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Samenvatting

In industri�ele toepassingen worden bewegende contacten veelal gesmeerd omdat
smering een vermindering van wrijving en slijtage bewerkstelligt. Als de opper-
vlakken volledig gescheiden worden, bijvoorbeeld door een (elasto)hydrodynamis-
che smeer�lm, zal de wrijving relatief laag zijn en de levensduur lang. Ten
gevolge van een toename van de technische eisen die aan een constructie wor-
den gesteld nemen de bedrijfsomstandigheden toe, resulterend in hogere contact-
drukken in combinatie met hogere slip. Onder die condities kan het gebeuren
dat de loopvlakken niet meer volledig worden gescheiden door een smeer�lm en
dat metaal-metaal contact plaatsvindt. Dan treden zogenaamde gemengde smer-
ingscondities op. Onder die omstandigheden zal de wrijving toe- en de levensduur
afnemen. Voor een constructeur is het van groot belang dat hij vooraf kan voor-
spellen onder welke smeringscondities een contact zal werken. Een veel gebruikte
methode om de smeringsregimes te de�niren is door gebruik te maken van zoge-
naamde Stribeck curves. In een Stribeck curve wordt de wrijving weergegeven
als functie van de bedrijfsomstandigheden zoals snelheid, slip, belasting en vis-
cositeit. De drie smeringsregimes, te weten, grenssmering, gemengde smering en
(elasto)hydrodynamische smering, kunnen duidelijk worden onderscheiden. Het
doel van het onderzoek beschreven in dit proefschrift, is om een wrijvingsmodel
te onwikkelen met behulp waarvan Stribeck curves theoretisch kunnen worden
voorspeld als functie van de operationele parameters.

In de introductie worden de verschillende smeringsregimes besproken en hun
afhankelijkheid van de vele operationele parameters zoals belasting, slip, snel-
heid oppervlaktetopologie, druk- en temperatuurverdeling in de smeer�lm.

Om de wrijving onder elastohydrodynamisch gesmeerde condities te voorspellen
is een zogenaamd thermisch Roelands-Eyring model ontwikkeld. Met behulp van
dit model kan de temperatuurverdeling in zowel het contact- als in het inlaat-
gebied worden berekend en daarmee de viskeuze wrijving in het gehele contact.
Resultaten van de berekeningen laten zien dat de temperatuur in de smeer�lm
in het inlaatgebied hoofdzakelijk bepaald wordt door de oppervlaktetemperatuur
van de loopvlakken. Aangetoond zal worden dat de �lmdikte in een gesmeerd con-
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x Samenvatting

tact bepaald wordt door deze oppervlaktetemperatuur van de loopvlakken voor
het contact. De uitkomsten van berekingen met het ontwikkelde model komen
goed overeen met experimenten, zowel voor de punt- als lijncontactsituatie.

Om de wrijving in het gemengde smeringsgebied te kunnen berekenen is een
"gemengd smerings" model ontwikkeld. Twee uit de literatuur bekende mod-
ellen, te weten Greenwood & Williamson's elastisch contact model, dat gebruikt
wordt om de ruwe contactsituatie te beschrijven, en een Eyring EHL model, dat
gebruikt wordt om wrijving in EHL situaties te beschrijven, zijn gecombineerd.
Een nieuwe de�nitie voor het verband tussen �lmdikte en separatie is toegepast,
zodat het model geschikt wordt voor hoogbelaste situaties. De resultaten zijn
goed in overeenstemming met experimenten voor elastische contactsituaties of wel
voor oppervlakteruwheid combinaties waarvoor de zogenaamde plasticiteitsindex
kleiner is dan 1. Voor situaties waarin plastische vervorming van de oppervlakken
plaatsvindt, b.v. tijdens het inlopen van oppervlakken, is uiteraard geen overeen-
stemming gevonden.

Voor laatstgenoemde situaties zijn inloopexperimenten uitgevoerd. Tijdens deze
experimenten bleek de oppervlakteruwheid geleidelijk af te nemen. Nadat de op-
pervlakken volledig waren ingelopen bleek de plasticiteitsindex echter nog steeds
groter te zijn dan 1. Waarschijnlijk zijn de, arbitrair, te kiezen instelparameters
voor de interferometer, waarmee de ruwheid werd gemeten, verkeerd gekozen.
Daarom is vervolgens een data�lteringmethode toegepast totdat de plasticiteitsin-
dex ongeveer gelijk was aan 1, waarna goede overeenstemming werd bereikt tussen
theorie en experiment.

Ook voor schrale smeringscondities, dat zijn vaak voorkomende condities waarbij
niet voldoende smeermiddel aanwezig is om een volledige �lm op te bouwen, is een
gemengd smeringsmodel ontwikkeld voor puntcontactsituaties. Dit model is een
combinatie van het hiervoor besproken gemengde smeringsmodel en Chevalier's
�lmdikte vergelijking voor schraal gesmeerde contacten. Berekeningsresultaten
tonen aan dat de wrijving niet beinvloed wordt door schrale smering als de inlaat-
�lmdikte groter is dan 6 maal de ruwheid. Voor een inlaat�lmdikte kleiner dan
een bepaalde waarde zal de belasting volledig gedragen worden door de ruwheid-
stoppen en is de wrijving constant en gelijk aan de grenssmeerwrijvingsco�eÆcient.
Voor inlaat�lmdiktes die liggen tussen deze twee grenzen zal de wrijving toe-
nemen in vergelijking met smeringscondities waarbij voldoende smeermiddel aan
het contact wordt toegevoerd.



Summary

In industry most moving contacts are lubricated because lubrication e�ectively
reduces friction and wear. If the surfaces are fully separated by a �lm, for instance
at (elasto)hydrodynamic lubricated conditions, the friction is low and this will
result in a long life. However due to increasing technical requirements, operating
conditions are becoming more severe, i.e. higher contact pressures in combination
with higher slip. Under such conditions the surfaces may not fully be separated
by a �lm and metal to metal contact will occur, i.e. mixed lubrication condi-
tions prevail. In this regime the friction is higher and life will be shorter. It is
very important for a designer to know in which regime a contact will operate.
A good method to establish these regimes is using the so-called Stribeck curve.
In a Stribeck curve the friction as a function of operating parameters is given
and the three di�erent regimes, i.e. boundary lubrication, mixed lubrication and
(elasto)hydrodynamic lubrication, can clearly be distinguished. The objective of
this thesis is to develop a friction model to theoretically predict Stribeck curves
as a function of operating conditions.

A review is presented concerning friction in the three lubrication regimes of the
Stribeck curve. It is shown that the friction in these regimes depends on many
factors like applied load, slip, sum speed, surface topography, pressure and tem-
perature distribution in the �lm.

A thermal non-linear Roelands-Eyring model is developed to predict friction in
the elastohydrodynamic lubrication regime. With this model the temperature
distribution in the contact zone as well as in the inlet zone can be calculated and
consequently the uid friction for the whole contact. Results of calculations show
that the oil temperature rise in the inlet region is mainly due to heating by the
surfaces. It is shown that the surface temperature before the inlet is determina-
tive for the �lm thickness in the contact. The model �ts the measurements well
for both the line and point contact situation.

In order to calculate the friction in the mixed lubrication regime, a mixed lubri-
cation model is developed. Two available models, i.e. Greenwood & Williamson's
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xii Summary

elastic contact model, which is used to describe the asperity contact situation,
and an Eyring EHL model which is utilized to characterize the EHL situation,
are combined together. A new de�nition of the relation between �lm thickness
and separation is used. With this new de�nition, the model can deal with high
loading situations. The results are in good agreement with the measurements
when the deformation of the asperities is elastically, i.e. the so-called surface
plasticity index is less than 1. No agreement is found between the model and
measurements when the plasticity index is larger than 1, i.e. the surface asperi-
ties deform plastically.

Running-in tests have been done to deal with situations in which the surface
plasticity index is larger than 1. Results show that the surface roughness de-
creases during running-in. However, the measured surface plasticity index after
running-in turns out to be still larger than 1 if unproper settings are choosen for
the surface measurement equipment, in this case a surface interferometer. There-
fore a data �ltering method is applied to smoothen the surface until the surface
plasticity index is approximately equal to 1. After this data �ltering, good agree-
ment has been found between the model and measurements.

A mixed lubrication model for starved lubrication conditions is developed to
calculate the friction in starved circular contacts. This model combines the pre-
vious mixed lubrication model and the Chevalier et al. �lm thickness equation
under starved conditions. Results of calculations show that the friction is not
a�ected by starvation when the inlet oil �lm hoil is larger than 6 times the rough-
ness �. When hoil is less than a certain value &�, all the load will be carried
by the asperities and as a consequence friction does not change and is equal
to the friction under boundary lubrication conditions. For an inlet oil �lm value
between this &� and 6� the friction increases compared to fully ooded conditions.
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Nomenclature

Arabic symbols

ax radius of Hertzian contact circle in x-direction [m]
Ai contact area of asperity i [m2]
AH total area of the hydrodynamic component in contact [m2]
Anom nominal or apparent contact area [m2]
b half the Hertzian width [m]
B length of the cylinder [m]
Cp speci�c heat [J/kg/ÆC]
Cp0 speci�c heat at ambient conditions [J/kg/ÆC]
D Deborah number [-]
dd the distance between the mean plane of the summits and

mean plane of the surface [m]
E 0 combined elasticity modulus [Pa]
Ei elasticity modulus of contacting surface i (i=1,2) [Pa]
f coeÆcient of friction [-]
fc coeÆcient of friction in the BL regime [-]
F friction force [N]
G shear modulus [Pa]
Gl dimensionless lubricant number (Dowson and Higginson) [-]
h �lm thickness [m]
hs separation between the mean plane of the surface and

the smooth surface [m]
hss separation between the mean plane of the summits and

the smooth surface [m]
h0 integration constant [m]
hcen central �lm thickness [m]
hf;r �lm thickness under rough surface conditions [m]
hm minimum �lm thickness [m]
�hc dimensionless centre �lm thickness de�ned by

Dowson and Higginson [-]
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xviii Nomenclature

�hm dimensionless minimum �lm thickness de�ned by
Dowson and Higginson [-]

�h dimensionless �lm thickness (Dowson and Higginson) [-]
H dimensionless �lm thickness [m]
H 0 hardness of material [Pa]
H00 constant, H00 = 1:8#�1 [-]
Hc dimensionless central �lm thickness de�ned by Moes [-]
Hcs dimensionless central �lm thickness under starved lubrication [-]
Hm dimensionless minimum �lm thickness de�ned by Moes [-]
HEI elastic/isoviscous asymptote [-]
HEP elastic/piezoviscous asymptote [-]
HRI rigid/isoviscous asymptote [-]
HRP rigid/piezoviscous asymptote [-]
Hoil the dimensionless inlet oil �lm thickness [-]
Hs dimensionless separation [-]
L dimensionless lubricant number (Moes) [-]
M dimensionless load (Moes) [-]
n density of asperities [1/m2]
�n dimensionless number of n [-]
N the number of summits in contact [-]
p pressure [Pa]
pa;av average asperity pressure [Pa]
pavehl average uid pressure [Pa]
pf uid pressure component [Pa]
pmax maximum Hertzian pressure [Pa]
pr constant (pr = 196:2 � 106 Pa) [Pa]
�p dimensionless p [-]
�pa;c dimensionless asperity central pressure [-]
ph maximum Hertzian pressure [Pa]
P load [N]
r relative �lm thickness [m]
R reduced radius of curvature [m]
Ri radius of contacting surface i (i=1,2) [m]
Rx reduced radius of curvature in x-direction [m]
Ry reduced radius of curvature in y-direction [m]
Ra CLA surface roughness [m]
Rq RMS surface roughness [m]
S slip, 2(u1 � u2)/(u1 + u2) [-]
S0 viscosity temperature index [-]



Nomenclature xix

t time [s]
T temperature [ÆC]
T0 original temperature [ÆC]
U� dimensionless velocity number (Dowson and Higginson) [-]
u velocity [m/s]
uav average velocity [m/s]
us sum velocity [m/s]
udif sliding velocity [m/s]
w the total load per unit length [N/m]
wa the load carried by the asperities [N]
wh the load carried by the uid [N]
W dimensionless load number (Dowson and higginson) [-]
wd distance [m]
x cartesian coordinate [m]
X dimensionless coordinate [-]
y cartesian coordinate [m]
Y dimensionless coordinate [-]
z cartesian coordinate or viscosity pressure index [-]
Z dimensionless coordinate [-]

Greek symbols

� viscosity pressure index (Barus) [Pa�1]
�p thermal expansion coeÆcient [1/ÆC]
� radius of asperities [m]
�0 viscosity temperature coeÆcient [ÆC�1]
 coeÆcient [-]
1 adaption parameter for hydrodynamic component in ML [-]
2 adaption parameter for asperity contact component in ML [-]
_ shear rate [s�1]
_e linear elastic component of shear rate [s�1]
_v nonlinear viscous component of shear rate [s�1]
Æ parameter used in starved lubrication [-]
� Eyring shear stress temperature coeÆcient [ÆC�1]
� viscosity [Pa�s]
�0 viscosity at ambient pressure [Pa�s]
� thermal conductivity [N/s/ÆC]
�0 thermal conductivity at ambient conditions [N/s/ÆC]
� reduced coeÆcient of friction [-]
�i Poisson's ratio of contacting surface i (i=1,2) [-]



xx Nomenclature

� density [kg/m3]
�� dimensionless density [-]
�0 density at ambient pressure [kg/m3]
� standard deviation of the surface height distribution [m]
�s standard deviation of the asperity height distribution [m]
��s dimensionless number of �s [-]
� shear stress [Pa]
�l limiting shear stress [Pa]
�H shear stress of the hydrodynamic component [Pa]
�0 Eyring shear stress [Pa]
�xz shear stress across the �lm [Pa]
� aspect ratio of the contact ellipse [-]
�(s) distribution of the asperities [-]
��(s) standardized distribution of the asperities [-]
# aspect ratio of the contacting surface curvature # = Rx=Ry [-]
! displacement [m]
 plasticity index [-]
< central �lm thickness reduction [-]

Subscripts

v viscous
e elastic

Abbreviations

EHL elastohydrodynamic lubrication
ML mixed lubrication
BL boundary lubrication



Chapter 1

Introduction

1.1 Friction and lubrication

Friction, the resistance encountered by one body moving over another, is every-
where in daily life. In some cases friction is useful, as in brakes, friction drives,
tyres, etc. But in many situations friction needs to be reduced in order to mini-
mize power loss, for instance in bearings.

There are a lot of ways to reduce friction. It is obvious, for instance, that less
e�ort is required to move an object by wheels, invented by humans to reduce fric-
tion, than by sliding. One of the e�ective ways of reducing friction is lubrication.
Lubrication is the application of lubricants such as oil or grease to reduce the
shear strength between moving surfaces. If the surfaces are separated by a uid
�lm, all shear will take place in the lubricant �lm and this type of lubrication is
referred to as hydrodynamic lubrication. In many cases, the pressure is so high
and the �lm so thin that elastic deformation of the surfaces can no longer be
neglected, the lubrication under such conditions is referred to as elastohydrody-
namic lubrication.

A lubricant, of which the most important property is its viscosity, is needed
in lubrication. Viscosity provides a measure of the resistance of a uid to shear
ow, similar to the shear modulus of a solid material. Viscosity depends strongly
on pressure and temperature. It has an exponential relation with pressure and
temperature. When the pressure increases or the temperature decreases, the vis-
cosity increases signi�cantly. Therefore, in order to correctly predict the friction
in the lubricant �lm, the pressure and temperature under these conditions must
be known.

1
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1.2 Surface roughness

In reality all surfaces are rough. Figure 1.1 presents a picture of the ground sur-
face of a bearing. It can be seen that the surface is not perfectly smooth.
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Figure 1.1: Surface heights of a ground bearing surface.

The surface height data can be measured by means of for instance aWyko NT2000
surface measurement system. Non-contact optical pro�lers are capable of mea-
suring surface heights from several millimeters down to 1 nm.
A schematic representation of a pro�ler is shown in �gure 1.2. In the VSI mode,
i.e. Vertical Scanning Interferometry, light reected by the sample and light re-
ected by a reference mirror is combined, giving interference fringes from which
the surface heights can be determined.
There are two widely used parameters to describe the surface roughness, i.e. the
centre line average (Ra) and the root-mean-square (Rq).
The Ra is de�ned for a pro�le length L as:

Ra =
1

L

Z L

0

jzjdx (1.1)

where z is the measured height from the centre line. This centre line is de�ned
as the line such that the area above the line is equal to the area below the line.
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Figure 1.2: An optical pro�ler.

Rq is de�ned by:

Rq = f 1
L

Z L

0

z2dxg 1

2 (1.2)

Rq equals the standard deviation � of the roughness height distribution. For a
Gaussian height distribution Rq = 1:25Ra.

1.3 Stribeck curve

If the distance between two rough surfaces is decreased (for instance by decreasing
the velocity or the viscosity in a lubricated system), asperities will make contact
and the friction is locally determined by shearing the boundary layers present at
the surfaces. A further decrease in distance will increase the friction until the
load is carried solely by the asperities and friction becomes of a Coulomb na-
ture, i.e. independent of load and velocity. So if the friction between two rough
surfaces in relative motion, is plotted against, for instance, the velocity, a curve
such as that given in �gure 1.3 will arise. This curve is named after Stribeck [58],
who presented a paper in 1902 on the inuence of the velocity of the interacting
surfaces and the load on the coeÆcient of friction for plain journal bearings as
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Figure 1.3: A typical Stribeck curve.

well as for roller bearings.
In a generalized Stribeck curve the coeÆcient of friction is plotted as a function
of a lubrication number or the velocity. For more details the reader is referred
to Schipper [56]. Three lubrication regimes can be distinguished in this curve,
i.e. the boundary lubrication, the mixed lubrication and the elastohydrodynamic
lubrication regimes. At higher velocities, i.e. in the elastohydrodynamic lubri-
cation regime, the �lm thickness is larger than the surface roughness so that no
asperity contact occurs. The surfaces are fully separated by a uid �lm and the
applied load is totally carried by the uid. When the velocity decreases, the �lm
thickness also decreases and asperity contact occurs, i.e. the mixed lubrication
regime is entered, the load is partly carried by the asperities and the remaining
part by the uid �lm. When the velocity decreases further, more asperity contact
occurs until the applied load is solely carried by the asperities. This is referred
to as the boundary lubrication regime.
Due to increasing technical demands (more power through smaller volumes), more
and more contacts operate in the mixed lubrication regime. There are many fac-
tors a�ecting the Stribeck curve in this regime, such as the topography of the
surfaces, the temperature distribution in the contact, the load sharing between
the uid and the asperities etc. These factors make it very complicated to predict
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the friction in this regime.
A Stribeck curve can be measured by means of, for instance, a Wedeven As-
sociates Machine #5, or WAM 5, as shown in �gure 1.4. WAM 5 is a ball on
disc machine that can be used to measure friction and lubrication conditions of
a ball on a disc (circular) contact. The velocities of the ball and the disc can be
controlled independently, within a rolling velocity range of 0.1 to 10,000 mm/s
and a slip between -200% and +200%.

Figure 1.4: A WAM ball-on-disc machine.

1.4 Objective of this thesis

As pointed out in the previous section, more and more oil lubricated mechanical
components with concentrated contacts operate in the mixed lubrication regime
due to increasing technical demands. Knowing the friction in the mixed lubri-
cation regime is a very important step to predict the life of these components.
Therefore, the objective of this research was to develop a model which predicts
the Stribeck curve i.e., the frictional behaviour in the di�erent lubrication regimes
as a function of the operational conditions by taking the surface topography and
thermal e�ects into account. Clearly, experiments are required to verify the
model.

1.5 Overview

Chapter 2 presents an overview of existing knowledge with regard to the three
lubrication regimes of the Stribeck curve, i.e. boundary lubrication, mixed lubri-
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cation and elastohydrodynamic lubrication. A thermal EHL model is developed
to predict friction at elastohydrodynamic lubrication conditions in chapter 3.
In chapter 4, a mixed lubrication model is developed to predict the friction in
the intermediate regime. The model combines an elastic contact model and the
Eyring uid model. Model and experimental results are compared in section 4.4.
Chapter 5 discusses some running-in tests. Chapter 6 deals with the inuence of
starved lubrication conditions on the frictional behaviour. Finally, in chapter 7
conclusions and recommendations are given.



Chapter 2

Literature review

In chapter 1 a typical Stribeck curve was introduced and in this curve three di�er-
ent lubrication regimes can be distinguished. In this chapter a literature review
is given regarding these three regimes, i.e. the elastohydrodynamic lubrication
regime, the mixed lubrication regime and the boundary lubrication regime.
The elastohydrodynamic lubrication theory will be introduced in section 2.1. In
section 2.2 several rheological models based on di�erent lubricant behaviours will
be discussed. Thermal e�ects in elastohydrodynamic lubrication are discussed in
section 2.3. Section 2.4 deals with the mixed lubrication regime and an introduc-
tion regarding boundary lubrication is given in section 2.5.

2.1 Elastohydrodynamic lubrication theory

The elastohydrodynamic lubrication theory is based mainly on three equations:
the Reynolds equation [53], the �lm thickness equation and the load balance
equation. The Reynolds equation describes the relation between the pressure
in the lubricant �lm as a funtion of the geometry of the gap and the velocities
of the running surfaces. The �lm thickness equation presents the elastic defor-
mation of the surfaces caused by the pressure in the �lm and the force balance
equation requires that the integral over the pressure in the �lm equals the exter-
nally applied load. The three governing equations will be discussed in this section.

2.1.1 Reynolds equation

The Reynolds equation is a simpli�cation of the Navier-Stokes equations, derived
by assuming a narrow gap and demanding conservation of mass. The Reynolds
equation has been written in many forms; in cartesian coordinates it can be writ-

7
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ten as:

@

@x
(
�h3

�

@p

@x
) +

@

@y
(
�h3

�

@p

@y
) = 6�+

@(�h)

@x| {z }
wedge

+6�h
@(us)

@x| {z }
stretch

+12
@(�h)

@t| {z }
squeeze

(2.1)

where:
us: the sum velocity of the moving surfaces (us = u1 + u2)
x, y: spatial cartesian coordinates
t: time
p: pressure
h: �lm thickness
�: density
�: viscosity

The left hand side terms are generally referred to as the Poisseuille terms.
The three terms on the right hand side denote three possible e�ects that gener-
ate hydrodynamic pressure in the gap. The �rst term is referred to as the wedge
term, the second as the stretch term and the last as the squeeze term. If a steady
ow is taken into account, @(�h)=@t is zero, so the squeeze term in the Reynolds
equation can be neglected. Since the sum velocity is assumed to be constant
along the x-direction under certain operational conditions, the stretch term can
also be neglected.
To solve the Reynolds equation, boundary conditions are required. Generally,
the pressure is de�ned as zero at the edges of the domain, so:

p(xa; y) = p(xb; y) = 0 (2.2)

p(x;�ya) = p(x; ya) = 0 (2.3)

where xa, xb and ya are the boundaries of the domain.
Because the lubricant properties such as the viscosity and the density depend on
pressure and temperature, these relations are also required.

2.1.1.1 Viscosity-pressure-temperature index

There are two very important viscosity-pressure relation equations, i.e. the Barus
equation [4] and Roelands' [54] relation.
The Barus equation reads:

�(p) = �0e
�p (2.4)
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where:
�0: viscosity at ambient pressure
�: viscosity pressure coeÆcient

The Barus equation is widely used in the literature as it is a simple equation
and thus easy to apply in analytical derivations. However, this equation is valid
only for rather low pressures since for high pressures the predicted viscosities are
far too high.
A more accurate viscosity pressure relation at high pressure was proposed by
Roelands. This equation reads:

�(p) = �1(
�0
�1

)(1+p=pr)
z

(2.5)

where:
�1: constant (�1 = 6:31� 10�5 Pa�s)
pr: constant (pr = 196:2� 106 Pa)
z: viscosity-pressure index

The inuence of temperature on viscosity was incorporated by Roelands:

�(p; T ) = �1(
�0
�1

)(1+p=pr)
z
�((T0+135)=(T+135))S0 (2.6)

where:
T : temperature ÆC
T0: ambient temperature ÆC
S0: viscosity temperature index

2.1.1.2 Density-pressure relation

Because of the high pressures in the �lm in elastohydrodynamic lubrication sit-
uations, the compressibility of the oil must be taken into account. The most
frequently used density pressure relation was proposed by Dowson & Higginson
[14]:

�(p) = �0
0:59 � 109 + 1:34p

0:59 � 109 + p
(2.7)

where: �0 is the density at ambient pressure and p is the pressure. This relation
will be used in this thesis.

2.1.2 The �lm thickness equation

The Reynolds equation can be used to solve the pressure in the gap when its
geometry is known. In order to determine the geometry, i.e. the shape of the �lm
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gap, a relation describing the elastic deformation of the surface by the pressure
is required.

2.1.2.1 Line contact

The equation describing the �lm shape in a line contact situation reads:

h(x) = h0 +
x2

2R
+ d(x) (2.8)

where:
R: the reduced radius of curvature: 1=R = 1=R1 + 1=R2

h0: constant
d(x): elastic deformation

The elastic deformation d(x) can be calculated according to Timoshenko & Good-
ier [63] as:

d(x) = � 4

�E 0

Z
1

�1

lnjx� x0

x0
jp(x0)dx0 (2.9)

where E 0 is the reduced elastic modulus.
The reduced elastic modulus is de�ned as:

2

E 0
=

1� �21
E1

+
1� �22
E2

(2.10)

where E1 and E2 are the elastic moduli and �1 and �2 the Poisson's ratio of sur-
faces 1 and 2, respectively.

2.1.2.2 Point contact

The �lm thickness equation for point contact can be written as:

h(x) = h0 +
x2

2Rx
+

y2

2Ry
+ d(x; y) (2.11)

where:
Rx is the reduced radius of curvature in the x-direction:

1

Rx
=

1

R1x
+

1

R2x
(2.12)
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Ry is the reduced radius of curvature in the y-direction:

1

Ry
=

1

R1y
+

1

R2y
(2.13)

h0 is a constant and d(x,y) is the elastic deformation, which can be calculated
according to Love [47] as:

d(x; y) =
2

�E 0

Z
1

�1

Z
1

�1

p(x0; y0)dx0dy0p
((x� x0)2 + (y � y0)2)

(2.14)

2.1.3 The load balance equation

The load applied on the contacting bodies is carried by the lubricant. Hence,
the integral over the pressure in the �lm will give the applied load. For the line
contact, it reads:

Z
1

�1

p(x)dx = w (2.15)

For the point contact we have:

Z
1

�1

Z
1

�1

p(x; y)dxdy = P (2.16)

2.1.4 The results of EHL calculations

Extensive attention has been paid to the solution of the elastohydrodynamic lu-
brication problem for both line and point contacts [14, 15, 49, 66]. In general, all
equations and parameters are made dimensionless in order to reduce the number
of parameters for the calculations.
In the literature two sets of dimensionless numbers for line contacts are common.
The �rst set contains four numbers (Dowson & Higginson [14]):

Gl = �E 0; �h =
h

R
; UP =

�0us
E 0R

; W =
w

E 0R

where:
�h is the dimensionless �lm thickness
W is the dimensionless load number
UP is the dimensionless velocity number
Gl is the dimensionless lubricant number.
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The second set consists of three numbers and follows from the �rst set. The
three numbers are de�ned after Moes [48]:

H = �hU
�1=2
P ; M = WU

�1=2
P ; L = GlU

1=4
P

where:
H is the �lm thickness
M is the load number
L is the lubricant number

The equations can thus be made dimensionless after which they can be solved
numerically. The result of these calculations is a �lm shape and pressure distri-
bution.
An example of numerical line contact calculations is given in �gure 2.1.

Figure 2.1: Film thickness and pressure distribution for a line contact,
after Gelinck [22].

An equation for the central �lm thickness can then be derived by curve �tting
using the dimensionless numbers. An expression derived by Moes [49] and ap-
plied in this thesis is:
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Hc = [(H
7=3
RI +H

7=3
EI )

3s=7 + (H
�7=2
RP +H

�7=2
EP )�2s=7]s

�1

(2.17)

with

s =
1

5
(7 + 8e�2HEI=HRI ) (2.18)

HRI = 3M�1 Rigid Isoviscous asymptote (2.19)

HRP = 1:287L2=3 Rigid Piezoviscous asymptote (2.20)

HEI = 2:621M�1=5 Elastic Isoviscous asymptote (2.21)

HEP = 1:311M�1=8L3=4 Elastic Piezoviscous asymptote (2.22)

In a similar way Nijenbanning et al. [50] developed a central �lm thickness equa-
tion for elliptical contacts and their equation will also be adopted in this thesis
as well:

Hc = [(H
3=2
RI + (H�4

EI +H�4
00 )

�3=8)2s=3 + (H�8
RP +H�8

EP )
�s=8]1=s (2.23)

where:

s = 1:5(1 + exp(�1:2HEI

HRI
)) (2.24)

H00 = 1:8#�1 (2.25)

HRI � 145(1 + 0:796#14=15)�15=7#�1M�2
�

(2.26)

HEI � 3:18(1 + 0:006ln#+ 0:63#4=7)�14=25#�1=15M�2=15
�

(2.27)

HRP � 1:29(1 + 0:691#)�2=3L2=3 (2.28)

HEP � 1:48(1 + 0:006ln#+ 0:63#4=7)�7=20#�1=24M�1=12
�

L3=4 (2.29)

in which:
# = Rx=Ry (=1 for point contacts)
M� = P=(E 0R2

x) � (�0us=(E 0Rx))
�3=4

L = �E 0 � (�0us=(E 0Rx))
1=4

For point contacts (# = 1) equations (2.25) to (2.29) become:

H00 = 1:8 (2.30)

HRI � 41:3M�2
�

(2.31)

HEI � 2:4M�2=15
�

(2.32)

HRP � 0:9L2=3 (2.33)

HEP � 1:25M�1=12
�

L3=4 (2.34)
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2.2 Rheological models in EHL

Because of the extreme conditions in an EHL contact, i.e. very high pressure,
high shear rate and sometimes temperature, the lubricant does not behave as a
Newtonian uid. In order to determine the friction in these contacts, the rhe-
ological behaviour of the lubricant is very important. Many rheological models
[1, 2, 3, 11, 18, 21, 39, 42, 43, 45, 46, 62, 69] have been proposed based on lubri-
cant behaviour in an EHL contact.
Figure 2.2 [17] presents four types of friction curves depending on the rheological
behaviour of the lubricant. These curves usually present three distinct regions.
In the �rst part, limited by low shear rates, the shear stress varies linearly with
the shear rate, so the lubricant behaves as a Newtonian uid. In the second
region the shear stress deviates from the linear curve at higher shear rates; it
increases less rapidly because of non-Newtonian behaviour. Eventually at even
higher shear rates, thermal e�ects cause a reduction in viscosity, and thus also in
the friction. This implies a reduction of the shear stresses.

Figure 2.2: Types of friction curves, Evans (1983).

The slope of the linear part of the curves in �gure 2.2 can be described adequately
by a viscous Newtonian behaviour of the lubricant, i.e. � = � _. The coeÆcient of
viscosity is given by the viscosity-pressure relation according to Roelands (equa-
tion 2.5) provided the pressure is not too high [61].
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At higher pressures the lubricant starts to behave as a visco-elastic and eventu-
ally as an elastic solid material.
The transition from viscous to elastic behaviour can be determined by the so-
called Deborah number, de�ned as:

D =
�uav
Gb

(2.35)

where uav is the average velocity equal to half the sum velocity (us=2), b is the
half the Hertzian width of the contact and G is the lubricants' shear modulus.
The Deborah number can be recognized as the ratio of the relaxation time for a
uid (�=G) to the time of passage of the uid through the contact zone (b=uav).
For Deborah numbers much smaller than unity the lubricant behaves as a vis-
cous uid and for Deborah numbers much larger than unity elastic behaviour is
dominant. This can be explained as follows: if the time the uid particle remains
in the contact zone is very long, so its velocity is small, the uid has enough time
to deform. The Deborah number in this case is smaller than unity. For Deborah
numbers much larger than one the uid will deform only elastically.
The Newtonian behaviour, as described before, will, at higher slip, gradually
change into non-Newtonian, i.e. non-linear behaviour.
Several non-Newtonian models have been developed [1, 18, 42]. For the prob-
lem described in this thesis the so-called Eyring model is applied. According to
Eyring the relation between shear rate and shear stress can be described as:

_ =
�0
�
sinh(

�

�0
) (2.36)

where �0 is the Eyring shear stress.
This shear stress �0 is a value of the stress above which the uid behaves in a
nonlinear way. When � � �0,

sinh(
�

�0
) =

1

2
(e�=�0 � e��=�0) � 1

2
(
�

�0
� (� �

�0
)) =

�

�0
(2.37)

the uid behaves in a Newtonian way.
Combining elastic and non-linear behaviour has been described by Johnson &
Tevaarwerk [42].

_ = _e + _� =
1

G

d�

dt
+
�0
�
sinh(

�

�0
) (2.38)

However, at a certain value of the shear stress it reaches its limiting value and the
uid will behave plastically. Curve (IV) in �gure 2.2 describes this elastic/plastic
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behaviour of lubricants. In the model of Johnson & Tevaarwerk, the shear stress
can increase without limitations. However, in reality, the lubricant will behave
like a plastic solid and at a certain shear rate the shear stress remains constant.
This limiting value of the shear stress has been shown to vary linearly with pres-
sure [35]. Bair & Winer [1, 2] proposed a model based on the limiting shear stress
(�l), reading:

_ =
1

G

d�

dt
� �l
�
ln(1� �

�l
) (2.39)

2.3 Thermal e�ects in EHL

In EHL contacts, due to high di�erences in velocity between the surfaces, a
signi�cant increase in temperature within the contact may occur. Substantial
research [15, 32, 35, 38, 67] has been devoted to the determination of the ther-
mal conditions sustained by the lubricant as it transits through the conjunction.
Greenwood & Kauzlarich [29], and Murch & Wilson [51] investigated thermal ef-
fects in the inlet zone. They concluded that the viscous heating in the inlet zone
has a signi�cant e�ect on the reduction of �lm thickness especially at high veloc-
ities. A simple expression for the reduction in �lm thickness was given by Murch
& Wilson. Recently, Hsiao & Hamrock [37] studied the transient temperature
distributions in EHL conjunctions by comparing the �rst-cycle-transient-state
solutions with the pseudostationary-state solutions. The e�ect of sliding on the
location of the maximum lubricant temperature in the conjunction was explored
for a full range of slide-to-roll ratios in their paper.
A lot of attention has been paid to thermal e�ects in EHL for instance, ten Napel
et al. [62] describes traction experiments in elastohydrodynamic lubricated point
contacts at high contact pressures. The experiments were carried out at pres-
sures of up to 3.5 GPa and with two di�erent lubricants, i.e. Turbo T68 and
Turbo T9. They developed a thermal Roelands Eyring Maxwell model to predict
the traction in the contact and the results showed that predictions based on this
model agreed quite well with the experimental results. In 1998, Lambert [45] ex-
tended this work by taking the inlet region into account. His model was veri�ed
by experimental results from the literature.

2.4 Mixed lubrication

The mixed lubrication regime is the intermediate zone between the boundary lu-
brication regime and the elasto-hydrodynamic lubrication regime. In this regime,
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the applied load is partly carried by the interacting asperities and the remain-
ing part by the uid �lm. In order to predict the friction force in the mixed
lubrication regime, one needs a contact model to describe the load carried by the
asperities.

2.4.1 Greenwood & Williamson's elastic contact model

One of the most frequently used elastic contact models which will be used in
this thesis is the Greenwood & Williamson [27] model. In their model, a large
number n of asperities (n per m2) is assumed on one surface while the other
surface is taken as smooth. The average radius of the asperities is � and the
height distribution of the surface, �(z), as well as that of the summits, �s(z), is
assumed to be Gaussian i.e.:

�s(z) =
1

�s
p
2�
e�z

2=2�2s (2.40)

The standard deviation of the summits' height distribution is �s and that of the
surface height distribution is �.

mean height
 of surface

mean height
of summits 

Z Pi
hss hs dd

Figure 2.3: The contact between a rough surface and a at smooth sur-
face.

In �gure 2.3 the contact between a rough surface and a at smooth surface is
drawn. If the distance between the mean plane of the summits and the smooth
surface is hss, those summits having a height larger than hss will make contact.
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So the number of summits per unit area in contact is:

N = n

Z
1

hss

�s(z)dz (2.41)

A random asperity at a position z from the summits' mean plane will be com-
pressed over a distance wd = z � hss, and since the asperities are expected to
behave elastically according to Hertz, the load carried by this asperity will be:

Pi =
2

3
E 0�1=2w

3=2
d =

2

3
E 0�1=2(z � hss)

3=2 (2.42)

The contact area of the deformed asperity is :

Ai = ��wd = ��(z � hss) (2.43)

The asperity pressure equals total load carried by the summits in contact per
unit area, so:

pa;av =
2

3
n�1=2E 0

Z
1

hss

(z � hss)
3=2�s(z)dz (2.44)

If we de�ne the function Fj(�) as:

Fj(�) =

Z
1

�

(s� �)j��s(s)ds (2.45)

where �, the standardized separation, is equal to hss=�s and �
�

s(s), the standard-
ized height distribution, s = z=�s, is de�ned as follows:

��s(s) =
1p
2�
e�s

2=2 (2.46)

Eqn.(2.44) then becomes:

pa;av =
2

3
n�1=2E 0�3=2s F3=2(

hss
�s

) =
2

3
n��s

r
�s
�
E 0F 3

2

(
hss
�s

) (2.47)

This equation shows that the asperity pressure can be determined by the surface
topographic properties (n; �; �s) and the separation hss.
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Greenwood & Williamson also established a criterion for distinguishing surfaces
which touch elastically at the asperity level from those which touch plastically,
by de�ning a plasticity index as:

 =
E 0

GW

H 0

r
�s
�

(2.48)

where H 0 is the hardness of the material. E 0

GW is the elastic modulus de�ned as:

1

E 0

GW

=
1� �21
E1

+
1� �22
E2

(2.49)

Notice the di�erent de�nition between E 0 and E 0

GW .
When  exceeds 1.0 predominantly plastic contact will occur even at trivial nom-
inal pressures and when  is less than 0.6 the surfaces will contact mainly elas-
tically.

2.4.2 Johnson's contact model

In 1972, Johnson et al. [41] developed a model to calculate the load sharing be-
tween the asperity contact and the uid �lm in the mixed lubrication regime. In
their approach, they combined the Greenwood & Williamson theory of random
rough surfaces in contact with established elastohydrodynamic theory.
The situation they dealt with is illustrated in �gure 2.4 which may represent

either a line or a point contact. Under these circumstances the �lm will be ap-
proximately parallel and the total pressure distribution approximately Hertzian.
However, the uid pressure is not exactly Hertzian. There is a build-up pressure
in the entry region and a rapid drop in pressure at the exit which is associated
with a contraction in the �lm. But these secondary e�ects are ignored in this
approach, i.e. the uid pressure is assumed to be semi-elliptical. The two surfaces
are rough with a random distribution of asperity heights. The asperity pressure
pa;av, together with the pressure in the lubricant �lm pf , makes up the total pres-
sure p, which is responsible for the bulk elastic deformation of the two surfaces.
In their approach, Greenwood & Williamson's model has been used to describe
the asperity pressure according to eqn. (2.47).
In the mixed lubrication regime, the higher asperities make contact and therefore
only part of the pressure deforming the solids is provided by the uid pressure
pf . The elastohydrodynamic equation, for the pressure in the �lm, pf , in a line
contact is:

e��pf
dpf
dx

= 12�0us(
h� hm
h3

) (2.50)
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Figure 2.4: An EHL contact with rough surfaces, after Johnson et al.
(1972).

and for the deformation of the solids equations (2.8) and (2.9) are used. The
total load w is then given by equation (2.15). Solutions of these equations are
given in the literature, see for instance [14] and [64], for smooth surfaces.
Johnson et al. substituted p(x) = pf (x) in equations (2.8) and (2.15), where 
is a constant (>1). The equations for the �lm shape and load balance become:

h(x) = h0 +
x2

2R
� 4

�E 0

Z
1

�1

p(x0)lnjx� x0

x0
jdx0 (2.51)

and

w = 

Z
1

�1

p(x)dx (2.52)

Equations (2.50), (2.51) and (2.52) represent the EHL equations for solids having
an elastic modulus E 0= under a load w=.
For a smooth surface, the �lm thickness in the parallel part can be expressed
(Dowson & Higginson [14]) as:

(
hw

�0usR
) � 3:3(

�w3=2

�
1=2
0 u

1=2
s R

)0:54 � (
w

(�0usE 0R)1=2
)0:06 (2.53)
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For a rough surface w, E' and h in equation (2.53) will be replaced by w=, E 0=
and hf;r respectively, hence:

(
1



hf;rw

�0usR
) � 3:3(

1

3=2
�w3=2

�
1=2
0 u

1=2
s R

)0:54 � (
1

1=2
w

(�0usE 0R)1=2
)0:06 (2.54)

Combining equation (2.53) and equation (2.54) results in:

1



hf;r
h

= (
1

3=2
)0:54 � (

1

1=2
)0:06 (2.55)

consequently the ratio of uid pressure to total pressure becomes:

pf
p

=
1


= (

hf;r
h

)6:3 (2.56)

Equation (2.56) gives the relationship between the uid pressure pf and the �lm
thickness hf;r, as a funtion of the �lm thickness h which could be obtained with
smooth surfaces under the same operating conditions.
The pressure carried by the asperities (pa;av=p), expressed by equation (2.47), is
a function of (hss=�s) whilst the hydrodynamic �lm pressure (pf=p), given by
equation 2.56, is a function of (hf;r=h). In order to combine these two equations
a relation between hss and hf;r, is required.
In their paper, Johnson et al. proposed:

hss
�s

� hf;r
�

(2.57)

According to Whitehouse & Archard [64] :

�s � 0:7� (2.58)

and equation (2.57) becomes:

hss � 0:7hf;r (2.59)

So the equations (2.47), (2.56) and (2.59) can be solved and the division of total
pressure, between the asperities and the �lm, can be determined.
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Figure 2.5: Dimensionless pressure distribution in the mixed lubrication
regime.

2.4.3 Gelinck et al. model

In 1999, Gelinck [22] extended the Johnson et al. model and calculated Stribeck
curves for line contact situations. In his approach, the assumed pressure distri-
bution in the mixed lubrication regime is presented in �gure 2.5.

It can be seen from this �gure that not only the �lm pressure component but
also the asperity pressure component is proportional to the Hertzian pressure
distribution. The summation of the two components gives the total pressure. In
�gure 2.5 the pressure distribution in the asperity contact is di�erent from the
Johnson et al. model, where the asperity pressure is constant in the dry contact.
Using multigrid techniques [66], Gelinck [23] calculated the pressure distribution
and separations for rough line contacts based on the Greenwood & Williamson
model. The central pressure (at position X = 0) in the contact was obtained and
curve �tted as:

�pa;c = (1 + (a1 � �na2 � ��sa3)a4)1=a4 (2.60)

where:
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a1 = 0:953, a2 = 0:0337, a3 = �0:442 and a4 = �1:70.
and

�pa;c = pa;c=ph
�n = 4nb2

p
�=R = 32nw

p
�R=(�E 0)

��s = �sR=b
2 = ��sE

0=(8w)

This central pressure in a rough line contact can also be calculated by the Green-
wood & Williamson model if the separation in the central region is known:

�pa;c =
2

3
�n ��s

3=2F3=2(
hss
�s

) (2.61)

Using the same approach as introduced by Johnson et al., i.e. p = 2pa;c, equa-
tion (2.60) transforms into:

�pa;c =
1

2
(1 + (a1 � �na2 � ��sa3a22 )a4)1=a4 (2.62)

So the following equation is used to describe the central asperity pressure in the
mixed lubrication regime:

�pa;c =
1

2
(1 + (a1 � �na2 � ��sa3a22 )a4)1=a4 =

2

3
�n ��s

3=2F3=2(
hss
�s

) (2.63)

In Gelinck's approach, the relation between hss and hf;r also di�ers from that of
the Johnson model. The relation of hss and hf;r in Gelinck's model is presented
in �gure 2.6.

From this �gure, it can be seen that there exists a distance dd between the mean
plane through the asperities and the mean plane through the heights of the sur-
face, such that:

hss = hf;r � dd (2.64)

In which for dd the following relation according to Whitehouse & Archard [64]
was used:

dd = 0:82� (2.65)

Both Johnson's and Gelinck's model can not deal with very high loading situ-
ations. This is caused by the assumption of the relation between the average
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Figure 2.6: The di�erent planes in a rough surface.

separation and the average �lm thickness. From eqn.(2.59), it can be seen that
the separation hss can never become negative because the �lm thickness hf;r is
always positive. From eqn.(2.64), however, it can be found that the minimum
separation can become -dd. However, the separation hss can be even less than
-dd according to Greenwood & Williamson model eqn.(2.47) when a high load is
applied. In chapter 4 this item is discussed in more detail.

2.5 Boundary lubrication

In the boundary lubrication regime, the total applied load is carried by the asper-
ities in contact. Hardy & Doubleday [33] discovered that metallic surfaces were
protected by a boundary �lm which was adsorbed on the surfaces. The friction
in this regime is due to shear of these boundary layers.
Godfrey [26] distinguished three di�erent ways of formation of boundary layers on
a steel surface, which are: physical adsorption, chemical adsorption and chemical
reaction. In physical adsorption, the bonding between the lubricant molecules
and the metal surface is a Van der Waals bond, which is relatively weak in com-
parison with a chemical bond. In chemical adsorption, lubricants are held to the
metal surface by chemical bonds. Unlike in physical adsorption, the chemical
bonds are irreversible and stronger. By a chemical reaction, an exchange of va-
lence electrons between an additive in the lubricant and the solid surfaces occurs.
A new chemical compound is formed. These reaction �lms are more stable than
physically or chemically adsorbed �lms.
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Since the friction in the boundary lubrication is related not only to the chemical
and physical properties of the lubricant, but also to the surface and the oper-
ational parameters, the value of the friction coeÆcient in this regime is mainly
obtained from experiments. In this thesis, the friction in the boundary regime is
also obtained from measurements.

2.6 Summary

In this chapter a review was given of the literature regarding friction in elas-
tohydrodynamic lubrication, mixed lubrication and boundary lubrication. Most
theoretical work has been performed in elastohydrodynamic lubrication. In the
boundary lubrication, experimental work is still the most important way to ob-
tain the correct value for the coeÆcient of friction. For the mixed lubrication
regime, Johnson et al. developed a model to determine the load sharing between
the asperity contact and the EHL �lm by combining Greenwood & Williamson's
elastic contact model with EHL theory. Gelinck extended their work to calculate
Stribeck curves for line contacts. However, neither model can deal with high load-
ing situations. Another disadvantage of the two models is that they can not give
a correct prediction under thermal conditions because the models are isothermal.
In the next chapter, a �nal version of a thermal EHL model, which will be used
later as a part of a mixed lubrication model, is described.
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Chapter 3

A thermal non-linear Roelands

Eyring model for an EHL contact

3.1 Introduction

Many oil-lubricated mechanical components with concentrated contacts trans-
mitting power or motion, such as gears, rolling element bearings and cams, often
operate under severe conditions, i.e. high contact pressures in combination with
high slip. The lubricant behaviour for these contacts is strongly non-Newtonian
and heat development in the lubricant �lm is dominant.

Several lubricant rheological models [1, 18, 15, 42, 45, 62] have been devel-
oped to calculate the friction in concentrated contacts. Based on the Eyring [18]
model, Johnson & Tevaarwerk [42] proposed a nonlinear isothermal rheological
Maxwell model to predict traction forces obtained on a two-disc machine. As-
suming a constant shear stress � across the �lm thickness, a uniform �lm, and a
Hertzian pressure distribution, they calculated the traction forces in the contact
region. The calculated results �tted the experimental results well for low slip, i.e.
for the situation where no heating of the oil �lm could be expected.

Klein Meuleman, Lubrecht & ten Napel [44] developed a thermal Roelands
Maxwell Eyring model by taking the thermal e�ects in the contact region into ac-
count and by adopting the viscosity-pressure relation according to Roelands [54],
see section 2.1.1.1. They simpli�ed the energy equation and obtained the tem-
perature distribution in the contact region by solving it numerically. The friction
force was calculated from the viscosity distribution resulting from the tempera-
ture pro�le in the contact and the pressure distribution according to Hertz [34].
The �lm pro�le was assumed to be parallel.

27
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Lambert [45] presented a revised version of this work, where some simplifying
assumptions were omitted. In this model, a calculated �lm pro�le and pressure
distribution, obtained from numerical EHL line and point contact calculations
[66], were applied. Also, the shear stress was allowed to vary across the �lm and
the thermal calculations were extended to the inlet region as well.

In this chapter, the �nal version of a thermal non-linear Eyring EHL model,
which will be used as a part of a mixed lubrication model, will be described.
The results calculated by this model will be compared with traction experiments
carried out on the University Twente two-disc machine (line contact) as well as
on the SKF ERC WAM (point contact).

3.2 Thermal EHL theory

In this section a thermal non-linear Eyring EHL model, predicting the friction
forces in the contact, will be presented. The pressure and �lm thickness in the
inlet and contact regions are obtained from numerical multigrid calculations ac-
cording to Venner [66] while the temperature distribution is calculated numer-
ically using a �nite di�erence method. The calculated friction forces will be
compared with a more simple model assuming a Hertzian pressure distribution
and a uniform �lm thickness in the contact region.

3.2.1 Formulation

3.2.1.1 Non-linear Eyring-Maxwell model

In 1977, Johnson & Tevaarwerk [42] superimposed non-linear viscous ow on lin-
ear elastic strain and proposed a non-linear Maxwell model as shown in �gure
3.1. The constitutive equation is expressed as:

_ = _e + _� =
1

G

d�

dt
+
�0
�
sinh(

�

�0
) (3.1)

where G is the uid shear modulus, � the viscosity and �0 the Eyring shear stress.
All these parameters are pressure and temperature dependent. The �rst term

describes elastic behaviour and the second term the non-linear viscous behaviour
between � and _v. Johnson & Tevaarwerk also showed that if the uid ows
through a contact with a steady velocity u parallel to the x-axis, due to the
rolling motion, the convective derivative reduces to:
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G �

�

Figure 3.1: Non linear Maxwell-Eyring model.

d

dt
= uav

d

dx
(3.2)

So, the resulting constitutive equation becomes,

_ = _e + _v =
uav
G

d�

dx
+
�0
�
sinh(

�

�0
) (3.3)

It can be shown that a visco-elastic uid shows predominant viscous behaviour if
the so-called Deborah number D = �u=Gb is small. In this expression, � stands
for the viscosity in the contact, b for half the Hertzian contact width in the rolling
direction and G for the elastic modulus of the uid. The latter is very large so
for not too high contact pressures, the uid behaves predominantly in a viscous
way and the elastic part of equation (3.3) can be neglected.

3.2.1.2 Conservation of momentum

For a two-dimensional situation, i.e. a line contact, the equilibrium momentum
equation of a uid element can be written as:

dp

dx
= �d�

dz
(3.4)

From this equation it is clear that the shear stress � is not constant across the �lm.

3.2.1.3 Energy equation

It has been shown that the predominant terms in the energy equation applied to
a very thin lubricant �lm are the heat production by uid shearing, the conduc-
tion, and the convection of heat [70]. Under steady state conditions, the energy
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equation for the EHL contact can be written as:

�
@2T

@z2
� �Cpuav

@T

@x
+ �xz(

@uav
@z

)v = 0 (3.5)

where � is the thermal conductivity, � the density, Cp the speci�c heat, uav the
average uid velocity, T the temperature, �xz the shear stress across the �lm, x
is the coordinate along the surface in the velocity direction and z the coordinate
perpendicular to the surface.

The boundary conditions are given by Carslaw & Jaeger [8],
surface 1 ( i = 1, z = 0 )

T (x; 0) = Tsurf1 +
1p

��1Cp1�1u1

Z x

�1

�(
@T

@z
)z=0

dx0p
x� x0

(3.6)

surface 2 ( i = 2, z = h )

T (x; h) = Tsurf2 � 1p
��2Cp2�1u2

Z x

�1

�(
@T

@z
)z=h

dx0p
x� x0

(3.7)

3.2.1.4 Film equation

In the EHL line contact a nearly parallel �lm is present with a restriction at the
end of the contact. The subject regarding pressure and �lm thickness in EHL
has got a lot of attention in the literature. Recent numerical work on this topic
was published by Venner [66]. In this chapter the expression derived by Moes
[49] will be applied.

Dimensionless parameters:

Gl = �E 0 H =
hm
R

UP =
�us
E 0R

W =
w

E 0R

Hm = HU�1=2P M =WU�1=2P L = GlU
1=4P

in which � is the viscosity pressure coeÆcient, E' is the combined elasticity mod-
ulus, hm is the minimum �lm thickness etc. The �lm thickness relation derived
by Moes [48] is given in chapter 2, equation (2.17).



3.2. Thermal EHL theory 31

3.2.1.5 Pressure and �lm thickness distribution

Figures 3.2 and 3.3 present a calculated pressure and �lm thickness distribu-
tion respectively for the conditions mentioned in appendices A and C. The X-
coordinate (X = x/b, with b the half Hertzian contact width for line contact)
ranges from -2.5 to 1.5. The Hertzian pressure distribution and a uniform �lm
thickness are presented in these �gures as well (dotted line). The pressure distri-
bution is nearly equal to the Hertzian solution for this case and the �lm thickness
is almost parallel. However, plotted on a di�erent scale (�gure 3.4), the �lm shape
clearly deviates from a uniform �lm.
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Figure 3.2: Pressure distribution. pmax = 1:58 GPa, us= 8 m/s. Lubri-
cant T9.

3.2.1.6 Friction force equation

The friction force per unit width of the line contact and the coeÆcient of friction
can be calculated by,

F =

Z +1

�1

�dX; (3.8)

and

f =
F

P
(3.9)
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where F is the friction force, � the shear stress, f coeÆcient of friction and P the
normal force. The contribution of the oil �lm outside the contact region to the
shear force can be neglected since the pressure and hence viscosity are very low
there.

3.2.1.7 Viscosity relation

The viscosity of the oil is pressure and temperature dependent. Roelands' [54]
equation, describing the relationship between viscosity, pressure and temperature
will be used in this model. This relation is the same as equation (2.6) in chapter 2.

A number of physical parameters in the energy equation (3.5), like the den-
sity, the thermal conductivity and the speci�c heat, are also temperature and/or
pressure dependent.

3.2.1.8 Density equation

The lubricant density can be written as [14]:

� = �0(1� �p(T � T0))(1 +
0:34615p

0:59263e9 + p
) (3.10)

where �p is a lubricant dependent constant, known as the thermal expansion
coeÆcient, T0 is the reference temperature.

3.2.1.9 Thermal conductivity relation

Based on experimental data of di�erent lubricants, the pressure dependence of
the thermal conductivity can be written as:

� = �0(0:75 + 0:25
p
1 + p � 2� 10�8) (3.11)

for di-(2-ethyl-hexyl)-sebacate [43], and

� = �0(0:56 + 0:44
p
1 + p � 2� 10�8) (3.12)

for mineral oils [20].
The mineral oil expression will be used in this thesis since the experiments were
carried out with mineral oils.
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3.2.1.10 Speci�c heat at constant pressure

The speci�c heat relation is,

Cp = Cp0(1 + �cp(T � T0)) (3.13)

where Cp0 is the speci�c heat of the lubricant at T = T0 and �cp is the tempera-
ture coeÆcient of speci�c heat.

3.2.1.11 Assumptions

The following assumptions have been made in this report:
- G ( shear modulus) is very large, so the elastic strain rate can be neglected.
- �0 (Eyring shear stress) is constant, i.e. �0 keeps the same value even both the
pressure and the temperature vary in the contact zone.

3.2.2 Calculations

The friction force and/or the coeÆcient of friction can be calculated by equations
(3.8) and (3.9) respectively and the shear stress � in the �lm by the constitutive
equation (3.3). In order to solve this equation, the viscosity has to been known
across the whole �lm. Since the viscosity is a function of pressure and tempera-
ture, the latter has to be calculated by the energy equation (3.5) and therefore
the shear stress needs to be known. So an iterative procedure is set up to solve
these equations.

3.2.2.1 Non-orthogonal coordinate transformation

Since we consider here a variable �lm thickness, the energy equation should be
solved on a domain that extends beyond the contact area. This means that the en-
ergy equation is to be solved on a non-rectangular domain. Since non-rectangular
domains are inconvenient from a numerical point of view, this domain will be
mapped onto a rectangular domain using a non-orthogonal coordinate transfor-
mation according to Bos [5].
A mapping from the non-rectangular domain to a rectangular domain is achieved
by the following coordinate transformation:

Z =
z

h(x)
; X =

x

b
(3.14)
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With this transformation, we get:

(
@

@x
) =

1

b

@

@X
� Z

b

1

h

@h

@X

@

@Z
(3.15)

(
@

@z
) =

1

h

@

@Z
(3.16)

According to Bos [5], based on the derivation of the Reynolds equation from the
Navier-Stokes equation, the second term on the right-hand side of equation (3.15)
can be neglected. So:

(
@

@x
) � 1

b

@

@X
(3.17)

Figure 3.5 presents the coordinate lines in the domain before coordinate trans-
formation. The domain after transformation is shown in �gure 3.6.

3.2.2.2 Numerical method

A �nite di�erence method is used to solve the energy equation (3.5), along with
equation (3.3). The domain is the �lm region with thickness Z ranging from 0 to
1 and length X from -2.5 to 1 as shown in �gure 3.6.
The energy equation is discretized to a �nite di�erence equation using the three-
point backward di�erence formula for @T=@x and the central di�erence formula
for @2T=@z2, which, for the nodal points x = xi and z = zj, are given by:

@Ti;j
@X

=
3Ti;j � 4Ti�1;j + Ti�2;j

2�X
+ 0(�X2) (3.18)

and

@2T

@Z2
=
Ti;j+1 � 2Ti;j + Ti;j�1

�Z2
+ 0(�Z2) (3.19)

The solution is obtained by sliding a numerical window, 3 mesh sizes wide, for-
ward from inlet to outlet. On the coordinates within this window, the problem
is solved until convergence is reached. After this, the window is moved one step
to the right.
For point contact, a so-called slicing technique is used which can be seen in �gure
3.7. Half the calculation area is divided into a number of slices in the Y-direction,
up to Y = 1. On each slice the line contact procedure is used. This assumes that
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no side ow takes place.
The pressure distribution in each slice is determined as:

p = pmax

p
(1�X2)(1� Y 2) (3.20)

The �lm thickness in each slice is the same and is determined by the method of
Nijenbanning et al. [50]. Each slice is calculated seperatedly according to the
line contact procedure. It can be expected that the more slices are utilized, the
more accurate the result will be.

X

Y

-2.5 10

1

Figure 3.7: Slicing technique for the point contact situation.

3.3 Results of calculations

In this section, the physical properties of a mineral oil T9 are chosen to investi-
gate the thermal e�ects on the friction force as a function of load and slip. The
oil parameters are listed in appendix A and B.

3.3.1 Calculated friction results

A medium Hertzian pressure condition, i.e. 1.58 GPa and conditions as given in
appendix C, are chosen to investigate the model.

The calculated friction forces for line contact are presented in �gure 3.8. It
is clear that the friction force is strongly dependent on the slip. At a certain
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slip the friction reaches a maximum value. Below this value, the shear rate is
relatively small, the friction force will increase with increasing slip, in the �rst
instance almost linearly, but at higher slip non-linearly because of non-Newtonian
e�ects. When the slip is beyond this maximum value of the friction force, the
temperature rise caused by viscous heat dissipation will reduce the viscosity of
the oil signi�cantly, although the shear rate will increase considerably, and as a
result the friction force will decrease with increasing slip.
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Figure 3.8: Calculated friction force for line contact as a funtion of slip.
pmax = 1:58 GPa, us= 8 m/s. Lubricant T9.

Calculations have also been carried out with a semi-elliptical Hertzian pres-
sure distribution and a constant �lm thickness. These results are also presented
in �gure 3.8. It is shown that hardly any di�erences can be noted between the
two results, i.e. the inlet contribution to the friction force can be neglected.
The largest part of the friction is generated in the centre of the contact, because
here the pressure is highest, and the viscosity is exponentially dependent on the
pressure. This explains why the inlet zone of the contact hardly contributes to
the friction.
The calculated temperature distribution at a certain slip, i.e. 40%, is plotted
in �gure 3.9. It can be seen that the temperature increases considerably in the
contact. The highest temperature rise does not occur at the centre of the contact
but beyond that point. It also can be seen that the temperature gradient across
the �lm thickness is small. This is caused by the very thin �lm thickness, i.e.
only 0.2 �m, so the conduction term in the energy equation is large and the disc
temperature increases dramatically.
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Under other situations, for instance in �gure 3.10 (see appendices B and C for
contact conditions), the temperature gradient across the �lm thickness is much
larger than that in �gure 3.9. The �lm thickness in this case is more than 1 �m,
so the conduction term is small and the disc temperature increases gradually.
The shear stress distribution is plotted in �gure 3.11. Comparing �gures 3.2 and
3.11, it can be seen that the shear stress distribution is rather similar to the pres-
sure distribution. The shear stress is almost constant across the �lm thickness
i.e. in the Z-direction since the �lm is very thin.
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Figure 3.9: Calculated temperature distribution in the contact region.
pmax = 1:58 GPa, us= 8 m/s, slip 40%. Lubricant T9.

Calculated velocity pro�les are presented in �gures 3.12 and 3.13. For those
pressure conditions the viscosity is very high, so the shear ow dominates the
pressure ow. However, a concave velocity pro�le at the entry (X = -1, -0.97) due
to the positive pressure gradient and a convex pro�le at the exit (X = 0.95) due to
the negative pressure gradient can be observed. This is because the momentum
equation is considered. At X = 0, the velocity pro�le is not linear. This may be
caused by thermal e�ects.
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Figure 3.10: Calculated temperature distribution in the contact region.
pmax = 1 GPa, us = 11.6 m/s, slip = 15%, Toil = 45ÆC. Lubricant
HVI-160.
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Figure 3.13: Calculated velocity across the �lm thickness. pmax = 1.58
GPa, us = 8 m/s, slip = 40%. Lubricant T9.
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3.3.2 Temperature distribution in the inlet region

The viscosity of the lubricant in the inlet (X = -1) of the contact zone determines
the �lm thickness in the contact region. During experiments, the surface temper-
ature is measured far away from the inlet (X = -1), for instance at X = -100. Oil
temperature increase by viscous shearing, heat transfer within the lubricant �lm
and/or heat transfer to/from the surface in the inlet zone could substantially re-
duce the viscosity and thus the �lm thickness in the contact region. The pressure
distribution and the shape of the �lm thickness in the inlet zone are available, so
the energy equation in the inlet region can be solved in the same way as in the
contact region.
A pmax of 1.58 GPa is used in this section to study the temperature in the inlet
region. The temperature distribution will be calculated in the inlet zone, between
�2:5 < X < �1 for the conditions presented in �gure 3.14.

X = -1

X = -2.5

Toil = 40oC

Tsurface = 60oC

Tsurface = 60oC

Figure 3.14: The conditions in the inlet.

Results are presented in �gures 3.15 to 3.17. From �gure 3.15, it can be
seen clearly that the oil close to the surface is heated �rst, and then the heat
is transferred gradually to the centre. Note that at the end of the inlet region,
the oil temperature almost reaches the value of the wall temperature and on the
central line it even is a little higher than that close to the surface.
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Figure 3.15: Oil temperature distribution in the inlet region. pmax = 1.58
GPa, us = 8 m/s, slip = 40%, Lubricant T9 and -2.5 < X < -1.
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Figure 3.17: The temperature distribution on the center line (Z=0.5) in
the inlet region. pmax = 1.58 GPa, us = 8 m/s, slip = 40%, Lubri-
cant T9 and -2.5 < X < -1.

In �gure 3.16, the temperatures of the surfaces in the inlet region are plotted.
Three parts can be distinguished in this region. In the �rst part, the cold oil cools
the steel surface, and the steel temperature decreases abruptly but only a few
tenths of a degree Celsius. In the second part, the steel temperature decreases
more slowly since the oil has already been heated by the surface and by shear
heating. In the third part, the steel temperature increases due to shear heating
in the oil and by conduction of the heat to the nearby surfaces. Note however,
that the scale of this plot is much larger than in �gure 3.15. The di�erences are
smaller than one degree Celsius.
In �gure 3.17, the temperature distribution on the central line is represented.
Three parts can be seen as well. In the �rst part, the oil temperature hardly
changes while in the second part the temperature increases almost abruptly be-
cause of the heating by the surfaces. In the last part, the temperature increases
very slowly since the oil temperature is almost equal to, or even slightly higher
than, the surface temperature at the end of the inlet region.
The e�ect of di�erent slip values on the temperature is presented in �gures 3.18
and 3.19. It seems that the slip does not have much inuence on the temperature
distribution. It means that shear heating does not play an important role in
heating the oil. It is the surface temperature that heats the oil.
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Figure 3.18: Surface temperature distribution for di�erent slip values in
the inlet region. pmax = 1.58 GPa, us = 8 m/s, Lubricant T9 and
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Figure 3.19: Center line oil temperature distribution for di�erent slip val-
ues in the inlet region. pmax = 1.58 GPa, us = 8 m/s, Lubricant T9
and -2.5 < X < -1.
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Figure 3.20: Oil temperature distribution in the inlet region. pmax = 1.58
GPa, us = 8 m/s, slip = 10%, Lubricant T9 and -4 < X < -1.
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Figure 3.21: Surface temperature distribution in the inlet region. pmax =
1.58 GPa, us = 8 m/s, slip = 10%, Lubricant T9 and -4 < X < -1.
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Figure 3.22: Centre line oil temperature distribution (Z=0.5) in the inlet
region. pmax = 1.58 GPa, us = 8 m/s, slip = 10%, lubricant T9 and
-4 < X < -1.
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Figure 3.23: The temperature distribution in the whole region (inlet and
contact). pmax = 1.58 GPa, us = 8 m/s, slip = 40%, lubricant T9
and -2.5 < X < +1.
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The inuence of a larger inlet zone, i.e. setting boundary conditions further
away from the contact, is investigated in �gures 3.20 to 3.22. The same phenom-
ena and the same trend as in the region from �2:5 < X < �1 are found.
From the above results, it is concluded that the oil temperature increases just
before the inlet region because of heating by the surfaces and by the shear heat-
ing. It is very important to know that the oil temperature increases up to almost
the surface temperature. The surface temperature decreases very little at the
beginning of the inlet region but that decrease is entirely due to cooling by the
oil. Then after reaching its lowest point, it starts to increase due to the shear
heating in the oil. However, the results show that the �nal temperature of the
oil and the surfaces are slightly less than the temperature far away. Thus using
the surface temperature of the steel to calculate the �lm thickness in the contact
region is quite accurate.
Finally, the temperature distribution in the whole region is given in �gure 3.23.
This is a combination of �gures 3.9 and 3.15.

3.4 Experimental results

Two series of experiments were carried out to validate the model. First, line con-
tact experiments were carried out using a two-disc machine. These experiments
were performed at a Hertzian pressure of pmax= 0.5 GPa. The measured tem-
perature of the surfaces of the discs was 60ÆC. The second series of experiments
were carried out at point contacts using the WAM equipment ( SKF, ERC ),
where the surface temperature was kept constant at 60ÆC also. T9 was used as
lubricant in both series of experiments.

3.4.1 Line contact results

The experimental and theoretical results are presented in �gure 3.24.
Here we see a very broad maximum in friction at a high slip value compared

to �gure 3.8 which shows a much narrower maximum at a low slip value. This
is caused by the e�ect of low pressure in this experiment. In �gure 3.8, high
pressure gives high viscosity and considerable heat production and hence a sharp
drop in friction at high slip values.
From �gure 3.24, it can be seen that the calculated results �t the experimental
results very well up to a slip of approximately 60%. When the slip is larger,
the calculated results are slightly higher than the experimental results. The �0
value used in this �gure is 3.7 MPa. It is obtained from curve �tting from the
measurement. Below we discuss how to obtain a proper �0 value.
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Figure 3.24: Experimental results on the two-disc machine compared with
calculations. pmax = 0.5 GPa, us = 8 m/s, Tsurface = 60�1ÆC, z =
0.87, �0 = 3.7 MPa.

Eyring shear stress �0, which marks the limit of Newtonian ow and the on-
set of Eyring ow, is in the range 3-10 MPa, which one would expect from the
Eyring theory [17]. �0 is also a function of pressure and temperature. It has
been reported that the Eyring shear stress �0 can be derived from an isothermal
experiment [17]. If the elastic term is small compared to the viscous term in
eq.(3.1), and if � >> �0 then sinh(�=�0) � 1=2 � exp(�=�0), so,

� � �0ln
2� _

�0
= �0ln _ + �0ln(

2�

�0
) (3.21)

From this equation it can be seen that �0 is given by the slope of the linear
� � ln _ relation.

A � � ln _ curve of this measurement is plotted in �gure 3.25. For the lower
part of the curve � >> �0 does not apply and for the upper part thermal e�ects
play a role.
From �gure 3.25, a �0 value of 2.8 MPa is found, which is smaller than the one
used in the calculation i.e. 3.7 MPa. This is attributed to two e�ects. The �rst
one is related to temperature. It is obvious that thermal e�ects in the contact
may arise even when the slip is low. The second is due to the measured shear
stress in the two-disc machine which is an average value over the whole contact
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region. From �gure 3.11, it is clear that the shear stress varies in the X-direction.
Especially at the beginning and at the end of the contact, the shear stress is quite
low. So � >> �0 does not hold there. The �0 value 2.8 MPa derived from �gure
3.23, however, is an average Eyring shear stress.
It can also be seen from �gure 3.11 that the shear stress distribution is simi-
lar to the pressure distribution. Assuming that they are exactly similar, then
�av = 2=3 � �max. Redrawing �gure 3.25 as �max versus ln( _), the slope of the
new curve can easily be obtained, i.e. 2.8 MPa �3=2 = 4.2 MPa. Since thermal
e�ects are not yet taken into account, the proper value of �0 should be less than
4.2 MPa. The value 3.7 MPa which used in �gure 3.24 is only 12% smaller than
the maximum value 4.2 MPa.
In order to decrease the error, the average shear stress on the X = 0 line is taken to
determine the Eyring shear stress �0. This relationship is presented in �gure 3.26.

From this �gure, the value of �0 = 3.5 MPa is determined, which still has a
minor discrepancy compared to the value of 3.7 MPa.

From this it can be concluded that determination of �0 can best be done by
curve �tting the experiments and not by determination of the slope of the �� ln _
curve. The reason for this being that the assumption � >> �0 does not hold for
the entire contact region.

3.4.2 Point contact results

The operational conditions for the point contact experiments were: pmax = 1
GPa, us = 8 m/s, T = 60ÆC. The experimental results are presented in �gure
3.27 along with the calculated results. The �0 value is 8 MPa and is obtained from
curve �tting as described above. Figure 3.27 shows that the calculated results
�t the experimental results extremely well. The �0 value is larger than for the
line contact situation. This is probably caused by the pressure di�erences. In
the next two chapters, more measurements on point contacts under high pressure
will be presented and �0 values are also obtained by curve �tting. The values
obtained are of the order of 8 MPa.

3.5 Conclusions

In this chapter, a thermal non-linear Roelands Eyring friction model for EHL
contacts as well as calculated results with this model are presented. Measure-
ments have been performed to validate this model. Consequently, the following
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Figure 3.27: Point contact results. Pmax = 1 GPa, us = 8 m/s, Tsurface
= 60ÆC, z = 0.87, �0 = 8 MPa.

conclusions can be drawn:

� The model �ts the experimental results fairly well.

� There is no large discrepancy between the calculated friction forces based on
a Hertzian pressure distribution and an uniform �lm thickness and those
based on a more accurate numerical calculated pressure distribution and
�lm pro�le.

� The oil temperature rise in the inlet region is mainly due to heating of the
oil by the surfaces. Shear stress and shear rate do not play an important
role in heating the oil in the inlet region. Consequently, the average surface
temperature at the inlet region should be used to calculate the �lm thickness
of the contact region.

It should be noted, however, that the work in this chapter was carried out
under conditions of smooth surfaces, or with �lm thicknesses much larger than
the surface roughness. In chapter 4, friction forces will be calculated by taking
the surface roughness into account, i.e. for conditions where the �lm thickness is
of the same order of magnitude or smaller than the surface roughness: for mixed
lubrication conditions.



Chapter 4

A mixed lubrication model

In this chapter a mixed lubrication model is presented in order to predict friction
in lubricated rough surface line as well as point contacts. In this approach, the
well-known Greenwood & Williamson [27] elastic contact model, describing dry
asperity contact, is combined with an isothermal Eyring EHL model as described
in chapter 3. The �rst section gives a short summary of methods for calculating
the friction force in the mixed lubrication regime published in the literature. In
the second section a new model is derived which, contrary to existing models,
deals with high load situations. In the third section some examples will be pre-
sented of calculated friction for the line contact situation. The fourth section
gives some measured results for point contacts which are compared with the the-
oretical results. Finally, conclusions will be drawn and some recommendations
are presented in section 4.5.

4.1 Introduction

In the literature [24, 40, 41, 52] several methods have been published to deal
with the load distribution over the asperities and the lubricant �lm in the mixed
lubrication regime. Johnson et al. [41] looked into this problem. In their pa-
per published in 1972, they considered an EHL contact with rough surfaces as
a system which comprises three exible elements: the bulk elastic solid, the oil
�lm and the surface asperities. The load applied to the system is shared be-
tween the oil �lm and the surface asperities. In their approach, the Greenwood
& Williamson theory of random rough surfaces in contact is combined with es-
tablished elastohydrodynamic theory. The Greenwood & Williamson model was
used to calculate the load carried by the asperities and the EHL theory was used
to determine the load carried by the oil �lm. The total pressure distribution in
the rough contact is assumed to be a semi-elliptical Hertzian distribution. Since

53
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only a fraction of the load is actually carried by the oil �lm in a mixed lubricated
contact, Johnson further assumed that the pressure distribution in the �lm pf is
scaled everywhere by the same factor. This pressure, together with the asperity
pressure pa;av, gives the total pressure, see �gure 4.1. Finally, the division of the
total load between the asperity and the �lm was obtained. However, Johnson did
not calculate Stribeck curves. Gelinck [24] extended the Johnson et al. model
and calculated Stribeck curves for line contact situations. As it was pointed out
in chapter 2, neither [41] nor [24] can deal with high load situations.
In the approach discussed in the current chapter, the same pressure distribution
in the mixed lubrication regime assumed by Johnson is assumed. The reason is
that if the pressure distribution in the �lm is assumed to have a semi-elliptical
shape, then the �lm thickness will be uniform according to the EHL theory. Con-
sequently, the average separation is also uniform. According to the Greenwood &
Williamson model, a constant separation should give a constant smoothed asper-
ity pressure. Furthermore, the results of Johnson also showed that the asperity
pressure in the contact is approximately uniform. In order to deal with the high
load situation, a relation between the �lm thickness and the average separation
proposed by Johnson et al. is adopted, see section 4.2. This relation in the mixed
lubrication model makes it possible to deal easily with high loading situations.

4.2 Mixed lubrication model

The mixed lubrication (ML) regime is the intermediate regime between boundary
lubrication and full elastohydrodynamic lubrication. The load on a mixed lubri-
cated contact is carried partly by contacting asperities and partly by an EHL
uid �lm:

P = Pa + Ph (4.1)

in which Pa is the load carried by the asperities and Ph is the load carried by the
uid �lm.
Greenwood & Williamson's contact model will be used to calculate Pa and an
isothermal Eyring model will be utilized to describe Ph. Two coeÆcients 1 and
2 are de�ned as:

1 =
P

Ph
(4.2)

2 =
P

Pa
(4.3)



4.2. Mixed lubrication model 55

so the relation between 1 and 2 is:

1

1
+

1

2
= 1 (4.4)

The total pressure distribution is assumed to be a semi-elliptical Hertzian pres-
sure distribution. The pressure distribution in the lubricant �lm is assumed to be
proportional to the total pressure distribution, i.e. by a factor 1=1. The pressure
distribution of the asperities pa;av is assumed to be constant and consistent with
the Greenwood & Williamson model in which a constant separation should give
a constant asperity pressure. The schematic curve of the pressure distribution is
given in �gure 4.1.
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p

Figure 4.1: Dimensionless pressure distribution in the mixed lubrication
regime.

In order to reduce the number of parameters, all parameters used in the Green-
wood & Williamson model are scaled with respect to Hertzian parameters, i.e.
half the Hertzian contact width b and the Hertzian maximum pressure pmax.
The following dimensionless numbers are used:
For line contacts [23]:

�p =
p

pmax

; X =
x

b
; H =

hR

b2
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��s =
�sR

b2
; �n = 4nb2

r
�

R

For point contacts:

�p =
p

pmax
; X =

x

ax
; H =

hRx

a2x

��s =
�sRx

a2x
; �n = �na2x

r
�

Rx

The dimensionless EHL numbers can be found in section 2.1.4.

4.2.1 The �lm component

4.2.1.1 Line contact

For the mixed lubrication situation, P = 1 � Ph, so:

p = 1pf (4.5)

The EHL line contact problem in mixed lubrication can be described by the fol-
lowing equations [41]:

1. The simpli�ed Reynolds equation:

@

@x
(
�h3

�

@pf
@x

) = 6us
@�h

@x
(4.6)

2. The force balance equation:

P = B1

Z
1

�1

pf(x)dx (4.7)

3. The �lm shape equation:

h(x) = h0 +
x2

2R
� 41
�E 0

Z
1

�1

pf(x
0)lnjx� x0

x0
jdx0 (4.8)

The results of the EHL calculations can be adapted to be used for the mixed
lubrication case by the following substitutions:

P ! P

1
(4.9)

E 0 ! E 0

1
(4.10)
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The �lm thickness equation becomes [24]:

Hc = [S1 � (H7=3
RI + 

�14=15
1 H

7=3
EI )

3S=7 + (H
�7=2
RP +H

�7=2
EP )�2S=7]S

�1

(4.11)

with:

s =
1

5
(7 + 8e�2HEI=HRI �

�2=5
1 ) (4.12)

4.2.1.2 Point contact

The EHL point contact problem in mixed lubrication can be described by the
following equations:

1. The simpli�ed Reynolds equation:

@

@x
(
�h3

�

@pf
@x

) +
@

@y
(
�h3

�

@pf
@y

) = 6us
@(�h)

@x
(4.13)

2. The force balance equation:

P = 1

Z
1

�1

Z
1

�1

pf (x; y)dxdy (4.14)

3. The deformed shape equation:

h(x; y) = h0 +
x2

2Rx

+
y2

2Ry

+
21
�E 0

Z
1

�1

Z
1

�1

pf(x
0; y0)dx0dy0p

(x� x0)2 + (y � y0)2
(4.15)

The central �lm thickness equation becomes:

Hc = 
1=2
1 [(

9=4
1 H

3=2
RI + (

�2=5
1 H�4

EI +H�4
00 )

�3=8)2s=3 + (41H
�8
RP + 41H

�8
EP )

�s=8]1=s

(4.16)

with:

s = 1:5(1 + exp(�1:2HEI

HRI
� �7=51 )) (4.17)
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4.2.2 The asperity contact component

For the calculation of the asperity contact pressure in the mixed lubrication sit-
uation, the Greenwood & Williamson's model will be utilized.
According to Greenwood & Williamson model, the expectation value of the as-
perity pressure in the contact at the point where the average peak separation is
hss can be described as:

pa;av =
2

3
n�1=2E 0�3=2s F3=2(

hss
�s

) =
2

3
n��s

r
�s
�
E 0F3=2(

hss
�s

) (4.18)

Written in dimensionless parameters this equation becomes:

�pa;av =
2

3
�n��s

p
��sF3=2

�
Hss

��s

�
(4.19)

Since the rough surface makes contact through the �lm, a quantity has to be
de�ned which best represents the average �lm thickness of the EHL part of a
mixed lubricated contact. Here, the de�nition of the �lm thickness according to
Johnson et al. [41] is used. The �lm thickness is de�ned as the speci�c average
uid volume between the two rough surface divided by the area, see �gure 4.2, so:

hf;r =

Z hs

�1

(hs � z)�(z)dz (4.20)

hs

mean height of surface 2

mean height of surface 1

Figure 4.2: Film thickness de�nition by Johnson et al. [41].

In Greenwood & Williamson's model one surface is taken to be smooth, while
another is rough. For two rough surfaces, Greenwood and Tripp [31] have shown
that the contact of two rough surfaces is similiar to that of an \equivalent" single
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rough surface with a smooth surface. Equation (4.20) is also valid for the �lm
thickness between a rough surface and a smooth plane.
For most rough surfaces hf;r deviates from hs for values of hs=� smaller than 1,
but approximately equals hs for larger �lm thicknesses. From eqn. (4.20) it can
be seen that even when the separation hs is negative, the �lm thickness hf;r will
never be negative. This �lm thickness de�nition is di�erent from that used in
other publications [22, 52]. With the �lm thickness de�nition of eqn. (4.20), the
separation can take any negative value and the �lm thickness will always have a
positive value, so this model can be used under any high loading situation.

4.2.3 Calculating the coeÆcient of friction

According to the above assumptions the load distribution in the mixed lubrica-
tion contact over the asperities and the oil �lm can be described by the following
equations:

Ph =
P

1
; Pa =

P

2
(4.21)

1

1
+

1

2
= 1 (4.22)

Hcline = [s1 � (H7=3
RI + 

�14=15
1 H

7=3
EI )

3s=7 + (H
�7=2
RP +H

�7=2
EP )�2s=7]s

�1

(4.23)

s =
1

5
(7 + 8e�2HEI=HRI �

�2=5
1 ) (4.24)

Hcpoint = 
1=2
1 [(

9=4
1 H

3=2
RI + (

�2=5
1 H�4

EI +H�4
00 )

�3=8)2s=3 + (41H
�8
RP + 41H

�8
EP )

�s=8]1=s

(4.25)

s = 1:5(1 + exp(�1:2HEI

HRI

� �7=51 )) (4.26)

hf;r =

Z hs

�1

(hs � z)�(z)dz (4.27)

hss = hs � dd (4.28)
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�pa;av =
2

3
�n��s

p
��sF3=2(

Hss

��s
) =

P

Anom2pmax

(4.29)

Notice that in eqns.(4.23) and (4.25), Hc is the dimensionless form of hf;r.
After solving these equations, the load carried by the oil �lm Ph, the load car-
ried by the asperities Pa, the �lm thickness hf;r and the separation hss will be
obtained. Subsequently the coeÆcient of friction in mixed lubrication can be
calculated.
The total friction force F is the sum of the friction force between the interacting
asperities and the shear force of the hydrodynamic component:

F =
NX
i=1

Z Z
Ai

�idAi +

Z Z
AH

�HdAH (4.30)

where N is the number of asperities in the contact, Ai the area of contact of a
single asperity, �i the shear stress at the asperity contact i, AH the contact area
of the hydrodynamic component and �H the shear stress of the hydrodynamic
component.
Assuming the asperity friction is of the Coulomb type, i.e:

�i = fipi (4.31)

where pi is the normal pressure on a single asperity. The coeÆcient of friction
fi is assumed to be constant and the same for all asperities, so the �rst term of
eqn.(4.30) can be written as:

NX
i=1

Z Z
Ai

�idAi = fcPa (4.32)

The value of fc is determined from experiments.
The shear force in the �lm follows from the Eyring model [18]:

� = �0arcsinh(
� _

�0
) (4.33)

� is calculated according to Roelands' [54] equation:

�(p; T ) = �1(
�0
�1

)(1+p=pr)
z
�((T0+135)=(T+135))S0 (4.34)
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pavehl is calculated according to the following equation:

pavehl =
Ph
AH

(4.35)

where AH is that part of the Hertzian contact area corresponding to a load Ph:

for a line contact: AH = Anom(
Ph
P
)1=2 (4.36)

and for a point contact: AH = Anom(
Ph
P
)2=3 (4.37)

So the variable pressure p that determes � is replaced by the weighted average
value pavehl = 

2=3
1 � Ph=Anom for point contacts. For line contacts the power 2=3

becomes 1=2. Notice that since the �lm area is taken to be the Hertzian area AH

correponding to a load Ph, then the asperity contact area Ac and the �lm area
AH together will not give Anom. This is in contrast to Gelinck's [22] work.
The coeÆcient of friction f can now be written as:

f =
F

P
=
fcPa +

R R
AH

�H( _)dAH

P
(4.38)

Since �H in equation (4.38) is constant, so equation (4.38) can be simplized as:

f =
F

P
=
fcPa + �AH

P
(4.39)
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4.2.4 Solution scheme

Equations (4.21) to (4.29) and (4.38) are solved according to scheme given below.

equation (4.38)

equation 4.29 right

equation (4.22)

Calculate the Hertzian pressure 
and contact dimension.

Input file: load, oil parameters, line 
or point contact parameters.

hc

equation (4.23) or (4.25)

f

No
equal?

Pa,av

equation 4.29 left

separation hss

equation 4.28

separation hs

equation (4.27)

yes

assume γ

γ

Pa,av

Figure 4.3: Solution scheme of the Stribeck curve calculation.
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4.3 Results of calculations

Some calculated line contact results will be presented in this section. Calculated
point contact results will be compared with experimental results in the next sec-
tion.
The conditions for the line contact calculations are taken as:

� Roughness parameters:

Ra = 0:0565 �m; Rq = 0:07 �m; dd = 0:0575 �m
n = 1011 m�2; � = 10 �m; �s = 0:05 �m

� Reduced geometry parameters:

B = 0.01 m; E' = 231 GPa; R = 0.02 m

� Lubricant parameters:

� = 2 � 10�8 Pa�1; �0 = 20:2 mPa �s; �0 = 2:5 MPa

� Boundary coeÆcient of friction: fc = 0:13

� slip: 200%

4.3.1 Inuence of load

The calculated coeÆcient of friction for di�erent loads as a function of the veloc-
ity are presented in �gure 4.4. Three regimes, i.e. boundary lubrication, mixed
lubrication and EHL can clearly be distinguished in this �gure. At the right-
hand side of this �gure, the theoretical �lm thickness is large since the velocity
is high. At a certain velocity, i.e. when the �lm thickness is roughly more than
three times as large as Rq , all the load will be carried by the uid �lm and a full
�lm EHL regime will exist. At the left-hand side of the �gure, the theoretical
�lm thickness is very small and severe asperity contact occurs. When the load is
completely carried by the asperities, the BL regime will prevail. Between these
two regimes, the load is carried partly by asperities and partly by the uid and
this is called the mixed lubrication regime. To make this more clear, the asperity
and EHL contribution to the coeÆcient of friction and the load for a 1.7 GPa
loading situation are presented in �gures 4.6 and 4.7 respectively.

It can be seen from �gure 4.7 that for us between 0.001 and 0.01 m/s a part of
the load is still carried by the uid. The contribution of this uid �lm to the
friction, however, is so small that it can hardly be seen in �gure 4.6.
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Figure 4.4: The e�ect of load on Stribeck curves.
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Figure 4.6: The asperity and EHL components of the coeÆcient of fric-
tion. p =1.7 GPa (other conditions are listed on page 63).

us (m/s)

0.001 0.01 0.1 1 10 100

Lo
ad

 (
N

)

0

2000

4000

6000

8000

10000

12000

14000

16000

18000

total load
asperity component
EHL component
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Figure 4.4 also shows that the ML-BL transition shifts to a somewhat lower veloc-
ity with increasing load while the EHL-ML transition shifts to a higher velocity
when p � 1:2 GPa. When p > 1:2 GPa, it is diÆcult to see a shift of this transi-
tion. So an enlarged graph around the transition EHL-ML of �gure 4.4 is given
in �gure 4.5 and here it can be seen that the EHL-ML transition position shifts
to a lower velocity when p > 1:2 GPa.
Let us �rst consider two cases in more detail, i.e. us = 0:056 m/s for the BL-ML
transition and 0.56 m/s for the ML-EHL transition.
In table 4.1 a number of results for 0.3 GPa and 0.6 GPa have been given.
From this table it can be concluded that at a low velocity 2 increases with

Table 4.1: Some calculated results for a line contact.

Us pmax P Pa Ph 2 1 h hss
(m/s) (GPa) (N) (N) (N) (m) (m)
0.056 0.3 500 453 47 1.1 10.6 6.78�10�8 0.28�10�8
0.056 0.6 2000 1784 216 1.12 9.3 4.87�10�8 -2.27�10�8
0.56 0.3 500 27 473 18.5 1.06 13.4�10�8 7.55�10�8
0.56 0.6 2000 139 1861 14.44 1.07 11.4�10�8 5.45�10�8

increasing pressure, implying a relative decrease of the load carried by the asper-
ities and so a decrease in friction. For the high velocity situation the opposite is
true, so the friction increases for increasing pressure.
This behaviour can be explained as follows.
Consider equation (4.29),

�pa;av =
P

Anom2ph
=

�

42
=

2

3
�n��s

p
��sF3=2(

Hss

��s
) (4.40)

Rewritten it reads:

�

42
=

8

3
n(
R

b
)�1=2�3=2s F3=2(

hss
�s

) (4.41)

For a given surface roughness n, � and �s will be constant so:

2 ::
b=R

F3=2(hss=�s)
::

W 0:5

F3=2(hss=�s)
(4.42)
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A somewhat simpler equation for the line contact �lm thickness, according to
Dowson and Higginson[14], is:

Hc = 1:313G0:6U0:7
� W�0:13 (4.43)

Using equations (4.9) and (4.10), this equation can be rewritten as:

Hc = 0:11 1:313G0:6U0:7
� W�0:13 (4.44)

for mixed lubrication regime.
Using equations (4.27) and (4.28), the above equation can be written as:

1 = P=Ph = (1:313G0:6U0:7
� W�0:13 �R)�10(

Z hss+dd

�1

(hss + dd � z)�(z)dz)10

(4.45)

For a given situation, 1:313G0:6U0:7
� W�0:13 �R will be constant, so:

1 :: (

Z hss+dd

�1

(hss + dd � z)�(z)dz)10 :: h10f;r (4.46)

In �gure 4.8 h�10f;r and F3=2(hss=�ss) have been plotted as a function of hss=�s. In

fact, h�10f;r stands for 1=1, i.e. the load sharing ratio of �lm; F3=2(hss=�s) stands
for 1=2, the load sharing ratio of the asperities.
It can be seen from �gure 4.8 that at a relative high velocity and high value
hss=�s, the sti�ness of the asperities is small compared to the sti�ness of the �lm,
i.e. the slope of the dashed line is larger than that of the black line. At high
loads, so small separation, the sti�ness of the asperities, on the contrary, is very
large compared to the �lm. Somewhere around hss=�s = 0:9, the sti�ness of the
asperities equals that of the uid �lm. Also it can be calculated from eqn.(4.29)
that at about 8800 N the sti�ness is the same. This load is a critical load. The
EHL-ML transition shifts to higher speeds with increasing load when P < 8800
N because the �lm is much sti�er than the asperities. In contradistinction, when
P > 8800 N, the EHL-ML transition shifts to lower speeds with increasing load.

The �lm thickness and separation for these cases are given in �gures 4.9,
4.10 and 4.11 respectively. The curves show that the �lm thickness hf;r as well
as the separation hs decrease with increasing load. This is in agreement with
EHL theory in which a high load results in a thin �lm thickness and a thin �lm
thickness results in a small separation according to equation (4.20). Note that
di�erent scales are applied in �gures 4.10 and 4.11 and that the separation can
be negative when a high load is applied.
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A comparison between the �lm thickness and the separation for p = 1.7 GPa
is illustrated in �gures 4.12 and 4.13. Note the di�erent scales in these two �g-
ures. The �lm thickness is signi�cantly larger than the separation when hs=� is
less than 1.4 (at us = 0:8 m/s) but almost equal when hs=� is larger than 1.4.
This result is in agreement with eqn.(4.20).

4.3.2 Inuence of roughness parameters

The three roughness parameters n, � and �s depend on the way the roughness is
measured i.e., on the choice of the domain and the interval values [30]. It is also
important to see how these three parameters a�ect a predicted Stribeck curve.
The product n��s will be kept constant, i.e. 0.05, in this section according to
Whitehouse & Archard [64].
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Figure 4.14: The e�ects of the n and � on Stribeck curves for p = 0.6
GPa and �s = 0.05 �m.

The inuence of � and n on the Stribeck curve calculations for a constant value of
�s is presented in �gure 4.14. It can clearly be seen that the Stribeck curves shift
to the low velocity region with increasing � and consequently with decreasing
n. This can be explained by eqn.(4.18) i.e. the load carried by the asperities is
proportional to ��0:5. From the same equation, it can be expected that �s will
have an opposite e�ect on Stribeck curve calculations; the curves will shift to the
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high velocity region with increasing �s value. This is shown in �gure 4.15.

4.4 Experimental veri�cation

Four series of point contact experiments were carried out on a WAM ball-on-disc
tribo-tester to test the developed model. The experimental conditions are listed
in table 4.2. The ball samples were made very smooth, with exception of the ball
running against disc 1, and the disc samples were �nished with di�erent surface
topographies. The sum velocity of the ball and of the disc are well controlled
within a range of 0.02 to 12 m/s (5% slip) and 0.002 to 2 m/s (100% slip). T9
was used as lubricant.

Table 4.2: The experimental conditions

Series Hertzian pressure p Slip Applied discs
A 0.78 GPa, 1 GPa 100% 1 and 2
B 0.78 GPa, 1 GPa 5% 2 and 4
C 1.93 GPa 100% 3
D 1.93 GPa 5% 3 and 4
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4.4.1 Surface roughness measurements

The surface pro�les were measured using the Wyko Surface Interferometer. All
surfaces were measured after running-in to guarantee that the roughness would
not change very much any more. Since the measured roughness data and conse-
quently calculated roughness parameters n, � and �s were strongly dependent on
domain and interval settings, it was decided to use the same standard settings
for all experiments:

-Measured area: 575�483 �m
-Mode: VSI
-Resolution: Full
-Terms removed: Tilt
-�ltering: None
-Interval: 0.781�0.911 �m

The three roughness parameters n, � and �s were calculated from the data ac-
cording to de Rooij [13]. A summit is de�ned as a nine-point summit, i.e. a
summit is a point with a local surface height higher than its eight neighbouring
points. The results of these measurements and calculations are listed in table
4.31:

Table 4.3: The measured roughness parameters and corresponding plas-
ticity index

Disc number Rq(�m) n(m�2) �(�m) �s(�m)  
1 0.042 6.7�1010 27 0.034 0.816
2 0.034 6.2�1010 46.2 0.029 0.58
3 0.028 5.816�1010 61.2 0.018 0.39
4 0.336 5.411�1010 5.441 0.27 5.12

The plasticity index  , de�ned by Greenwood & Williamson, equals
EGW=H

0

p
�s=�, in which E 0

GW is the e�ective elastic modulus and H' is the
hardness of the material (H'= 5 GPa). According to [27] surfaces will deform
mainly elastically when  is low (less than 0.6) and plastically when  is high
(larger than 1). The plasticity indices of discs 1-4 are also listed in table 4.3.
The fact that the plasticity index of disc 4 after the experiment is still larger

1The roughness of disc 1 is a combined roughness. The combined roughness is de�ned as:

�s =
q
�2
s;1

+ �2
s;2
, with �s;1 and �s;2 the standard deviations of the summits of surface 1 and

2 respectively. The �s of the ball is 0.0225 �m.
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than 1 means that either the disc was not run in properly or that the roughness
measurement conditions were not chosen correctly. This will be investigated later.

4.4.2 The height distribution of surface and summits
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Figure 4.16: The surface height density and the summit height density of
disc 3 with their equivalent Gaussian distributions.

The surface height density and the summit height density of disc 3 and disc
4, with their equivalent Gaussian distributions are plotted in �gures 4.16 and 4.17
respectively. Disc 1 and disc 2 look similar to disc 3. It is clear that the standard
deviation of the surface heights � is higher than the standard deviation of the
summit heights �s. Besides this, the summit heights are distributed around a
positive average summit height dd. The �gures also show that the surface height
density and the summit height density of disc 4 are in good agreement with their
equivalent Gaussian distribution, characterized by the standard deviations � and
�s respectively, whereas the surface height density and the summit height density
of disc 1 deviate from their equivalent Gaussian distribution. Instead of the real
surface height density and the real summit height density the equivalent Gaus-
sian distribution will be utilized in our model because our calculations, as well
as Gelinck's [22], showed that the calculated friction force is not varied much by
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Figure 4.17: The surface height density and the summit height density of
disc 4 with their equivalent Gaussian distributions.

the distribution of the surface height and the summit height.

4.4.3 Comparison between measured and calculated Stri-

beck curves

4.4.3.1 Experiments A (low pressure, high slip)

The operational conditions of experiment A were: pmax = 0.78 GPa and 1 GPa,
Tdisc = 80ÆC and slip = 100 %. Disc 1 and disc 2 were applied. The measured
Stribeck curves are presented in �gure 4.18. At 2 m/s, the theoretical �lm thick-
ness is 0.04 �m (h=�s is 1.18 and 1.38 for discs 1 and 2 respectively) and at 0.002
m/s it is 0.0004 �m (h=�s is 0.012 and 0.014 for discs 1 and 2 respectively). At
the high velocity end of the curve the �lm thickness is larger than the combined
surface roughness but is still smaller than three times this value, so even at 2 m/s
the contact of disc 1 and disc 2 is still in the mixed lubrication regime. At the low
velocity end of the curves the �lm thickness is much smaller than the roughness,
so a severe asperity contact occurs and the coeÆcient of friction is high. It can
clearly be seen that both disc 1 and disc 2 already reach the boundary lubrication
regime and two almost constant coeÆcient of friction levels, i.e. 0.14 and 0.13
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respectively, are reached.
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Figure 4.18: Comparison between measured and calculated Stribeck
curves. Slip = 100%.

The calculated Stribeck curves are also plotted in �gure 4.18. It can be seen that
the predictions are in good agreement with the measurements in the boundary
and mixed lubrication regimes. The coeÆcient of friction curve calculated by the
thermal non-linear Maxwell model for a smooth surface under 1 GPa is also plot-
ted in �gure 4.18. At a high velocity the coeÆcient of friction decreases because
of thermal e�ects (the theoretical temperature rise is already 5ÆC at a speed of
2 m/s). So the correct theoretical Stribeck curve should consist of the left-hand
part of the black curve and the right-hand part of the dash line. The fact that
the black and the dash lines do not touch each other is caused by thermal e�ects.
It can be concluded that the experimental and the theoretical curves agree quite
well.
The contribution to the coeÆcient of friction of the asperities and the uid �lm
are presented in �gures 4.19 and 4.20 for 0.78 GPa and 1 GPa respectively.
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Figure 4.19: The asperity and the EHL component of the coeÆcient of
friction. p = 0.78 GPa, Slip = 100%.
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Figure 4.20: The asperity and the EHL component of the coeÆcient of
friction. p = 1 GPa, Slip = 100%.
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4.4.3.2 Experiments B (low pressure, low slip)

The operational conditions of experiment B were: pmax = 0.78 GPa and 1 GPa,
Tdisc = 80ÆC and while slip = 5 %. Disc 1 and disc 2 were applied. The measured
Stribeck curves are presented in �gure 4.21. At the right-hand end of the curves
the theoretical �lm thickness is 0.13 �m (h=�s is 3.82 and 4.48 for discs 1 and 2
respectively) and at the left-hand side the �lm thickness is 0.0018 �m (h=�s is
0.05 and 0.06 for discs 1 and 2 respectively).
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Figure 4.21: Comparison between measured and calculated Stribeck
curves. Slip = 5%.

The calculated Stribeck curves are also plotted in �gure 4.21. The coeÆcients of
friction in the boundary region are the same as those of experiment A, i.e. 0.14 for
disc 1 and 0.13 for disc 2. It can be seen that there is a large discrepancy between
the measurements and the predictions. These large discrepancies may be caused
by micro-EHL. There are two reasons to support this. The �rst is that micro-EHL
leads to a lower friction. The only di�erence between condition A and B is slip,
and this does not a�ect the �lm thickness calculations at all. At 0.02 m/s, the
theoretical �lm thickness of 0.0018 �m is much less than the surface roughness,
so the BL regime should be reached for experiment B, just as for experiment A in
�gure 4.18. However, the coeÆcient of friction at a low velocity is much smaller
than the theoretical coeÆcients. So micro-EHL may occur and result in a lower
friction. A second explanation was suggested by Chang et al. [9]. They show
that non-Newtonian lubricant behaviour and shear heating produce much less
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micro-deformation of the surface than under Newtonian conditions because the
magnitude of the pressure ripples is greatly limited. At the same sum velocity,
experiment A's shear rate is 20 times as large as for experiment B. Consequently
the shear heating generated in case A is much higher than that in case B. This
means that the lubricant in case A shows more non-Newtonian behaviour than
in case B and therefore micro-EHL is more likely to happen in the last case.
The coeÆcient of friction curve, calculated by the thermal non-linear model, for
a smooth surface under a 1 GPa situation is also plotted in �gure 4.21. At a
high velocity, this curve is in good agreement with the measured curve. The
coeÆcients of friction in the right-hand part of the calculated Stribeck curve are
somewhat lower than those of the thermal curve. The reason for this is that
in equation (4.27) the average pressure is used to calculate the visicosity while
in fact the real pressure should be utilized. The di�erence is of however minor
importance.

4.4.3.3 Experiments C (high pressure, high slip)

A disadvantage of the WAM is that at low slip conditions the minimum sum
velocity is still so high that the BL conditions at this minimum velocity are not
yet reached. Therefore, also high slip experiments, i.e. 100%, were carried out.
Because of this high slip percentage, thermal e�ects will already inuence the
friction at a much lower velocity.

The operational conditions of experiment C were: pmax = 1.93 GPa, Tdisc

= 80ÆC and slip = 100 %. Disc 3 was applied. The measured Stribeck curve is
presented in �gure 4.22. It can be seen that the boundary lubrication regime is
reached and a constant coeÆcient friction of 0.125 is obtained. The curve does
not reach the EHL regime since the theoretical �lm thickness is only 0.03 �m at
the high velocity end of the curve, i.e. slightly larger than �s (h=�s = 1.6).
The calculated Stribeck curve is also plotted in �gure 4.22. It can be seen that
there is a good agreement between the predicted curve and the measured one in
the boundary lubrication regime and in the low velocity mixed lubrication regime
while there is a large discrepancy in the high velocity mixed lubrication regime.
The coeÆcient of friction curve calculated by the thermal model for smooth sur-
faces is also plotted in �gure 4.22. The theoretical temperature rise at the high
velocity end of the measured Stribeck curve is already 49ÆC. This means that
even in the mixed lubrication regime, thermal e�ects do play an important role.
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Figure 4.22: Comparison between measured and calculated Stribeck
curves. pmax = 1.93 GPa, slip = 100%.

4.4.3.4 Experiments D (high pressure, low slip)

The operational conditions were: pmax = 1.93 GPa, Tdisc = 80ÆC and the slip =
5%. Disc 3 and disc 4 were applied, i.e. a relatively smooth (disc 3) and a rough
surface (disc 4). The measured Stribeck curves are presented in �gure 4.23. At
the right-hand end of the curves the theoretical �lm thickness is 0.12 �m (h=�s
is 6.67 and 0.44 for discs 3 and 4 respectively) and on the left-hand side the
�lm thickness is 0.002 �m (h=�s is 0.11 and 0.07 for discs 3 and 4 respectively).
At the high velocity end of the curve the �lm thickness is much larger than the
surface roughness of disc 3 but is still much smaller than that of disc 4, so disc
3 already enters the EHL regime whereas disc 4 is still in the mixed lubrication
regime. At the low velocity end of the curves the �lm thickness is much thinner
than the roughness both for disc 3 and disc 4, so a severe asperity contact occurs
and the coeÆcient of friction is high. It can clearly be seen that disc 4 already
reaches the BL regime and an almost constant coeÆcient of friction of 0.113 is
reached. The experiments also show that the Stribeck curve shifts to the high
velocity region if the roughness increases. This is in accordance with �gure 4.15.

The friction curve calculated by the thermal non-linear Maxwell model for a
smooth surface is also plotted in �gure 4.23. At higher velocities this curve �ts
the measured Stribeck curve very well.
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Figure 4.23: Comparison between measured and calculated Stribeck
curves. pmax = 1.93 GPa, slip = 5%.

The coeÆcient of friction in the boundary regime for disc 3 is assumed to be
0.125, the same value as measured at 100% slip. In �gure 4.23 there is no agree-
ment between theory and the experiment for disc 4 (line and triangle up). This
could be caused by the fact that the plasticity index  for disc 4 equals 5.12.
It seems peculiar that the plasticity index  is larger than 1, even after running
in. This means that either the discs were not run in properly, or the roughness
parameters have not been determined correctly. This will be investigated in chap-
ter 5.

4.5 Conclusions and recommendations

In this chapter a mixed lubrication model is presented which shows several im-
provements compared to the other models discussed in section 4.1. The main
conclusions to be drawn from this model are:

� The model presented in this chapter deals with the EHL problem as well as
the asperity contact problem in the mixed lubrication regime. This model
can be used to calculate the Stribeck curves both for line contact and point
contact situations. Two available models are combined together in our
approach, i.e. Greenwood & Williamson's elastic contact model, which is
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used to describe the asperity contact situation, and an Eyring uid model
which is utilized to characterize the EHL situation.

� A relation between separation and �lm thickness proposed by Johnson is
made in this model. With this de�nition, the separation can have a negative
value, while the �lm thickness is, of course, always positive. Because of this
new de�nition, the model can deal with high loading situations in contrast
to other models.

� The calculated results of this model show that the predicted Stribeck curves
are strongly dependent on the roughness parameters n, �, �s. A larger �s
and a smaller � will cause both the EHL-ML and ML-BL transitions to
shift to a higher velocity.

� The model predicts a critical load in the mixed lubrication regime. When
the applied load is less than this critical load, the �lm is sti�er than the
asperities. When the applied load is larger than the critical load, the as-
perities become sti�er than the �lm.

� The calculated results of this model show that the ML-BL transition shifts
to a lower velocity region when the load is increased. The EHL-ML tran-
sition shifts to a higher velocity region with increasing load when the load
is less than the critical load. When the applied load is larger than the
critical load, the EHL-ML transition shifts to a lower velocity region with
increasing load.

� Some point contact measurements were carried out to verify this model.
The comparisons between the theory and the measurements show that the
model gives good agreement when the plasticity index  is less than say 1,
i.e. under conditions of elastic deformation. When the plasticity index  is
larger than 1, i.e. in a plastic situation, no agreement was found between
the theory and the measurements.

� There is a larger discrepancy between theory and experiments at higher
velocities because thermal e�ects have not yet been taken into account in
this model.

In the next chapter, we will improve the model by taking the thermal e�ects into
account. Also, the problem of the plasticity index  larger than 1 is looked into.



Chapter 5

Running-in and thermal e�ects

In chapter 4, a model was developed to predict the friction force in a mixed
lubrication regime. Two problems, however, are still unsolved in this model as
mentioned in section 4.5. One is that the model does not make accurate predic-
tions in situations for which the surface plasticity index  is larger than 1. The
other is that there is a large discrepancy between theory and measurements for
high velocity conditions since thermal e�ects starts to play an important role.
These two remaining problems will be investigated in this chapter. A brief in-
troduction will be given in the �rst section. In the second section, running-in
tests are described studying the situations for which the surface plasticity index
is larger than 1. In the third section, a data �ltering method is proposed for use
in such cases. In the fourth section, thermal calculations will be implemented in
the mixed lubrication model. Finally in section �ve conclusions will be drawn.

5.1 Introduction

In the previous chapter, an isothermal model was described which dealt with the
situation in mixed lubrication. This model was found to give good agreement
with experimental results when the plasticity index is less than 1. But when the
surface plasticity index is larger than 1, quite a large discrepancy arises, indi-
cating that plastic deformation of asperity summits can no longer be neglected.
Since the model is based on elastic deformation of the asperities in the contact
only, running-in tests were performed in which a rough surface, with initially a
plasticity index above 1, gradually changes its topography until the asperities
deform elastically, or, according to Greenwood & Williamson [27], the plasticity
index approximately equals one.
Since the model developed in chapter 4 is an isothermal model, i.e. the thermal
e�ects are not taken into account, it is not surprising that large discrepancies be-

83
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tween the theory and the measurements occur at higher velocities where thermal
e�ects already play an important role. A Roelands Eyring thermal EHL model
was developed in chapter 3 and this model will be implemented in the isothermal
mixed lubrication model developed in chapter 4 to solve the thermal problem in
the mixed lubrication regime.

5.2 Running-in test

The running-in tests were carried out on the WAM ball-on-disc tribo-tester. The
ball samples were made very smooth while the discs were ground to a roughness
of approximately 0.2 �m. The running-in was performed by varying the velocity
slowly from high to low values and back again. This cycle was repeated sev-
eral times. This is a Stribeck type running-in test. After a number of cycles, a
fully run in situation can be expected and the measured friction should no longer
change . Five series of running-in tests were performed, i.e. 1, 2, 4, 8 and 16
cycles. The maximum Hertzian pressure in the contact was 1.93 GPa, the tem-
perature was kept constant at 80ÆC and the slip at 5%. T9 was used as lubricant.
The 1, 2, 4 and 8 cycles running-in tests all showed a di�erence in friction be-
tween the last and last-but-one Stribeck curves, implying that the surfaces were
not yet fully run-in. The 16-cycle running-in test is shown partly in �gure 5.1.
Only three Stribeck curves, i.e. no. 1, 15 and 16, with decreasing velocities, are
plotted in this �gure. It can be seen that the coeÆcient of friction in Stribeck
curve no.1 is the highest. As the running-in process continues, the coeÆcient
of friction decreases or the Stribeck curve shifts to the left for reducing surface
roughness. The changes in the surface topography during running-in are mainly
due to plastic deformation. When the surface is fully run in, its topography no
longer changes, i.e. the deformation of the asperities is fully elastic, the Stribeck
curve becomes stable and does not change. Since there is hardly any di�erence
between cycles 15 and 16, it can be assumed that the surfaces are now fully run
in. It also means that the surface plasticity index  should be less than 1.
The surface topography before and after running-in have been measured on the
WYKO Surface Interferometer at the chosen standard settings in section 4.4.1,
chapter 4. The surface topographies are presented in �gures 5.2 and 5.3 respec-
tively.

The results of the surface topography measurements before running in :
�s = 0:22 �m, � = 0:23 �m, n = 5:06 � 1010 m�2, � = 8:5 �m; And after
running in are: �s = 0:17 �m, � = 0:19 �m, n = 4:95 � 1010 m�2, � = 9:39 �m.
The plasticity indices  before and after running in are 3.7 and 3.12 respectively.
It can be seen that the surface becomes more smooth after running in, however,
 is still much larger than 1.
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Figure 5.1: The running-in test results.
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Figure 5.3: The topography of the running-in surface measured under
standard settings.
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For the measured values of n; � and �s after running in, a Stribeck curve is calcu-
lated and the result is shown in �gure 5.4. As could be expected for this value of
 , there is a large discrepancy between the measured and the calculated results
as previously described in section 4.4.3.4.

5.3 Data �ltering

From the above results, it can be concluded that the standard WYKO settings
adopted in section 4.4.1 seems not valid1 for the run-in surfaces in this chapter.
In order to obtain roughness data for the run-in surface, so that the surface plas-
ticity index equals 1, a low pass �lter2 is applied to the measured data until the
plasticity index roughly equals 1. Low pass �ltering smoothes high frequency
features and makes the larger features of the data set easier to distinguish.
The surface roughness before running in after 4 times low pass �ltering is char-
acterized by: �s = 0:15 �m, � = 0:18 �m, n = 1:05 � 1010 m�2, � = 45:5 �m
and the plasticity index becomes 1.35; after running-in we have: �s = 0:13 �m,
� = 0:15 �m, n = 1:03 � 1010 m�2, � = 58:8 �m and the plasticity index becomes
1.083. The surface topography before and after running-in are presented in �g-
ures 5.5 and 5.6 respectively. It can be seen that the surface after running-in is
still smoother than the surface before running-in after the same data �ltering.
Further, comparing �gures 5.3 and 5.5, 5.4 and 5.6, it can be seen that they are
quite similar in structure, only the �ltered one is smoother.
The calculated Stribeck curve with the surface roughness data after �ltering is

presented in �gure 5.7. It can be seen that this curve (dash line) �ts the mea-
surements much better than that the un�ltered one.
At higher velocities however, the newly calculated friction is somewhat higher
than the measured one, and this di�erence increases with velocity. This is clearly
caused by thermal e�ects which have not yet been taken into account. Therefore
the model will be extended to cover thermal e�ects as well.
Data �ltering is also applied for the measured surface roughness data of disc
4 in �gure 4.25 where the original surface plasticity index  is 5.12. The sur-
face roughness after low pass data �ltering is: �s = 0:20 �m, � = 0:23 �m,
n = 4:4 � 109 m�2, � = 89 �m and the plasticity index  becomes 1.09. The

1By \not valid" is meant that the scale of the asperity summits measured by these particular

WYKO settings is not the scale relevant to these measurements. There are always summits

at smaller scales with smaller radii of curvature which deform plastically but the asperities

determining friction in a run-in mixed lubrication contact will be those for  � 1. The statistics

of such features may be obtained by a �ltering technique, as follows.
2The applied �lter is a standard WYKO �lter which reduces the height at a point by the

weighted average of its neighbours.
3An additional �ltering reduces the plasticity index to 0.92.
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Figure 5.5: The topography of the surface measured after �tering.
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Figure 5.6: The topography of the run-in surface measured after �ltering.
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Figure 5.7: Comparison between calculated and measured Stribeck
curves. pmax = 1.93 GPa, slip = 5%.
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calculated Stribeck curve with the surface roughness data after �ltering is shown
in �gure 5.8. It can be seen that this new calculated curve (dash line) �ts the
measurements much better than that the un�ltered one.
In �gure 5.8, the new calculated line lies a little below the measured curve (dots)
at high velocity. This phenomenon is in contrast with that in �gure 5.7, where
the calculated Stribeck curve lies above the measurements at high speed because
thermal e�ects are not yet included in the model . A possible explanation for this
is that the surface of disc 4 is not properly run-in. In fact, for the surface of disc
4 only 4 times up and down Stribeck curve test runs were made. In �gure 5.7,
the surface was given 16 up and down runs to reach the fully run in situation.
Moreover, the surface in �gure 5.7 was originally smoother than the surface of
disc 4 in �gure 5.8, this means the surface of disc 4 may needs more than 16 runs
to reach the fully run-in situation. It can be expected that the Stribeck curves
of disc 4 would shift to the left in �gure 5.8 if the run-in tests are continued and
the measured curves should be below the dash line at high speed when the fully
run-in situation is reached.

5.4 Thermal e�ects

Since a temperature rise in the contact does not a�ect the Coulomb friction
signi�cantly between the asperities and does not change the load sharing between
the asperities and the uid, it will not change the coeÆcient of friction in the
boundary regime. It will only a�ect the friction in the uid. A thermal Roelands
Eyring model to predict these e�ects was discussed extensively in chapter 3.
The next obvious step in the theoretical part of this work would thus be the
implementation of this thermal uid model into the mixed lubrication model.
The calculated results including this thermal approach are plotted in �gure 5.9.
The average temperature rise in the contact is also plotted in this �gure. It
can be seen that at higher velocities the thermal results (dash line) give a much
better �t than the isothermal calculations. It can also be seen that the thermal
e�ects already play an important role in the mixed lubrication region (where
the velocities are low) and the temperature rise is already above 10ÆC at a sum
velocity of 12 m/s.
Another example of implementing this thermal model in the mixed lubrication
regime is presented in �gure 5.10. The conditions are the same as in �gure 4.22.
It can be seen that the thermal prediction is much better than the isothermal
prediction. The average temperature rises in the contact according to the thermal
model are also plotted in this �gure.
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Figure 5.9: Comparison between the calculated thermal Stribeck curve
and the measurement. pmax = 1.93 GPa, slip = 5%.
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Figure 5.10: Comparison between isothermal and thermal model in the
mixed lubricated contact. pmax = 1.93 GPa and 100% slip.
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5.5 Conclusions

In this chapter, run-in tests were carried out to deal with situations in which the
surface plasticity index  is larger than 1. Data �ltering techniques are applied
to obtain the proper surface roughness data, assuming that the surface plastic-
ity index  should be equal to or less than 1 when the surface is fully run-in.
The Roelands Eyring thermal EHL model developed in chapter 3 is implemented
to tackle the thermal e�ects problem in the mixed lubrication regime and good
agreement between the measurements and the predictions has been found. The
main conclusions which can be drawn from this chapter are:

� During the run-in test, the surface roughness decreases and the surface
becomes smoother. But because of the chosen standard settings for the
surface interferometer, even under fully run-in situations, the measured
surface plasticity index can be still much larger than 1. So it can not be
expected that the calculated Stribeck curves under these conditions �t the
measurements, since an elastic model is used.

� A data �ltering method is used to smoothen the surface until the surface
plasticity index is approximately equal to 1. The calculated Stribeck curves
with the surface roughness data after this �ltering give reasonably good
agreement with the experiment.

� Roelands-Eyring thermal model is implemented in the mixed lubrication
model to include the temperature rise in the mixed and full lubrication
regimes. Good agreement between the measurements and the predictions
have been found.



Chapter 6

Stribeck curves for starved

lubricated point contacts

In chapters 4 and 5, a mixed lubrication model was developed to predict the fric-
tion force in the mixed lubrication regime. However, this model was developed
for fully ooded situations, i.e. there is enough oil supply in the inlet region.
Many grease lubricated roller bearings operate at starved lubrication conditions,
implying only a limited supply of lubricant in the inlet region. Under these condi-
tions, the previously developed model does not predict the friction force properly
for this situation. In this chapter a starved mixed lubrication model is discussed
which predicts Stribeck curves for starved lubricated point contacts. A brief in-
troduction will be given in section 6.1. In section 6.2 a starved mixed lubrication
model for point contacts will be presented and some calculated results of this
model will be given in section 6.3. A calculation of the limiting value & will be
given in section 6.4. Finally, conclusions will be drawn and recommendations will
be given in section 6.5.

6.1 Introduction

In the preceding chapters uid and contact models have been presented to predict
Stribeck curves depending on many operating conditions. It has been assumed
implicitly that always enough lubricant is available for �lm formation.
However, in many applications the amount of lubricant is not suÆcient to pro-
vide a full �lm and contacts, in that case, operate under starved lubrication
conditions. In the literature a lot of attention has been paid to lubricant star-
vation [6, 7, 25, 55]. Wolveridge et al. [68] investigated the starved lubrication
of cylinders in line contact. A semi-analytical solution was presented in their
paper showing a central �lm thickness reduction with respect to fully ooded
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situations due to variations in the position of the inlet boundary. Chevalier et
al. [10] presented a numerical study of the e�ects of inlet supply starvation on
�lm thickness in EHL point contacts. Their work yielded an equation predicting
the central �lm thickness reduction as a function of the amount of oil available in
the inlet. Recently, based on Wolveridge's work and Gelinck's mixed lubrication
model, Schipper & Faraon [19] extended Gelinck's model and successfully calcu-
lated Stribeck curves for starved lubricated line contacts.
In this chapter, a starved mixed lubrication model [57] is presented in order to
predict the Stribeck curve for starved point contacts. This model [57] is based
on a combination of the mixed lubrication model developed in chapter 4 and the
work of Chevalier et al. on the �lm thickness for starved circular contacts. The
e�ects of starvation on friction in di�erent lubrication regimes, due to the change
in �lm formation, are discussed.

6.2 A mixed lubrication model under starved

lubrication conditions

The mixed lubrication model under starved lubrication conditions will be pre-
sented in this section. Only isothermal situations are considered.

6.2.1 Chevalier's �lm thickness reduction formula

In their paper of 1998, Chevalier et al. presented a central �lm thickness reduc-
tion equation due to starvation. It reads:

< =
r

(1 + rÆ)1=Æ
(6.1)

where < is the central �lm thickness reduction and is de�ned as:

< =
Hcs

Hc

(6.2)

where Hcs is the dimensionless central �lm thickness under starved lubrication
conditions and Hc is the dimensionless fully ooded central �lm thickness.
r is de�ned as:

r =
Hoil

Hc

1

��pmax

; (6.3)
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where Hoil is the dimensionless inlet oil �lm thickness and �(�ph) is dimensionless
density, equation 2.6. According to Chevalier et al., Æ varies between 2 and 5.
From equation (6.1), the central �lm thickness under starvation can be calculated
if the amount of oil in the inlet is given.

6.2.2 Mixed lubrication model

An isothermal mixed lubrication model for ooded conditions was developed in
chapter 4. This section will extend the model to starved lubrication conditions.
In chapter 4, equation (4.16) was used to describe the �lm thickness in the con-
tact zone. Under starved conditions, this equation must be replaced by:

Hcs = Hc
r

(1 + rÆ)1=Æ
(6.4)

and

Hc = 
1=2
1 [(

9=4
1 H

3=2
RI + (

�2=5
1 H�4

EI +H�4
00 )

�3=8)2s=3 + (41H
�8
RP + 41H

�8
EP )

�s=8]1=s

(6.5)

s = 1:5(1 + exp(�1:2HEI

HRI
� �7=51 )) (6.6)

According to equations (6.3) and (6.4), r can become very small (theoretically r
can be 0), so can the central �lm thickness Hcs. Under this situation, separation
hs can get a very large negative value according to equation (4.27). Consequently,
the asperity pressure calculated by equation (4.29) can be even larger than the-
oretical maximum asperity pressure assuming the total load is carried by the
asperities. This requires the uid to carry some negative load to get a load bal-
ance but this is of course not the case in reality. In order to avoid this problem,
a revised scheme of Stribeck curve calculations is given in �gure 6.1. In this
�gure, separation hsmin is calculated corresponding to all the load is carried by
the asperities. The separation hs in this scheme will be compared with hsmin. If
hs > hsmin, nothing changes compared to �gure 4.3. If hs < hsmin, i.e. all the
load is carried by the asperities, the coeÆcient of friction can be calculated.
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Input file: load, oil parameters, line or 
point contact parameters.

equation (4.38)

equation 4.29 right

equation (4.22)

Calculate the Hertzian pressure 
and contact dimension,hsmin

hcs

equation 6.4

No

f

equation 4.29 left

separation hss

hs<hsmin

separation hs

equation (4.27)

yes

equation 4.28

No

equal?

Pa,av

Yes

assume γ

γ

Pa,av

Figure 6.1: Solution scheme of Stribeck curve calculation for starved sit-
uation.

6.3 Calculated results

Some of the calculated results will be presented in this section and discussions
will also be made. Two situations, i.e. a high load and a low load situation, are
investigated to study the Stribeck curves under starved lubrication. Æ is taken
equal to 3.5 for both situations.
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6.3.1 High load situation

The surface roughness data and the operational conditions of �gure 5.7 are ap-
plied in this section. The maximum Hertzian pressure is 1.93 GPa, slip is 5% and
surface roughness Rq 0.13 �m. Some calculated Stribeck curves under starved
lubrication conditions are plotted in �gure 6.2. The Stribeck curve under fully
ooded conditions (hoil = 1) is also plotted in this �gure for comparison.
From this �gure, it can be seen that the coeÆcient of friction is constant when
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Figure 6.2: Stribeck curves for starved lubrication. pmax = 1.93 GPa, 5%
slip. Rq = 0.13 �m.

hoil = 0:1� and equals to the coeÆcient of friction in the boundary region. It
means that all the load is carried by the asperities, there is zero hydrodynamic
pressure and only boundary lubrication occurs. It can also be seen that when
hoil = 6�, the Stribeck curve under starved lubrication is the same as that for the
fully ooded condition except at very large velocities (>100 m/s). This means
that in practise the Stribeck curve is not a�ected by starvation when the inlet
�lm thickness is larger than 6 times the roughness. When 0:1� < hoil < 6�,
the friction in the mixed lubrication and EHL regime increases. It can be seen
clearly that the lowest coeÆcient of friction of each curve shifts to a lower veloc-
ity region with decreasing hoil; this will be explained later. It should be noticed
that, according to the elastic contact model of Greenwood & Williamson, when
hoil < 3�, there is always some load carried by the asperities and this means that
there is no longer an EHL component in the Stribeck curve. There are only two
types of lubrication, i.e. boundary and mixed lubrication.
The �lm thicknesses in the starved contacts are plotted in �gure 6.3. In this
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Figure 6.3: Film thickness as a function of sum velocity for starved lubri-
cation. pmax = 1.93 GPa, 5% slip. Rq = 0.13 �m.
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Figure 6.4: Separation as a function of sum velocity for starved lubrica-
tion. pmax = 1.93 GPa, 5% slip. Rq = 0:13 �m.
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�gure, they become for high velocities constant and equal to hoil because the oil
�lm thickness in the contact can not be larger than that of the oil supplied in
the inlet zone. For hoil = 6�, the �lm thickness is almost the same as that for
the fully ooded situation except at very large velocities where it is less. Note
that the maximum �lm thickness for this situation is also 6�. The theoretical
�lm thickness for the fully ooded situation, however, becomes larger than 6�
at higher velocity. When 0:1� < hoil < 6�, three phases can be distinguished in
the �lm thickness curve. At low velocity, the starved �lm thickness is the same
as the fully ooded �lm thickness. At high velocity, the starved �lm thickness
becomes constant and equals hoil. In between, the starved �lm thickness moves
away from the fully ooded �lm thickness and becomes lower.
In �gure 6.4, the separation results are plotted. The shape of the separation
results is almost the same as the �lm thickness results except that the values are
lower. It can be seen that the separation becomes negative at lower velocities.
As noticed before the position of lowest friction shifts to a lower velocity with
decreasing hoil (see �gure 6.2). This can be explained now by �gures 6.3 and 6.4.
Two situations are considered, i.e. hoil = 0:5� and hoil = 1:0�. For the hoil = 0:5�
case, the �lm thickness equals to hoil and becomes constant at around 8 m/s; so
does the separation. This point corresponds to the lowest load carried by the
asperities since the separation has reached its maximum value. With increasing
velocity, the coeÆcient of friction increases, however the contribution only comes
from the EHL component due to increasing shear rate. For the hoil = 1� case, the
�lm thickness becomes constant at a higher velocity, i.e. 16 m/s, because there is
more oil supplied in the inlet than in the former case. The lowest friction position
is also around 16 m/s. So, it can be concluded that the shift in the lowest friction
position to a lower velocity with decreasing hoil is caused by the di�erence in oil
supply. Lower oil supply implies that �lm thickness becomes constant at a lower
velocity, so consequently the lowest friction occurs at a lower velocity.

6.3.2 Low load situation

The surface roughness data and the operational conditions in this section are the
same as those in �gure 6.2, only the maximum Hertzian pressure is lower, i.e.
0.5 GPa. Some calculated Stribeck curves under starved lubrication conditions
are plotted in �gure 6.5. Note the di�erent in scale with �gure 6.2. The Stribeck
curve for the fully ooded situation (hoil = 1) is also plotted in this �gure for
comparison.

In �gures 6.6 and 6.7, the �lm thickness and the separation are plotted re-
spectively. All �gures resemble those of the former high load case, and it can be
seen that the coeÆcient of friction for the low load is much lower than for the
high load situation. This is caused by a much lower viscosity in the contact so
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Figure 6.5: Stribeck curves for starved lubrication. pmax = 0.5 GPa, 5%
slip. Rq = 0.13 �m.
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Figure 6.7: Separation results for starved lubrication. pmax = 0.5 GPa,
5% slip. Rq = 0.13 �m.

the EHL contribution to the friction is smaller. The �lm thickness in both cases
do not di�er much since the inuence of the load on �lm thickness is of minor
importance.
It can also be seen that for the hoil = 0:5� situation for the high load case a
small increase in �lm thickness and separation occurs at higher velocity while
for the low load this does not happen. So for the high load case some of the
load is carried by the EHL �lm resulting in a decrease in friction, but in the low
load case the available oil is insuÆcient to �ll the larger gap corresponding to
the lower asperity load. The value of hoil for which this occurs increases as the
load decreases. So no load is carried by the �lm and the friction remains at the
boundary level. In other words, the low load situation needs more oil.

6.4 Calculation of the limiting value &

According to Tripp [60], Greenwood & Williamson's elastic contact model can be
used to determine the limiting value hoil = &�, below which the load is totally
carried by the asperities.
Equation (4.18) gives a value of hss=�s provided the asperity pressure is known.
Using equation (2.47) it can be written as:
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pa;av =
4

3
H 0(n��s) F3=2(hss=�s) (6.7)

Taking standard values (page 63) yields:

pa;av =
4

3
� 5 � 0:05 � 1 � F3=2(hss=�s) GPa (6.8)

For a point contact, pa;av = 2=3 � pmax, so:

2

3
pmax =

4

3
� 5 � 0:05 � 1 � F3=2(hss=�s) GPa (6.9)

or

2pmax = F3=2(hss=�s) GPa (6.10)

For the high pressure case, F3=2(hss=�s) = 3.86 and for the low pressure case
F3=2(hss=�s) = 1.00 if all load is assumed to be carried by asperities.
These values imply that hss is negative, so we can use (approximately):

Fn(�) = (��)n; (6.11)

yielding hs=�s = �(3:86)2=3 = �2:4607 for the high load case and hss=�s =
�(1)2=3 = �1 for the low load case.
From equation (4.28),

hs=� = dd=� +
hss
�s

�s
�

= 0:82 + 0:7hss=�s (6.12)

Using equation (2.65) and (2.58).
This yields hs=� = -0.9025 and +0.12 for the high and low load cases, respec-
tively.
The �lm thickness formula, equation (4.20) can be written as:

hf;r=� = hs=� + F1(hs=�) (6.13)

when hs=� > 0, and

hf;r=� = F1(�hs=�) (6.14)



6.5. Conclusions and recommendations 103

when hs=� < 0. So the two values become F1(+0:9025) = 0:10 and 0:12 +
F1(0:12) = 0:12 + 0:3421 = 0:4621. Thus, for pressures of 1.93 and 0.5 GPa, the
asperities carry 100% of the load when hoil=� becomes 0.10 or 0.46, respectively.
These values reproduce the values given in �gures 6.2 and 6.5.

6.5 Conclusions and recommendations

In this chapter, a starved mixed lubrication model was developed in order to
calculate Stribeck curves for starved circular contacts. This model combines the
mixed lubrication model developed in chapter 4 and the Chevalier et al. �lm
thickness equation under starved conditions. Some calculated results are given
in this chapter. From the results it can be concluded that:

� Starvation of the inlet oil �lm inuences the oil �lm thickness in the contact
and so the contribution of the �lm to the friction.

� In general it can be stated that for moderate velocities, the Stribeck curve
is not a�ected by starvation when the inlet oil �lm is larger than 6 times the
roughness, so friction as well as transitions between elasto-hydrodynamic lu-
brication and mixed lubrication and between mixed lubrication and bound-
ary lubrication remain the same.

� When hoil is less than a certain value &�, all the load will be carried by the
asperities, the hydrodynamic pressure is zero and only boundary lubrica-
tion occurs. The value & depends on the operating conditions like the load
and surface topography and can be estimated by equations 6.13 and 6.14.

� When &� < hoil < 6�, friction in the mixed lubrication regime as well as
in the elasto-hydrodynamic lubrication regime increases, compared to fully
ooded conditions.

Since only theoretical results are presented in this chapter, measurements need
to be carried out in order to verify this model.
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Chapter 7

Conclusions and

recommendations

It has been shown in this thesis that it is possible to predict friction under full
�lm conditions, based on rheological parameters such as the viscosity, the vis-
cosity pressure, temperature parameters, the Eyring shear stress and topological
parameters. Good agreement with experiments was obtained.
In order to predict friction and mixed lubricated conditions additional informa-
tion is required with regard to surface topography i.e. the number of summits
per m2, the average radius of the summits as well as the height distribution of the
summits. Reasonable agreement with experiments was reached for this regime
also.

7.1 Detailed summary and conclusions

Chapter 3: A thermal non-linear Roelands Eyring model for the calculation of
friction in an EHL contact

� In the inlet region of an EHL contact the oil is mainly heated by the sur-
faces and it reaches the surface temperature at the entry of the contact
region. Consequently it is the surface temperature which determines the
�lm thickness in an EHL contact.

� Line and point contact measurements were carried out to verify this model.
Good agreement was found between theory and experiments.

Chapter 4: A mixed lubrication model

105
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� A new relation of separation and �lm thickness is adopted in this model.
With this new relation, the separation can become negative while the �lm
thickness always remains positive. Consequently, the model can deal with
highly loaded situations and this is a signi�cant improvement on other
models.

� Point contact measurements were carried out to verify this model. Good
agreement was found between theory and measurements when the plasticity
index  was less than 1, i.e. under conditions of elastic deformation. If,
however, the plasticity index  is larger than 1, i.e. under plastic conditions,
there is a large discrepancy between the theory and the measurements.

Chapter 5: Running-in and thermal e�ects

� In general, surfaces become smoother during the running-in. However, due
to the adopted setting of the WYKO surface measurement system, the cal-
culated surface plasticity index can be still much larger than 1 even when
the surface is already fully run-in.

� Low pass data �ltering was therefore used to smoothen the surface until
the surface plasticity index approximately equaled 1. This resulted in good
agreement between the calculated Stribeck curves with the the running-in
experiments.

� At higher velocities temperature e�ects inuence the frictional behaviour
in both the EHL and the mixed lubrication regimes. Therefore, thermal
e�ects were also implemented in the model. This results in a much better
agreement between measurements and predictions for high velocities.

Chapter 6: Stribeck curves for starved point contacts

� When hoil > 6�, the Stribeck curve is not a�ected by starvation, i.e. starved
lubrication does not occur.

� When hoil is less than a certain value &�, only boundary lubrication occurs
and all the load is carried by the interacting asperities. The value & de-
pends on the operating conditions like the load and can be predicted by the
Greenwood & Williamson contact model.
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� When &� < hoil < 6�, friction in the mixed lubrication regime and elasto-
hydrodynamic lubrication regime increases.

7.2 Recommendations

� The model developed in this thesis depends very much on the value of the
coeÆcient of friction in the boundary regime. The coeÆcient of friction
in the boundary regime was obtained by measurements only. A consider-
able spread in the results was found. Clearly more work needs to be carried
out to predict the coeÆcient of friction in this regime with higher reliability.

� The model was validated by measurements with one oil only, i.e. T9. Obvi-
ously, more friction measurements with di�erent lubricants need to be done.

� The developed starved lubrication model has not yet been veri�ed. There-
fore measurements need to be carried out to verify the developed model.
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Appendix A

Lubricant properties of T9

88e-4 �0: viscosity at 400C Pas
40 T0: reference temperature 0C
0.87 z: viscosity pressure index -
1.2 s0: viscosity temperature index -
869 �: density kg=m3

15 T�: reference density temperature 0C
0.00079 C�: coeÆcient of thermal expansion -
2020 Cp0: speci�c heat J=kg=0C
45 TCp0 : reference temperature of speci�c heat 0C
4.1 CCp0 : temperature coeÆcient of speci�c heat J=kg=0C
0.135 �0: thermal conductivity N=s=0C
3.7e6, 8e6 �0: Eyring shear stress Pa
1e30 G: shear modulus Pa
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Appendix B

Lubricant properties of HVI-160

90e-3 �0: viscosity at 400C Pas
40 T0: reference temperature 0C
0.63 z: viscosity pressure index -
1.27 s0: viscosity temperature index -
878 �: density kg=m3

25 T�: reference density temperature 0C
0.00076 C�: coeÆcient of thermal expansion -
2110 Cp0: speci�c heat J=kg=0C
60 TCp0 : reference temperature of speci�c heat 0C
5 CCp0 : temperature coeÆcient of speci�c heat J=kg=0C
0.14 �0: thermal conductivity N=s=0C
1.3e7 �0: Eyring shear stress Pa
1e30 G: shear modulus Pa
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Appendix C

Line contact input �le

2.3e11 E 0: combined elastic modulus steel Pa
7875.0 �s: density steel kg=m3

67 �s: thermal conductivity steel N=s=0C
400 Cps: speci�c heat steel J=kg=0C
0.0381 Rx1: radius surface 1 in m
0.0381 Rx2: radius surface 2 in m
1e30 Ry1: radius surface 1 perpendicular to m

rolling direction
1e30 Ry2: radius surface 2 perpendicular to m

rolling direction
0.032 B: length of the cylinder m
60 T0: inlet temperature oil 0C
60 Tr1: inlet temperature surface 1 0C
60 Tr2: inlet temperature surface 2 0C
4240, 42400 P: normal force N
8 us: sum velocity m=s
20 nomax: calculated slip number -
100 slipmax: maximum slip -
80 nx: number of points in X-direction -
0 ny: number of points in Y-direction -
20 nz: number of points in Z-direction -
1e-5 convt: convergence of temperature -
1e-5 conv� : convergence of shear stress -
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Appendix D

Point contact input �le

2.3e11 E 0: combined elastic modulus steel Pa
7875.0 �s: density steel kg=m3

67 �s: thermal conductivity steel N=s=0C
400 Cps: speci�c heat steel J=kg=0C
0.01032 Rx1: radius surface 1 in rolling direction m
1e30 Rx2: radius surface 2 in rolling direction m
0.01032 Ry1: radius surface 1 perpendicular to m

rolling direction
1e30 Ry2: radius surface 2 perpendicular to m

rolling direction
60 T0: inlet temperature oil 0C
60 Tr1: inlet temperature surface 1 0C
60 Tr2: inlet temperature surface 2 0C
42.8 P: normal force N
8 us: sum velocity m=s
20 nomax: calculated slip number -
100 slipmax: maximum slip -
80 nx: number of points in X-direction -
10 ny: number of points in Y-direction -
20 nz: number of points in Z-direction -
1e-5 convt: convergence of temperature -
1e-5 conv� : convergence of shear stress -
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