Exercise Operations Research & Health Care : equitable organ donation

Consider a Kidney Donor Pair (KPD) Exchange, where for each i,j score cij expressing the  expected improvement in quality of life patient i enjoys from receiving a kidney from donor j. 

Let S(N,A) be a directed graph where there is a node n ( N for each patient-donor pair, and an arc from i to j with length cij expressing the expected improvement in quality of life by patient i when receiving the kidney among the kidneys of donors belonging to patient j (henceforth called donor j)  with maximum expected improvement in quality of life.
Unless, stated otherwise, in the problems below, the objective is to maximize the sum of the expected improvement in quality of life over all patients who receive kidneys.

1. Formulate the pairwise kidney donation problem, which corresponds to the case where patient i receives a kidney from donor j, and patient j receives a kidney from donor i if the two nodes i and j are matched. (Notice that this implies that arcs (i,j) and arc (j,i) are together selected as a pair in the matching.) 

2. Show how this problem can be efficiently solved.

3. How can equity be taken into account in the model (other than the ways explores below)?

Consider the egalitarian utitily profile uE as defined by Roth et al. 2005, page 166. A probabilistic matching is called egalitarian if for each node (patient-donor pair) the probability of being matched equals the utitily of the patient in the profile. 

4. Propose an exact or approximate method to find an egalitarian matching with maximum total expected improvement in quality of life (creativity and rigorous analysis will be appreciated).

Let S be the set of all maximal matchings (where a matching s is said to be maximal if there is no pair or arcs (i,j), (j,i) that can be added to the arcs, without rendering the resulting matching to be infeasible.) 

5. Provide an instance of the problem where the ratio of the maximal matching divided by the maximum total expected improvement in quality of life and the maximum total expected improvement in quality of life of an egalitarian matching is maximum. Be aware that quality of life per year is between 0 and 1. Take the relevant (average) QALYs for patients from the literature (evidence based). How many life years do you take into account? 

Donations do not necessarily need to be pairwise. For instance donor i can donate to patient j, donor j to patient k, ….. and donor y to patient z, and finally donor z to patient i.

6. Formulate the general kidney donation problem, where the requirement that the assignments is a matching is dropped. 
7. Propose an efficient solution algorithm for the problem under 6.

For practical purposes, long chains of patient-donor pairs are difficult. Moreover, donors may choose not to donate after their patient has received an organ. Hence, it has been argued that pairwise matching is preferable.

8. Provide an instance D(N,A) which maximizes the ratio between the solution values of the general kidney donation problem and the pairwise kidney donation problem. Be aware that quality of life per year is between 0 and 1. Take the (average) QALYs for patients before, after, and without donation from literature (evidence based). How many years do you take into account? 

9. Propose a practical method to find egalitarian solutions for the general kidney donation problem which maximize the expected improvement in quality of life. Motivate your choice.
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