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Organization

12 lectures, 4 tutorials

Canvas

Book “A Course on Optimal Control”
Videos (a bit outdated)

GM & HZ

Exam

Schedule (in short)

Appendix B: Differential Equations & Lyapunov functions
Chapter 1: Calculus of Variations

Chapter 2: Optimal Control: Minimum Principle

Chapter 3: Optimal Control: Dynamic Programming
Chapter 4: Optimal Control: Linear Quadratic Control (LQ)
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What is OC about?

Example (Classic optimization (what you know already))

min J(x)
xeR

In this course we minimize not over numbers, but over functions:

Example (Calculus of Variations)

Let x(¢) be the position of a car at time ¢ (of, say, the “solar challenge car”).

min "used energy"
x:[0,T]—R

for given initial x(0) and final x(7).
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Example (Calculus of Variations (previous example))

Let x(#) be the position of a car at time # (of, say, the “solar challenge car”).

min "used energy"
x:[0,T]—R

for given initial x(0) and final x(T).

In reality car position x is not free to choose: dynamical constraint:

Example (Optimal Control)
Let u be throttle opening of the car.

min  "used energy"
u:[0,71—[0,1]

subject to x () = f(x(),u(r)) and given x(0) and/or x(T).

Notice, also u(f) may be constrained
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Calculus of Variations example: catenoid

catenoid is minimal catenoid surface is two-disc is minimal
equal to two-disc
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Calculus of Variations example: brachistochrone (1696)
A A
N
A

B B
A A

\\ K@\

B B

Four paths from A to B:

Which is fastest?
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@ Organization
e What is OC about?
e Appendix B: DE’s x(#) = f(x(1))
o existence and uniqueness of solution x(#)
Lipschitz continuity
stability & equilibrium
Lyapunov functions for stability
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Overview

© B.1 Existence and Uniqueness of Solutions
© B.2 Definitions of Stability

@ B.3 Lyapunov Functions

Al
[e]e]e}

Lec3

B.4
00000

BS5
0000

@ Lecture 2
e B.3 Lyapunov Functions
© A.1 Positive Definite Functions and Matrices

@ Lecture 3

0 B.4 LaSalle’s Invariance Principle
@ B.5 Cost-to-go Lyapunov Functions
@ B.6 Lyapunov’s First Method (Linearization)
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B.1 Existence and Uniqueness of Solutions
(0 =A@, x,(0),  x10)=x0
%20f) = folx1(0),...,x0(0),  %2(0) = xp2
%0(0) = faG1(D,..,x0(0),  x,(0) = Xop
X0 = fx(), x(0) = xp e R", =0

We write x or x(t) or x(t; xp)
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Lec3

B.4

The DE
x(f) = v x(D), x(0)=0
has many solutions:
0 tel0,c] x(1)
x()=4, 2
s(t-0° t>c
0 c t

Every ¢ = 0 yields a solution.
So the solution of this DE is not unique! Weird.

B.5
0000

B.6
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x(1) = —x(1)

Lec 2 B.3 Al Lec3 B.4
0000 00000 [e]e]e} (e]e] 00000

x(1) = +x(1) x(8) = vx(1)
X X

% an
X X

%t t

B.5
0000

B.6
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Definition (Lipschitz continuity)

Let Q cR" and let || - || be some norm on R”. A function f:Q — R” is Lipschitz-continuous on Q if
a Lipschitz constant K = 0 exists such that

I f(x)— f(2)|l < Kllx— 2zl Vx,z€Q.

It is Lipschitz-continuous at xy if it is LC on some neighborhood Q of xp.
It is locally Lipschitz continuous if it is LC at every xg € R”.

B.6
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Example

f(x)=vxisnot LC at x=0

Example
f(x) = kx has (global) Lipschitz constant K = | k|

Then solution of x(f) = f(x(#)) grows at most exponentially fast: |x(#)| < |x(0)|eX?

Example

If f(x) is C! at x then it is LC at x
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Classic result:

Theorem (Existence and uniqueness of solution)
Let xp e R” and f:R" — R™. If f is LC at xy then, for some T > 0, the DE

x(0) = f(x(2)), x(0) = xo, =0

has a unique solution x(¢; xp) for all ¢ € [0, T).

Moreover, for every fixed ¢ € [0, T), the solution x(#; xp) is continuous at xy. Specifically, if ...., then

Ix(£;x0) — x(£; 20) | < X0 — zolleX"  Veeo,T).

Hence, for C! functions f(x) the solution can be extended indefinitely, but ...

B.6
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... but the solution can still escape in finite time:

Example (f(x) = —x?)

The solution of x(£) = —x2(#), x(0) = xg is x(£; Xg) = ——:
txo+1

—1/X% t

x(%; xo)
for xp <0
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Theorem (Escape time)

Suppose f:R"” —R" is locally LC. Then for every x(0) = x, there is a unique escape time #(xg) >0
(possibly #(xp) = co) such that x(z; xp) exists and is unique on [0, #(xp)) but does not exist for

t> t(xp).

Moreover, if £(xp) < oo then limyt4(x) [1x(£; X0) | = co.

If f is globally LC then #(xp) = oo, i.e., the solution x(#; xo) then exists and is unique for all £ = 0.

B.6
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B.2 Definitions of stability (& equilibrium)

A constant function x(f) = X satisfies x(¢) = f(x(?)) iff 0 = f(%).

Definition (Equilibrium)

X € R" is an equilibrium (point) if f(x) =0.
So the equilibrium points are the constant solutions.

joint

X1

mass
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Definition (Stable and unstable equilibria)

An equilibrium point ¥ of a DE x(#) = f(x (1)), x(0) = xo is called

©0 00O

stable if Ve > 035 >0 s.t. ||[xg — X|| <0 = ||x(t;x0) — %] <e VE=0.
attractive if 367 > 0 s.t. ||xp — X|| < 61 = lim;_ o x(£; Xp) = X.
asymptotically stable if it is stable and attractive.

globally attractive if lim;_..o x(£; Xp) = X for every xo € R”.

globally asymptotically stable if it is stable and globally attractive.

unstable if ¥ is not stable. This means 3¢ > 0 such that Vd > 0 an x, and a #; > 0 exists for
which [ xg — X|| < d yet || x(t1; xp) — XI| = €.

x2
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An exercise of Appendix B: globally attractive yet not stable:

X2

Lec3 B.4 B.5
(e]e] 00000 0000

X1

B.6
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B.3 Lyapunov Functions
Here we can “see” that x := (0, 0) is asymptotically stable without knowing the solution:

x1(8)
x2(1)

—x2(8)| _
x1(8)

x1(8)
X (1)

, €>0.

How to generalize (without resorting to “plots”)?
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Another example where we can “see” the stability from plots

Consider x(f) = —x3(1).

We claim that V(x(f)) — 0 as t — oo:

dx2(1)
de

V(1) =

Awesome: to verify that V(x(f)) <0 we don't need to know the solution x(f).
This idea generalizes nicely:
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N c10)
V)= 4
Ve VED)
0x; 0xy,
OV t
O(X( D e +-- a( D . x(0)
n
e
ToaxT fx) x=x(8)

So V(x(1)) <0 for all solutions x(¢) and all ¢ iff

OV(x)

—fx)<0  VxeR"

Notice: final condition does not require solutions of the DE! In fact, ¢ is gone. Awesome.
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Definition (Positive and negative (semi) definite)

Let Q € R” and assume it is a neighborhood of some X € R".
A function V : Q — R is positive definite on € relative to X if

V(%) = 0 while V(x) >0 for all xe Q\ {x}.

It is positive semi-definite if V (k) =0 and V (x) =0 for all other x € Q.

We say V is negative (semi) definite if —V is positive (semi) definite.

positive positive
definite semi-definite

negative negative
definite semi-definite
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Theorem (Lyapunov’s second stability theorem)

Consider x(t) = f(x(¢#)) with f:R" — R" locally Lipschitz continuous. Let X be an equilibrium of
this DE. If there is a neighborhood Q of X and a function V : Q — R such that on Q:

@ V is continuously differentiable,
@ V is positive definite relative to X,
Q@ Vis negative semi-definite relative to X,
then x is a stable equilibrium, and we call V a Lyapunov function.

If in addition V is negative definite (so not just negative semi-definite) then % is asymptotically
stable, and we call V a strong Lyapunov function.
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X
Example (First order system)
o 1-x%(1) e
Consider x(f) = ————. For equilibrium X = 1 we propose
1+ x2(2)
V(x) = (x-1)>.
Itis C! (on R), it is positive definite (relative to ), and
) AV (x) 1-x2 (1-x)2(1+x)
V(x)= =2(x—-1 =— <0 Vx=-1
() o0x f=2(x-1) 1+ x2 1+ x2 o

Actually V(x) < 0 for all x € (—1,00) \ {X} so it is a strong Lyapunov function on Q :=(-1,00) and,
hence, the equilibrium X = 1 is asymptotically stable.

271210
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1@ _[-x@] [x1()
w0~ | 0w | o

Consider equilibrium % = [3] = (0,0). We propose this Lyapunov function:
Vx)= xf 1 x%

Then (on Q = R?):
e Vis C! (trivial)
o V is positive definite (trivial)

o Vis negative definite, because:

So V is strong Lyapunov function. Hence (0, 0) is asymptotically stable
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Lecture 2

@ Summary

@ Lyapunov
o Theorem
o Example
o PROOF!
o Global

@ Appendix A.1

Al

[e]e]e}

Lec3

B.4
00000

B.5
0000

B.6
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x(2) (1), x(0) = xo
0 = f(®
stable: Ve>036>0:|xp—X<d = |x(t;x0) — X <e V=0

asymptotically stable: stable & 36; > 0: [|xp — X|| <61 = lim;. x(; x0) = X

globally asymptotically stable: stable & Vxp € R” = lim;_.oo x(¢; Xp) = X

oV (x)

Vx®)<0 V Yt
(x()) =0 Vx(1) =

f(x)<0 VxeR"
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51(0] _ [-x0] __[x1(8
10| = | x1(0) w@| €70

V(x)= x% + xg

Vis C! (on Q=R?)
V is positive definite (trivial)

V is negative definite: V (x) = —2e(x? + x3)

So x = (0,0) is as.stable & V a strong Lyapunov function

292/210



o]e}

B.1 B.2 B.3 Lec 2 B.3 Al Lec3 B.4 B.5 B.6
00000000 [e]e]e} 00000000 [elele] } 00000 [e]e]e} (e]e] 00000 0000 o

The main result from previous lecture:

Theorem (Lyapunov’s second stability theorem)

Consider x(t) = f(x(#)) with f:R" — R" locally Lipschitz continuous. Let X be an equilibrium of
this DE. If there is a neighborhood Q of X and a function V : Q — R such that on Q:

@ V is continuously differentiable,
@ V is positive definite relative to X,
Q@ Vis negative semi-definite relative to X,
then x is a stable equilibrium, and we call V a Lyapunov function.

If in addition V is negative definite (so not just negative semi-definite) then % is asymptotically
stable, and we call V a strong Lyapunov function.

22/21(0)



PROOF:

lx—=Xll=e1

lx—XI=6
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X2

_

X1 =—-T X1 =T

mass

Ee—————————————

Example (Pendulum)

x1(0) = %2(0)
%2() = —§ sin(x1 (1))

1
V(x) = Emﬁzxg +mgl(1-cos(xy)), Q={xeR?|-2n< x; <27}
. oV (x) oV (x) ) .
Vi(x) = a1 fix)+ 9%z fo(x) = mglsin(x;)x, — mézxZ%s1n(x1) =0

Stable. (Not asymptotically stable: why?)
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Example (Global asymptotic stability)

x1(8) = —x1(8) + x5(1)
X2 (1) = —x2(0)x1 () — x2(1)

Vix)= xf T x%
V(x) = 2x1(—x1 + xg) +2X2(—X2x1 — X2) = —2(xf + x%) <0 Vx#0

Asymptotically stable, but phase portrait suggests globally asymptotically stable.
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Theorem (Global asymptotic stability)

Suppose all conditions of Lyapunov theorem are met with Q = R".
If V:R" — R is a strong Lyapunov function, and, in addition,

V(x) =00 as [x|— oo,

then the system is globally asymptotically stable.

This property is known as radial unboundedness

B.6
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Example (Global asymptotic stability)

%1(8) = —x1 () + x5(8)
X2(8) = —x2(8)x1 () — x2(7)

V(x) = xf 4 x%
V(x) = 2X1 (X1 + X2) + 2% (—Xo X1 — Xp) = —2(x3 +X2) <0 Vx#0

... & radially unbounded, so x = (0,0) is globally asymptotically stable

22/21(0)
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A.1 Positive Definite Functions and Matrices

V(x) = x2 + x3 is positive definite. Easy.

But what if
V(x)= xf + X1 + xg

X1
X2

[0 xe]
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a b||*
[x1 x2] >0 Vx#0
b c||x
<> axi+2abx;x;+cx; >0 Vx#0
= a(x; + (bla)x2)* + (c—b*/a)x3 >0 VX #0
= a>0 & c-b*/a>0 Vx#0

<~ a>0 & ac—-b*>>0

< P;1>0 & det(P)>0

P=P">0iffdet(Py.41:x) >0 forall k=1,...,n
det(Py:x,1:x) = “leading principle minors”
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2
pP=|1
0
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Lecture 3

@ Summary

e Appendix A.1
e Lyapunov theorem (by example)

@ B.4 LaSalle’s Invariance Principle

e Invariant set
o Theorem

e B.5 Cost-to-go
@ B.6 Linearization [read it yourself]

Al

[e]e]e}
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00000

B.5
0000

B.6
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Example
Let

2 1 1
Vix)=x"[1 2 0fx
1 0 ¢

It is positive definite (relative to x = (0,0,0)) iff three inequalities hold:

Q@ 2>0
Qdet2 =3>0
1 2|
2 1 1 1
GDdet(P)—cdet1 2 +1det[2 0]—30—2>0

So positive definite iff ¢ > 2/3

Notation: V >0
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LaSalle’s Invariance Principle

Lyapunov theorem is awesome, but is not the end of the story:

Example (Pendulum with )

x1(8) = x2(1)
. g . d
x2(8) = — = sin(x1(£) — —x2(0),
4 m
Vi(x)= %mézxg +mg/l(1—cos(x1))
V(x)=-dl?x5<0
A Lyapunov function, not strong! But we feel it is asymptotically stable nonetheless

X2
= ——

X1 =-T X =m

mass

_ ] 247910
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First guess: if V(x) < 0 for “almost all” x, then..2 Not correct:

ISR N N N R A
IR B R I - N N B
vrov o vrov o
tror o vrobo
R R R R B R
X1 —
LI I A LI I A
L L
LA I B LA I B
LA I B L I B
L N O N N S

x1(0)=0
x2(1) = —x2(1)

with V(x) = x1 + x2 Then V(x) = —2x§ is negative “almost everywhere” but system is not
asymptotically stable

A45/210



B.1 B.2 B.3 Lec2 B.3 Al Lec3 B.4 B.5 B.6
o]e} 00000000 [e]e]e} 00000000 0000 00000 [e]e]e} (e]e] 00e00 0000 o

Example (Nice example to illustrate invariant sets)

;‘(1=x2+x1(1—xf—x§)
%p = —x1 +x (1-x% - x3)

r::xf+x§ — r=2r(l-1r)

Definition (Invariant set)

A set ¢ cR" is a (forward) invariant set of some given DE, if

X0 EY =S x(t;x0) €9 V>0

A46/210
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Theorem (LaSalle’s Invariance Principle)

Let X be an equilibrium of a locally Lipschitz-continuous x(#) = f(x(t)).
Suppose V is a Lyapunov function on a neighborhood Q of x.
Then Q contains a (nonempty) closed and bounded invariant neighborhood .%" of X, and then

Xoe X = x(x))—>9:={xe X |V(x(t;x)=0VYr=0} ast— oo.
In particular, if ¢ = {x} then X is an asymptotically stable equilibrium.

Existence of such £ is guaranteed by the theorem.
And ¥ is nonempty (it always contains X).
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x1(0) = x3()

%2(8) = —x3(8) — x2(1)

V(x) = x‘f+x§l
V(x)=—-4x; <0
G ={x|V(x(tx)=0Yt>0}
={x|x,(t) =0Vt > 0 and satisfies DE}

={x|x2() =0,%1(£) =0Vt >0}
=1{(0,0)}
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B.5 Cost-to-go Lyapunov functions

e How to find V(x)?
o Energy?
o Inspired by phase portrait?

@ or: cost-to-go

Suppose we have to pay “rent” L(x) per unit time when we are at x.
The total payment over all future time is the cost-to-go:

V(xp) ::fooL(x(t;xo))dt
0

V(x(1) =f L(x(1))dr
t

BS5 B.6
0000 o
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Theorem

If cost-to-go V(x) converges, then
V(x) = —L(x)

in words:
“the current cost-to-go minus the cost-to-go from tomorrow onwards, is what we pay today”

Proof.
Let g(#) = L(x(?)). Then V(x(?)) = ffo g(@)dr...
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Theorem (Lyapunov equation)

Let A€ R™" and consider x(f) = Ax(#) with equilibrium X = 0 € R". Suppose Q € R"**" is positive
definite and consider cost-to-go

V(x0) ::fooxT(t)Qx(t)dt
0

in which x(0) = xp. The following four statements are equivalent.
@ X =0is a globally asymptotically stable equilibrium of x(¢) = Ax(?).
@ X =0 is an asymptotically stable equilibrium of x(#) = Ax(¢).

@ V(x) exists for every x € R”, and is a strong Lyapunov function.
In fact V(x) = x"Px, with P € R"*" the positive definite matrix

ATt AL
P::f e” "Qe”'dt.
0

@ The Lyapunov equation A" P+ PA = —Q has a unique solution P,
and this P is symmetric positive definite.

In that case the P of items 3 and 4 are the same.
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1
0=, _x®

B.6
o
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B.6 Lyapunov’s First Method (Linearization)

Read B.6 yourself (you have seen it before in other courses)

f® \A0x
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Overview

@ Lecture 4
@® 1.1 Introduction

@ 1.2 Euler-Lagrange Equation
@ 1.3 Beltrami Identity

@ Lecture 5
@ 1.3 Beltrami Identity

@ 1.4 Higher-Order Euler-Lagrange Equation
@ 1.5 Relaxed Boundary Conditions

@ 1.6 Second-Order Conditions for Minimality
@ Lecture 6
@ 1.6 Second-Order Conditions for Minimality
@ 1.7 Integral Constraints
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Lecture 4

Brachistochrone (history)
Shortest path

SPITCOV

Euler-Lagrange

Examples
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1.1 Introduction

Johann Bernoulli (1667-1748)

1696:
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Example (Brachistochrone)

L
Smv-mgy=c

vV=1/28y
[1+y2
dt:ﬁ — de
v 2gy(x)
T X 1 )
T:/ 1ds =fl,lﬂdx
0 X0 Zgy(x)

X1
J(y) = f F(x,y(x),y(x))dx.
X

0

We need to minimize the integral over all functions y : [xp, x;] — R subject to y(xp) = yo =0 and
y(x1) = n.

J is known as the cost (function), and F is the running cost.
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Example (Shortest path)

ds=1/1+y%(x)dx
Jy) = f V1+72(x)dx

J(y) = f F(x,y(x),y(x))dx.
X
This has to be minimized over al functions y : [xp, x;] — R, subject to

v (Xo0) = Yo, y(x1) = »n.

Usually other variable names:

T
](X):f F(t,x(0),x(1)dt, x(0)=x, x(T)=
0
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1.2 Euler-Lagrange Equation

Definition (Simplest Problem in the Calculus of Variations (SPITCOV))

Given a final time T > 0 and a function F: [0, T] x R” x R" — R and states xg, x7 € R", the SPITCOV
is to minimize the cost

T
J(x) I=f F(t,x(2), (1) d¢
0
over all functions x : [0, T] — R” that satisfy given boundary conditions

x(0) = xo, x(T)=xr.
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Theorem (Euler-Lagrange equation — necessary 1st-order condition)

Suppose that F is C'. Necessary for a C! function x, to solve SPITCOV is that it satisfies the DE
(6 d O)F(t (1), %«(1)) =0  forall t€]0,T]
=== X (0), % = , T1.
ox drox e

About these derivatives: suppose F(t, x, ) = tsin(x) + x*. Then:
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Leonhard Euler (1707-1783) Joseph-Louis Lagrange (1736-1813)
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o Euler-Lagrange is a “first order condition”
o To prepare for the proof of EL: consider classic 1st-order condition in standard optimization:

o Let J:R% — R be some “smooth enough” function
o At solution x4 € R% of min, g2 J(x) we have

0J(x+) _[0]
ox ‘0

or, equivalently, all directional derivatives are zero:

voyer?; (Yetradd
da
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Consider perturbation of x.:

Xr
X () + abx (1)
x(D) =% (D) +ad(r): X (D)
Xo
t=0 t=T

and realize that ,(0) =6 ,(T) = 0.

J(@) :=J (%, +ady)

At x, and every 8, we must have J'(0) =0
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000
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1
](x):f 220 +x%mde, x(-1)=1, x(1)=1.
-1

EL: o—(i—ii)(a2 20 +x%(0)
U\ ox  @rox) ¢ x

=2a?x (1) - i(2>'<(zr)) =2ax (1) - 2% ()
- > -

%(1) = a®x(1)
x(t) = ce®" + de ¢!
1=x(-1)=ce %+de’?,

l=x(1)=ce™®+de *

- eat+e—at L L,
Xs() = ———— t=— =+
et +e @

Hyperbolic cosine. How does it depend on a?
For later: F(t,x, x) = a?x? + %% and this does not depend on ¢
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1.3 Beltrami Identity

Often F(t, x, X) does not depend on time: F(x, X)

Theorem (Beltrami Identity)

If F(¢,x, ) does not depend on ¢, then solutions x, of SPITCOV satisfy the Beltrami Identity

OF (%, (1), %4 (2))
% -

EL — Beltrami.

F(x. (1), %4 (0) — X1(0) C Vtelo,T]

O
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Example (Brachistochrone - cycloid)

Fly,»=
V2gy
c=Fiy -y =D

\/1+y 2
V28Y \/Zgy(l +y2)
\/2gy(1+7?)
5 1

2 -2
=yd+y°), = 0
=yl ¢ 2gC?

2 2

x(¢) = %((/)—Sin((l))) y(p) = —(1 cos(¢))
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x(@)=S@-sin@),  y(@P) =51 -cos):

y

CZ

nc?
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Lecture 5

Recap: EL & Beltrami
Example (catenoid)
Higher-order EL

Relaxed boundary conditions

Legendre (2nd-order necesarry condition)
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Given a final time T > 0 and a function F: [0, T] x R” x R” — R and states xo, x7 € R", the
SPITCOV is to minimize the cost

T
](X):=f F(t,x(2),%x(1))dt
0

over all x : [0, T] — R" that satisfy x(0) = xg, x(T) = x7.

Suppose F is C'. Necessary for a C! function x, to solve SPITCOV is that it satisfies the EL

equation

(i—ii)F(t x.(0),%.())=0  forall te[0,T]
ox dtox) T o

If “F(x, x)” then solutions of SPITCOV satisfy the Beltrami Identity

OF (2, (1), %+ (1)) _

F(x.(8),%.(8) — x5 ()
0x

C Viel0,T]
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Example (Minimal surface area: catenoid & Goldschmidt two-disc)
1
](y)z/ 2nr (x)\/ 1+ £2(x) dx, r(+1) =p.
-1

Assumes r(x) =0
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Example (Catenoid — continued)
F(x,r,t)=2nrV1+ 2. Beltrami:
r
2nrV1+1?—i2nr——=C
V1 + 12
C
r(l+t?)—ri?=—V1+12
2n
C —
r=—VI1+r
2m
r’=a’1+1?
r,(x) := acosh(x/a), a=0.
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r4(x) := acosh(x/a):
o
rq(£1)
surface
area a<a.
oG =1.895
p«=1509
17.16 a> Ay
a, =0.834 ag =1.564 a Px p

Conclusion:
e for p < p. catenoid is not optimal!
o for p > p, there are two catenoids ...
@ ... and the catenoid with a = a. achieves minimal area

@ what about this ag:
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surface
area
4 p
22.56
17.16 a> a,
P« pg=1895

Out of these two (catenoid & Goldschmidt):
e catenoid is optimal if p = pg
@ Goldschmidt is optimal if p < pg

Deeper analysis: these are the true optimal solutions

1.6
00000

17/
00000
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1.4 Higher-Order Euler-Lagrange Equation
Theorem (Higher-order Euler-Lagrange equation)

Consider the problem of minimizing the integral
T
](X)Z[ F(t,x(8), %(0),% (1) dt
0

over the functions x : [0, T] — R” that satisfy the boundary conditions
x(0) = %o, %(0) = x§, x(D) =x1, %(T)=xf

for given values xo,xg and xT,x?. Suppose F is C?. Necessary for a C> function x, to minimize
J(x) subject to these boundary condtions is that

i—i 9 +— ¢ 0 F(t,x(1),%4(1),X4(1)) = Ytel0,T]
dx dtox dr?ox X4 (1), % (1), 2. (8)) = T

Proof is very similar to that of “SPITCOV”
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Proof: recall x(0),x(T),%(0),%(T) are fixed. Follow EL proof:

0= dJ(x« +aby)
- da

a=0

d T . ..
:—f F(t, X4 + a0y, X5 + @0y, %4 + a0 ) dt
da Jo

a=0

T oF OF . OF .
o a0 Ox g Ot

orF 1T
=|=—6y| +|=—=6 —
axT Y|y loxT o dr ox" 0
-0 -0 =0

1.6
0000

Lec 6 1.6
000 00000

aF.]"‘ [_(d 6F)5]T N fT(aF_d6F+d26FT i
. o \dx dtox dr2aox) *F

1o
00000
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1.5 Relaxed Boundary Conditions

How does “EL” change if we relax some boundary conditions, say

free fixed
x(0) = |fixed |, x(T) = |fixed| .
fixed free

So we have more “degrees of freedom”. Implies that EL still holds:

.7
00000
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The variational argument, x = x, + ady, gave 1st-order condition:

! o d o T
0+j(; ((a_Ea)F()) S.(dt=0 V3,

aF(t,X*(f),X*(t))

S 8x(1)

In particular for the special ones with §,(0) = §,(T) =0, which led to EL.
So the above 1st-order condition holds iff

T

=0 & EL holds
0

OF (t,%4 (1), %4 (2)
ox”

0x(1)

VOy:

20/210



Lec 4 (IR 12 1.5 Lec 5 1.3 1.4 1.5 1.6 Lec 6 1.6
o 0000 000000 0000 (e]e] 0000 (e]e] 00000 0000 000 00000

free [ fixed
x(0) = |fixed |, x(T) = [fixed]| .

fixed | free

free [ 0
0x(0)=1] 0 |, 0x(M=1|0

0 | free

. T
The condition w5 +() |0 =0 thus holds for all possible § iff:

OF(0,x(0),%(0) |.° OF(T,x(T),%(T) | "€
————— = |[free|, — T~ = |free|.
0x £ 0x
Tee 0

In words: “to every x; that is free to choose there corresponds a condition on 0F/d%;”

17/
00000
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T
](X)=f F(t,x(1), %(1) dt + G(x(0) + K(x(T))
0

Theorem (Relaxed boundary conditions)

Let T > 0. Suppose F:[0,T] xR" x R" — R is C! & K,G:R" — R are C'. Let Iy, be subsets of
{1,...,n}, and consider x : [0, T] — R” whose initial x(0) and final x(T) are fixed except for

x;(0) =free Vi€l and xj(T)=free Vjelr.
A C! function x, is a stationary solution of J(x) iff EL holds and

0F(0,x4(0),%4(0)) 0G(x«(0)) _

0 Viely,
ax,' axi V=l
OF(T,x,(T),%.(T)) = 0K(x+(T)) :
- + =0 Vjelr.
axj 6]6]'

Important special free endpoint case: if x(0) = x9 while x(T) = free, then

OF(T, x4 (1), %+(T)) _ OK(x«(T)) _
0x 0x B

0eR”
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Example (Classic SPITCOV & free endpoint)
We considered this SPITCOV problem

1
](x)=f 220 +x2de, x(-D=1, x1)=1.
-1

EL: x(f) =ce* +de **
eat+e—at

0= e

Now free endpoint problem: x(—1) =1, x(1) =free. Satisfies EL and

initial condition: 1=x(—1)=ce *+de"
da’x (1) + %% (1) )
0x t=1

= — = a=1/2
free e“(f 1)+e a(r=1) \
Ko (0 2a —2a

e“+e

t=-1 t=+1

free endpoint condition: 0 = =2%(1) =2(cae®—dae™ %)
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1.6 Second-Order Conditions for Minimality

So far we considered necessary 1st-order conditions:

4G, +ad) , = 0 for every allowable 5

a=
0 J(x.+ady) =J(x:)+o(a) ...

o EL <

@ ... where o(a)/a — 0 as a — 0.

Now 2nd-order conditions:
o Legendre (necessary for optimality)
e Convexity (sufficient for optimality; next time)
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We need 2nd-order Taylor series for fixed t:

F(t,x+0xy+06y)=F(t,x,y)

N 0F(t,x,y) O0F(t,x,y) 6x]
0x’' oy’ Oy
0*F(t,x,y) 0°F(t,x,y)
Lo o 0x0xT 0x0y* Ox
+500% &l sepxy 2w xy) 5y
0yox™ 0yoy"”
Hessi:;lofF
2
6x]
+o( ).
by

We assume F is C? so Hessian is symmetric.

1.6
00000

17/
00000
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Theorem (Legendre condition — 2nd-order necessary condition)

Consider SPITCOV. Assume F is C? and that solution x, of EL that satisfies boundary conditions is
C2. Necessary for x. to be minimizing is that

O2F (2, %4 (1), %4 (1))
=0  Vrelo,Tl.
050x" = c01

Meaning: the above n x n matrix is positive semi-definite V¢ € [0, T].

Analyze the second derivative of J(x. + ady) with respect to a... O

oy

o
o~/

Adrien-Marie Legendre (1752-1833)
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Example (Three cases)

2 .
o Let F(t,x,%) = a’x? + i%. Then ZELED =5,

O F (1, %, (1), %4 (1))
0x2

So for sure =0 for all z. Legendre holds!

o Let F(f,x,%) = V1+ 2. Then ZELxd _

1
0x2 T (1+i%)%2°
2 9
aF(x,xg—W > 0 for all ¢. Legendre holds!

o Let F(t,x,x) = (x/(2m)% — x2, with x(0) = x(1) = 0. Then % = (2:21)2 >0, so Legendre holds,
but...

So for sure

Legendre’s condition is necessary but not sufficient for optimality
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Lecture 6

@ Recap SPITCOV & EL & Legendre
@ § 1.6 Hessian & convexity

@ § 1.7 Integral contraints

@ § 2.1 Intro to OC
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@ Given a final time T > 0 and a function F: [0, T] x R” x R" — R and states xp, x7 € R", the
SPITCOV is to minimize the cost

T
](X):=f F(t,x(1), %(1) dt
0

over all x: [0, T] — R" that satisfy x(0) = xg, x(T) = xr.
e Suppose F is C'. Necessary for a C! function x, to solve SPITCOV is that it satisfies the EL
equation

(a—d a)F(t (1),%:(1) =0 for all t€ [0, T)
ox drox)  EehEANIE P

e Legendre condition. Consider SPITCOV. Assume F is C? and that x, is C? and satisfies EL &
boundary conditions. Necessary for x. to solve SPITCOV (i.e., minimizing) is that

azF(t, X« (1), X« (1))
>0 v 0, T].
0x0x" = rel0.1]

e ... nothing sufficient yet (be patient)
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1
](x):f 22 +x%mde,  x(=1)=1, x1)=1.
-1

(0 d o) 5, .2
_(6x dtax)(““””m)

x(1) = ce® +de %!

(t) eat+e—at
X = —-——
* edegd

But we cannot (yet) conclude that this x. is optimal :(
(Soon we can :-)
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Classic optimization:
@ J:R—Ris convex [see Appendix A.7] if...
e if Jis C? then J is convex iff J”(x) =0V x

@ convex: 1st-order condition <= optimal!
Sloppy proof-by-picture:
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000 00000 00000
Recall the 2nd-order Taylor series (at fixed 1):
1
Flt,x+60,y+8,) = F(t,xy)+| Ly 00 | [ ] S 1 +0()

where H is the Hessian
azF(t)xyy) 62F(t,x,y)

B 0x0x" 0x0y"
H(I,X,y)— aZF(t’x,y) 62F(I,X,J/)
ayaxT ayOyT

Then F(¢,-,-) is convex (at t) iff H(¢,x,y) =0 for all x, y.
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Theorem (Convexity — optimal solutions)
Consider SPITCOV, and suppose F is C2.

If the Hessian H(¢, x, y) is positive semi-definite for all x, y € R” and all ¢ € [0, T] then every solution
x. of EL that meets the boundary conditions is a optimal solution of SPITCOV.

If Hessian > 0 for all x, y € R” and all ¢ € [0, T] then x, is the unique optimal solution of SPITCOV.
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Example (Two (three?) cases)

F(t,x,%) = a’x% + 32
202 0

0 2>0

H(t,x,x) =

F(t,x,%) =V 1+ x2

H(t,x, %) = [0 0

0 1M1+xhyz]20

"Brachistochrone"?
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i 5.

- : :
e A
4
Legendre (1752-1833) Jacobi (1804-1851) Weierstrass (1815-1897)
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1.7 Integral Constraints

Example (Queen Dido’s isoperimetric problem)

DO O

T
f F(t,x(2),%(1))dt
0

Minimize

subject to boundary conditions and an integral contraint

T
x(0) = xo, x(T)=xr, f M(t,x(0), %(1)) d1 = co.
0

96/210



Lec 6 1.6
000

1.5 13 1.4 1155 1.6
0000 (e]e] 00000 0000

(IR 12
0000 (e]e]

Lec 4
0000 000000
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Quick summary of Lagrange multipliers (§ 2.2 & § A.8)

(1]
T
(L
| \\\\\\\

\ o\

[
|
\\\\

\

0J(z+) = 10G(zs) _ _
s M s =[o0], G(z.)=0

subject to G(z) =0

{z* = argmin cgr J(2)
But these are the 1st-order conditions of the unconstrained J(z, ) := J(2) + u* G(2).

00000
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Theorem (Euler-Lagrange Eqn for integral-constrained minimization)

Let ¢y € R. Suppose F and M are C! in all its components, and that x, minimizes

T
[ F(t,x(8),x(1) d¢
0

subject to x(0) = xp, x(T) = x7 and integral constraint

T
f M2, x(8), (1)) dt = co,
0

and that x, is C2. Then either there is a Lagrange multiplier y. € R s.t.

(i_ii)(m (£), % (1)) + 1 M(E, % (£), %4 (£)) = 0
ox  drox) i hED) Xy Ho M (2, %4 (2), %4 (1)) =

for all £€ [0, T], or M satisfies the Euler-Lagrange equation itself,

0 do

(a—aa)M(t»X*(t)»x*(t))zo Vielo,T].
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Example (Normal and abnormal)

1 1
](x):/ x(0dt,  x(0)=0,x(1)=1, f}'{z(t)dtzc
0 0
. d o d
if normal: 0:(————)(x(t)+px (t))—l—d—(Z/,tx(t))—l 2% (1)

1
X4 (1) = 4—t +bt+c——t +(1— )t

C= /x (ndtr=

482

+1
Ui = —— assumes C > 1

v48(C—-1)
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Example (... continued (now abnormal))

1 1
recall: J(x) =f x(1)dt, x(0)=0, x(1)=1, f x}(ndt=C
0 0

0 d 0
i . _|Y2_ 9912 _ _o%
if abnormal 0 (6x dt@fc)x (1) 2% (1)
x(t)=bt+c

x.()=t

1
C:f x2(ndr=1
0

Corresponds to i = oo. It is the case where the integral constraint together with the boundary
conditions is tight. There are, so to say, no degrees of freedom left to shape the function. In
particular, there is no feasible variation, x(¢) = x. (£) + @6 (?)...
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Overview

@ Lecture 7
@ 2.1 Optimal Control

@ 2.2 Quick Summary: Lagrange Multiplier

@ 2.3 First-order Conditions for Unbounded and Smooth Controls

€@ 2.4 Towards the Minimum Principle
@ 2.5 Minimum Principle

@ Lecture 8
@ 2.5 Minimum Principle

@ 2.6 Optimal Control with Final Constraints
© 2.7 Free Final Time

@ 2.8 Convexity

@ Encore
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Lecture 7

@ Recap OC problem & discontinuous controls
@ Recap Lagrange multipliers (§ 2.2)

@ § 2.3 First-order conditions

@ § 2.4 Towards the Minimum Principle

@ § 2.5 Pontryagin’s MINIMUM PRINCIPLE

° Examples

° Constancy of the Hamiltonian

103/210



Lec 7 21 252 2] 2.4 215 Lec 8 215 26 2% 2.8 Encore
(e]e] [e] o0 [e] [e]e]e} o 00000000 (e]e] [e]e]e} [e]e]e} 0000 [e]e]e} (e]e]

2.1 Optimal Control

Example (Limitation of SPITCOV)

XT 9

min “used energy”
x:[0,T]—R

xo: |
0 T
But position x(f) of the car is not free to choose. For instance its acceleration is bounded.

SPITCOV does not take dynamicals constraints into account! OPTIMAL CONTROL (OC) does:

Definition (Optimal Control problem (OC problem))

Consider dynamical constraint x(#) = f(x(#),u(?)), x(0) = xo. The OC problem is:

T
min f L(x(8),u(s) dt+ K(x(T))
u:[0,T]—-U 0

J(a)
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[e]e] o] oe o] 000 o] 00000000 [e]e] 000 000 0000 000
T, ,,,,,,,,,,,,,,,,,,,,,,,,,,,
! ! o ] 5
reachable
states x(f) foTX (ndt
0 t— T 0 T 0 T—xr T
(a) (b) (c)
Example (A bang-bang control example)
consider x(0) =u(D), x(0) =0, u=[0,1],
T
with cost ](u)::f x(p)dt —x(T) for some T = 1.
0
For fixed x7: J(uy) = %sz —XT minimal if x7 = 1:
For f ) 1 o 0 ift<T-1,
or free xr: Uy)=—5 u = )
* 2 : 1 ifr>T-1.

So u, may be discontinuous! Awesome: “Pontryagin” can handle this!
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2.2 Quick Summary: Lagrange Multiplier

A typical problem in classic optimization:

constrained: mﬂiq{n J(z) subject to G(z) =0
zeR"

augmented cost: J(z,p) :=p G(2) + J(2)

Geometric argument of previous lecture suggests:

solutions of constrained minimization problem are
stationary solutions of (unconstrained) augmented cost
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2.3 1st-order Conditions for Unbounded Smooth OC’s

To get an idea of the (solution of the) OC problem
T
J(u) =f0 L(x(8),u(?) dt + K(x(T)), x(1) = fx(0),u(®), x(0)=xo,
analyze first the stationary solutions q := (x, p, u) of the augmented cost
T
J(@) :=/0 p' (O (f(x(0),u(n) —x(1) + L(x(1),u(r)) dr+ K(x(T))

T
=f0 £(q(0),q(0) dt + K(x(T))

£(q,q) :=p" (f(x,u) — %) + L(x,u)

That is a calculus-of-variations problem in g := (x, p, u) if U =R

Encore
(e]e]
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£(q,9):=p" (f(x,w) — X) + L(x, )

This does not depend on time. So the Beltrami identity holds for every stationary solution
q:=(x,p,u) of J(q):

0£(q(®,9(") _

C.
aq

L£(q(1),4(0)-q" (1)

For our £ we have:

10£(q,9)

o TOS(q, q) it 02(7, q) il 0£(q,q)

0x op ou
=p"(f(x,u) — %)+ L(x,u) — (~x"p+0+0)
=p" f(x,u) + L(x,u)

La.9-q =L(q,q)—|x

=:H(x,p,u) (optimal control) Hamiltonian
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Lemma (Hamiltonian equations for smooth unbounded controls)

Let U=R™, xq € R". Then smooth-enough functions x., p«,u. are stationary solutions of cost J(q)
with x, (0) = xo, if-and-only-if

OH (x4 (1), p« (1), ux (1))

X*(t): » X*(O):x(),
op
o OH.(),ps(0),u. (1) _ OK(x.(T7)
p.(0) = 9x ’ p«(T) = 0x '
o= OH&:(0),p:(0),u. (1)
ou '

Here H:R"” x R"” x U — R is called the (optimal control) Hamiltonian and it is defined as

H(x,p,u) = p" f(x,u) + L(x, u).
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2.4 Towards the Minimum Principle

Example (Legendre condition in terms of Hamiltonians)

Consider this calculus of variations problem with free endpoint:
x;{({%%ERnLTF(X(t)’X(t))dt’ x(0) = xo.
This an optimal control problem with
(1) =u(p), x(0) = xo, U=R", L(x,u) = F(x, u).
The Hamiltonian in this case is H(x, p, u) = p"u+ F(x, ).

0%F (x4 (1), %+ (1)) -

L 3 = v , T

egendre e 0 tel0, T
0” H(x (1), p(1), ux (1)

L : = A , T

< Legendre EI >0 tel0,T]

Very interesting if we take p(f) = p.(H!! Could it be? YES:
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2.5 Minimum Principle

Theorem (Pontryagin’s Minimum Principle)

Assume f(x,u) & 0f (x,u)/0x & L(x,u) & dL(x,u)/0x are continuous in x and u, and that K(x) and
0K (x)/0x are continuous in x.

Suppose u, : [0, T] — U is a solution of the OC problem, and assume it is piecewise continuous,
and let x, : [0, T] — R" be the resulting optimal state. Then there is a unique costate px : [0, T] — R"
such that

aH(X*(t),p* (1), u« (1))

X*(t): ’ X*(O):x(])

op
. _ OH.(1),p«(0),u.(1) _ 0K (x4(T))
p.(0) = ox ; p*(T)——ax ;

and the input u. () minimizes the Hamiltonian,

H(x.(8),p« (1), us(8)) = Iz?eiﬂIJlH(X* (1), p«(0), u),

at every t € [0, T] where u. (%) is continuous.
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Lev Semenovich Pontryagin (1908-1988).

He lost his eyesight at the age of 14.

He is famous for his Maximum Principle (1956).

It was presented to “the west” at the 1st IFAC World Congress (1960) in Moscow.
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Example (Switching inputs)
consider x(t) = u(r) x(0) = xp U=I[-1,1]

1
and ](u)=f x(0)dt - 3x(1)
0

= Hx,pu)=pu+x K(x):—%x
o _OK(x.(1) _
= p(n)=-1 p)=————=—3

1
—> p*(t)zg—t

- 1
-1 lf05t<§

S u*(t):
{+1 if1<r=1

Assuming an optimal control exists, it must be this one. So optimal is to move x(#) down as fast as
possible over the 1st half of the time interval and then back up as fast as possible over the 2nd half!
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Example (Optimal reinvestment)
x(f) = au(t)x (1) x(0)=x9>0 u(r)€[0,1]

T
](u)=[0 (u(r) = 1)x(¢) dt
H(x,p,u)=paux+u—-Dx=ux(l+ap)—x

x(8) = au(H)x(1) x(0) = xo
p(®H)=0-u(®)—-p)au(?) p(T)=0

0 ifl+ap.«()>0
ux () = .
1 ifl1+ap.(t)<0

Pswitch = —1/a
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x() = au()x(t)
p(0) =0 -u(®) -p(Hau(s)

p

0 ts t=T

/&
X
Q
9

_1

a

e,
€ e

20

%(0) = x
p(1) =0

u. () =1

x x. (1) =e* xg
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u. () =1
0 Is t=T u. () =0
Ls t=T
&’«
Vi
&
S
_1
a
x X4 (1) = e xq
S e 9
'\,‘”‘ 0&7’”
& 3
A \/

o N

/s 4

4 X

s 0
<
0 15 t=T

p*(t)ax*(t) ifu.(n)=1 — aT-1

Hx(8), p« (), us (1) = px (D aus ()%, (1) + (wa (1) — Dx.(£) = (D) ifu, () =0 —€ Xo
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Lemma (Constancy of the Hamiltonian)

Let all the assumptions of MP thm be satisfied, and assume that af %, ”), aL((;;, Y are continuous.

Suppose that u, is C' at all but finitely many ¢ € [0, T]. Then a constant H, exists such that
H(x+(2), px(8), ux(£)) = H.
at every t where u,(?) is continuous.

For the smooth unbounded case this is Beltrami:

Proof for the smooth unbounded case

iH(X*(l‘),}ﬂ*(t),u*(l‘))=—aHX*Jr aHP on u

dt T apT & a T
_OHOH 0H 6H 0H _0H
“oxTop " opt o o™ T au ™ T

But it also holds for non-smooth bounded case!! O
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Example (Switching example — continued)

We considered x(f) = u(#),x(0) = xo,U= [-1,1] & J(u) = fy x(t) dt = 3 x(1):

1/2

1 P*(U
p*(t) = E -t 0

/

-1 ifosr<3
U (1) = 1 01
1 ify;=<r=<l1

=

-1 u. (1)

Xo—t for0<t =)

<

1

S_

s (£) = 2
<1

Xo—1+¢t for%st

-3-1n ifost<3 pa(DuL(0)
-0 ifi=<r=<1

p*(t)u*(t)={

y

So H(x« (1), p« (1), ux(8) = p«(Hu. () + x. () indeed is constant!
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Lecture 8

@ Recap Minimum Principle! & Constancy of Hamiltonians
@ Proof...

@ § 2.6 OC with final constraints

@ § 2.7 OC with free final time

° “Car parking problem”
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](U)=f0TL(X(t),U(t)) dt+Kx((T), x(0=fx®,u@), =x0=x, u@eU

Theorem (Pontryagin’s Minimum Principle)

Assume f(x,u) & 0f (x,u)/0x & L(x,u) & dL(x,u)/0x are continuous in x and u, and that K(x) and
0K (x)/0x are continuous in x. Suppose u. : [0, T] — U is a solution of the OC problem, and assume
it is piecewise continuous, and let x, : [0, T] — R” be the resulting optimal state. Then there is a
unique costate px : [0, T] — R" such that

OH (x4 (), p« (), ux (1))

%4 (8) = , X4 (0) = xo,

op
. _ OH.(1),p«(1),u.(1) _ 0K (x4(T))
p.(0)= ox 5 p*(T)——ax 5

and the input u. (#) minimizes the Hamiltonian,

H(x(8), p«(2),ux (1)) = min H(x« (£), p« (1), 1),
ue

at every t € [0, T] where u, (f) is continuous. Here, H(x, p, u) :=p* f(x, u) + L(x, u)

Moreover, H(x. (%), p«(t),u.(t)) is constant as a function of ¢
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Example (Linear system with quadratic cost)
1
(B =ul®), x0)=x, U=R ](u)Zf x2(6) +u?(r) dt
0

H(x,p,u):pu+x2+u2

=  w()=-1p.(0)

%4 (1) = =3P (1) x4(0) = Xo
P. () =—2%.(0) p«(1)=0
= P, (0 =p«(® = p.(D)=cie’ +ce”’

= x.()=-3ce' +3ce7"

The two constants ¢y, ¢, follow uniquely from the two boundary conditions x. (0) = xp, p«(1) =0
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P.(0) = A()p« (1) + b(2), p«(T)=0K(x.(T))/0x

suppose 3%,7: ¢ = H(x«(£), p«(8), 1) — H(x«(8),p« (1), us(?)) <0

_ 0 if te[t,t+el,
u(r) =
u.(7) elsewhere 8.(0)
Q) = ux(B) +04(0): ’/‘
0 Poi+e 1=

T
fo H(x.(0),p«(2), 0(8)) — H(x. (1), p«(2), ux () dt = ce +0(€)

X=X4+0y

Ox=(Rut+80)—%x = f(Xu+02us+8y) — f(Xu, 1)
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A=Jus+6y) — J(uy)
T
=K(x*(T)+§x(T))—K(x*(T))+f L(xs+0y,us +0,) — L(x4,us)dt
0

_ 0K (x.(T)

T
I 6x(T)+fO L(x4s+0x,us+0y) — L(xy,us)dt+o0(e)

T
= pI(T)éx(T)+f —p: [f(X* +0x,us+6y) —f(X*,u*)] + H (x4 +5x,p*,11*+5u)—H(X*,p*,u*)dt+0(€)
0

T .
:pi(T)éx(T) +f —P15x+H(X* +5x,p*,11* +6u)_H(X*vP*yu* +0,)dt
0

T
+f H(X*»P*»u*+6u)_H(X*;P*;u*)dt+U(€)
0

aH(X*,P*,H* +6u)

3T 0xdt+ce+o(e)

T
= pi(T)ax(THfo P8+

T

. T
=p1(T)5x(T)+f —pidy—pibrdt+ce+o(€) =pL(TO(T) + |—pL(B)5.(D) . +ce+o(e) =ce+o(e)
0
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2.6 Optimal Control with Final Constraints

So far final state x(T) was free. Now suppose some final components are fixed:
x(1) = fx(8),u(®), x(0) = xo, xi(M) =%, i=1..,r.
Then the final conditions on the corresponding costate components are absent:

0K (x(T))

(T) =
pi(T) ox;

i=r+1,...,n.

Complication:

Example (OC without feasible perturbation)
%(f) =u?(), x(0)=0, x(T)=0. Uniquely determines u(z). So every perturbation is infeasible!

MP proof breaks down.. Leads to normal/abnormal case
(similar to the normal/abnormal EL for integral constrained SPITCOV):

p' f(x,u)+ L(x,u) if A=1"normal"

Hy(x,p,u) = p" f(x,u) + AL(x,u) =
1P = pf ) o) {PTf(x,u) if A =0 "abnormal"
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Theorem (Minimum Principle for constrained final state)

af(x u) L L(x, 1) aL(x u)

Consider “constrained OC”. Assume f(x, u), are continuous in x and u, and

K(x) and azg;x) continuous in x.

Suppose u. : [0, T] — U solves the OC problem, and assume it is piecewise continuous, and let
X« : [0, T] — R" be the resulting optimal state. Then there is a p : [0, T] — R” and a constant

A €{0,1} such that (1., p« (%)) # (0,0) for all ¢ € [0, T], and

aHA(X*(I)yP* (£),ux (1))

(1) = ) x«(0)=x9, x4;(1)=%;, i=1,...,1,
op
. OH) (x4 (1), px (1), (1)) 0K (x.(T)) .
- — i =, = 1,..., )
P*(t) A ) P Z(T) 6xi iz r+ n

and along the solution x. (%), p«(?), the input u.(#) minimizes the modified Hamiltonian,

H) (x+(1),p« (1), us (1) = I;leiuIJlH,l(X*(t),p* (1), u),

at every t € [0, T] where u. (%) is continuous.

Encore
(e]e]
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Usually we have the normal case:

Example (Integrator system with fixed initial and final state)

T
x()=u(), x0)=x(1)=0, U=[-11], ](u)=f x(f)dr
0

H(x,p,u)=pu+x

p*(f)
P.(0)=-1, p.(T)=free = p.()=c—t O%T

S

o -1 ifr<c o ’
u =]
: +1 ift>c X ¢ "
—le—u.
=i ift<c @
X« (0) = . 09 T
—2c+t ift>c Lo

We have x(T)=01iff c=T/2
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2.7 Free Final Time

Let’s optimize over T as well: J(u,T) = fOTL(x(t),u(t)) dr+ K(x(T)).

Theorem (Minimum Principle with free final time)

Suppose (u, T:) is a solution of the optimal control problem with free final time, and that u. is
piecewise continuous on [0, %], and that T, < co. Then all conditions of MP Thm hold (with
T=T,), and

HA(X*(T*),P*(T*),U*(T*)) =0.

Proof.

For the standard OC problem (normal case):

oo Y@, T _ 9K (x.(T.)
dT oxT
= po(T) f (%4 (To), us (T2)) + L(x 4 (T), s (T4))
= Hy (x+(T), p« (T2), us (T2)).

O
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Encore
(e]e]

Example (Minimal time car parking problem — James Bond)

x1(8) = x2(1) x1(0) = xo1,

x2(8) = u(1), x2(0) = xo2,

T
](u):f 1dr
0

Hl(-x)p) u) = p1XZ+p2u+l

p; (1) =0,
P, () = —p1(D).

pz(t) =at+b
u. (1) = —sgn(p2(1)

Notice: (a, b) # (0,0) for otherwise H =1 # 0.

x1(T) =0,
x2(1)=0, u(®)el-1,1]

p1(T) = free
p2(T) = free

it changes sign at most once!
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(a,b) =(-1,2)

X2 —

ot

w(x) = 0.5 IS [0(')5]

w(x2) = x2(1—x2/b)

—

(0,0) 1=

X1 (2) = cos(us (1)) + w(x2(1),
X2 (1) = sin(u (1)),

W4 () = — c0s? (4 (1) W (x42(1)),

Choose 1y such that (x.1(T),x«2(T)) = (a, b) :=(-1,2)

(0,0 =
x41(0) =0,
X*Z(O) :0»
u*(O) = Uyp.

. Usually requires iteration.
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2.8 Convexity

Example (SPITCOV convexity in terms of Hamiltonians)

Consider this calculus of variations problem with free endpoint

X:[(?}i]IanfOTF(X(t),}'c(t))dt, x(0) = xp.
This an optimal control problem with
x(1) = u(p), x(0) = xo, U=R", L(x,u) = F(x, u).
The Hamiltonian in this case is H(x, p, u) = pTu+ F(x, ).
Convexity: F(x, x) convex in x, X € R"

<  H(x, p,u) convex in x, u € R" for whatever p
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{ulH(u) < c}

{u|H(u) > c}

Lemma (Mangasarian)
Suppose f,L,K are C' and that
@ H(x,p.(1),u) for every t € [0, T] is convex in (x, u) € (R",U),
@ K(x) is convex in x € R",
@ U is a convex set,
then MP’s (x., p«,us) is optimal, in particular u. is an optimal control.

All linear f,L, K satisfy...
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Proof for the case K(x) =0.

convex:

pointwise optimal:

combined:

HOx,pa (8, 4) 2 HOt, (), ) + 2RO (o 4

0H (x4 (£), p« (2),ux(2))
ou’
H(x,p+(8), ) = Hx+ (1), p+ (1), us () — P (1) (x — (1))

OH (x4,p« (1), Us)
L P (D) (3 — )

(u—u«(0)) =0 YuelU

T
J(x,u) = J(xo,us) = f L(x,u)df— L(x«,u,)d?
0

T
:f (H(x,ps, 1) — pyX) — (H(X4, Ps, Us) — Py Xs) d
0
T
=f (H(x,ps, ) — H(X+,psx,us)) — pi (X — %) dt
0
T
zf —Pr(X—X4) —Ppr(X—%,)dt
0

= [—pi(x—x*)]OT =0.
O

2.8 Encore
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MATLAB script bvp4c developed by L. Shampine and J. Kierzenka can handle mixed boundary

conditions (needed in MP). Suppose % =u,x(0) =1, J(u) = fol 3x2(0)+ %uz(t)dt. Then
H(x,p,u)=pu+ %xz + %uz. So the Hamiltonian equations become

x(1) _ [1
p(®) —1o]”

u(t)
—x(1)

x(0)
p(1)

’

Define the Hamiltonian equations in Matlab:

o°

function xpdot=F(t,xp); xp(1l)=x and xp(2)=p:

u=-xp(2); % the minimizing here is u=-p (for this problem)
xpdot=[u; % X=1u
-xp(1)1; % p=—-X

Define the boundary conditions in Matlab:

function rest=boundaryc(xp0,xpT); % what should be zero at t=0 and t=T:
rest=[xp0(1)-1; % =x(0)—xp =0 (because we took xg=1)
xpT(2)-0]; % p(T)=0

Encore
o0
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Then solve the differential with these boundary conditions:

final time
discretized time

o°

T=1;
tgrid=linspace(0,T,25);
% simple constant initial solution: x(t)=1, p=0.5:
solinit=bvpinit(tgrid, [1 0.5]);

o°

°

sol=bvp4c(@F,@boundaryc,solinit); % SOLVE IT

o°

t=0:.1:T; possibly other discretized time
xp=deval(sol,t); 1st row is state, 2nd is costate
plot(t,xp); s plot state and costate

o°

°

0 o1 o0z 03 04 05 08 07 08 08 1 125 /910
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Overview

@ Lecture 9
@ 3.1 Introduction to Dynamic Programming
@ 3.2 Principle of Optimality

@ 3.3 Discrete-Time Dynamic Programming
@ 3.4 Hamilton-Jacobi-Bellman Equation

@ Lecture 10

@ 3.4 Hamilton-Jacobi-Bellman Equation
@ 3.5 Connection with Minimum Principle

@ 3.6 Infinite Horizon and Lyapunov Functions?
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Lecture 9

@ § 3.1 Intro to Dynamic Programming
@ § 3.2 Principle of Optimality
@ § 3.3 Discrete-time Dynamic Programming [optional]

@ § 3.4 Hamilton-Jacobi-Bellman Equation
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3.1 Introduction to Dynamic Programming

x(1) =f(x(2),u(2), x(0) = xo, u:[0,T] - UcR™,

T
Jio,1)(x0,w) I=f0 L(x(9),u(?) dt+ K(x(T))

T
Jiz,11(%,0) !=f L(x(1),u(?) dt+ K(x(T)), x(1) = x.

T

Determine minimal Ji;,7j(x, u) for each “initial” time 7 € [0, T] and “initial” state x(7) = x, and then
establish a dynamic relation between these optimal costs (hence the name dynamic programming)
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Richard Bellman (1920-1984)
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3.2 Principle of Optimality

PoO: “every tail of an optimal control is optimal”

u, (1) N

([ SEEEEEE

0 T

3.5
0000

If u, minimizes Jjo,1)(Xo, u) then it also minimizes Ji;,1)(x«(7),u) for otherwise

T

Jo,11(x0, 1) =f0 L(x 4 (8),us (£)) At + Jiz, 11 (x4 (1), Q) < Jjo,17(X0, Us)

3.6
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3.3 Discrete-Time Dynamic Programming ¢

x(t+1) = f(x(D),u(r), x(0) = xp, x(H) e€X, u() ey, tefo0,...,T-1}

Example (Naive optimization of a discrete-time OC problem)
x(t+1) =x(r) +u(n), x(0) = xo, X={0,...,6}, U=1{0,1}, J="--

Naive optimization: explore all x = (xp,x(1),...,x(T)) and pick the best.
There are 27 = |U|T state trajectories. Computational effort is proportional to T x ur
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Example (Dynamic programming (1/3))

x(t+1) =x()+u(®), u(@)el{0,1}, r€{0,...,T-1}, X={0,...,6}

T-1
Jon(xo,w) = Y, Lx(0),u(f) +K(x(1) with Kx)=x° Lxu)=u
t=0

The above shows the final cost K(x) for all states,
(we don’t know yet in which final state x(T) we end up)
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Example (Dynamic programming (2/3))

Define optimal cost-to-go: ¥(x, T —1) at time T —1:

V(x, T—1)= min L(x,u)+K(f(x,u))
ue{0,1}
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Example (Dynamic programming (3/3))

V(x, 1) = min (L(x,u) + V(f(x,w), t +1)).
uef0,1}

Solve it backwards in time. For T = 5 this eventually gives:

V(x, 1) :miurJl(L(x, w+V(fx,w,t+1) 0<t<T-1, ¥(xT)=Kx)
Ue

Number of operations: T x |U| x [X]
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3.4 Hamilton-Jacobi-Bellman Equation

T
Jiz,m(x,0) Z=[ L(x(8),u(?) dt + K(x(T)), x(7) = x.

T

3.5 3.6
0000 (e]e]

Definition (Value function or cost-to-go)

Consider the OC problem. The value function 7: R” x [0, T] — R at state x and time 7 is defined as

the optimal cost-to-go over time horizon [z, T] with initial state x(r) = x, that is,

Vx,1)= inf Jg7mxu),
u:(r,T]—-U

with Ji;, 77 as defined above.
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Lec 10 3.4 3.5 3.6
0000 o 0000 (e]e]

1
X(t):u(t)) X(O):x()) U= [_lrl]) ][()J](XO,U):‘[O X(t)dt

u. () =-1,

X:(T)=x = ., () =x—(t—71)

1
V(x,r):f x—(t—1) dt 1
T \7(1.5,1)
1 2!
— r(1,7)
= [xt— 5(t-1) 0.5
T
V(5,1
=x(1-1)-3(1-1)°
0 T=1 1
7(0,7)
-0.5
V(=571
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T+€

][T,T](xru):f Lx(),u(®)dt + Jizsen(x(T+e),u)

T

T+€
V(x, 1) = mTl]n (f L(x(t),u(t))dt+][r+e,r1(x(r+e),u)), x(1)=x
T

u:(r, T1-U

T+€
V(x,7)= min ([ L(x(t),u(t))dt+7/(x(1'+e),‘r+e))

u:(t,7+€]—-U

[T L@, u)di+ Y (x(T+e), T+e) — V(x,7)
0= min

u:[t,7+€]-U €

. ( dV(X(T),T))
0=min|L(x(1), u) + ———
ueu dr

3.6
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miurjl (L(x(r), u)+ w)
ue

dr
d7(x(1),71)  0V(x(1),7) 07 (x(1),7)
P fx@),u()+ o
. 0V (x,7) 0V (x,7)
min (L(x, u) + Fye flx,u)+ a7 )

0V (x,1) . (07/(x, T)
ot Iz?eluIJl oxT

f(x,u)+ L(x, u))

3.6
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Theorem (Hamilton-Jacobi-Bellman (HJB))

Consider the OC problem. Suppose V :R" x [0, T] — R is C' and satisfies the HJB equation(s)

oV(x,1t) N (OV(x, 1)
or U\ oxt

f(x,u)+ L(x, u)) =0, Vix,T)=K(x)

for all x€ R™ and all ¢ € [0, T]. Then

Q Jir,11(x,u) = V(x,7) for every input u.

@ If there is a function u. : [0, T] — U for which the solution x. of x(f) = f(x (1), u.(¢)) with
x(0) = xp is well defined, and u, (#) minimizes %ﬂx* (1), u) + L(x+ (), u) over all ue U
at almost each 7 € [0, T], then u., is a solution to the optimal control problem, and the optimal
cost is Jio, 11 (X0, ux) = V(x0,0).

@ Suppose for each x e R”, t € [0, T] the HJB equation has a solution u. Denote one such
solution as u(x, t). If for every x € R, 1 € [0, T] the x.(f) (with x,(7) = x) is well defined for all
te[r,T], then V(x,71) is the value function and u. (?) :=u(x.(?), #) is an optimal control.
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Example (Integrator with quadratic cost)

T
x()=u(t), x(0)=x, U=R, J(xo,u)=x2(T)+f w?(p) dt
0
_ v +mm(6V(x, ) u+ uz), Vix,T)=x?
ot ueR 0x
e _10V(x,0)
T2 ox
oV(x,t) 1(dV(x,0)\> 2
= —Z , Vix,T) =
0=—%; 4( ox ) (e, 1) =x
Vix, t)= sz(t) seems a wild guess? It gives:
. 1
0=x*P(1) - Z(2x1>(t))2, X°P(T) = x*
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0=x*P(r) - i(ZxP(t))z, x°P(T) = x°

P(t) = P2(0), P(T)=1.
P(t)—; Vix, 1) =x>——
T 1+T-t S8 1+T—1¢

us (1) = u(x«(2), 1) = _1ovix(n, 0

2 o0x
_ 2xWPW _ x(1)
B 2 T 1+T-t¢
() =y (f) = -0 ool i
() =u) = - closed-loop syste

Closed-loop DE has well-defined solution, so V is the value function, and u. is optimal!!!
Notice: u. is given as a state feedback

3.6
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T
x(@)=u(?), x0)=x, U=[-1,1], Jo, 11 (%0, 0) = —aX(T)+fOX(t)dt
oV (x,1) (aV(x, ) )
0=——+ min u+x|, Vix,T)=-ax.
ot uel-1,1] 0x
guess V(x, 1) =xP(¥)+Q(1)
0=xP(t)+Q(t) + rI[li{lHP(t)u-i-x, xP(T)+Q(T) = —ax
uel-1,

P(H=-1, Q(t)=- min P(Du, P(M=-a, Q(T)=0
ue(-1,1]
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Example

P(H=-1, Q)=- Inl{l P(tu, P(M=-a, Q(I)=0
Pt)y=T-a—t

-1 ift<T-«a
u*(t): .
+1 ft>T-a

Q1)

Q(t)— +(T—-a-1t) ift<T-a
T )-(T-a-0 ift>T-a

L(T-a-0?-% ift<T-a
Q(r) =
+3(T-a-0?-% ift>T-a
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Example (... continued (end))

V(x, t) = xP(t) + Q(¢) is continuously differentiable. The candidate optimal input is:

-1 ift<T-«a
U« (2) = .
+1 ift>T-a

Then solution x(t) of x(#) = u(t) well defined for all ¢ € [0, T]. Hence this u, is the optimal input,
the above V (x, 1) is the value function and V (xg, 0) = x9P(0) + Q(0) is the optimal cost.

What does Pontryagin say? H(x, p,u) = pu+ x, and so p, (t) = —1,p«(T) = —a. Clearly this means
that p. () = T — a — t. Hence, as before, we get the same switching u. (£).

But, of course, the fundamental difference is that the Minimum Principle assumes the existence of
an optimal control, whereas satisfaction of the HJB equations proves that the control is optimal.

3.6
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Lecture 10

@ Recap Hamilton-Jacobi-Bellman (HJB)
e Example (quartics)

@ § 3.5 Connection between HJB & MP
@ § 3.6 Infinite horizon

e §4.1 Intro to LQ

@ §4.2 LQ - Minimum Principle
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x(0) =f(x(1),u(®),

T
Jio,11 (%0, u) 2=/0 L(x(0),u(?) dt+ K(x(T))

T
Jiz,11(%,0) 3=f L(x(1),u(?) dr + K(x(T)),

T

V(x,7)= inf X,u).
( )u:[r,T]—'lU][T'T]( )

Lec 10 3.4 BI5]
0®00 o 0000
X(O) = X0
X(O) = X0

x(t)=x, 1€[0,T]

3.6
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Theorem (Hamilton-Jacobi-Bellman (HJB))

Consider OC problem. Suppose a C! function V :R" x [0, T] — R satisfies

ovV(x,t) . mm(@V(x, 3
ot ueU\ OxT

f(x,u) + L(x, u)) =0, Vix, T) =K(x)

for all xe R" and all ¢ € [0, T]. Then

(1) Jiz,mi(x,u) = V(x,71) for every input u.

(3) Suppose for each x € R", ¢ € [0, T] the HJB eqn has a solution u. Denote one such solution as
u(x, t). If for every 7 € [0, T], x € R” the input u(x, t) is admissible — meaning the solution x
of

x(1) = f(x(0),ux(2),1), x(T)=x
is well defined for all ¢ € [7, T] — then V(x, 1) is the value function and u. (f) :=u(x. (%), f) is an
optimal control.
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Suppose u is admissible:

T
Jiw,11(%,0) = f Lx(1),u(n))dt+K(x(T))

T

Tov(x, 1) AV (x, 1)
—f ot fx,u)+ L(x,u) - Py f(x,u) dt+ K(x(T))
T (3V(x,1) AV (x, 1)
ZfT r}}g@( ot fxuw+Lx,u)| - Fye f(x,u) di+ K (x(T))

fx,uw)dt+ K(x(T))

~ fT _OV(x, 0 0V(x,1)
) ot ox"

_ _/T dvx,0 ,
T

t+ VD), T)=V(x,1).
dr

For u(x, t) the inequality “ =" is an equality “ =".
So, if u(x, t) is admissible then....

3.6
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Example (Quartic control)

T
x(1) = u(®), x(0) = xp, U=R, J[o,n(xo,u)zf ' (1) +u'(ndt
0
oV(x,t oV (x,t
o HE )+min( (x )u+x4+u4), Vi, T) =0
ot ueR X
Vix,t) =x*P(t) guess:
0=x*P) +miﬂ1}} (4x3P(t)u +xt+ u4) , x*P(T)=0
Uue
u=-vPx
0=x*P()—4x*PY3 () + x* + X*PY3 (1), “P(T)=0
-P(t)=-3P*3(1) +1, P(T)=0
373/4 £ 0.43869
P(t) = P
T-1 T

u, () = —V/P(D)x (1) %4 (1) = =V P(D)x (1)
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3.5 Connection with Minimum Principle

oV (GV(x,t)
or S0 axt

f(x,w)+ L(x, u)) =0,

H(x,p,u) =p' f(x,u) + L(x, u)

oV (x,
(x, ) +minH(

oVi(x,t) _
6t uel x) ) u) - 0)

0x

We also have
OK(x.(T)) 0V (x.(T),T)

«(T) =
p«(1) ox ox

@000 (e]e]

Vix, T)=K(x)

Vix,T)=K(x)
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Theorem (Connection between costate & value function)

Assume f(x, u), L(x, u), K(x) are all C'. Let U=R" and suppose there is a C* function
V:R" x [0, T] — R that satisfies the HJB equation

S (x oV, u)=0, VT =K®
ot wel  \7ox )T T

for all x€ R" and all ¢ € (0, T). Denote, for each x, ¢, one possible minimizer as u.(x, t), and assume

that all conditions of HJB thm are satisfied. In particular that V (x, f) is the value function and that

the differential equation x. () = f(x«(#), u.(x«(2), 1) has a well defined solution x . (¢) for all

t € [7, T for every given x(7) € R”. Then p.(t) defined as

OV (x4(1),1)

(1) =
2 0x
is the solution of the Hamiltonian costate equation:

_ 6H(X* (I),P*(t),u* (X* (t)) t))
0x

0K (x+(T))
ox

p. (1) = v P(D)=
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oV (x«(0),0)

P*(t): Ox

The costate at ¢ = 0 captures the sensitivity of the optimal cost w.r.t. (changes in) the initial state x:

0V (x.(0),0)

p«(0) = ox
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Keep in mind:
e HJB is “sufficient” for optimality, while MP is necessary
e HJB is a partial DE, while MP is an ordinary DE
@ HJB requires “high” degree of smoothness, MP does not.
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3.6 Infinite Horizon and Lyapunov Functions

x(1) = f(x(),u(®), x(0)=x
J10,00) (%0, 1) =fOOOL(X(t),u(t)) dr
Y= I oo
Vix)= u;[o?ilo&u] [0,00) (%, 1)

oV (x)
2222
ot fx,w) + L(x, u)

seems to imply: 0 =min
uel

Makes a connection with “closed-loop” Lyapunov function (cost-to-go):

3.6
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Example (Design of optimal stabilizing inputs and Lyapunov function)

o0
(1) =u(1), ][O,m)(xru):f x* (1) +ut(p) dt, U=R,
0
1/3
— i [ OV (X) _ 10V (x)
O—ILrtlelng( 5 Utx +u) u——(z o )
B 13 (av\¥3 | 4
0=(1-1)(H"(HL)" +x
P — 143733 choose: V(x)=3"3*x* =0

1/3 —
(1) = —(AEOUS - _g-1ayp

under this control: V(x) = %f(x, we) = —L(x, us) = —(x* + ui) <0

J[o,oo)(xo,u)=f L(x,u)dt zf ~ @ f(x,u)dt
0 0

- f —V(@)dt = V(xg) - V(x(00)) = V(xp),
() \---.\,.---4

0
and equality holds if u = u.. So u. is the control that minimizes J over all STABILIZING controls!
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Overview

@ 4.1 Linear Systems with Quadratic Cost
@ 4.2 Finite horizon LQ: Minimum Principle

@ Lecture 11

@ 4.3 Finite Horizon LQ: Dynamic Programming
@ 4.4 Riccati Differential Equations (RDE’s)

@ Lecture 12

@ 4.5 Infinite Horizon LQ and Algebraic Riccati Equations (ARE’s)
@ 4.6 Controller Design with LQ Optimal Control
@ The End
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4.1 Linear Systems with Quadratic Cost

Linear Quadratic (LQ) optimal control problem:

x(t) = Ax(t) + Bu(1), x(0) = xp € R”, U=R"

T
Jio,11(x0, ) = x" (T) Sx(T) +f0 x'(DQx(f) +u' (HRu(r)dt

§=8"=0
Q=Q"=0
R=R">0

We solve it completely
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Example (Two connected cars (§ 4.6))
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4.2 Finite horizon LQ: Minimum Principle

T
Jio,11(x0,0) = x" (T)Sx(T) +f0 xN(DQx (D) + u' (HRu(r)dt

H(x,2p,u) =2p" (Ax+Bu) +x"Qx+ u"Ru

x(1) = Ax(t) + Bu(), x(0) = xo,
2p(1) = —A"2p (1) —2Qx(1), 2p(T) = 28x(T)
—OH();'LZLP'”) =2B"p+2Ru = u=-R"B"p

Hence we can eliminate u from the Hamiltonian equations:

%. (D) = Ax, () - BRT'B"p. (1), x4 (0) = xo,
P.(8) =—ATp. (1) - Qx. (1), ps(T) = Sx.(T)

The
(e]e]

End
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w. ()= -R B p.(p)

%.(t) = Ax. ()~ BR'B"p. (1), x4 (0) = Xg,

P*(f)=—ATP*(l‘)—QX*(l‘), P*(T)=SX*(T)

X*(t)]_[A —BRB™] [x.(D) 0] [ x ]

p.(0] |[-Q A" p«(0)]’ p«(1)]  [Sx(T)
7

X4 (1) _ger| Xo —

p*(t)] = p.(0)]" p«(T) = Sx.(T).

Lemma (Optimal cost)

For every solution (x., p«) of the Hamiltonian equations with . (?) := —R‘lBTp* (1), the cost equals

Jio0,11 (X0, 1x) = py (0)xp.

It does not say that a solution (x,p+) exists! (but for LQ it does exist, as we will soon see)
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[e]e] 00e000 000 [e]e] (;OOOOO 000 0000000000000
T, 2
x(1) = u(p), ][O,T](xo,u)=f0 x“(2) +u(2)de
0 -1
=1 0]
eﬁotzl el+et —el+et
2 |-el+e ! elt+et
()] 1[e'+e" —ef+e ][ x
p«(0)] 2 |-el+et el+e ||p«(0)
ol e T
+(T)=8x4(T)=0 — +(0) = ———=x
p«(T) (T) P el +e-T 0

T =1r

2

el —e _
Jio,11 (X0, 1) = p«(0)xp = mxo, w. () =-R'B'p.() = —p. ()

The End
(e]e]
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x*(t)] [le(t)

px(8) 2o1(0)  Z22(D)
0=35x.(T)—p«(T)
% (T)
= -1
s ] p«(T)
_ 2D Z(D) Xo
=15 -l [sz) Z22(T) | [p«(0)

= (SZ11(T) = 221 (1)) X0 + (SZ12(T) — Z22(T)) p (0).
< p.(0)=Mxy, M=—(SZ12(T) —Zzz(T))il(SZn(T) - Zo1(D)).

Theorem (Existence and uniqueness of solution)

Suppose Q=0,S =0, R > 0. Then the Hamiltonian equations with mixed boundary conditions have
a unique solution (x«, px«) on [0, T]. Concretely, the above matrix M is well defined, and

Vtel0,T]

X*(t)] _ [le(l‘) 212(01 [ I
p« (1) 201(8) Zo2(0)| | M
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e The LQ problem satisfies the convexity assumptions of Thm. 2.8.1.
Hence, u, :=—R™!B"p.(?) is the optimal cost, and p’ (0)x, is the optimal cost.
o Exercise 4.3: if R = I then

T
Jio,11(X0, 1) = Jio, 11 (X0, 1x) =f0 2" ()Qz(1) +v (D) v(nNdt=0.

Here, z(t) = Az(#) + Bv (), z(0) =0 and v = u — u..
e Optimality also follows later from HJB

The
(e]e]

End
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Example

Lec 12

T
x() = u(e), J[o,n(xo,u)=x2(T)+f Ru?(1) dt
0
[0 -1/R i [1 —tIR
o I B
0=8x, () -pu(T) =[S —1]e*T pro) = Xo— (T/R+1)p. (0)

(0) = —0
P = TR
2
yUx) = Px 0 = 0
Jio,11(x0,ux) = p«(0) Xp TR+ 1

(0= - ()= L 0)=-
U« = Rp* = RP* =

X0
T+R

4.5 4.6
[e]e]e} 0000000000000 00000

The End
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Lecture 11

e Exam formulas!

@ Recap LQ & HJB

@ § 4.3 Finite horizon LQ with dynamic programming
@ § 4.4 Riccati Differential Equations (RDE’s)
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Exam formulas

Euler-Lagrange eqn:

Beltrami identity:

Standard Hamiltonian eqn:

HJB eqgn:

LQ Riccati DE:

4.3 1.4 Lec 12 1.5
0000000000000

(6 _d a)F(t (1), %(1) =0
ox drox) XHEREI=

F
F—XT(O—.) =C
0x

%(f) = 0H(x(2),p(2),u(1)

» - x(0)=xo

op
. __6H(X(t).p(t),U(t)) _ 0K(x(T))
p(1) = ix , p(1)= “ox
oV(x,1t) oV(x, 1) _
3 +1'141€1urjl Fye fl,w)+L(x,u)| =0,

P(t)=-P()A—A"P(t) + P(t)BR™'B™P(1) - Q,

4.6 The End
00000 (e]e]

V(x,T) = K(x)

P(I)=S
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Definition (LQ optimal control)

x(t) = Ax (1) + Bu(p), x(0) = xo €R", U=R"

4.5 8
0000000000000 00000 (e]e]

T
T, (x,0) = x"(T)Sx(T) +f x"(5)Qx(8) +u' (1) Ru(r) dt, x(1)=x

T

§=8"=0
Q=Q'=0
R=R">0

And recall the HJB equation:

OV(x,t) +mi GV(x,t) ( )+L( ) =0 V( T)_K( )
5 | Jwwrlxw)=0, =R

4.6 The End
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4.3 Finite horizon LQ: Dynamic Programming

x (1) = Ax(t) + Bu(1), x(0) = xo, U=R"

T
Jio,11(x0,0) = x"(T)Sx(T) +f0 xT(Qx (1) +u'(H)Ru(p) dt

_oven | (aV( 1)
a ot ueR™ oxT

(Ax+Bu) +x"Qx+u"Ru]|, Vix,T)

4.6 The End
00000 (e]e]

=x"Sx
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oV(x,1) . 0V( X, 1)
= + min
ot ueR™

(Ax+Bu)+x"Qx+u"Rul|, V(x,T)=x"Sx
motivated by MP let’s try quadratic: V(x,1)=x"P(f)x, P=P"

0=x"P(Hx+ min (2x"P(t) (Ax+Bw) +x"Qx+u'Ru), x'P(T)x=x"Sx
ueR™

u=-R'B"P()x

=x"(P(t) +2P() A+ Q- P()BR'B"P(1)) x, x'P(T)x=x"Sx
0=x"(P(O+P(OA+A"P()+Q-P(t)BR'B'P())x, x"P(T)x=x"Sx

The End
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4.4 Riccati Differential Equations (RDE’s)

x"(P()+P(A+A"P()+ Q- P(HBR'B"P(1)) x=0

x"P(T)x=x"Sx

Definition (Riccati Differential Equations (RDE))

The differential equation
P(t)=-P()A-A"P()+P()BR'B"P(1)-Q, P(T)=S, tel[0,T]

is known as a Riccati Differential Equation (RDE).

A quadratic DE with final condition. Notice that P(¢) € R™**".
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Lemma (Solution of the finite horizon LQ problem)

Let Q, S, R be symmetric and suppose R > 0. If the RDE has a continuously differentiable solution
P:[0,T] — R™", then the LQ problem has a solution for every x; € R”. In particular, the linear
state feedback

u.()=-R'B"P()x(9)

is the optimal input, and the optimal cost is quadratic in the state:
Jio,11 (X0, us) = x4 P(0) X0,

and also its value function is quadratic: V(x, f) := x" P(t) x.

Proof.
u, is “admissible” because the closed-loop, x(f) = (A— BR™'BTP(1))x(£), is linear. O

Lemma assumes symmetry of S, Q but not positive semi-definiteness.
Also, existence of RDE solution is assumed, not guaranteed.

183/210



4.1 4.2 Lec 11 4.3 4.4 Lec 12 4.5 4.6 The End
(e]e] 000000 [e]e]e} (e]e] 00000 [e]e]e} 0000000000000 00000 (e]e]
Example (Example ... continued)

T
x(1) =u(p), ](xo,u)zxz(T)+f Ru?(t) dt (R>0)
0

P(t)=P*(t)/R, P(T)=1

1

P(r) = = is well defined for ¢ € [0, T']
R+T—-t 1+(T-1t)/R
2 x5

yUx) = PO =

J (X0, ux) = x5 P(0) TrT/R
_ P(0)x(1) x(1)
L(O=-R'B"P()x(t) =— —_
u (1) ()x() R RiT—1

P(1) exists for ¢ € [0, T], so above state feedback is optimal.

Is existence a coincidence? Not really:
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So far existence of P(¢) was assumed. But for standard LQ it is guaranteed:

Theorem (Existence of solution of RDE’s)

If S=S">0,Q=Q"=0,R=R" >0 then the RDE has a unique continuously differentiable solution
P(1) for t€ [0, T, and P(¢) is symmetric and positive semi-definite at every ¢ € [0, T].

Consequently, the LQ problem has a unique solution
w. () =-R'B"P()x(t)

with value function
Vix,t)=x"P(t)x

and optimal cost
Jio,71 (X0, 1) = X9 P(0) Xo.
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4.3
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Example (Nonstandard LQ: negative Q)

T
x(=u(®), Jo,m(x00) =f0 —x*(0) +u? () de

P(t)=-P()A-A"P(tH) + P()BR'B"P(1)- Q

P(t)=P?(1)+1,
P(t)=tan(t—T)

u. () =R 'BTP(9)x(t) = —tan(t — T)x(1)

[SIE}

Lec 12 4.5 4.6
[e]e]e} 0000000000000 00000

= A=0,B=1,0=-1<0,R=1,5=0

P(T) =S
P(T)=0
V(x, 1) = x*tan(¢— T)

~
|
[SIE]
[SIE]
~

tan(—T)

tan(t—T)

tan(t—T)

The End
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Connection between Hamiltonians and RDE'’s

OV (x. (1), 1)

2p*(t) = ox

Vix,t)=x"P(H)x

== p« (1) = P(0)x.(1)

recall:

x*(t)] _ [Zu(t) le(t)] [ 1 ] .
p«(8)| ~ [Z2() Zp(n)] [M] O

P« () = (Z21(8) + Zo2 () M) X

= (Z21(8) + 22 (OM)(E11(0) + 12 (M) " x..(1)

P(1) = (21 (1) + Zo2 (M) (Z11(1) 4‘212(1‘)]\4)71

4.6
00000

The End
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Lecture 12

@ Recap Hamiltonians & RDE

@ § 4.5 Infinite horizon LQ: the Algebraic Riccati Equation (ARE)
° LQ with stability

° Connection between Hamiltonians ans ARE’s

@ § 4.6 Application (classic LQ)
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Definition
LQ optimal control problem:

x(t) = Ax(t) + Bu(1), x(0) = xo € R", U=R"

T
Jio,11 (X0, 0) = x"(T)Sx(T) +f0 x"(0)Qx() +u" (1) Ru(r)dt

§=8"=20, Q=Q"=0, R=R">0

Theorem (Minimum Principle & Hamiltonian matrix)

Let S=S">0,Q=Q"=0,R = R" > 0. The mixed boundary value problem

x(0)
p(T)

X0
Sx(T)

x(1)
p()

—BR7!B”

0] [ A
=120 T oar

p(?)

’

7
has unique solution (x.,p), and u, () = —R~'B"p. (1) is an OC, and the optimal cost is p” (0)xo.
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Theorem (Existence of solution of RDE’s)

IfS=S">0,Q=Q"=0,R=R" >0 then the
P(t)=-P()A-A"P(t)+ P()BR™'B"P(1) - Q, P(T)=S

has a unique continuously differentiable solution P(#) on [0, T], and P(#) is symmetric and positive
semi-definite at every ¢ € [0, T'].

Consequently, the LQ problem has as solution
w. () =-R'B"P(t)x(t)

with value function
Vix,t)=x"P(t)x

and optimal cost
0,71 (X0, u) = X9 P(0) Xo.
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4.5 Infinite Horizon LQ and Algebraic Riccati Equations (ARE’s)

Classic infinite-horizon version:

Definition (Infinite-horizon LQ)

Given x(f) = Ax(t) + Bu(¢) and x(0) = xo minimize
J10,00) (X0, 0) :=foo x" ()Qx(8) +u' () Ru(r) dr
0

over all u: [0,00) — R™.
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x(1) =u(2), x(0) = xo,
T
Jio,11 (X0, 1) = fo 2 (1) +v?(n) dt

P(t)=-P()A- A"P(1)+ P() BR™'B"P(1) - Q, P(T)=S
Pr=Pi(n-1, P (T) =0.
Pr(1)

el-t_ - (T-0
Pr(t) =tanh(T —¢) = W- N\,
T

Suggests that as T — oco:

0= ATP+PA—PBR‘IBTP+Q\
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Theorem (Infinite horizon LQ)
Consider x(f) = Ax(f) + Bu(t),x(0) = xp, and suppose Q =0, R > 0, and that for every xp an input

exists that renders the cost Jj ) (%o, u) finite.
Then the solution Pr(f) of RDE converges to a matrix independent of ¢ as T — oco. That is, a

constant matrix P exists such that

lim Pr(t)=P Vi>0.
T—o00

This P is positive semi-definite and satisfies the Algebraic Riccati Equation (ARE):

0=A"P+PA-PBR'B'P+Q.
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Example

x(O=u(®, x0)=x

J10,00) (X0, 1) =f x2 (1) + v’ (1) dt.
0

notice that u(#) :=—x(t) ensures cost is finite, so theorem applies:
0=A"P+PA-PBR 'B"P+Q
0=-P*+1

P=+1, P=+1
u. ()= —-R7'B"Px(t) = —x(p)

J(x0,u) = Px§ = x5.

Nice: u.(#) = —x(?) is a stabilizing input!

Officially we do not yet know that it solves the infinite horizon LQ

Lec 12 4.5 4.6 The End
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“Modern” version includes stability:

Definition (Infinite horizon LQ problem with stability)
Suppose Q =0, R > 0 and consider x(¢) = Ax(#) + Bu(#),x(0) = x9. The (infinite horizon) LQ
problem with stability is to minimize

Ji0,00) (X0, 1) = foo x"(H)Qx (1) +u" (HRu(r)dt
0

over all stabilizing inputs u, i.e., inputs that achieve lim; .., x(#) =0
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4.6
00000

The End

(e]e]

X(t) = u(t)» X(O) = X0,
* 2 2
][0,00)(x0vu)=‘/(; x“(0)+u()dt
x“+u” = —-2xu +(X+u)2
=42+ x+w?
Ji0,00) (X0, 1) = x§ + fo (x() +u(r)*de
U, =—X yes: it stabilizes!

J10,00) (X0, 1) = x§

Earlier we conjectured that u := —x is optimal. Now we know it is optimal
or, at least, optimal with respect to all stabilizing inputs.
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Theorem (Solution of the LQ problem with stability)

There is at most one matrix P € R"*" that satisfies the ARE
A"P+PA+Q-PBR 'B'P=0

with the property that A— BR~'B" P is asymptotically stable.
In that case P is symmetric, and the linear state feedback

u.(t)=-R'B"Px(1)
is the solution of the LQ problem with stability, and J(u.) = xj Pxo.

Then P is said to be a stabilizing solution of the ARE.
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For “stabilizable & detectable” systems there is a perfect result:

Lemma (Three ways to solve the LQ problem-with-stability)
Consider the LQ problem with stability (in particular Q = 0, R > 0).

If (A, B) is stabilizable and (Q, A) detectable then there is a unique stabilizing solution P of the
ARE. Consequently, u, (f) := —R7!BTPx(t) solves the LQ problem with stability.
Moreover, this P can be determined in the following 3 equivalent ways:

@ P equals limy_, Pr () where Pr(t) is the solution of RDE,

@ P is the unique symmetric, positive semi-definite solution of the ARE,

@ P is the unique stabilizing solution of the ARE.

198/210



Lec 12 4.5 4.6 The End

4.1 4.2 Lec 11 4.3 4.4 4
e]e]e} 00000000e0000 00000 o]0}

(e]e] 000000 [e]e]e} (e]e] 000000

Example
Consider again the integrator system and cost

x(0) =u(p), x(0) = xo, J10,00) (X0, 1) =/ x%() +u? (9 dt
0

It is “stabilizable & detectable”, so these three are the same:

RDE: lim Pr(f)=1 = P=1
T—o0
= P=1

ARE, positive semi definite: —P?+1=0, P=0

ARE, stabilizing solution: —P>+1=0, A—-BR 'B'P=-P<0 = P=1
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Connection between Hamiltonians and ARE’s

PA+A"P-PBR'B'P+Q=0
-Q-A"P=P(A-BR'B"P)

A —-BRBT

B oo

S

The
(e]e]

End
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[ A -BR”
-Q

BT [I] _[I -
) (1) [2] a-mee

Theorem
Assume Q =0, R > 0. If (A, B) is stabilizable and (Q, A) detectable, then
@ # has no imaginary eigenvalues,

@ matrices V € R@M*" of rank n exist such that

A —-BR BT 1% _ i . nxn
[—Q AT [V2 = [Vz A for some asymptotically stable A € R""",
~——
1%

O for any such V e R®*" if we partition V as V = | “2 | with V3,V € R"*", then V; is invertible,

@ the ARE has a unique stabilizing solution P. In fact P :=V, Vfl is the unique answer, and it is
symmetric.
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Example

0
1

x1(1)

x| "

u(r)

x®] _[o 1
@] |0 o

J10,00) (X0, 1) =f x5 (t) +x5(0) +u? (0 dt
0

0 1 0 0
0o 0 0 -1
7= -1 0 0 O
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Example (... continued)
0 1 0 0
0 0 0 -1
= -1 0 0 0

11'22—%\/§i%i, A3y4=+%\/§i%i

-1 Ay
_|-2 -2
V= 1 1
BA
-1
T I B B Y PR 7 R RVA I |
P=Vh -[a% Az] [—a% -2 Tl va

u. () = —R'BTPx(8) = —x; () — V3x2(t)
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4.6 Application: LQ Controller Design for Connected Cars

k 1 k2
|
[

my n
[
L
2

a /A % fhé

Task: control the second car with a force u that acts on the first car

The
(e]e]

End
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[ml ] [ql(t) u(t)
my qz(l‘)

0

r+r —rz] [ql(t)
q,(1)

ki +ko —kzl [ql(t) _
k> qz2(1)

-9

Formi=mp=1,ki=ky=1and r; =2 =0.1, and x :=(q1,42,9;,4,):

o 0 1 o0 0

o 0 1 0

=1 1 —02 oa [FOF|p|n0
1 -1 01 -01 0

fooqg(tHRuZ(t)dt.
0

The
(e]e]

End

205/210



4.1 4.2 Lec 11 4.3 4.4 Lec 12 4.5 4.6
(e]e] 000000 [e]e]e} (e]e] 000000 [e]e]e} 0000000000000 00e00

]=f a5(t) +Ru*(Hdt, R=02:
0

0.4126 0.2286 0.2126 0.5381
0.2286 0.9375 0.0773 0.5624
0.2126 0.0773 0.2830 0.4430
0.5381 0.5624 0.4430 1.1607

and then the optimal state feedback control is

u. (1) =-R7'B"Px ()
=—[1.0628 0.3867 1.4151 2.2150]x(¢)

The End

(e]e]
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You can, of course, compute P in MATLAB:

The
[ le]

A=0;
B=1;
Q=1;
R=1;

[F,P,CLeig]=1qr(A,B,Q,R);
CLeig

J=@(x0) x0'*Pxx0;

o°® o° o°

o°

[

o°

o°

whatever

% whatever
% whatever (well)

whatever (well, >0)

F=R7'B'P. So u.(t)=—Fx(1)
the eigenvalues of A-BF

the optimal cost (infinite horizon)

End
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The End
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