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Norton’s theorem

State n=(n4,...,ny)

Clusters Cy,...,Cg
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g5 (R) = p'"(R)p™(N) (2.2)



Recap: Network of quasi reversible nodes

Construct network by multiplying rates for individual queues
Transition rates
Arrival of type i causes queue k=r(i,1) to change at

q,(x,,%") x'€8,(ilx,)
Departure type i from queue j = r(i,S(1))

q,(x;,x;') x; €8,,50),x,)

q, (X, x;.")

Routing
'
(X, %,")

=q.(x.,x,
2,055, )ak(i,s-l—l)
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x'eS; (i,s+1,x;)

x,'€§,(5,s+,x) x,€85.(5s,x;")

Internal qj(xj,xj')
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Norton’s theorem (2)
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General distribution

»‘
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General distribution: phase type distribution

. With probability p,Erlang(k, v) S pe=1

o0

. mean fpL-% KPe
=1V

- phase type distribution  F,(x)=)_ p,Eri(k,v)(x)
k=1



General distribution: phase type distribution

With probability p, Erlang(k, v)

phase 1

4 phase 2 phase 1

P> C C
N OO—=C o =D

phase type distribution

dense in class of distributions with non-negative support

F()=Y pErl(k,v))

10
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General distribution: phase type distribution

Markov chain that records the remaining number of phases and that
restarts in phase k£ wp P, each time phase 1 is completed

state k records number of remaining phases of renewal process
state space S={1,2,...}
transition rates q(k,k-1) =v

q(1,k)=v p,

Let H(k) denote equilibrium distribution, then H(%) satisfies global
balance:

Hk)v=H(1)v p+Hk+1)v, k=12,...
or discrete renewal equation (TK VII-6)

Hk) =H(1) D, + H(k+1), k=12,...

U~ 1 & &
H(k) =" | 2N M
solution (k) v ; P Z



General distribution: phase type distribution
H(k)= %z p;,  isdistribution that satisfies
=k

discrete renewal equation

Hk) =H(1) p, +Hk+1), k=12,...

Proof
insert H(k) into equation: Z p; = pkz Pt Z 2

i=k+1

show that H(k) is distribution:

Z ﬁz Z pi:ﬁz pi:ﬁz Ip;
k=1 |4 imk |V Vv -

k=1
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Processor sharing queue

Poisson arrivals rate A
- Service request L mean T=1/u
- State n = # customers in queue
- State space S={01,..}
Markov chain X ={X(1), t=0}
* Dbirth rate q(n,n+1)=A
» death rate q(n,n-1)=u

Equilibrium distribution

r, =(1-Ar)(Ar)" n=0,12,.

13



Proof: (exponential case)

equilibrium distribution 7, =(1-A7)(A7)"

solution global balance
7w lgnn+)+gn,n-1)]=x_qgn-Ln)+x_,qgn+l,n)

rate out of state n = rate into state n

g [A+ul=n_Aln>0)+x _u 0<n

detailed balance

nA=n 1 0<n

14
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Processor sharing queue: phase type service times

Poisson arrivals rate A ©
F (x)= Eri(k,
service length L mean Tt=1/u L (%) ; piErl(k,v)(x)

State  (1,-»7,)  customer i has #; remaining phases;
State space

Markov chain X ={X(t), t=0}
" 7
Transition rates G et (Tt = 1,.1)) = - 1(r, > 1)
Vv
Q((ri’ ,r)(rl, oli_19 z+1” J ))_; 1(7’ _1)
A
Equilibrium distribution | 4WUises T ) Uil 1o )) = —— P,
(... r)-G‘l(M)”]_[ H(r,) Hik) =2 z P

H(k) is distribution of the remaining number of phases = remalnmg service time
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Erlang loss queue: phase type service length

Equilibrium distribution  z(r;,...,r,) =G (Ar)" [] H(r) Hk)==Y p,
S V ik

Proof

global balance g [A+ul=n_Aln>0)+x,_u 0=<n

Z(Fsees A +V] = Z T(Bgeres iy Vi e )_ P, 1(n>0)

V n
+Z 72-(719 7‘+1,I’;+1, rn)_—l_z 72-(719 97;9197;+19 )—
no = n+1

[A+v]= Z WH(r)}f — 1(n > 0)

i=1

: Vo i
#2 AH G+ DIH)Y .+ 25 (A (0}

H(l)=uN and use discrete renewal equation f(x)=H()p, + H(r.+1), r =12,...

1
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Processor sharing queue: phase type service

Theorem 1
Equilibrium distribution

7(tr,) =G (A0)" [ | H() where H(k):%Z p;
i=I i=k

moreover, equilibrium distribution of number of customers depends
on service time distribution only through its mean (insensitivity

property):
r. =(-Ar) (A7)
Proof
sum distribution over all possible configurations of phases

=Y 2(hpenr,)= Y. GH(A7)" H H(r)=G"'(Ar)" H Y H(r)=G"(Ar)"

121 121 i=l  r2l
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Arrival theorem

- PASTA:
The distribution of the number of customers in the system seen by a
a customer arriving to a system according to a Poisson process (1.e.,
at an arrival epoch) equals the distribution of the number of
customers at an arbitrary epoch.

* Arrival theorem (open Jackson network):
In an open network in equilibrium, a customer arriving to queue j
observes the equilibrium distribution.

* Arrival theorem (closed Jackson network):
In a closed networkin equilibrium, a customer arriving to queue j
observes the equilibrium distribution of the network containing one
customer less.
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PASTA: Poisson Arrivals See Time Averages

- P, ,(¢) fraction of time system in state n
 probability outside observer sees n customers at time ¢

* P° (¢) probability that arriving customer sees n customers at time ¢

(Just before arrival at time ¢ there are n customers in the system)

* In general P. ()= P’ (1)



PASTA: Poisson Arrivals See Time Averages*
 For birth-death process:

- Let C(t,t+h) event customer arrives in (t,t+h)

PY(6) =imPr{X (1) =n| C(.+ ), X (0) = '}

o PR X (0 = X(0) =} PHX () =n | X(0) = n')
YOS PHC( 4 h) | X (1) =k, X(0) = 'y Pr{X () = k| X(0) = n'}

o laGnntDhro()F,, () qnntDE,, @)
> [a(kk+Dh+oh]P, (1) Y qkk+DP, ()

+ For Poisson arrivals g(n,n+I)=Asothat P, (5)=P° (1)

- Alternative explanation; PASTA holds in general!



PASTA: Poisson Arrivals See Time Averages®>

- Transient P ()= 006](", n+1DF,, ()
>, qlk,k+ 1P, (1)
k=0

g(n,n+1)P,

> q(k,k+D1)P,
k=0

. Inequilibium B =

« Ratio of flows
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MUSTA: Moving Units See Time Averages

Palm probabilities:

Each type of transition n->n’for Markov chain associated with subset H of SxS \diag(SxS)

Example:transition in which customer queue i = queue j

H, = U {(m+ei,m+ej),m+ei,m+ej e S}
m
Transition in which customer leaves queue i

H?m =U H,;
j

Transition in which customer enters queue |

H" = U H,



MUSTA: Moving Units See Time Averages

Ny process counting the H-transitions

Palm probability Py (C) of event C given that H occurs:

E(n,n')EC ﬂ:(n)Q(n,n')

PH (C) = ;
Dy Tma(nn'y

CCH

Probability customer queue i - queue j sees state m
w(m+e)g(m+e,m+e;)

E(n,n')eHij ﬂ(”)g(n,n )

Probability customer arriving to queue j sees state m

l

P,(m)=P, (m+e,m+e;))=

E. w(m+e)g(m+e,m+e;)

Ei E(n,n‘)EHij w(n)g(n,n’) |

pP,(m)=P,_, (U (m+e.,m+e;)) =

24



Kelly Whittle network ” 2

Theorem: The equilibrium distribution for the Kelly Whittle
network 1s

J
ﬂ(n):B¢(n)H pjnj /Oj:yj/:uj nes
-1

where
V=4 Z Vi Py

. . k
and 7 satisfies partial balance

J J
Zﬂ(n)q(n,n—ej +e, )= Zﬂ(n—ej +e )q(n—e; +e,,n)
k=0 k=0




MUSTA : Kelly Whittle network

Q(nan_e‘+ek)=l//(n_ej),u‘p'k
J ¢(n) JLJ
- n; (n n—e)—l'”(n_ej)
ﬂ(n)ngb(n)H p,’ p,=y;/u, nes g\n,n—e;)= A1) H;Pjo
q(n,n+ek)=%/1k

26

Theorem: The distribution seen by a customer

moving from queue i to queue j 1s

J
F, (m) = Bijw(m)pijl_[ P mE \
k=1

Entering queue j 1s

J
P(m)=Bym)| | pi*.m€ s’
k=1

where Sd={m:5|i,j:m+ei,m+ejES}




ZZ_ w(m+e )g(m +el.,m+ej)
2. Z(n,n.)e,,ij r(n)q(n,n')
Z,- r(m+e)g(m+e,m+e;)
- Zi Zm 7Z(m+el.)q(m+el.,m+ej)

ZZ_ r(m+e;)qg(m+e;,m+e,)

P, (m) =

:Z,- Y. w(m+e)q(m+e,m+e)
w(m)]}j "D PPy

_ 2 W(m)]j "D pp;
w(m)lj P

_ 2. w(m)]j! o

MUSTA

27



Closed networks: MVA

Average queue length, average sojourn times”?

A,,(1) arrival intensity queue i,
F..(1) expeceted sojourn time i,
L,.(1) expected queue length queue i, when m cust in system

Fm (]) = L Lm—l (]) L Arrival theorem, FCFS

K, K,
L,(j)=2,()F, ()

Little’ s formula



Closed networks: MVA

A, (1) arrival intensity queue i,
F,..(1) expeceted sojourn time i,
L,,(1) expected queue length queue i, when m cust in system

1

K, 4,

F()=—tL (),  L()=4()F()

N N
COEDYWE) I AN SV
j=1

N
A=A, . A=Y A0
- Little

m :iLm(i) :iﬂm(z’)-Fm(i) =1 -izi .F (i)

* thus A =m- {E 7w, F, (Z)}



* Mean Value Analysis
evaluates A, (1), F',,(1) en L,,(7) for all m,i recursively

— Find solution 7 of traffic equations

— for m=1: F,(1)=1/y; for all
recursion

— let F,,(1) known for all ¢

— Determine number of cust served per time unit at queue i :

-1

N

A @G)=A °n.=m°{2 7. F (j)} T
. m m i =1 Jj m . i
— Determine average number of customers at queue 1
using Little N N[
L (i)=4 (i) F (i)

— Determine average sojourn time at queue i for system
containing m+1 customers using arrival theorem

. 1+ L (i1
F, . ()= ta®
U;
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p(n-e)
Interpretation traffic equations 4¢(nn-¢;+e)= YRS

q(n,n—e.)=¢(n ej)u.p.
Toem TP
g(n,n+e,)= P(n) —— Uy Po

¢(n)

Theorem: The equilibrium distribution for the Kelly Whittle

network 1s
7(n)= B¢(n)]_[ p" p,=y;lu nes
where
V=4 Z Vi Py
k
and

Eq(n,n+e,)=A,
Eq(n,n-e; +e)=y.p,, j=1...J




Intermezzo: mathematical programming
Optimisation problem min £ (x,,...,x,)

s.t. g.(x5--..x,)=b, i=1,....m

Lagrangian L=f(x,.,x)+ Z A (Db, —g.(X5-..5X,))
i=1

oL =b, —g,(x,....,x,) =0

OA.
l

oL _ Of < og,;
8x._8x.+.zl: ﬂi@x.
J J = J

Lagrangian optimization problem  min L(xl yeres X, )LI beees /’Lm)
Theorem : Under regularity conditions: any point (X, ,..., X, , A, ,..., 4 )
that satisfies Lagrangian optimization problem yields optimal solution (x,,..., x, )

of Optimisation problem



Intermezzo: mathematical programming (2)
Optimisation problem .
min f(x,,...,X,)
s.t. g.(x,....,x,)<b i=1,..,m

Introduce slack variables

oo, of N = 0g;
Kuhn-Tucker conditions: A i — O
ox . +le . ’
J = J
Ai(b, — g, (X5 x,) =0, i=1,...,m
Z,- >0, 1=1,....m

Theorem : Under regularity conditions: any point ¢ .., x> that satisfies

Lagrangian optimization problem yields optimal solution of Optimisation problem

Interpretation multipliers: shadow price for constraint.
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« Source

-
-

O D

- How to route jobs, and
- how to allocate capacity over the node

sink



Optimal design of Kelly / Whittle network (1)

qgn,n-e; +e, )= pn-e)) Ay
Transition rates P(n)
q(n,n- ej) = pn - ej) )Ljo
)ij =UW;P i ¢(¢()n)
n
’ k A‘
qgn,n+e )= o00)

Routing rules for open network to clear input traffic as efficiently as possible
Cost per time unit in state n : a(n)
Cost for routing j2k : bjk

Design : b_jO0=+ : cannot leave from j; sequence of queues

Expected cost rate 2 a(n)¢(n)1_[ Jeo, ]'
A _ nesS
C=A()+ > bup,A, (o)
ik

> ¢(n)]_[ P

nes




Optimal design of Kelly / Whittle network (2)

Transition rates g(n,n—e; +e,)= pn-¢) A
P D a(n)¢(n)1_[ o’
Given: input traffic HoPo A(p) = 1S5
Maximal service rate U ; = E " = gs qb(n)l_[ p;’
Optimization problem : minimize costs C=A(x)+ E bjkpj)\,jk
j.k
Under constraints i
Z pj;\'jk = Z pk)"kjaJ =1,....J

E Ap =t j=1,00,d

L, = O,5=1,....J

Lo =
)\,jk =0,j=1,....J,k=0,....J

A, Tixed



Optimal design of Kelly / Whittle network (3)
Optimisati bl .
ptimisation problem min C({pj,pjk}) _ A(,O) 4 E bjkpj)ij
.k

s.t. Z p])\']k - E pk;\’k]’J = 19°°°9J
k=0 k=0
E )\,jk =u;,j=1,..J
k=0

O, = O,7=1,....J
Po =1
A,=0,j=1,...,J,k=0,...,J

A, fixed
Lagrangian form

L = C+Z E g, (P — P A

j=0 k=0
+ > 0, Ap—u)= > K- > Ay
j=0 k=0 j=0 J.k=0

So =My =K, =1y, =0



KT-conditions J

Z gj(pk;\’kj _pj;\’jk)=09 J =1,....J

k=0
1, A=) =0, j=1..J
k=0

ijj=0, j=1,....J
ﬁjk)\,jk=0, j=1,....J

Computing derivatives: g;-Mn;-K;, 0, =0

L

% — Cj/lj + Z bjkﬂ“jk _ﬂ"jgj + Z gk/ljk _Kj
j k k
L

8% =bja;, —g,x;, tgx; +17, =,
jk

. 1l OA(x)

/ ﬂ,j 805].



Optimal design of Kelly / Whittle network (5)

Theorem : (i) the marginal costs of input satisfy
c;<c;,+min, (b, +¢,), j=1..,J
5() =0

with equality for those nodes j which are used in the optimal design.

(ii) If the routing j=2k is used in the optimal design the equality holds in (i) and the

minimum in the rhs is attained at given k.

(iii) If node | is not used in the optimal design then q; =0. If it is used but at less that

full capacity then ¢; =0.

Dynamic programming equations for nodes that are used
G;=c,+min, (b, +g;)
50 =0



Optimal design of Kelly / Whittle network (6)

- PROOF: Kuhn-Tucker conditions :

Cjﬂ’j+z bjkﬂ“jk_;z’jgj+z é:k;l’jk >0 (™)
k k

and=0ifaj > (0

bjkaj—éfjaj+c§kaj+77j >0 (**)

and=01t 4, >0
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