force, defined as the
contact force resulting from the contact positive pressure, is given as:

F+
0 =

∫
Ω+

p(x, y)dxdy (8)

in which, Ω+ is the domain at which the pressure is positive. Based on
the definition, this force is always greater than the external normal force
for an adhesive contact, i.e. F+

0 > F0. Therefore, the tangential force is
considered to vary between −µfF+

0 and µfF
+
0 . One must note that the

amplitude of the oscillating friction force can be smaller than µfF
+
0 . This
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Figure 2: Algorithm flowchart
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Figure 3: Tangential loading path

choice, here, is made to investigate the effect of roughness and adhesion on
the static friction force and pre-sliding displacement, which correspond to
the moment right before the start of gross-sliding.

The tangential loading path is demonstrated in Figure 3, where the
normal force is fixed. The load increment is chosen to be exponential in
order to have more points close to the turning points (points D, H, L, and
so on) to achieve a more accurate behavior since even a tiny change in the
tangential force near these points causes a noticeable tangential
displacement. Points A′, D′, and H ′ are placed right after the points A, D,
and H, respectively. For contact of dissimilar materials, the loading is
repeated for two more loops to reach a constant friction hysteresis loop.

3.1 Friction hysteresis at the contact of identical materials
(Mindlin solution)

To verify the accuracy of the proposed algorithm, it is first used to
simulate the non-adhesive elastic contact of a smooth ball against a flat,
both of identical materials, for which the analytical solution of Mindlin
applies [3]. For the numerical simulation, the normal force is F0 = 10µN
and the Hertzian contact radius, a, is first calculated and the computation
domain is then chosen to be −2a < x, y < 2a (the factor 2 extension is to
minimize the periodicity error due to the DC-FFT). Moreover, the entire
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computation domain is divided into 256 × 256 square elements. Figure 4
depicts the transition from the full stick to the full slip condition. For this
simulation, only one tangential loading loop is studied, due to the
symmetricity of the results. In the absence of an external shear force, the
entire contact area is in stick regime. As soon as a small tangential force is
applied, an annulus of slip forms around the central stick zone and
develops toward the center of contact upon the further increase of the
tangential force. When the tangential force reaches µfF0 (the static
friction force for this case), the entire contact area is in slip condition
(Point D). At this moment, the tangential force is reversed and (almost)
the whole contact area goes to the stick condition (point D′), and the same
behavior is repeated for the rest of loading path. Figure 5(a) compares the
normalized friction force vs. tangential displacement curves resulted from
the proposed numerical algorithm and the analytical solution of Mindlin
which are, as can be seen, in good agreement. The variation of the ratio of
stick to contact area, Ast/Ac, is also compared in Figure 5(b) and shows
good agreement between numerical and analytical results.

3.2 Friction hysteresis at the contact of dissimilar materials

In this section, the adhesive hysteresis contact of a rigid ball on a smooth
elastic half-space is investigated. The elastic properties of the half-space are
the same as those of the previous section. For the total work of adhesion,
three values of 0 (corresponding to the non-adhesive contact), 50mJ/m2

and 100mJ/m2 are considered. Then, the contact radius, a, is analytically
calculated for each case and the computation domain is considered to be
−2a < x, y < 2a. Then, the entire computation domain is discretized to
256× 256 square elements. Since the contact radius varies with the normal
force and the work of adhesion, the resulting grid size for the case studies
in this paper varies from 2nm to 6nm.

First consider the non-adhesive contact at this interface under a normal
load of F0 = 10µN . Figure 6 displays the transition from stick to slip at
such an interface (points A to L in Figure 3 correspond to Figure 6 A to L),
while the normal force is fixed and a uni-directional oscillating friction force,
Fx, is applied to the interface. When a pure normal force is applied on such
a configuration (point A), an annulus of slip surrounds a circular sticking
region. This results from the difference between the mechanical properties of
the contacting materials which leads to different displacements at the contact
interface and therefore, relative displacement between the two bodies and
initial slip, even in the absence of an external shear force. As soon as an
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Figure 5: Comparison of the proposed numerical algorithm with the
analytical solution of Mindlin for the non-adhesive contact of a ball against

a flat, both of identical materials, (a) normalized friction force vs.
tangential displacement and (b) variation of the Ast/Ac ratio

infinitesimal friction force is applied (corresponds to point A′), the shape of
the stick zone changes (Figure 6A′ ). At this moment, a part of slipping
region, experiencing small relative displacement in the direction opposite to
that of the applied friction force, enters the stick region (point A′), leading
to a larger sticking area compared to the initial circular region at the center
of the contact. This behavior can be also noticed through the abrupt initial
increase in the Ast/Ac ratio, as shown in Figure 7(a) (which shows only one
loop of loading). Further application of the shear force makes the sticking
area shrink and disappear at the turning point D, which corresponds to a full
slip state. At this point, the friction force direction is reversed and the whole
contact area experiences a full-stick state, point D′, which shrinks toward
the center (similar to the Mindlin solution, however non-symmetrically) as
shown for points D′ to H. At the turning point H, the friction force direction
is again reversed, and the same behavior is repeated up to the next turning
point. It is noted that after the first cycle of loading, the development of the
slipping area becomes symmetric; yet, it differs from the Mindlin solution
as the trend in Ast/Ac ratio is not the same and the numerical algorithm
suggests that upon reversing the friction force, the slipping area develops
faster than the one predicted by Mindlin. This is suggested by the quick
drop in the Ast/Ac ratio after each turning point (see Figure 7(a)). Another
difference is the asymmetry of the friction force vs. tangential displacement
curve in the numerical simulations which results from the initial loading
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cycle which shifts the equilibrium point to the sides on the horizontal axis
of this curve (see Figure 7(a)).

Figure 8 illustrates the friction hysteresis loops at the mentioned contact
interface for three values of the normal force. It is clear that the pre-sliding
displacement is directly controlled by the external normal force (which is,
for a non-adhesive contact, the same as the contact repulsive force), whereas
the normalized static friction force is entirely independent from the normal
force.

To study the effect of adhesion on the friction hysteresis loops, the same
simulation is conducted at the normal force of F0 = 10µN for three values
of the work of adhesion, as mentioned before. Figure 9 depicts these loops
for these cases. Although the normal force is fixed, the contact repulsive
force increases with the work of adhesion resulting in a larger pre-sliding
displacement. Moreover, comparing the maximum normalized shear force
with the ratio of the repulsive to external normal force, F+

0 /F0, proves that
the static friction force is controlled by the contact repulsive force and not
the external normal force.

Figure 10 shows the adhesive friction hysteresis loops at three different
values of the normal force for a fixed value of the work of adhesion. As it
can be noticed, a larger normal force, resulting in a larger contact repulsive
force, leads to a larger pre-sliding displacement but a lower normalized static
friction force. On must, however, note that the absolute value of the static
friction force increases with the external normal force as denoted in Figure
10 (see the F+

0 values).

3.3 Friction hysteresis at a rough interface

The adhesive friction hysteresis at the contact of a rigid smooth ball against
a rough elastic flat is studied in this section. The elastic and geometrical
properties are the same as those of the previous section. Two different
rough profiles, measured by an Atomic Force Microscopy (AFM), for the
elastic flat is considered. One is the surface topography of a DLC coating
on a 2µm × 2µm area including 512 × 512 pixels as shown in Figure 11
(a). The second profile is the roughness of a silicon wafer on a 2µm× 2µm
area including 512 × 512 pixels (Figure 11 (b)). The DLC surface has a
rougher profile compared to the Si surface as suggested by their roughness
rms values.

Figure 12(a) compares the friction hysteresis loops at the non-adhesive
contact of the ball against a smooth half-space and each of the two rough
profiles. It is observed that the higher the roughness rms, the higher the
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Figure 9: Adhesive friction hysteresis loops for different values of the work
of adhesion, F0 = 10µN
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Figure 10: Adhesive friction hysteresis loops for different values of the
normal force, ∆γ = 50mJ/m2
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Figure 11: The AFM measurement of the surface roughness of (a) a DLC
coating and (b) a silicon wafer; the area of each measured profile is
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pre-sliding displacement, while the static friction force is the same and
equal to µfF0. This confirms that for a non-adhesive contact, the
roughness can only change the pre-sliding displacement. In the presence of
adhesion, the extent to which adhesion can change static friction force and
pre-sliding displacement depends on the roughness properties of the
interface. Figure 12(b) suggests that adhesion only slightly increases the
pre-sliding displacement and static friction for the DLC contact. On the
other hand, Figure 12(c) illustrates that a lower level of roughness rms,
provided all other conditions are the same, can remarkably increase both
these two parameters. This comparison can be also verified through
checking the contact repulsive force which is almost three times larger for
the latter case compared to the former one. Figure 12(c) also indicates
that for a fixed contact, adhesion can increase not only the pre-sliding
displacement but also the static friction. One has to, of course, note that
the combined effect of roughness and adhesion is not cumulative, as shown
in Figure 12(d), where the pre-sliding displacement is larger for the
rougher surface although the static friction force is lower. It is well-known
that the roughness can reduce the adhesive force. However, it has been
shown that introducing a small level of roughness, like that of the Si
profile, can increase adhesion compared to a smooth interface [42, 44].
Here, going from a smooth interface to the slightly rough profile of Si
increases the contact repulsive force from 29.165 to 30.672µN which results
in a slight increase in both the static friction and pre-sliding displacement.
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Figure 12: Friction hysteresis behavior for different combinations of
roughness and work of adhesion, F0 = 10mµN

Furthermore, the rougher profile, DLC, experiences, in one hand, a smaller
contact repulsive force and thus, a lower static friction force, and on the
other hand, a larger pre-sliding displacement.

4 Conclusions

We extended a previously developed BEM model for the hysteresis behavior
of adhesive partial slip friction at the interface of two rough surfaces to take
into account the history dependence of friction and simulate its hysteresis
behavior. Adhesion was modeled by means of a Dugdale approximation
of the total work of adhesion. The contact area was divided into stick
and slip regions that were distinguished by the local values of shear stress
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components and normal pressure, and the rate of relative displacement at
the interface. The results showed that, for an adhesive contact, it is the
contact repulsive force that controls the start of gross-sliding state and not
the external normal force. In addition, adhesion can exclusively increase
static friction force and pre-sliding displacement at a smooth interface. On
the other hand, roughness can only increase the pre-sliding displacement
for a non-adhesive contact. For an adhesive contact at a rough interface,
however, the effect of combined adhesion and roughness is not cumulative.
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Abstract

One of the main issues in precision engineering is the lack of deep
understanding of the pre-sliding behavior at the interface of mating
surfaces of positioning mechanisms. In addition to the mechanical
properties of the contacting bodies, their surface topography plays a key
role in the pre-sliding regime and has a great impact on the frictional
stiffness. This paper experimentally evaluates a BEM (Boundary Element
Method) model for the pre-sliding behavior at the interface of a smooth
silicon wafer and a rough polymeric ball. The polymeric ball is either
HDPE (High-Density Polyethylene) or POM (Polyoxymethylene). The
experiments are conducted at three different normal loads and at five
different spots on the wafer. The sliding stroke and coefficient of friction
are extracted from experiments to be implemented as inputs to the
numerical model. The roughness of the balls is also another input. The
numerical and experimental friction hysteresis loops are compared.
Although there is a small difference in the predicted pre-sliding distance
from the experiments, the calculated lateral stiffness, compared at three
different points on the pre-sliding regime of friction hysteresis loops, is in
good agreement with the experimental ones for both contact interfaces and
normal loads.

Keywords: Pre-sliding, Lateral stiffness, Roughness, Boundary Element
Method, Experiment, Simulation

Nomenclature

Ac contact area
Asl slip area
Ast stick area
a Hertzian contact radius
c1, c2, n curve-fitting parameters
ds lateral displacement stroke
E elastic modulus
F0 external normal force
Fx lateral force
g(x, y) separation profile
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h(x, y) initial separation
Kc spring constant of the spring-slider element
KL contact lateral stiffness
KMindlin

L contact lateral stiffness from the analytical solution of Mindlin
Ks setup lateral stiffness
p(x, y) pressure profile
qx,y(x, y) shear stress components in x and y directions
R radius of the polymeric ball
sx,y(x, y) relative displacement in x and y directions
ux,y,z(x, y) deformation in x, y and z directions
xcs displacement measured by the capacitive sensor
xps XY stage displacement in x direction
µf coefficient of friction
δx,y,z rigid body displacement in x, y and z directions
ν Poisson’s ratio

1 Introduction

Achieving high-precision positioning is one of the main goals in precision
engineering. Nevertheless, the friction between the mating surfaces of the
sliding components of the mechatronic devices gives rise to a positioning
inaccuracy. Friction is commonly divided into two regimes of partial slip and
full slip. As the former one is treated as a more crucial phenomenon due to
the complexity of stick to slip transition, its understanding and prediction
is vital for more accurate positioning.

Initial studies on the partial slip contact have been conducted
independently by Cattaneo [1], and Mindlin [2] for the elastic contact at
the smooth interface of a ball and a flat, where, within the circular contact
area, a central sticking zone is surrounded by an annulus of slip which
develops toward the center of contact upon an increase in the tangential
force and finally covers the entire contact area and starts the full slip state
as soon as the tangential force reaches the static friction force. Later on,
Mindlin and Deresiewicz extended this solution to deal with an oscillating
tangential force, which leads to friction hysteresis behavior [3].

In the original Mindlin solution, it was assumed that the contacting
materials are identical. This assumption simplifies the solution since the
normal pressure and shear stress components become decoupled and
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cannot affect each other as they cannot induce any deformations in the
other directions. The contact of dissimilar materials, nevertheless, does not
follow this condition and the normal pressure and shear stress components
are coupled. Since there is no analytical solution for this complex problem,
researchers have resorted to numerical solutions such as Finite Element
Method (FEM) [4–6] and Boundary Element Method (BEM) [7–11].

All these analytical and numerical approaches deal with the contact at
a smooth interface. In reality, however, engineering surfaces have a certain
level roughness, meaning that the microgeometry details of the mating
surfaces at the asperity level determine how the surfaces interact. The
mentioned approaches form the basis for multi-asperity methods where the
single-asperity solutions are combined with a statistical distribution of
asperities, such as Gaussian, to study the partial slip and full slip
friction [12–17]. Experiments have also been conducted to evaluate the
roughness effect on the pre-sliding behavior and possibly compare the
results with such models. Al-Bender and Moerlooze combine the
Maxwell-Slip model with the Greenwood-Williamson theory for the contact
of rough surfaces to evaluate the experimental relation between the normal
load and the friction force in the pre-sliding regime [18, 19]. Eriten et al.
investigated the impact of roughness on the frictional energy dissipation in
the fretting contact between two nominally flat rough surfaces by
considering the probability distribution of asperities [20]. They
quantitatively showed that rougher surfaces dissipate more energy. Song
and Yan conducted experiments to relate the friction and normal forces
with the real contact area, measured optically at the interface of two
transparent PMMA (Polymethyl Methacrylate) blocks [21]. Raeymaekers
and Talke studied the effect of laser polishing on the fretting wear behavior
at the interface of a rough hemisphere and a flat plate [22]. They did not
observe any noticeable difference in the wear production between a laser
polished and a regular stainless steel hemisphere.

Researchers have also pursued other numerical methods due to the
well-known limitations of multi-asperity methods such as the lack of
interaction between asperities. Pohrt and Li [23], and Paggi et al. [24],
proposed a CGM-based BEM model for the partial slip contact at a rough
interface. They assumed a uni-directional shear stress proportional to the
normal pressure in the slip zone. Yet, they did not take the coupling
between the normal pressure and shear stress into account. Grzemba et al.
proposed a characteristic length parameter defining the crossover from
sticking to slipping for the contact of self-affine fractal surfaces [25].
Kasarekar et al. developed a numerical approach to study the fretting wear
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under partial slip conditions [26]. They found the roughness details at
small length-scales a major factor in wear simulations. Chen and Wang
extended their previously developed BEM model for the point contact of
dissimilar materials to evaluate the static friction force and coefficient of
friction at a rough interface of a ball and a flat [27]. Rather using the
Amontons law of friction, they set a constant shear strength all over the
contact area as a local criterion for transition from stick to slip.

Although there seems to be rich literature on the pre-sliding behavior
at a rough interface of two contacting surfaces, to the best of the authors
knowledge, there is no experimentally validated numerical model to deal
with this problem while using a measured topography of the contacting
surfaces and taking the coupling between the normal pressure and the
contact shear stress components into account. Therefore, the aim of this
paper is to experimentally evaluate the recently developed BEM model for
the stick-slip transition at a rough interface [28]. First, a summary of the
proposed BEM model for the hysteresis behavior of the friction at a rough
interface will be provided. In section 3, the test setup will be explained.
Section 4 deals with the simulation using the input data to be compared
with experimental results in section 5. Finally, conclusion is provided in
section 6.

2 BEM model

This section summarizes a recently proposed BEM model for the hysteresis
behavior of the adhesive friction at the rough interfaces of two contacting
bodies [28]. As the adhesion can be neglected due to the relatively rough
(high local slope) interface of the polymeric ball, the same numerical
methodology, excluding the adhesion part, is implemented in this study.
Figure 1 illustrates the contact of two bodies in the xz-plane, where it is
loaded by the constant normal force of F0 and the tangential force of Fx.
The resulted contact pressure and shear stress components in x and y
directions are represented by p(x, y), qx(x, y) and qy(x, y), respectively.
The deformation, rigid body displacement, and relative displacement in
the x-direction (y-direction) are also denoted by ux, δx and sx (uy, δy, sy),
respectively. Depending on the friction force, the contact can experience
either of the two states of partial slip or full slip. As long as the friction
force is smaller than the static friction force (the force required for the
start of full slip), the contact area is sticking in some regions and slipping
in the rest, though there is no macroscopic relative displacement between
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the two contacting surfaces. As soon as, the friction force reaches the
static friction force, the entire contact area experiences the slip state and
therefore, the full slip or gross sliding starts. In this state, the two surfaces
move macroscopically with respect to one another. For a quasi-static
tangential loading, where the friction force is history-dependent, there are
two criteria to distinguish between stick and slip regions within the contact
area. In the stick regime, the shear stress is smaller than friction coefficient
times the local pressure and rate of relative displacement is zero. In the
slip region, however, the shear stress is equal to the friction coefficient
times local pressure and the relative displacement is no longer zero. These
criteria are mathematically given by:

Figure 1: Contact variables.

Ast = (x, y) ∈ Ac |
√
qx(x, y)2 + qy(x, y)2 < µfp(x, y),√

∆sx(x, y)2 + ∆sy(x, y)2 = 0

Asl = (x, y) ∈ Ac |
√
qx(x, y)2 + qy(x, y)2 = µfp(x, y),√

∆sx(x, y)2 + ∆sy(x, y)2 6= 0

(1)

Here, ∆ refers to the change of a parameter between two consecutive loading
steps.

Given the contact geometry and elastic properties of the materials,
normal force, friction coefficient, and tangential loading path, the BEM
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model first solves the normal contact problem to find the contact pressure
and separation, g, while meeting the complementarity conditions given as:

p(x, y) = 0, at g(x, y) > 0 (2a)

p(x, y) > 0, at g(x, y) = 0 (2b)∫
Ω
p(x, y)dx dy = F0 (2c)

which states that the pressure is zero at separated areas (where g > 0), while
it is positive at contact areas (where g = 0). Moreover, the summation of
the pressure over the contact problem domain, Ω, must be the same as the
external normal force.
The next step is to find the shear stress components at each loading step
meeting the criteria given in Eq. (1). It is very important to note that the
effect of shear stress components on the contact pressure is also included in
an iterative manner. More details on the numerical procedure to solve this
problem can be found in [28–30].

3 Experiments

The experimental setup, as shown in Figure 2, consists of three positioning
stages and three capacitive sensors. The Z and XY positioning stages have
a stroke of 18, 26 and 18mm and resolutions of 20nm, 0.2nm and 100nm,
respectively. The elastic hinge behind the indenter acts as the force
measuring mechanism of the setup with two degrees of freedom to measure
normal and tangential forces as independently as possible (the reader is
referred to [31] for more details about this mechanism).

The setup has a ball-on-flat configuration, where the polymeric ball, with
10mm of diameter, is fixed inside the ball holder. The ball holder is mounted
on the indenter, which is centrally fixed at the elastic hinge, which in turn
mounted, along with a back plate, on the Z stage which is placed behind the
back plate (not visible in Figure 2). This stage is used to bring the ball into
contact with the flat surface, placed on the XY stage, and apply the normal
load up to 100mN with an accuracy of 8µN . To apply the tangential load
thereafter, the X stage moves reciprocally in the X direction. The Y stage
is used to conduct parallel measurements on the flat surface. In addition,
a permanent magnet, as an eddy current damper, is placed close to the
indenter to reduce the vibration induced by the Z positioning stage.
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Figure 2: Experimental test rig.

Two of the capacitive sensors, with the resolution of < 0.15nm and
measuring range up to 50µm, are mounted on the elastic hinge. Having the
elastic hinge calibrated for its stiffness in Z and X directions, the recorded
deflections by theses two sensors are used to measure the normal and friction
forces. The third similar capacitive sensor, with the ultrahigh resolution of
better than 0.2nm and measuring range up to 50µm, is mounted on the XY
stage to measure the true contact displacement and exclude the deformations
of the elastic hinge and the indenter. It must be noted that since this sensor
does not see the displacement due to the bending of the ball holder and
neither due to the torsion of the elastic hinge and the indenter, an FEM
simulation has been carried out to ensure that this displacement is negligible
in comparison to the measured tangential displacements.

Before the measurements, the samples are rinsed with Isopropanol
alcohol and then dried with nitrogen to remove any possible dirt particles
from the samples. The entire setup is also placed in a chamber which is
kept closed during the measurements.

Both normal and tangential loadings are conducted at a quasi-static
manner. First, the Z positioning stage moves downward at the speed of
1µm/sec to reach the desired normal force after the contact is made. Then,
having the normal load fixed, the XY stage moves reciprocally, for a given
number of cycles and sliding stroke, in X direction at the speed of 0.1µm/sec.
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For either of the HDPE or POM balls in contact with the silicon wafer, the
friction tests are conducted at five different spots and three normal loads for
each spot.

Figure 3(a) depicts a typical friction force measurement with the setup,
shown in Figure 2, for a normal load of 75mN and sliding stroke of 9µm
applied by the X stage, where the horizontal axis is the displacement
recorded by the displacement capacitive sensor. The asymmetry of the
hysteresis loop with respect to the vertical axis is due to two reasons. One
is the asymmetry of the displacement path itself, which varies between
zero and the given sliding stroke. The other reason can be explained by
Figure 3(b), which provides a schematic representation of the friction force
measurement. Here, the ball is in contact with the silicon wafer, clamped
on the XY stage, through a spring-slider contact element. The spring
constant of this element, Kc, denotes the contact stiffness and the slider,
similar to the Coulomb friction model, has a certain threshold of force
(static friction force) and has no relative displacement with respect to the
wafer as long as the friction force is below this threshold. The contact
element is in series with another spring, Ks, denoting the setup stiffness.
The frame O is attached to the ground and xps denotes the displacement
of the XY stage. Moreover, the frame O′ is attached to the XY stage and
xcs, as measured by the displacement capacitive sensor, representing the
absolute displacement of the ball with respect to the wafer (it excludes the
setup deformation from the stage displacement). Therefore, xps, as an
input to the experiments, must be always larger than xcs and the
measured friction loop is asymmetric with respect to the vertical axis.

-1 0 1 2 3 4 5 6 7

-10

-5

0

5

10

(a) (b)

Figure 3: (a) Typical friction force measurement with 75mN of normal
force and 9µm as the sliding distance of the XY positioning stage and (b)

Schematic representation of the friction force measurement.
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The point to note here is that the curved corner of the hysteresis loop
at the end of each stroke is due to the visco-elasticity of the polymeric ball
which tends to move even after the sliding direction has reversed. This
phenomenon can be avoided by decreasing the sliding speed as much as
possible. In fact, in the current experiments which are carried out at the
lowest possible speed of the XY stage (0.1µm/sec), this effect is already
minimized.

4 Simulation

The first step to numerically predict the friction hysteresis loops, to be
compared with experimental ones, is to measure the roughness of the
contacting surfaces. The roughness of the polymeric balls after the final
friction measurements, is measured by a Sensofar confocal microscope
(50X magnification). The 1.1mm × 1.1mm measured images of the HDPE
and POM balls, with 1024 pixels in each direction, are shown in Figure 4
with a zoomed-in view to see the highest asperities where the contact
patches form.

In the current study, the contact pressures are low enough to neglect
any possible plastic deformation of the ball during the friction
measurements. Even if there were any, they can be easily neglected for the
final measurements (that are presented here) as they have happened
during the initial measurements. The silicon wafer is also so smooth that
its roughness can be neglected in comparison to that of the polymeric
balls. Therefore, the flat surface is assumed to be ideally smooth. Two of
the inputs to the numerical model are extracted from the experimental
results. First is the stroke and second the coefficient of friction.

The stroke, ds, is the range of tangential displacement measured by the
third capacitive sensor. For this, only the last loop of the friction
hysteresis, which is the converged (most stable) one, for each measurement
is selected and then, the stroke is considered to be the range between the
minimum and maximum displacement on this loop. As the measurements
are carried out on five different spots, the average of the stroke for each
point (at each normal load), as given in Table 1, is used as one of the
mentioned experimental inputs to the simulation. Therefore, rather than a
loading path, a displacement path (of four cycles), as shown in Figure 5, is
considered to be the input to the simulation, similar to the experiments.
As friction takes a few loops to converge, due to the dissimilarity of the
contacting surfaces (and also perhaps the running-in effect), only the last
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Figure 4: Roughness height of the balls on a 1.1mm× 1.1mm area (left)
and a zoomed-in view (0.2mm× 0.2mm) of the center: (a) HDPE and (b)

POM.
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Table 1: Average values of stroke and friction coefficient, extracted from
experimental results, used as inputs to the numerical simulation.

F0(mN)
ds(µm) µf

HDPE POM HDPE POM

25 2.805 2.700 0.153 0.108

50 2.943 3.370 0.146 0.104

75 3.697 4.264 0.129 0.099

loop of the simulation (the converged one) is considered to be compared
with experiments.

0

Figure 5: Displacement path.

The coefficient of friction is also calculated as the ratio of the sliding
friction force and the normal force. For each set of normal load, the stroke
and friction coefficient are extracted separately. The average value of this
parameter is also listed in Table 1.

The elastic moduli of HDPE and POM have been measured using an
Anton Paar nanoindentation tester (NHT2). For each ball, the
measurements are conducted on 25 spots. Figure 6 shows one of the
load-indentation curves for the HDPE ball. The apparatus fits the
analytical model of Oliver and Pharr on this curve to obtain the slope of
the curve at the starting point of unloading, S, and relates it to the elastic
modulus of the material [32]. However, due to the viscoelasticity of the
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Figure 6: Load-Indentation curve for one spot on the HDPE ball,
measured by the nanoindentation tester.

Table 2: Mechanical properties of the contacting surfaces

Silicon wafer HDPE POM

Elastic modulus (GPa) 130 0.98 1.38

Poission’s ratio 0.28 0.50 0.50

roughness rms (µm) ' 0 3.17 0.67

balls, both loading and displacement rates right before unloading need to
be used to correct the values given by the tester [33]. In the end, the
average values as well as the elastic properties of the silicon wafer are
listed in Table 2. These values are in good agreement with those provided
by the supplier of the balls.

5 Results and discussion

Given the surface topography and mechanical properties of the contacting
surfaces along with the loading conditions, the simulation has been
conducted to predict the frictional behavior at the contact of either of the
balls against a silicon wafer. Figures 7 and 8 show the contact pressure at
the interface of HDPE and POM balls against the wafer, respectively, at
three different normal loads. As it can be seen, only a small central part of
the balls with rather higher heights (see Figure 4) touch the counter
surface. It should be also noted that the calculated contact pressures are
small enough to neglect any plastic deformation of the balls.
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Figure 7: Contact pressure at the HDPE ball-silicon wafer interface.
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Figure 8: Contact pressure at the POM ball-silicon wafer interface.

In the pre-sliding regime of the frictional contact, three points of A, B,
and C, as shown in Figure 9, are chosen to evaluate the partial slip
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Figure 9: Position of selected spots on friction hysteresis loop.

behavior. The normalized shear stress,
√
q2
x + q2

y/µfp, is used to

demonstrate the development of the slip zone (and the shrinking of stick
zone) on the contact area. Based on the definition of Eq. 1, this parameter
is smaller than and equal to one in the stick and slip regions, respectively.
The development of the slip region on the contact area for both studied
contact interfaces at the mentioned three normal loads is shown in Figures
10 and 11. It is noted that the contact area is the combination of stick and
slip regions. Going from point A to C, the imposed tangential
displacement increases both local relative displacements and shear stress so
that some previously sticking regions enter the slipping regime. This
behavior will continue until the slip region covers the entire contact area
and the sticking region completely disappears (point D). At this moment,
the gross sliding or full slip regime starts and continue until the direction
of imposed displacement is reversed (point E).

Figures 12 and 13 compare the experimental and numerically predicted
friction hysteresis loops for both HDPE and POM contacts against a silicon
wafer at five different spots, while using the stroke and friction coefficients
extracted from the these experiments (given in Table 1). There is good
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Figure 10: Stick-slip transition from point A to C (see Figure 7) for three
different normal loads: HDPE ball-silicon wafer contact (on the

0.2mm× 0.2mm zoomed-in view).
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Figure 11: Stick-slip transition from point A to C (see Figure 8) for three
different normal loads: POM ball-silicon wafer contact (on the

0.2mm× 0.2mm zoomed-in view).



F-18 Paper F

agreement between the experimental and simulation results.
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Figure 12: Comparison of simulation and experimental friction hysteresis
loops for HDPE ball - silicon wafer contact.

-2.5 -2 -1.5 -1 -0.5 0 0.5 1 1.5 2 2.5

-8

-6

-4

-2

0

2

4

6

8

10

12

Simulation

Experiment

Figure 13: Comparison of simulation and experimental friction hysteresis
loops for POM ball - silicon wafer contact.

To have a quantitative comparison between experiments and
simulations, the lateral stiffness of the contact, KL, defined as the slope of
the friction hysteresis loop in the pre-sliding regime, is evaluated at points
A, B, and C both numerically and experimentally. To calculate the slope
more accurately, rather than a finite difference approach, a curve with the
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form of Fx = c1 (1− (1− c2δx)n) (by analogy to the Mindlin solution) is
fitted on the pre-sliding region of the friction hysteresis loop in order to
calculate the lateral stiffness analytically as:

KL(δx) =
dFx

dδx
= c1c2n (1− c2δx)n−1 (3)

Here, c1, c2, and n are the fitting parameters which are calculated for each fit
separately. Figure 14(a,b) compares the lateral stiffness values at points A,
B, and C for the three normal loads at the interface of HDPE and POM balls
against the silicon wafer, respectively, between experimental and numerical
results. The experiments are quite stable in terms of the lateral stiffness
as the spread in this parameter for each case is rather narrow. Except for
the case of the POM ball contact at point A for normal loads of 25mN and
75mN , the rest of numerically predicted values for the lateral stiffness are
in good agreement with those of the experiments. It is confirmed that from
point A to point C, the lateral stiffness decreases since a larger part of the
contact area is slipping and experiencing a greater relative displacement and
thus, the contact becomes laterally more compliant.

Comparing Figure 14(a) with Figure 14(b) reveals that, for a fixed
normal load, the lateral stiffness at the POM-silicon wafer contact
interface is higher than that of the HDPE-silicon wafer contact. Three
parameters can be considered for this comparison: elastic modulus, friction
coefficient, and surface roughness. Based on the Mindlin solution for a
frictional smooth ball on flat contact, the relation between friction force
and tangential lateral displacement is expressed by:

Fx = µfF0

(
1− (1− δx

δ0
)3/2

)
, δ0 =

3µfF0(2− ν)(1 + ν)

8aE
(4)

where E and ν are the elastic modulus and Poisson’ ratio of the contacting
materials (here the polymeric ball, as that of the silicon wafer is far larger
and can be neglected). The Hertzian contact radius, a, is also given by:

a3 =
3F0R(1− ν2)

4E
(5)

where R is the ball radius. Eq. 4 gives rise to the lateral stiffness as:

KMindlin
L =

3µfF0

2δ0

(
1− δx

δ0

)1/2

(6)
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Figure 14: Comparison of the experimental (solid lines) and numerical
(markers) lateral stiffness at points A, B, and C for (a) HDPE and (b)

POM contact on the silicon wafer.
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It should be noted that the Mindlin solution holds only for the contact
of identical materials. However, its analytical solution is here used to
qualitatively compare the effect of different involved parameters. Based on
Eq. 6, it appears that the lateral stiffness depends on both the friction
coefficient and elastic modulus. Therefore, in order to see the effect of
these two parameters more clearly, the variation of KMindlin

L as a function
of E and µf is studied numerically here. For this, the normal force is fixed
at 50mN . E is set to vary from 0.9GPa to 1.5GPa and four values of
0.10, 0.12, 0.14, and 0.16 are considered for the friction coefficient. The
other parameters are also set as R = 5mm and ν = 0.5. Since δ0 depends
on both E and µf , the parameter δm0 is defined as the smallest value of δ0

in order to avoid imaginary values for the lateral stiffness. Figure 15 shows
the variation of the lateral stiffness vs. elastic modulus at four different
values for the friction coefficient and at three values of the lateral
displacement. It can be seen that the initial lateral stiffness (at δx = 0)
does not depend on the friction coefficient but increases with elastic
modulus. At other points, the friction coefficient increases the lateral
stiffness. However, that the lateral stiffness increases with elastic modulus
depends on the point at which it is calculated and the friction coefficient as
well (see Figure 15(c)). Therefore, the higher lateral stiffness in case POM
might be attributed to its higher elastic modulus.

The last parameter to discuss is the surface roughness. Figure 16 shows
the flattened view of the confocal images of Figure 4. As suggested by the
rms value of the surface roughness, the HDPE ball has a rougher surface.
For a similar situation, it has been shown that an increase in the interface
roughness decreases the contact lateral stiffness [34]. Thus, the rougher
surface of the ball is the other parameter that attributes to a lower lateral
stiffness in case of HDPE.

6 Conclusions

In this paper, the pre-sliding behavior at the interface of a polymeric ball,
either HDPE or POM, and a silicon wafer was studied. Friction
experiments were conducted at these two interfaces for different normal
loads and at several spots. Extracting the friction coefficient and stroke
from the experiments and using them as two inputs to a BEM model, the
same friction hysteresis loops were generated to be compared with
experiments. The roughness of the polymeric ball, as in important factor
in pre-sliding behavior, was also measured and put into the model. The
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Figure 15: Variation of the lateral stiffness vs. elastic modulus for different
values of the friction coefficient at three points on the friction hysteresis

loop (subfigures have identical legends).
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Figure 16: Flattened roughness height of the (a) HDPE and (b) POM balls
(on a 1.1mm× 1.1mm area)

predicted friction hysteresis loops are in good agreement with experiments.
The lateral stiffness of the contact was also calculated at three different
points on the friction loop both experimentally and numerically to
quantitatively compare the results. In most cases, there was good
agreement between the numerical and experimental values for the lateral
stiffness. The difference in the lateral stiffness between the HDPE and
POM was attributed to the difference in the elastic modulus, friction
coefficient, and their surface roughness.
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