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Abstract

The eigenvalues of Jordan blocks are very sensitive to perturbations. This is known
for a long time, but why the eigenvalues of a single Jordan block converge to the spec-
trum of the shift operator when the dimension runs to infinity, is unknown. In this
thesis we show why Jordan blocks are so sensitive to perturbations, what has been
studied about them in the literature and what the location of the eigenvalues is after
perturbation. We also study the shift operator, calculate its spectrum and show that
this spectrum is not sensitive to perturbations. Important to note is that the shift op-
erator can be seen as a single Jordan block on an infinite space.

We did not find a definite answer to the relation between the two, but by studying
the pseudospectra of both the matrix and the operator we give some clues on why the
spectrum of both structures are related.
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Introduction 1

Eigenvalues are useful properties of matrices. When we have a square matrix A, then for
non-zero solutions to the equation

Av =\

we call A an eigenvalue and v an eigenvector of A. Together this is an eigenpair of the matrix
A.

Eigenvalues are often used to study the stability of systems, but under small perturba-
tions eigenvalues can change significantly. Therefore it is useful to study the sensitivity of
the eigenvalues. How sensitive the eigenvalues are is especially visible if we plot the spec-
trum (the collection of all eigenvalues) in the complex plane.

1.1 Problem description

In this thesis we study the spectrum of random perturbations of the Jordan Canonical Form.
We especially look at matrices A € C™**"* defined as

'[C D

- , C,DeCkk (1.1)
D
C

All other values are zero, a convention we continue in the rest of this thesis. This matrix is

perturbed by a random Gaussian matrix with a small variance o2:

A+Nnank(0,02), 0'2 < 1.

The eigenvalues of this perturbed matrix converge to the eigenvalues of C' (for a given n) if
o — 0, but this happens slowly. In Figure 1.1 this is illustrated with o decreasing with each
plot. When o = 0.1 the spectrum is random. But for 1072 < o < 10716 we see that the
spectrum of the perturbation resembles the spectrum of the shift operator corresponding
to A. 'This operator is the shift operator. The shift operator A, is defined as g = Ao f
with

(9r) = (Cfx + Dfiy1),k € Z.



1. INTRODUCTION

By inspecting of Af = g, for f € C@ntDk e
J-n g—n
al =1
In 9n

we see that corresponds to the equations

9k = Cfi + Dfgy1, k € {-n,...,n}.

If we let n — oo this becomes the operator

gk = Cfp+ D fry1.

This operator is the above shift operator A. In Chapter 3 we will explain this in more
detail.

That the spectrum of the shift operator and the spectrum a single Jordan block are related
was noticed in another Master Thesis [Fir12]. This was also visible in the plots of Figure 1.1.
In that thesis no explanation could be found. The goal of this thesis is to analyse why these
two behaviours are related.

4 4 4

2 . 2+ - 2 F\ N

0 : 0 : 0l ‘ > .
—2| R Sy v .
_4 \ | 4 | ! 4 | |

4 —2 0 2 4 —2 0 2 4 —2 0 2

FiGURE 1.1: Simulations from [Fir12, p.25] with o = 0.1,0.05 and 10~3.

1.2 Structure of this thesis

We start our analysis with a simplified version of the problem we stated in the previous
section. In the first chapters of this thesis we only perturb with a deterministic matrix, that
means that we perturb by a small value ¢ or a deterministic matrix with norm || - || < e. We
will introduce randomness in Chapter 5. We also start our analysis with the assumption



1.3. Notation

that C' and D are 0 or 1. We then get a single Jordan block like

0 1

There is a lot known about perturbations of these Jordan blocks. In Chapter 2 we use this
to explain what happens if we perturb J in one or in multiple places. We extend this to
perturbations of the original problem, the block matrix (1.1).

In Chapter 3 we look at the case when the size n is infinite. We then get an operator
that acts on an infinite sequence. We start with the operator that corresponds to Jordan
block J. Later in that chapter we show how the operator corresponding to the block matrix
(1.1) looks like and what happens after perturbations.

In Chapter 4 we look at pseudospectra, another way to look at the structure of a matrix.

In Chapter 5 we introduce randomness and explain the difference between the deter-
ministic and random case.

1.3 Notation

In this thesis all matrices are written with in upper case, like A, and vectors with in lower
case, like v. Just like in matrix (1.1) above, empty values in a matrix are zero. When we
write a norm || - | we normally mean the Eucledian norm,

when not specified otherwise.

Zero matrices of size n X k are written as 0,5, matrices of size n X k are written as
[']nxk and diag, (@) is the k x k matrix with @ on its diagonal. Values at position (n,m)
inside a matrix A are written like A,,,. The unit disk with radius r, {z € C | |z] < r}, is
written as D).

'The spectrum, the collection of all eigenvalues, is denoted with A.

We will most times work in the ¢2 space, i.e. the linear space consisting of all sequences
v such that Y%, |v;|* < co. The corresponding norm is

[e.9]

loll3 = vl

=1

In some places we also need the ¢! and /7 spaces, i.e. the linear spaces consisting of all
sequences v such that Y -2, |v;| < coand )22, |v;]P < 00, respectively. The corresponding

[e.e] o0
lolly =) Jvil and [loflf = > Juil”.
i=1 i=1

norms are
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We perturb at different places and to make that easy we introduce the matrix A with all
zeros, except at position (a, b). Formally we define

(1.2)

0 otherwise

Aupim {1 at position (a, b) '



Eigenvalues and perturbations 2

If we want to know why the behaviour of the finite and infinite dimensional case is related
we have to understand both in detail. We study both separately and in this chapter we start
with the finite case, this means we work with ordinary matrices. The eigenvalues of the
matrices we study, like

01 ¢ D

J = or A= with C, D € CF*¥, (2.1)
- - D
C

are trivial without a perturbation. The eigenvalues of J and A are 0 and the eigenvalues of
C, respectively. But the problem becomes more complicated if we perturb our matrix with
a small perturbation. In this chapter we look at the eigenvalues of such perturbed matrices.
We start with the Jordan block J and perturb at one location and we add perturbations
of more locations later in this chapter. We will also see why matrices like J and A are so
sensitive to perturbations. In the second half of this chapter we turn to the eigenvalues of
perturbations of block matrix A.

2.1 One perturbation

Since we expect that the value in the left bottom of the matrix has the biggest influence
on the eigenvalues, we perturb at position (n, 1) and we look at the eigenvalues of J +

An,lé“.

Example 2.1 To find the eigenvalues of J + Ay, 1€, we need to find the roots of the char-
acteristic polynomial of J + A, 1€ — Al. So by applying Cramer’s rule twice, first on the
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A1

A3

Ficure 2.1: [CB94, p. 4] Perturbation of a matrix with one eigenvalue when n = 6. Left:
one Jordan block, € both positive and negative. Right: Two Jordan blocks.

first row and afterwards on the first column we get

-y 1 0 0]
- 1
0 . -
det | ;o T | = (-1 edet e + (=\)"
0 -\ 1 A1
e 00 0 —)

=(=N"+(-)"e=0.

Thus all eigenvalues are distributed on a circle with radius r = |{/e| around the origin.
Specifically the solutions are

gl/n <cos <2k:7r) + isin <2km>> , k=1(0,...,n—1).
n n

This means that all eigenvalues are distributed evenly around the circle with radius r. The
difference between the argument of two succeeding eigenvalues is

2n

arg(Ai1) — arg(\i) = .

For k = 0 a real eigenvalue is

Ae) = Ve, e>0.

When ¢ > 0 and n — oo we see that A(e) — 1.

That the eigenvalues are distributed evenly around a circle is also visible in the two illustra-
tions of Figure 2.1. There we see that depending on whether ¢ is positive of negative, the
positions of the eigenvalues change slightly. For multiple Jordan Blocks, multiple rings can

form.



2.2. Normal matrices

n=12 n = 100
1
041 | + | + | B L+ +++++*_‘H\F++++ +L
+ + A A
02| | Y
0 * : 0} * H
—0.2} . % ¥
+ + —051 ++*+ +*++ |
0.4 ++++ ++++
L \ \ " \ " \ | ] 1 \+++++++ﬁ°+’+++++++\
—-04 —-0.2 0 0.2 04 -1 —-0.5 0 0.5 1

FiGURE 2.2: 1 Random perturbation of ¢ = 10™* of a Jordan block with zeros on the
diagonal. Visible are the original eigenvalue (*) and the perturbed eigenvalues (+).

Lidskii [Lid66] proved that if we perturb J + B, with matrix size n and ¢ is small
enough, the eigenvalues of J 4 €B lie on a circle. To be exact, the eigenvalues of the
perturbed system ), are related to the eigenvalues A of J.

Ap = A+ (&)Yt 4 o(e¥/™), € = yBu, (2.2)

with y, « the left and right eigenvector of .J. This shows that is of the order O(c'/™). In
Figure 2.2 the eigenvalues of .J + A, 1 are plotted for e = 10™% and two values of n. There
it is visible that it goes to 1.

Why do the eigenvalues of matrix change from all O to a circle with radius of almost 1
if we just add one small perturbation? The problem is that the matrices like (1.1) are not
normal. In the next section we explain what normal matrices are and why nonnormality is
a problem for the stability of eigenvalues.

2.2 Normal matrices

In the previous section we stated that the problem with Example 2.1 was that the matrix
was nonnormal.

Definition 2.1 (Normal Matrix) A matrix A € C"*™ is normal if A*A = AA*, with A* the
complex conjugate of A.

If we look to a normal matrix, it is known that the eigenvalues of the perturbed matrix
lie close to the original eigenvalues. This is illustrated in Figure 2.3 for normal matrix

1

= 0
HEEEA 3)
2
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There it is visible that the perturbed eigenvalues lie within ¢ of the original eigenvalues. So
with normal matrices, small perturbations also cause small perturbations of the eigenvalues.
Another illustration is in Figure 2.4 where it is visible how random perturbations influence
the eigenvalues of a normal matrix with original eigenvalues 1 to 9.

c=20.1
I I o
0.1 - N
Eoof R R ST
—0.1 |- -
bl | | | | [ | | | | | b} | | | | | | | [
05 1 15 2 25 3 35 4 45 5 55 6 65 7 75 8 85 9 9.5 10 10.5
o=10"°
107°
= \_ T T T T —
T e
1k . - i ) : |
—2 b \. | I | | | | | | | | | | | | | | | | =
05 1 15 2 25 3 35 4 45 5 55 6 65 7 75 8 &85 9 9.5 10 10.5
_ 1n-10
1010 o=10
2 F T T T T T =
1+ i ) ) _
R : : : : : : ' : ©
1| ) . A . -
| | | | | | | \. | | | | | | | |

—_ [ I | | -
05 1 15 2 25 3 35 4 45 5 55 6 65 7 75 8 85 9 9.5 10 10.5
Re

F1GURE 2.4: Random perturbations of normal matrices

But what makes normal matrices so special? Ifa 1

matrix is normal, it has a complete set of orthogonal B
. .. . T s
eigenvectors [TEQS, p. 9]. Why this is a problem, it e e N
visible in example 2.2. ' ! N !
7/ 7
For the diagonal matrix in (2.3) it is clear that it - -
is a normal matrix. To check if a matrix is normalor ¢ ‘ ‘ ‘
0 1 2

how “far away” from matrix is from normal can be by
the CONDITION NUMBER of a matrix that was intro- .
duced in Wilkerson’s The algebraic eigenvalue problem FIGURE 2.3: Perturbations of a nor-
[Wil65]. There the condition number x(A) is de-

fined as

mal matrix with eigenvalues 4 and 3.

k(A) = ||A]| HAH_l,with A non singular.
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Example 2.2 let’s take the most simple Jordan Block

0 1
J =
b o]
the eigenvalues are O (with multiplicity 2). But if we compute the eigenvectors we see that

the only eigenvector is
1
v = .
"o

Therefore it is impossible to span the complete space.

Wilkerson came to this definition via the analysis of the Jordan Canonical Form. He
showed that if \ is a simple! eigenvalue of A, with y, = A’s left and right eigenvectors, and
y* the complex conjugate of y, for \(¢) an eigenvalue of A + ¢E, || E|| = 1, with

*

E
Ae) =2+ L=2e £ 0(2).

y*x

So we see that

*Ex 1
Ae) =A< Y20 o< — ¢
y*r 1
The denominator s := |y*z| is called the INDIVIDUAL CONDITION NUMBER of an eigenvalue.

Example 2.3 If we look at the rate of change of (), A(€) the eigenvalues of A + ¢E,

de n nen—1’

we can see that the rate of change at the origin (when € = 0) is infinite and why in the case
of multiple eigenvalues Wilkinsons theory above is not valid.

Wilkinson also uses Gershorins theorem (Theorem 2.1) to show other ways to analyse per-

turbations of systems with multiple eigenvalues. This is one of the first theorems on bounds
on eigenvalues, established in the 1930’s.

Theorem 2.1 (Gershgorin) Ler A = (a;j) € C"*"™ and let the GERSHGORIN DISKs of A be
defined by

Gii=Q p:|n—au < lay
J#i
Then

Moreover, if the union of k of the sets G; are disjoint from the others, then that union contains
exactly k eigenvalues of A.

"That means all eigenvalues are different
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Example 2.4 If we take J+ A, 1€ from Example 2.1, then we see we have n—1 Gershgorin
disks {p : || < 1} and one disk {1 = || < €}. There is no union of k (k < n) disjoint
disks and the spectrum is contained in the union of all Gershgorin disks: {p : |p| < 1}.

We already saw in Figure 2.2 that our perturbed matrix stayed within the circle with
radius 1. So it seems already a good bound. In the next section we will see if we can make
more direct relationship between the perturbation and the resulting eigenvalues.

2.3 Perturbation theory

We notices that the bound we derived in the previous section was already good. However,
we only measure here the eigenvalues based on the values on the diagonal. When we extend
our problem to (1.1) the diagonal items may say less about the size of our spectrum. So we
want to find a relation between the eigenvalues of a matrix and its perturbation. We can
use the Schur decomposition [GVL13, Th 7.2.3] to find the distance between the original

eigenvalue and the eigenvalue of its perturbation.

Theorem 2.2 Let Q*AQ = D + N be a Schur decomposition of A € C"*™. This means that
Q is unitary, D diagonal and N is an uppertriangular matrix. If p € A(A + E) and p is the
smallest positive integer such that |N|P = 0 then

in |A—pul< 9,01/7
Aéni&)’ pl < max{0,0"/F},

where

p—1
0 =1E|lY_[IN|*

k=0

Example 2.4 (continued) We see that p = n, because with every multiplication of J with
itself the n' superdiagonal, becomes the (n + 1) superdiagonal. Therefore after n multi-
plications we have the zero matrix left. And since | N|| = 1 we get

0 = n||E||2 = nle|.

So the difference between the original and the perturbed eigenvalues is the maximum
of § and 0/P. So if n > 1/¢ we have a bound that is bigger than 1, but if £ is smaller we
can find a bound within the unit circle. This is also what we would expect, since when n
grows the bound grows to the unit circle.

How fast this happens depends on € and n. In Figure 2.5 it is visible how fast the
eigenvalues grow for increasing . We cannot show the growth from the origin, because
MATLARB is not precise enough. We see although, that for bigger n, our perturbed eigen-
values are big, even if € small.

Explicit bounds on the eigenvalues are given in a matrix and its perturbation are found
in a theory by Elsner. Which shows that especially the situation with A a Jordan block J is

causing a big difference in eigenvalues.



2.4. Characteristic polynomial with multiple perturbations

Theorem 2.3 ((BEK9O0]) Lez A be the (possibly multiple) eigenvalues A1, . . ., . Let the eigen-
values offi = A+ Ebe, ..., \,. Then there is a permutation ji, ..., jn of the integers
1,...,n such that

- 1 1
g = il < 4(|All2 + [|All2) 7 |El3 -

So we see that we can also found a bound of the difterence between all individual eigen-
values.

n =30 n = 100
1 T

05 RIS T

FiGure 2.5: A+ ¢E, ||E|| =1, = 10717 ..., 107L.

2.4 Characteristic polynomial with multiple perturbations

We also want to know what happens when we have multiple perturbations. Just as we did in
Example 2.1 we can calculate the characteristic polynomial for more than one perturbation.
For two perturbations €1, €2 in the left corner, we want to calculate the eigenvalues of
J 4+ e1Ap1 +e2A,_1,1. These are the solutions of

—A 1 0 ... 0
0 . \
det L T ) (=1)""teq det N1
gg ... 0 =X\ 1 0 —X
1 00 0 -
1
n —A n
—(—1)"; det S Y
-1

11
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= (=N)"+ (=1 (egA +£1) = 0. (2.4)

We arrived at the first equality by applying Cramer’s rule, just as we did in Example 2.1.
Since we look for solutions for n large, there will be no analytic solution for this equation.

Similarly, when we apply three perturbations 1, €2, €3 to J we want to know the eigen-
values of J + 1Ay, 1 + €2A8,-11 + €34, 2. Again no analytic solution exists for the zeros
of the characteristic polynomial. Our characteristic polynomial in this case becomes

—A 1 0 ... 0
0 e L
det 0 = —(=1)""ey det A _/\ )
gg ... 0 =X 1 €3 0 —X
| €1 €3 O 0 —)\_
1
— (=1)"; det —A — A=A (<1)"es)
a1
= (=1)"MXeg + (=1)" ey — A(=A""1 4 (=1)"e3)
= (=N)"+ (=1)""((eg + e3)\ + 1) = 0. (2.5)

Itis also possible to construct the characteristic polynomial for many more perturbations.

Davies and Hager [DHO09, p. 8] found that for

0 0
s+68 o)
the characteristic polynomial is
k/‘ . .
FO) =) Cij(RAY L (2.6)
ij=1

where § = RN R € (0,00). Using this result it is possible to find the characteristic
polynomial without multiple times applying Cramer’s rule.

Although there is no analytic solution to the equations (2.4) and (2.5), we can use
Rouché’s theorem to find a region where the zeros are located.

2.5 Regions of eigenvalues

We can use Rouché’s theorem to prove that a function with an analytic solution has an equal
number of zeros in a certain region.

Theorem 2.4 (Rouché’s theorem [CZ12]) Let f and g be functions that are holomorphic on
the domain Y, and suppose that Y contains a simple, closed contour I'. If | f(s)| > |g(s)| for
s €I, then f and [ + g have the same number of zeros inside I'. (A zero of order p counts for p
zeros.)
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To find such solutions, we need the following lemma.
Lemma 2.1 For the absolute value the following statements hold
1. g > handg > —hifand only if g > |h)|.
2. |la+b| < |a| + |b| (triangle inequality).
3. |lal = [b]]| < Ja+bl.

4 |la| = [p|| < la—b.

Proof We only prove item 3, since item 4 follows from item 3 with b := —b.

Ifwe set a == a + b and b := —b in item 2 we arrive at |a| — |b| < |a + b|. If we reverse
the argument and choose b := —a instead, we arrive at |b| — |a| < |a + b|. Because of item 1 we
arrive af the result. [

We defined in the introduction the region inside the disk with radius r as D,.. We want
to find a region D, for which Rouché’s theorem is valid, by proving the inequalities from
Rouché’s theorem on the circle |A\| = 7 for a given 7. If we know that Rouché’s theorem is
valid for two functions on a certain region, then we know that they have equal zeros inside
this region. So we can find a region and a more simple function and use Rouché to prove
that all zeros of our difficult characteristic polynomial lie within this region.

2.5.1 An outer region

We want to find a region containing the eigenvalues of J + 1A, 1 + €2A,1,1, as we did
in the previous section. If we assume that

1.r=14¢¢>0
2. Jer| +le2] < 1
and we define

)= (0" + (=1)" ey,
h() = (=1)"ea),
g(A) = FA) +9(A) == x(N),

=
>

then it follows from assumption 2 that |e1] + |e2| + |e2]|e < 14 € (since then also |e2| < 1)
and because € > 0 also that |e1| + |e2| + |e2]e < (1 4 €)™. We use this to prove that for A
with |A| = r inequality (2.4) holds. For |A| = r we have

A = le2l(14€) < (1+€)" — ey 2.7)
= A" = el
< (=N + (=) e = £, 8)

13
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By Rouché’s theorem, g = f+h has the same number of zeros inside D1 4. as f. Since f has
n zeros inside D1, so has g. Thus we know that all eigenvalues of J +e1A, 1 + 28,11
lie within D ..

Because the only condition is that € > 0, we can choose ¢ as small as we would like. As
long as assumption 2 holds we have that

AJ+e1Ap1+e2Ap11) CDy

has n zeros inside Di1.. So we can let the region which contains the spectrum of J +
€1Ap,1 + €211 shrink to the unit circle if we keep decreasing our €.

Note that when n is large we don't need assumption 2. If assumption 2 does not hold,
we can choose every ¢, ¢1, 2 we want. Given we fix €, €1, €2, |e2|(1 + €) + |e1] is also a
fixed value, while (1 + €)™ goes to infinity when n — oo (since 1 + & > 1). If we define
v = |e2|(1 4 €) + |e1| we see there always exists a n such that (1 + )™ > v. This can be
seen, because (14¢)™ — oo, while v does not depend on n. For this n and our chosen values
of €,1, €2, inequality (2.7) is valid. So |h| < |f|. Therefore we have the same number of
zeros inside f and g. Thus f(\) has n zeros inside €, £1, 2. So we can always choose a n
such that all our zeros lie inside D ..

2.5.2 Anregion dependent onn

We can also find a radius  for an outer region dependent on n that is smaller than 1 if ey, €2
are small. We assume that

1. r=/lei|+ 5,8 > |L€12||n,
2. ‘61’ <1,

3.n>3
and we define

FO) = (=" + (1) ey,
h(A) = (—1)"Tleg),
g(A) = F(A) +g(A) :== x(A).

From assumption 2 it follows that {/|e;| < 1. From this and assumption 1 we see that
le2l(Vler] + 8) < (1+ B)le2| < (1 + B)nplel.

By assumption 2, we also know that |¢1| < |e1|"™ whenm < 1 and by assumption 3 we know
that 1n(n — 1) > n. We use both results to prove that for A with |A| = r inequality (2.4)
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holds. For |\| = r we have
[hN)] = le2lr = le2| (Ve + 8) < (1 + B)nflei]
= nflei| + nB*e]

n—1 nn—1 n—2 . n n—k
<n5|81’ n +(2)52|E1| n + <k>ﬁk|51| n
k=3

(VIeal+8)" = leal = IAI" = fea]

= (=" = [(=1)""e1| < |f(N)]. (By Lemma 2.1.4.)

By Rouché’s theorem, g = f + h has the same number of zeros inside D e f. Since

le1]|+8
f has n zeros inside this disk, so has g. Thus the eigenvalues of J +e14A,, 1 + 24,11 lie

within D w+ﬂ

2.5.3 Summary

In the previous subsections we found a number of regions where our eigenvalues are located.
How these are located is visible in Figure 2.6 and Figure 2.7. In Figure 2.6 we show how
a random perturbation of a Jordan block behaves compared to the perturbation with two
random variables, as in section 2.4 was calculated. In Figure 2.6 we show how the region
we computed in section 2.5.2 compared to the eigenvalues of these perturbed matrices.

In section 5.2 we will calculate the probabilities that the constraints on € are when our
¢ are random.

1

0.8
0.6
0.4
0.2

0
—0.2
—-0.4
-0.6
-0.8

1

0.8
0.6
0.4
0.2

0
—-0.2
—-0.4
-0.6
-0.8

—-1-0.8-0.6-0.4-020 0204 0.6 0.8 1 —1-0.8-0.6-0.4-020 0204 0.6 0.8 1

FIGURE 2.6: Two perturbations to a Jordan block .J. Values used are n = 100, = 2-1073.
'The solid circle is the circle with radius 1.

2.6 Block matrices

We know the spectrum matrix A in equation (2.1) when it consists of scalar values and
there is one perturbation. When the elements of A are matrices we can do the same. We

15
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€1=.1,,=.01,n=10 e1=1e-20, £y=1e-8, n=10

1 T T \ 0.15 T T T T T
°
01 * .
0.5 - N °
5-1072 1 o .
E 0 - HE 0 ] o
—_5.1072| ©® N
—0.5 |- 4 °
0.1 B
°
°
-1 | \ \ —0.15 | \ \ | |
1 —0.5 0 0.5 1 —-0.15-015.10720 5.10-20.1 0.15
Re Re

FiGure 2.7: Left: the region of section 2.5.2 compared to the actual eigenvalues for n =
10,61 = 0.1,e2 = 0.01. Solid line is , the dotted line is the circle with radius 1. Right:
actual eigenvalues for n = 10,61 = 1072°,e9 = 1078, r > 1 so is not shown.

call matrices that consist of other matrices block matrices. When there is no perturbation,
we know that the spectrum A of an uppertriangular matrix with matrix C' on the diagonal
consists of the eigenvalues of C.

When there is a perturbation E in the left bottom of our matrix the situation is more
complex. In section 2.6.1 we first work out some theories which help us to find the deter-
minant of block matrices. In subsection 2.6.2 we use these theories to calculate the charac-
teristic polynomial in case there is a perturbation E.

2.6.1 'Theories

We begin by summarising some results for block matrices. We will put them all below each
other.

Lemma 2.2 ([Lie02])

det [An Ar2

0 A22:| = det(All) det(AQQ).

Theorem 2.5 Upper triangular block matrix

A A
A=
[ 0 A22}

is invertible if and only if submatrices Aq1 and Aog are invertible.

Proof A is invertible if and only if det(A) # 0. We know by Lemma 2.2 that det(A) =
det(Ay1) det(Agg). That means that det(A11) # 0 and det(Aaz) # 0 and thus that A1y and

Aog are invertible.
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The other implication is very similar. If A1 and Ay are invertible, det(Aq11) # 0 and
det(Age) # 0. Since det(A) = det(Aq1) det(Ao2), it directly follows that det(A) # 0 and
thus that A is invertible. [ |
Theorem 2.6 The inverse of block matrix A € C™*", when A11, A12, Ago are invertible, is

-1 _ _ _
A1 [All A12] _ [ Anl _A111A12A221} )
On—kk Ao On—k.k Ay

Proof Wz know that AA~Y = I and we can easily verify that our AL is correct by

[ An Am} [ Al —A111A12A221] _ [ I —ApAy +A12A221] 7
On—rr A2 (Op—kk Ay On—k & I B

Theorem 2.7 Let C, D € C**F, with C invertible. Let A € CF*7k pe defined by

[C D

A= . (2.9)

QG

Then all values on the mth superdiagonal of A=Y are

(-p™Cctpyrctm=0,...,n—1.

Proof We define B := A1 and partition A as

fc|D 0 - 0]

c | ¢ 01¢ b

A, = — B
Onk—k k ‘ Ap—1 : D
—O C—

If we partition B the same as A we can see by Theorem 2.6 that (since Byo = —C_IGAT_Lil)

Bnl ‘ Bn2
Bn3 ‘ Bn4

Ct | -C'[po-0]AL,
Onk—kk \ AL

Al =B, =

Since Ay,_1 has the same structure as A it follows in the same way that if Ay, _o € Ck(n=2)x(n-2)k

c! | -C'lpo-o0]4,},

Al = —
! O(n—2)k,k ‘ AL,

17
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we can generalise this to for allm =n, ..., 2 and find
At _ | Bt | B2 | _ ct |-C'[po . 0] AL,
" B3 | Bma O(m—1)k k| A
If we continue this till we keep a 2k x 2k matrix we get
[ b _fet —ctpet
2 7 locl o c1 '
Hence Bso becomes
By =—-C7'[D 0] A;!
c-t —c-'bc—!
1
=-C'[D 0 0 ot ]
=-C'D[Cc™t —C~'DC™Y
= —CilD [Cil BQQ] .
So we can generalise this and we can see this becomes a recursion for Bp,o:
Bna=-C'[D 0 --- 0]A}L,
— —C_lD |:C_1 B(m—l)?]
=-c'D[c7t —-c7'pDCTt - (—ymFHCTlDmtleT]. W

Theorem 2.8

det [; CSQ] = det(P)det(S — RP™'Q) (if P is invertible).

= det(S)det(P — QS™'R)  (if'S is invertible).

Proof We can write

P Ql [P 0][I P1Q
R S| |R I||0 S—RP'Q
I Q[P-QS'R 0
|0 S SR I
and the result follows from Lemma 2.2. |

18
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2.6.2 Eigenvalues

To calculate the eigenvalues of our matrix (2.9) with some disturbance F,

[C D
: , (2.10)
D
_E C—
we first compute its characteristic polynomial
[ Cc-Q| D 0 0 |
0 c-Q D
X(A) = det , Q = diag, (\), B € CP*. (2.11)
0 . D
| E C-Q |
We simplify this by writing C = C' —  and use Theorem 2.8 to get
det Z g = det(S) det(P — QS™'R). (2.12)
To calculate the determinant of (2.12) we need to know S~!. Since
Cfl _CleCfl (_1)n71(071D)n71071
g1 — . .
by Theorem 2.7, we know that Sl_(ihl) = (=1)""1(C7tD)""2C~! and thus that
-1 -1 0
S11 o Sl(nfl)
QS'R=[D 0 --- 0] | : - : o= DSy, B
g1 N
(n—1)1 (n—1)(n—1) E
= (- 'D(C'D)"2C'E. (2.13)

After filling det(S) = det(C)"~! and (2.13) into (2.12) we see that the eigenvalues of

matrix (2.9) with some disturbance E are the zeros of

x(A) = det(C)" L det(C + (-1)"D(C D))" 2C~1E) (2.14)
= det(C)" "t det(C + (-1)"(C~ID)"'E). (2.15)

'The number of zeros depends on the structure of E. It is possible all eigenvalues are
different than the eigenvalues of A. But for some E, the perturbed and unperturbed matrix
share some eigenvalues. The eigenvalue that C' are the perturbed matrix have in common is
the most positive real one. What happens is visible in Figure 2.8. Here it is visible that the
eigenvalue in (0,0) is shared.

19
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n =20 n = 100

T T T T T
2 L et | 2 [ m .
1 - 1+ B
g o LEae () O
1 N 1} i
2= T — -2+ U -

| | | | | | | |
-2 =15 -1 -=0.5 0 0.5 -2 =15 -1 -=0.5 0 0.5
Re Re

FIGURE 2.8: Solutions of the characteristic polynomial for block matrices (2.15) for different
sizes. With matrices from [Fir12][(3.15)] with k, = 1, kg = 2,kqq = 0,h = 2,7 = 0.38.



Spectrum of an operator 3

In Chapter 2 we inspected the eigenvalues of our Jordan matrix when the size was finite. To
know the relation between the finite and infinite dimensional case, we inspect the infinite
dimensional case in this chapter.

First we need to know what happens when the size of our matrix grows to infinity. We

start again with a single Jordan block with zeros on its diagonal. So we have the matrix
T, € C@nt)x(@2nt1) with n € N, that is defined as

01

T, = . (3.1)

L 4 14+2nx2n+1

'The eigenvalues of this matrix are obviously 0, but what is 7}, when n — oo? To show
this, we first look at 7T}, f for n — oco. We start with the sequence of equations g = T}, f,
with f, g € C?"1. We choose to represent f as

f:(f—nv"'7f—17f07f17"'7fn)T
and we see that
fevy1r fk=-n,....n—1
= . 3.2
o {o ifk=n 52

The Eucledian norm of f is || f||> = Y_r__,, |fx|* and if we let n — oo, we see that || f||
converges to the £2-norm of f. Note that the same claim holds for g. Letting n — oo in
(3.2) we arrive at the equation

9k = [ry1,k € Z. (3.3)

So we see that when n — 0o the matrix (3.1) becomes the operator on ¢ defined by
(3.3). However, we cannot compute the eigenvalues like we did in the finite dimensional
case. In the next section we explain what the spectrum of an operator is and how to calculate
it.

21
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3.1 Spectrum of an operator

In the finite dimensional case we checked for which A\ the determinant of the matrix A — A/
was zero. Then we knew when A — \I was not invertible. In the infinite dimensional case
we do the same. The spectrum of the operator S is defined as the set

A(S) :={z € C| (2I —S) not invertible}. (3.4)

For f,g € ¢* the operator A\I — S is invertible if for all g there exists a unique f such that
(M —S)f = g. If the operator S is not invertible then ) is part of the spectrum.

Definition 3.1 (Regular value) A/ values that are not contained in the spectrum are called the
regular values of an operator. We write them as p(S).

3.2 Spectrum of the bilateral shift operator

In the introduction of this chapter we derived the operator g, = fi+1. This is called bilateral
left shift operator S. So if we have a sequence f = (..., f_1, fo, f1,...), then S(f) =
(..., fo, f1, f2,...). Hence S moves all items one places to the left.

Given the discussion in the previous section and since S is the bilateral shift operator,
to compute the spectrum of S we have to show that for a given A there exists a unique f for
every ¢ such that

Afn— fna1 = gn, n € Z. (3.5)

Then we have the set of all regular values, p(S), and the spectrum is the remaining set
C\p(S) = A(S).

We will show that the f;, solving (3.5) is given by a convolution and therefore we will
use Theorem 3.1, and especially inequality (3.9) in our proof. The p-norm of f is defined

as

£ lp = ( > \fk!p> ; 1<p<oo. (3.6)

k=—o00

Theorem 3.1 Suppose f € (1, g € (P. Then

57 fuewgnlP < 0o 3.7)

k=—o0

Jor alln € Z. Define the convolution of f and g (notation h = f * g) as

o= fa-kg, n €L (3.8)
k=—0oc0
Then h € (P(Z) and
12l < 1 f1]1l19llp- (3.9)
Proof See Appendix C.1. |



3.2. Spectrum of the bilateral shift operator

3.2.1 Regular values

We first look for all regular values. So we need to find A such that there exists a unique f
for every ¢ in the equation (3.5). We start to prove that |A| < 1 and |A| > 1 are regular
values of our operator.

Let’s assume that || < 1. We then can work out the recurrence of (A — S)f = g as

fn = )\fnfl —O9n—1 = )\()\fan - gn72) —Ogn—-1— ...

N
= =D N g+ AV fuw (3.10)
k=1

'This motivates us to choose hj, as

MNe=l fork > 1
h = : (3.11)
0 fork <1
and then define a candidate solution f = (f,,) for (Al —S)f = g as
fn=— Z/\kflgn—k = - Z hign—kx = — Z hp—1g;. (I=n—k) (3.12)
k=1 k=—o00 l=—00

Since we assumed that [A| < 1 we have |[h|[1 = Y200 |kl = D00, M| < oo.
Since g € £2, we then can use Theorem 3.1 to show that

> hooig

l=—00

2
< [IAll1llgll2 < oo

(e 9]

1= > ful= >

n=—oo n=—oo

We therefore see that for |A\| < 1and g € £2, (3.12) is a solution of (AI —S)f = g. We
still need to prove that is unique, but we will do that in the next section.

If [A| > 1, then we cannot say anything from (3.12) since the sum of A\* diverges. But
we can solve the equation (A — S) f = g forward. Therefore we introduce

ke 0 fork >0’ '

and see that

_9n + fn1 _9n l Gn+1 + fnt2 .
oz B let gy L ()
Y Gurk | Jarn
n-+ n+N+1
- A+ + AN+ (3.14)
k=0

This motivates us to choose the infinite sum

o0

fn= ‘/Q\Zi]; = h_kgnirx = Z hn—mgm (m =n-+ k) (3.15)

k=0 k=—00 m=—o0

23
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as a candidate solution for (A —S)f =g
Since |A| > 1 we have that ||h||; = > 52, [A\"**+1| < co. Since g € £2, we can use
Theorem 3.1 to prove that

WA= D Ml = >

n=—0oo n=—oo

We therefore see that for [A| > 1 and g € £2, (3.15) is a solution of (A\] — S)f = g. We
still need to prove that is unique, but we will do that in the next section.

2
< |lhll1llgll2 < oo (3.16)

Z ho—mgm

m=—0oQ

3.2.1.1 Uniqueness

We now have proved that for |\| > 1 and |A| < 1 there exists a f € £2 for every g € (2.
But for every g this f also needs to be unique for A € p(S).
To check the uniqueness of (3.12) we have to show that from

Afn = fnt1=0 (3.17)
it follows that f = 0. We assume the opposite, that f # 0. We therefore first assume that
fo # 0 and from (3.17) we get the recursion

fi=Mo, fa=M1=Nfo, ..., fu=N"fo.
If [A| > 1, then it follows that f,, # 0 for all n and

[FiE= Ak
n=0

= > APfol* = o0
n=0

But since fo # 0 we find f ¢ (2. Therefore we see our assumption is false and we see that
g = 0 implies f = 0in (3.12).

But if fo = 0 we see without loss of generality that it directly follows that all f,, with
n > 1 are zero.

To show that also for |A| < 1 the solution is unique we have to show that from equation
(3.17) it follows that f = 0. This time we solve it in the other direction and we then get

Jfo f— Jo _Jo
- =3 =it

Let’s again assume the opposite, that f = 0. And that we therefore again assume that

Jo # 0.
If [A| < 1 then it follows that f,, # 0 for all n, since

IF11? = Z|f—n|2

[fol* _
Z |)\‘2n -

f— 7f2




3.3. Spectrum of Operator corresponding to a single Jordan block

But since fy # 0 we find f ¢ ¢2. Therefore we see our assumption is false and we see
that g = 0 implies f = 0in (3.15).

But if fy = 0 we see without loss of generality that it directly follows that all f,, with
n < 0 are zero.

3.2.2 Spectrum

We proved that |A| > 1 and |A| < 1 are not part of the spectrum, so we expect that |A| =1
is the complete spectrum. The last step is to prove that this is indeed the case.
If we look again at (3.10) and choose n = 0, we get

N
o= MVfnl ==Y Ng (3.18)
k=1
If we write A = |\|e?® = ¢ and choose
Qi0(k+1)
=——keZ,
VIS

we see that g € £2, since |?| = 1. It follows that

) 19 —k+1

Mz

N
= Vo = -3
k=1

k=1

We know that this sum diverges if we take the limit N — co. But if f € ¢2, then f and
f—n must be finite. Therefore we cannot find a f € ¢? such that (3.18) is valid. So |A\| = 1
is not a regular value and thus part of the spectrum of S.

Concluding, the spectrum of S equals {\ € C | [A\| = 1}.

3.3 Spectrum of Operator corresponding to a single Jordan block

Like we did in the introduction of this chapter, we will will in a similar way look at a single
Jordan block with ones on its diagonal when the size becomes infinite. So we have the
matrix V,, € C2ntDx2n+1) "with n € N, that is defined as

11

vo=| - . (3.19)

L 4 2n+1x2n+1

The eigenvalues of this matrix are obviously 1, but what happens when n — oo? We
see that V,, = T,, + I, with T, from (3.1). So

Snew = I +S.

25
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Then we arrive at the equation

9k = Jr + fr+1,k € Z. (3.20)

In section 3.2 we already computed the spectrum for a similar mapping and we can use this
to inspect

)\fk - (fk + fk+1) = O\ - 1)fk - fk+1 = gk, keZ.

If we follow the same steps as in the previous section, but with A — 1 instead of A, we
see our spectrum is [A — 1| = 1. This means that — compared to the spectrum of S — the
spectrum is shifted 1 to the right. Therefore the spectrum of (3.20) is a circle in the complex
plane with center 1 and radius 1.

3.4 Spectrum of the z-transformation

Till now we computed the spectrum of two operators. In the introduction in Chapter 1 we
already derived the operator corresponding to the block matrix A, see (1.1). This operator

gk = Cfx+ Dfrr1,k € Z. (3.21)
If we apply the Fourier Transform (see Appendix B) we get the transformation

2(0) = )i :
2(0) = (C + De "")z(0), where 6 € (0,27) (3.22)
A()
and Z is the Fourier-transform of . The mathematics is explained in Appendix B. To
compute the spectrum of this operator we need a lemma from [CIZ09].

Definition 3.2 Log(Dy; C**9) = {F : Dy — CF*% | F is measurable and
|F||oc = esssupy_p_o, || F(€)|| < 0o}, where Dy is the unit circle {= € C | |z| = 1}.

Lemma 3.1 ([C1Z09, A.3]) Loo(ID1; C***) is a Banach algebra and F € Loo(Dy; CEXF)
is boundedly invertible if and only if there exists a vy > 0 such that {6 : | det(F(e?))| < v}
has measure zero. If F' is continuous, then Lo (Dy; CF¥F) s boundedly invertible if and only if
det(F (%)) # 0 for all 9 € [0, 27].

'This implies that when A in (3.22) is continuous its spectrum can be written like [CIZ09]

AA) = [ A (AE),
0€[0,27]
where, for a fixed 0, A € A(A(e")) if and only if det (A — A(e)) = 0.

'This means that for every 6 we get a ordinary matrix for which we can compute the
eigenvalues. The spectrum of A is the union of all these eigenvalues.

If we choose C' = 0, D = 1 in (3.21), we get the shift operator from section 3.2. We
computed there that the spectrum is the circle with radius 1 and the origin as center. If
we inspect (3.22) with C' = 0, D = 1, we see A(0) = €. In general, it is true that the
spectrum of the shift operator stays the same after we apply the z-transformation:

A(A) = A(A).



3.5. Other kinds of spectra

3.5 Other kinds of spectra

In the finite dimensional case the spectrum was just the collection of all eigenvalues. In
Section 3.1 we defined the spectrum as the set where the operator is not invertible.

no A is in the point
Is (AT —T') one-to-one spectrum Np(T') of T

yes

Is the range of no A\ is in the residual

(M —T') dense in X? spectrum Ny (T') of T
yes

Is the inverse of
(M — T) defined on

its range continious?

no \ is in the continuous

spectrum No(T) of T

yes

A is in the reso/-
vent set p(T') of T

Ficure 3.1: Flow chart of the spectrum of an operator 1" (from [NS71, p. 413])

In the finite case, only the point spectrum A, was non-empty. That was the set of
eigenvalues. Now we also have the continuous spectrum A, and the residual spectrum A,..
'The spectrum A(T') of an operator is the union of those three and can then be written as

A(T) = Ap(T) U Ae(T) U AL (T).

See e.g. [NS71, p. 412]. The point spectrum A, (7") consists of all the eigenvalues of T,
the continuous spectrum contains the scalars that are not eigenvalues but make the range
of T'— X a proper dense subset of the space and the residual spectrum consists of all other
scalars in the spectrum. This is also illustrated in Figure 3.1.

If we look at the spectrum of A of Section 3.4 then in general the point spectrum is
empty. Thus A(A) contains no eigenvalues in most situations.

We also proved already in section 3.2 that if A is part of the spectrum of the shift operator
and there exists a solution, it is also unique. But it is also possible that we find a solution

outside of the space we are working in, so not for all § € 2 there exists a & € (2.

Another way of looking the problem is that if \ € A(A) then (AI — A)~! is unbounded.
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Definition 3.3 (Approximate eigenvalue) \ is an approximate eigenvalue if there exists a se-
quence Ty, with ||y, || = 1 such that

lim ||Sz, — Az,| = 0.
n—oo

We know that our bilateral shift operator S has no eigenvalues, but its spectrum equals
|A] = 1. We can show that |A\| = 1 is also an approximate eigenvalue.

If A < 1, then

[Sf = Af[| = [USF = INA] = [2 = AL 1IFI

and thus bounded from below and thus not part of the approximate point spectrum. Since
IS]| = 1, we know that the spectrum (and approximate point spectrum) is contained within
the ball of radius 1, therefore we do not need to check A > 1. In general we know that the
an approximate eigenvalue is a subset of the spectrum.

Let |A\| = 1 and let x,, be the vector

1

ﬁ(...,o,l,xl,x%...,AH,O,...)

2
ISz, — Ay || = \/7
n

This holds for all n, thus the approximate point spectrum is [A\| = 1.

then ||z, || = 1 and

3.6 Spectrum Operator with scalar perturbation

We want to compare the spectra corresponding to

and J, =

We showed in Chapter 2 that from the relations

+
Jn=An-1—9gn-1,[n = w
if followed that |A| < 1 and |A| > 1 are not part of the spectrum of .J. Finally we showed
that for |A\| = 1 we could not find a bounded sequence in our space for which the equations
are valid. Now there is an extra € in J),. Therefore we have when m = n an extra equation
and the spectrum is more complex:

Mot —gmey m=1. ... .n—1
fmz{f L gmet e (3.23)

AMm—1+¢€fi m=n



3.6. Spectrum Operator with scalar perturbation

We can write our problem as S + €Ay ;,, with A, j defined as in section 1.3. If we again let
|A| =1 and let x,, be the vector

1
%(...,o,1,x1,x2,...,AH,O,...)

then ||z,|| = 1 and

IS+ eA1m)Tn — Az || = ||Szp — Ay 4+ €A1 i Zn| (3.24)
< |[ISzn — Az || + €A1 manl (3.25)

= \/5 +e. (3.26)
n

If we let n — o0, this goes to €. So we need more to show what the approximate point
spectrum is.

If we look at (S 4+ Ay &) Zext, Where the values in red are extended, we see that

- 1 0 T
-1 T 0
(S + Apme)ext = = | 6w
€ —A 1| |zp 0
L =] L0 | — A%y, |
Since ||z|| = 1, we need
) 1 LR
1 = = =
[P D\ el A U\ i AP —1 7
S BT T
T, = AT
We then get

(S + eA1m)Tex|” = 211 + [Azn|® = |21 > + A 7"
_ AL =1
A" =1
A1
11/

+ ’/\’—Qn

+ N7

We know from Example 2.1 that A = {/e. In the same example we can see that if n becomes
big, the angle between the eigenvalues is small. We can choose a sequence of A (depend on
n) such that A\ — p, |u| = 1, when n — 0o. So we see that we can choose the unit circle
as an approximate point spectrum of our operator, since then ||(S + €A1 ;) Tex|| — 0.
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3.7 Spectrum of operator with matrix perturbation

We can also prove that perturbations do not influence the spectrum of operators correspond-
ing to the matrices

D and ' = . D
c - E C

where F' is perturbed with E at position F7 ,. We see that the characteristic polynomial of
A+ E equals
M-A-E)=\-A)[I+\ -A)E].

So we see that the characteristic polynomial is a factor (I + (A — A) ! E) bigger than the
characteristic polynomial of A.



Pseudospectra 4

In Chapter 2 we found that the Jordan block is very
sensitive to perturbations. Now instead of looking at
the eigenvalues, we look at complex numbers that are
almost the eigenvalues. We look where the inverse 100

is not infinite, but bigger then ¢~1. This is made

(S
o

formal in the following definition.

log,,(resolvent norm)

Definition 4.1 (e-pseudospectrum [TE05]) Ler A €
CV*N ande > 0 be arbitrary. The e-pseudospectrum 1
A:(A) of A is the set of z € C such that ||(zI —

A7 > et

0

Imag 1 _q 795

In the definition of the pseudospectrum above, Real

we also introduced the resolvent.
Ficure 4.1: Plot of the resolvent

Definition 4.2 (Resolvent) 7The resolvent of matrix A 1OTM |z — J||7'. Where J is the
is (2 — A)~L. Jordan block in (2.1) with n. = 100.

'The norm of the resolvent is plotted in Figure 4.1. For different ¢ we can plot level curves
where [|(2I — A)7Y|| = e. If we combine different level curves in one plot, for different
values of €, we get a typical representation of pseudospectra. Figure 4.2 is an example of
that.

'The best source on pseudospectra is Trefethen and Embree’s book Spectra and Pseudospec-
tra [TEO5]. In this book they describe the history of pseudospectra and a lot of different
applications. Trefethen has researched pseudospectra since 1991. In that year he wrote a
book chapter [Tre92] in which he analysed the pseudospectra of different matrices. He
starts with the Jordan block , because this is the non-normal matrix most sensitive to per-
turbations. In the same chapter he published pseudospectra (Figure 4.2) of this matrix.

There are three equivalent definitions of the pseudospectrum [TEO05, Ch. 2]:

L A(A) = {z € C|||(:I - A7) > e

2. A;(A) ={z€C|z€ A(A+ E) for some E with |[E| < e}
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-1 |
-1 0 1

FIGURE 4.2: [Tre92, p.254] Disturbances from the Jordan canonical form J . Left the
eigenvalues of 100 random complex perturbations of J with E (||E|| = 1073), right the
pseudospectra of J with e = 1072,1073, ..., 1075, The dotted line is the numerical range.

3. A;(A) ={z € C | there exists a v € C" with ||v|| = 1 such that || (A — z])v|| < e}

Definition 1 is the most intuitive, but definition 2 helps us a lot more to connect the finite to
the infinite dimensional case that we described in Chapter 3. We are looking what happens
to the eigenvalues when we perturb a matrix since we perturb our matrix with a random
matrix £ and look at its spectrum.

'The complete proof that all definitions are equivalent can be found in [TEO05, Ch. 2],
but if we know why item 2 implies item 1, it will help us understand what happens when
we perturb a matrix with a small matrix E.

If z € A(A+ E), that means that there exists a v, with ||v|| = 1, such that (A+ E)v =
zv. If we move Av to the right and invert zI — A, we arrive at v = (21 — A)~'Ev. We
can use this equation to prove that when z € p(A)

L= lofl = [I(z1 = A7 Bo]| < (=1 = A)7H[[ Bl < (=1 = A)~"e.

So we see that definition 2 of a pseudospectrum implies also that definition 1 is true.
'This means that we can perturb a matrix A and learn something about its behaviour.

4.1 Poor man’s pseudospectra

We can use definition 2 to build pseudospectra. We then simulate the e-pseudospectrum
by perturbing a matrix E, with ||E|| < ¢, and compute the eigenvalues of this perturbed
matrix. This gives results that are not as accurate as the algorithms used today, but perturb-
ing the matrices and looking at its eigenvalues was a cheap way of creating pseudospectra
plots. Therefore there are called “poor man’s pseudospectra”. 'This difference is also visible
in Figure 4.2. The contour line for ¢ = 1072 is the solid line at the outside of the right



4.2. Pseudospectra of operators

plot. When we perturb J with || E|| < 1073, we see the perturbed eigenvalues lie inside
the 10~3-pseudospectrum.

Trefethen [Tre99] gives three problems with “poor man’s pseudospectra”. These spectra
are of course not as accurate as computing them using definition 1, since we get a cloud of
points and not a circle. Secondly, pseudospectra are not essentially about perturbations and
by representing them as perturbations they can be easily misinterpreted. Finally, random
perturbation to an operator do not make sense. Therefore these days there more accurate
algorithms for computing pseudospectra. Modern way’s to compute pseudospectra can be
found in [Tre99].

4.2 Pseudospectra of operators

We can also define pseudospectra for operators. Trefethen and Embree [TEO5][p. 31]
define them. They use that for X a Banach-space, C(X) is the set of all closed operators,
B(X) the set of all bounded operators on X and D(x) C X the domain of X.

Definition 4.3 (e-pseudospectra for operators [TE05, p. 31]) Ler A € C(X) ande > 0.
The e-pseudospectra Ao (A) of A is the set of z € C defined equivalently by any of the conditions

1 [z — A7 > et
2. z€ N(A+E) forsome E € B(X) with||E|| < e

3. z€ A(A) or ||(2] — A)u|| < € for some uw € D(A) with ||ul| = 1.

4.3 Numerical range

In Figure 4.2 we already saw the numerical range as a dotted line. The numerical range is a
closed convex hull of the spectrum A(A). The numerical range of a matrix A is defined as

*A
W(A) = {x Lrecy :U#O} = {2 Az |z €C 2| =1} @41
T*x
Example 4.1 Let’s take the most simple Jordan Block and a vector x with ||z|| = 1, e.g.
1
J = 01 T = %\/ﬁ )
0 0 V2

Then we see that A(J) = {0}, while z* Jz = § and is a part of the set W (.J).

So we see in example 4.1 that the numerical range can be much bigger than the spectrum.
We can also look at Jordan block of size n.
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Example 4.2 Let J € C"*". Then we can choose v € C", e.g.

S|

such that ||y|| = 1 then

is part of the set W (.J).

Till now we only have a theory how to compute the numerical range for matrices. We
can also define them for operators, just as we defined pseudospectra for operators.

Definition 4.4 (Numerical range of an operator [Jen, p.12]) Ler A € B(X) with X a Hilbert

space. The numerical range of an operator A is the set
W(A) = {(u, Au) | ||Ju|| = 1}.

In the operator case we can see something similar to example 4.1. The spectrum of our
shift operator on £2 is the unit circle, but its numerical range is the unit disk [TE05, p. 174].
So we see that the numerical range can be much bigger then the spectrum.

'The numerical range can be used to study the behaviour of matrix exponentials, but
according to Trefethen and Embree [TEQS, p. 166], the numerical range also is determined
by the limit when € — 0o of behaviour of the pseudospectrum of o (A).

In the beginning of Chapter 3 we defined T;,. If we just as in Example 4.2 compute
the numerical range, we see that 2n/(2n + 1) is part of the set W (T},). So we see that as
n — 00, 2n/(2n + 1) — 1.So the set W (7},) contains for sure a value close to 1 when n
goes to infinity, which is also what we would expect. Since we proved that when n — oo,
T’, becomes the shift operator when n — 0o and the numerical range W (S) of the shift
operator also is 1.

4.4 Structured pseudospectra

In Figure 4.2 we perturbed with a complex matrix F. Butitis interesting to see that when we
perturb with a real matrix, the eigenvalues of our perturbed matrix lie in a different pattern
compared to the eigenvalues of our perturbed matrix by complex perturbations. This is
visible in Figure 4.3.

When we restrict which € we can use in our pseudospectra (for instance € € R instead
of C), we have structured pseudospectra. There are interesting applications of structured
pseudospectra. We can for instance take the equations

& = Ax + Bu,y = Cz + Du.
After applying the Laplace transformation this leads to the operator-valued function

D+ C(\ - A)~'B.



4.5. Conclusion

If A, B, C are matrices, we get the equations [BL]

AA)U{X € p(A): |[CAT - A)'B| > 1/e} = | ) MA+ BEC).
I1E]<e

These structured pseudospectra are also called spectral value sets and are useful for analysis
of and control of uncertain linear systems.

Real perturbations, n = 50 Complex perturbations, n = 50

1 T 1 T T
05| . 0.5 |
£ o e o ]
-0.5 = —-0.5 =

1 | | | 1 | \ \
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1

Re Re

F1GURE 4.3: Structured pseudospectra. Left: real perturbation. Right: complex perturba-
tions. We did 250 random computations to Jordan Block from size 50, J + E, || E| =
10710, n = 50.

4.5 Conclusion

In this chapter we showed why pseudospectra are useful. Especially useful is the idea that
with random perturbation we can simulate the pseudospectra of a matrix, although this is
not as accurate as real algorithms. This helps us to understand what we see when we perturb
a matrix with a random perturbation.
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Random matrices 5

In Chapter 1 we introduced our problem as the perturbation with a random matrix. In the
previous chapters we started with a deterministic perturbation E with norm || E| < e.
Now we return to the original question. We wanted to know the eigenvalues of

J 4 Noksenk (0, 02).

In section 2.5 we introduced regions of eigenvalues when there were too many pertur-
bations to find an explicit solution. Before we answer the question stated above, we assume
that all our ¢ that we introduced are random variables. We look at the probability that
the eigenvalues lie within the regions we found. Later we will look at complete random
matrices, not just random perturbations at limited places.

We need probability distributions of functions of random variables for the calculations
in this chapter. These distributions can be found in Appendix A.

5.1 One eigenvalue

In Example 2.1 we show that when there is one perturbation ¢, all eigenvalues lie in a circle
with radius {/c. In Appendix A.2 we found that the distribution of {/e, with e ~ N (0, 1)
is distributed with density function
2na™ ! o

nx e_x2 /20.2 .

oV2m
Theorem 5.1 Z = {/|a| is distributed with

fz(x) =

-1
fz(z) = 2L~ 207

oV 2T

with expected value

_ 2m0nT (%) 2nonl (

2n
bz = N

Asn — o0, iz — 1and0%—>0.

D=
S

and variance 0y =

1) (2%%(@#))2

S
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Proof See Appendix A. |

We already saw in Figure 1.1 that when our 0% became smaller, the eigenvalues of our
perturbed matrix are going to a fixed contour. Theorem 5.1 illustrates this clearly. It states
that the variance of the eigenvalues of our perturbed matrix are going to zero when n — oo.

In Figure 5.1 we perturbed with three different € to see the effect on the spectrum, just
as we did in Figure 1.1. We see the same thing happening for the Jordan block with zeros
on the diagonal, for a smaller € the random perturbations are going to the unit circle.

e=10"1 e=10"2 e=10"12
0 L . o }
% - . i
.
—0.5 i \‘/j
-1 \
-1 —05 0.5 1 -1 =05 O 0.5 1 —0.5 0 0.5

Ficure 5.1: Random simulations of J + ¢E, || E'|| = 1, n = 100. Plot are combined plots
of 10 experiments.

n = 100 n = 200 n = 1000
1 v 1 P e n 1 T
o o & ’ ,v’/ \\"\ . A “ b
05| l\;z 1‘1‘7 05 7// | o / \
{ % Ié \
i { g
0| o) [ |
—0.5 | A —0.5 [\, H —0.5 \
-1 | 1 | Skt -1 ; -
-1 -05 0 05 1 -1 -05 0 05 1 -1 -05 O

FiGURE 5.2: Random simulations of J + ¢F, || E|| = 1, & = 1072, Plot are combined plots
of 10 experiments.

5.2 Region of eigenvalues

In this section we assume that all perturbations are normally distributed with mean 0 and
variance o2:

g ~N(0,6%),i={1,2,3}.

For each of the subsections we will use the probability distributions to know the change
that the eigenvalues of a randomly perturbed Jordan block lie within the regions found in
section 2.5.



5.2. Region of eigenvalues

Theorem 5.2 |«| is distributed by

and has expected value \/ga and variance (1 — %) o2,
Proof See Appendix A. [ |

In section 2.5.1 we found all our eigenvalues of J + 1A, 1 + €2A,,_1 1 lie within
r =1+¢,e > 0 provided
le1] + |e2| < 1.

In Theorem A.3 we proved that the sum of two absolute random variables is distributed like
one absolute random variable, but with twice the mean and variance. Soife1 9 ~ N(0, o?),
then |e1] + |e2] is distributed with density function

fy(.%’) — ieﬂzﬂ/zgﬂ'

ovV2m

Therefore when 0 = 1071,

P(|€1’ + |€2| > 1) ~ .11
If 02 = 1072, then this probability is approximately 5 - 10~7. When o2 = 1075,

P(‘Eﬂ + ‘82’ > 1) ~ 0.
So we proved that

0 1
A

£9 o1
€1
lies within the unit circle when €1, €2 are normally distributed with mean 0 and variance
107°.
5.2.1 Anregion dependentonn

In section 2.5.2 we got from these conditions that were dependent on our random variable.
We wanted to find a smaller region and found that our eigenvalues lie within the disk

= Yl + 8,8 > 12 (5.1)

le1]n

if |e1] < 1. By the probability density function of |e1| in (A.2) we see that if 02 = 10~*
that
P(ler] >1)=1-1073.
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When 02 = 1072

So we proved that

lies within the disk with radius 7 from (5.1) when €1, €2 are normally distributed with mean

0 and variance 102,

5.3 Conclusion

We saw that the assumptions we did in section 2.5 are good, since the probability that
random perturbations fall inside this region is big for small . We also saw an explanation
why Figure 1.1 converges when ¢ becomes small. We did not look at complete random

perturbations, that stays a major point of research.
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Conclusions and recommendations 6

We started this thesis with the question what the relationship is between the finite pertur-
bation of the Jordan block and the spectrum of the z-transformation. We can conclude
that

1. 'The scalar and the matrix case have a lot in common.
2. The spectra of operators are unaffected by perturbations.

3. There is clear relation between computing pseudospectra and our random perturba-
tions.

6.1 Relation between scalar and matrix case

We found in section 2.1 that one small perturbation of a Jordan block led to a Pusieux series
with our eigenvalues distributed around a circle with no eigenvalues in common with the
unperturbed eigenvalues. We see that in the matrix case almost the the same happens. In
section 2.6 we found that the characteristic polynomial was

x(\) = det(C)" Ldet(C + (-1)"(C D) 'E)

At the end of section 2.6 we discussed how the characteristic polynomial above looks like.
Depending on the structure of E there are a lot of zeros in the long expression of the deter-
minant.

In the finite dimensional case all eigenvalues would be different, but in the infinite
dimensional case there can be some common eigenvalues.

6.2 'The spectra of operators are unchanged after perturbations

In Chapter 3 we saw that we could perturb an operator, but the spectrum does not change.

6.3 Pseudospectra

We found that the spectrum of a Jordan block is extremely sensitive to perturbations. As a
solution pseudospectra were invented to overcome this.
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6.4 Random matrices

We calculated that the spectrum of our perturbed matrix lies almost always in the regions
we found in Chapter 2. We also noticed that the variance the perturbed matrix is going to
zero, what explains why we see the behaviour of Figure 1.1. o

6.5 Summary

We computed a lot of different spectra, for ordinary matrices and for operators. I created
Table 6.1 with an overview of all these different computations to make it visible how they
are related.

6.6 Recommendations for further research

While we started this thesis with the question how a randomly perturbed matrix is connected
to the spectrum of the z-transform we only looked at random perturbations are certain
places. Since random matrix perturbations are a vivid research field, there can be done
more research in this field. For instance Bordenave and Capitaine [BC14] discussed random
matrix perturbations. It would be interesting to see whether their article could also bring
this research a step forward.

Also the research in the last sections of Chapter 3 is not complete. When the exact
behaviour of the spectrum of z-transformation can be understood, maybe the complete
research question can be answered.



6.6. Recommendations for further research

TasLE 6.1: Eigenvalues (finite) or spectra (infinite) of different matrices/operators.

Finite Infinite
.
0 Al =1
0—
.
1 1 A—1]=1
1_
L
1 Al = "Vlel Al=1
0_
b
D cig(C) U A (4E)
C_ 0€(0,27]
D | A ny(A—1myn—2A—1
det(C + (-1)"D(C~'D)"*C™'E) - o
D ) U A (4E)
det(C)" 1 =0 gefo,27]
C]
C=C-\
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Appendix A

Probability distributions

In this thesis we multiple times use distributions that are a function of a Gaussian distributed
random variable. In this appendix we work out their distributions, expectation and variance.
We assume in all sections that o ~ N(0, 02).

A.1 Distribution of ||

Theorem A.1 || is distributed by

2 2 2
_ —z*/20
@) =7z

and has expected value \/ga and variance (1 — Z) o2,

Proof SinceY = P(|la| < z) = P(a < x) + P(a > —x). We know if we define the error

Sfunction erf(y) as
f(y) 2 /y e " du
erf(y) = — ,
VT Jo

that (by substituting u = $(202)71/2)

2 —z2 /202
e x>0
fr(x) = {‘7 2m , (A1)
0 <0
vo2 22 y—
Fy(y) = P(lal <) (o-n)?/20% g — f< ) A2
V)= Pl <u) = [ v = af (L (A2)

We use this to compute the expectation of ||

R

oV 2m

o0
= 2 /xe_x2/2‘72dx
0

ovV2m
9 00 2
= —\/>O'/ e“du (u: —x2>
T Jo 20
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We use the calculation of

00 oo 2
/ 2o 4o :/ Qd(e_zz/cg)dx
0 o 2

G A
2 2 Jo

= C/ 6712/0 dz

e (o)

CI

v

(where we used that the Gaussian Integm/ equals \/T) to compute

0 9 2
E(|Oé’2) :/ L6712/202 do
o 271'

22 7932/20' dr

oV 2

:ameh

—O'

Therefore we know that

0®=E0wﬂ—Ewm%:Q—w>a.

A.2 Distribution of {/|«|

Theorem A.2 Z = /|« is distributed with

n—1
2nx 2% /20°

€Tr) =
fz(@) oV2m
with expected value
1 1 1 2
2o nl (%t wonl (141 =
Wtz = M and variance 0% = (3 +4) —
NS VT

Asn — o0, uz — 1anda% — 0.

(A.3)



A.2. Distribution of nth root of abs(a)

Proof If we have a function of a random variable Y = g(X), when X is distributed with
probability density function fx, then

fz(x) = fx(g(x)) x |g'()]. (A.4)

Since {/|a| = x, g(x) = a™ ~ |a|. Therefore g(x) is distributed as (A.1). Thus with fx asin
(A1), (A.4) becomes

2

fz(x) = o —*" /20" ‘naz"il‘ (A.5)
n—1
_ 2”1’27( €_x2n/20.2' (A6)

We can use the probability density to compute the expectation.

E(Z) = /Oooxfz(x) dx

_ /OO 2nz™ o206 4 (u _ x27;>
0 2 20

> 2na” 21/2n01/nu1/2n>n+1 e~ du

U\/27r/ 2nx— 1u

n+1

_ 21/2n0_1/nu1/2n> ule  du
oV 2
n+1 n+1
g n 22n o0 n+1_1 —u
= uw2n e “du
2 0

1 1
B n+1
— 2zmonl ( 2n )
NG
Furthermore in a similar way we can calculate

E (ZQ) = /Ooox2fz(x) dx

N /oo 202" o gy (= ﬁ;
0o oV2T 20

oo
_ 1 21/2n0_1/nu1/2n)n+2 u—te—t du
oV2m Jo
n+2 n+2
g n 2 2n o0 n+2_1 —u
= uzn e “du
oV 2T 0

Therefore we know that
ot = ((/il)") ~ & (Vial)’ (A7)

_ 2o (3+d) (2o () "
AL . |
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1o compute the asymptotic behavior of the expectation and the variance, it follows from

hmF<n+1>:hmF<n+2>:F<{>:¢%mdhmCQ:LZ>Q
2 2n n—o0

2

—00 T
2
2 1 2\ . 1 _ 12 _
02y = lim E(2%) CH&E@D =1-12=0. n

In Figure A.1 the expected value and variance is plotted against n.

1072
1 . 1 : 2
—— My
2
0.8 |- Oy |
0.6 - B
Z 0.5 41 K
0.4 B
0.2 -
0 : : : : 0 : : 0
0 20 40 60 80 100 0 20 40 60 80 100
n n

FiGURE A.1: Expected value and variance of "V/]a|, a ~ N(0,02), 0% = 0.01

A.3 Sum of two random variables

Theorem A.3 If X, Y are distributed with distribution function (A.1) with mean px , vy and
variance 0%, 0%, then X + Y is distributed with (A.1) with mean ux + [y and variance
a_%( + 012/.

Proof From [ESO8]. Let Z1 and Zy be two independent standard normal random wvariables
with joint density function

e (4 (5 +3)
T

f(zh ZQ) =

This is function is is rotation invariant, which means that this function has the same value for all
points with the same distance from the origin. Thus, f(T(z1,22)) = f(21, 22) where T is any
rotation around the origin.

It follows that for any set A in the plane P((Z1, Z2) € A) = P((Z1,Z2) € TA) where T

is a rotation of the plane. Now if Xy is normal with mean 0 and variance 0‘% and Xo is normal



A.4. Sum of two absolute variables

with mean 0 and variance 03, then | X1 | + | Xa| has the same distribution as |01 Z1| + |02 23]
Hence
P(Xl + Xo < t) = P(O‘1Z1 + 097y < t) = P((Zl,ZQ) S A)

where A is the half plane {(z1, z2) = 0121 + 0220 < t}. The boundary line 121 + 0229 =t
lies at a distance d = |t|/\/ 0} + 03 from the origin. It follows that the set A can be rotated into
the set

TA= {(zl,zg) | 21 < t/y/o? —l—a%}.

Thus P(X1+ X2 < t) =P <\/0% + O'%Zl < t). 1t follows that X1 + Xy is normal with

mean 0 and variance 03 + o3. This completes the proof- |

Note The proof’is only above the normal case, but I like it a lot more than the convolution
proof. I'still need to adapt it to the absolute case.

=N W e ot
=N W e Ot

‘ N ‘ T
=1 1 2.3 4 5 6 =1 1 2 3 4 5 6

FiGure A.2: Rotation in set 21, 29

A.4 Sum of two absolute variables

We know that
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The sum of two independent normally distributed variables = ~ N (1, 02), y ~ N (1, 07)
is again normally distributed with mean p1, + 1, and variance o2 + O'Z. We know from
section A.1 that

o2, = E (jaf?) — E(a])? = o* - %(72. (A.9)

Since |oy | is distributed with cumulative distribution function Fx (y) with mean o(2/m)/?
and variance (1 — 2/7)0?, |a1| + |ag| is distributed with cumulative distribution function

Fx (y) with mean 2¢(2/7)"/? and variance (2 — 7)o (Theorem A.3). It then follows that

K(y,0) = Pl | + o] <) = f<y—2v<2/ﬂ>/> |

V22 —m)o



Appendix B

System theory in the z-domain

B.1 Norms and spaces

Corresponding to the definition in [Fir12, C.2] we define the £o-space for & (z =€) as
as mapping from Dy to C" for which (B.1) is finite. In Definition B.1 this is made formal.
Definition B.1 (L2-space)

Lo(Dy; C") = {z : Dy — C" | [|Z]| ¢, < o0},

where || - ||z, is called the Lo-norm and is defined as

1 [ .
2l c, = \/%/0 1E(ei)]|2,.d0. (B.1)

HereDy = {z € C | |z| = 1} is the unit circle.

B.2 Bilateral z-transformation

The bilateral z-transformation of an element z = (z)$2.___ € ¢?(C") is defined as
[o.@] [e.e]
Z(x) =x(2) = Z zpz k= Z zpe kP
k=—00 k=—o00

where z is a complex variable that acts as a shift operator and can be written as z =
e with & € [0,27]. This is precisely the Fourier series representation of an element

Z(z) € Lo(6D; C™) with the Fourier coeflicients

zp = 21 (2(2) = 1 %a’:(z)zkldz

2

with the unit circle as the path of integration. Thus, by substituting z = €%

1 2m . . . 1 27 . .
— z (5 _ < (10N i0(k—1) ¢ i0 _ / v (10 bk
Tk (Z(2)) 2mi /., z(e")e (1e”df) 57 /. z(e'”)e"de

Note thatan element Z(2) € L2(0D; C™) has an inverse bilateral z-transform x = ()22 _

(2(C") , where xs are the Fourier coeficients of #(2).
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Appendix C

Proofs

Theorem C.1 (Theorem 3.1) Suppose f € (1(Z), g € (P(Z). Then

7 [ fnokgil? < 00 (C.1)

k=—o00

Jor alln € Z. Define the convolution of f and g (notation h = f * g) as

ho="Y fa-kgr, n €L (C2)
k=—0o0
Then h € (P(Z) and
[Allp < 111 llgllp- (C3)

Proof Ifp = p(p — D  thuspt+pt=pt+(p—1p ! =1, weseethat

oo p
Z Srn—kk

‘hn‘p =

S(i | fne kgk!> (Z

k=—00 k=—00 k=—00

1 1
Z | fr—k|? :b/pkgk by Holder: — + = = 1)
k‘——OO k’_—oo p p

) (S
<§m\fw> (:OO A )

oo

_ < 3 \fnk>p > 1l ol

k=—00 k=—0oc0

p
1/p 1/p
n—kJn—k9k ‘)

IN

57



C. Proors

Therefore
00 00 00 r—1
1Rl = > (P < > (( > |fn_k\> > fnkgkp)
n=—00 n=—00 k=—o00 k=—o00
=A™ > (Z |fnngk|p> (Tonelli-Fubini)
k=—o00 \n=-—00
S ( ) |fm||gk|”> (n— k= m)
k=—o0 \m=—o00
= [IAE" D0 1l D lawl?
m=—00 k=—o00
= [IFIB= 11 gl = LA Nl
Thus ||hllp < |[f111]19]lp- u
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