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Abstract

This paper considers a combination of vehicle routing and load-
ing dock scheduling. Each route has a start instant at the depot and
this instant is subject to capacity constraints for handling the route.
This is an example of synchronized routing. Examples of physical
constraints are a limited number of loading docks and a limited size
of loading crews. During each route, there are also scheduling as-
pects being taken into account, such as the obedience of compulsory
working time directives and meeting strict time windows for delivery.
The complexity of this situation is tamed by a decomposition scheme
where columns for a master problem (which takes the dock capacity
into account) are generated by a routine based on dynamic program-
ming. This column generations framework is assembled as a heuristic:
after generating sufficient columns from the point of view of the linear
relaxation of the master problem, one single instance of an integer
linear program is solved. Strong evidence of the effectiveness of this
approach is provided by cases from two large retailers, one based in
The Netherlands and the other in the United Kingdom. The latter
has the added challenge of an heterogeneous fleet with different dock
capacity constraints.
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column generation, dynamic programming.
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1 Introduction

Models for Vehicle Routing Problems (VRP) have become more and more
elaborate in the past decades. The focus of these model extensions has been
on so-called intra-route constraints. Intra-route constraints effect only single
routes, such that they can be evaluated locally. Examples are limited vehicle
capacities, time windows for serving customers, and precedence relations
(e.g., pickup and deliveries). Recent advances in technology for measuring
road conditions has increased the attention to VRP models accounting for
traffic congestion ([1, 2, 3, 4, 5] ). Moreover, renewed laws regarding driving
and working hours to increase road safety lead to the inclusion of even more
complex intra-route constraints ([6, 7, 8, 9]).

In addition to intra-route constraints, also inter-route constraints emerge
in VRP applications. Inter-route constraints are defined globally, i.e., they
effect multiple routes. Examples are a limited number of long tours (in terms
of, e.g., number of stops) and loading/unloading capacities at the depot (in
terms of, e.g., number of docks available for loading the vehicles). Hempsch
and Irnich [10] propose a generic model for VRPs with inter-route constraints.
Moreover, they derive some efficient local search techniques for evaluating
neighborhood solutions regarding these inter-route constraints.

Other works regarding inter-route constraints are of Wen et al. [11] and
Ebben et al. [12]. Wen et al. [11] consider workload restrictions at a central
depot from a cross-docking perspective. The cross-docks require alignment of
the deliveries and pickups at the depot. Ebben et al. [12] consider a dynamic
vehicle scheduling problem with multiple resource capacity constraints. The
application they consider is an automated transport system using Automated
Guided Vehicles. The problem is a real-time scheduling problem with full
truckloads. The inter-route constraints appear in terms of a restricted num-
ber of vehicle parking places, which are used when vehicles have to wait until
a dock becomes available for (un)loading the vehicle.

We consider in this paper a problem motivated by practice. A large re-
tailer in the UK faces many trucks that are scheduled to leave the depot
early in the morning when provisioning its grocery stores. Ignoring the lim-
ited number of docks available for loading these vehicles leads to congestion
at the depot, and resulting dispatch delays. To avoid this congestion at the
depot, we must balance the workload for loading the vehicles. Therefore, we
consider a VRP with inter-route constraints in terms of a limited number of
loading docks at the depot. Moreover, we consider vehicle capacities, time
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windows, and driving hours regulations.
When it comes to avoiding congestion, timing plays a crucial role. Since

waiting time at customers is costly, we consider minimizing route duration as
one of the objectives ([13, 5]). As a result, different sequences of stops may
result in different departure times from the depot and, therefore, different
loading periods. So, delay caused by congestion can be avoided by reordering
the stops within a route. In addition, the start times of certain routes may be
delayed (if time windows along the route allow this) to create room at busy
periods at the depot. We exploit this opportunity in our solution approach.
Start time optimization is one of the main differences with existing models
for depot loading dock constraints, such as the one from Hempsch and Irnich
[10].

We propose to solve the VRP with loading dock constraints using column
generation. Column generation is a decomposition approach that has proved
to be successful in solving rich vehicle routing problems ([14, 15]). Moreover,
the decomposition framework allows for a strong separation of inter-route
and intra-route constraints.

We propose a formulation in which the (inter-route) loading dock con-
straints are modeled explicitly in the master problem, while the (intra-)route
constraints are taken care of by the subproblem. Feasibility with respect to
the inter-route constraints depends on the scheduled start times of the vehicle
routes: only a given maximum of routes may start simultaneously. In fact,
each route has a handling period at the depot and the limitation of loading
dock capacity holds during this period, but we discretize the planning hori-
zon into time buckets referred to as sample intervals and limit the number
of routes whose handling periods intersect the same sampling intervals.

Each vehicle route generated by the column generator may be feasible for
a large number of start times. To provide the master problem with a limited
number of columns, the column generator generates multiple columns for
each visit sequence for a predefined set of start times. Only columns with
feasible start times are provided to the master problem. When generating
different start times for the same visit sequence these differ in steps equal to
the size of the sample intervals.

We test our solution approach on a data set from a large retailer in the
UK and another large retailer in the Netherlands. In these cases, the number
of loading docks at the depot plays a restrictive role. We investigate the
impact of the loading dock constraints on the solution cost, as well as the
‘infeasibility’ of solutions in case these constraints are ignored. Moreover,
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we do a sensitivity analysis on the size of the sample intervals. The smaller
the sample intervals, the more options the master problem gets for finding
solutions with respect to the loading dock constraints, but against more
computation time.

This paper is organized as follows. In Section 2, we give a formal problem
description of the VRP with loading dock constraints. In Section 3, we
propose our model for the loading dock constraints and in Section 4, we
propose our solution approach. In Section 5, we describe the two case studies
and present the outcome and in Section 6, we conclude this paper.

2 Problem Description

We consider an extension of the classical VRP with time windows (VRPTW).
In the VRPTW, we are given a homogeneous vehicle fleet, located at one
depot, and a set of customers, each having a certain demand and a time
window. The objective is to find a set of vehicle tours of minimal cost, each
starting and ending at the depot, such that the total demand along each tour
does not exceed the vehicle’s capacity, and service at each customer starts
within the given time window. If a vehicle arrives early at a customer, it has
to wait. The traditional objective is to minimize the total distance traveled.

Since waiting times at customers are costly, we include these costs in the
objective function. Moreover, in practice waiting times are often not accepted
if these can be avoided by departing later from the depot, without making
the route infeasible. We refer to such waiting time as avoidable waiting time.
We remove all avoidable waiting time in a route by optimizing the start time
of each route. We refer to this procedure as making the route compact. The
objective is to 1) complete the route as early as possible, and 2) minimize
the route duration.

We also consider driving and working hours regulations, which require
breaks of sufficient duration after a maximum amount of accumulated driv-
ing/working time. Such breaks highly impact the feasibility of the remainder
of the route. In this context, working time includes all activities after starting
the route, i.e., loading, traveling, waiting, and serving time.

Making a route compact is much more complex when considering driving
hours regulations, as illustrated by Kok et al. [9]. Delaying the start of
a route may not only reduce its cost, but may also make it feasible. For
example, if a delay of the start of the route reduces waiting time, it also
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reduces working time, such that less breaks may have to be taken in the
route.

The depot has a certain number of loading docks. The total number of
simultaneous loading activities may never exceed this number. In one of
the two case studies in Section 5, the vehicle fleet is heterogeneous. In that
case, there are two types of vehicles, each having its own dock type. The
restriction on the number of simultaneous loading activities is then defined
per vehicle type.

3 Modeling Depot Loading Docks

The restriction on the number of loading docks is an inter-route restriction.
Shifting the start time of a route may reduce the number of violations of
the restriction on the number of loading docks. However, the intra-route (in
this case timing) restrictions of the route under consideration should also be
respected, which can be evaluated locally. To separate the evaluation of the
inter- and intra-route restrictions, we propose to model the loading times as
follows.

First, we discretize the time in appropriate sized sample intervals. These
sample intervals represent periods of time a vehicle occupies a loading dock.
Next, for each sample interval, we count all loading activities during this
period. The total number of loading activities should not exceed the number
of available docks. Figure 1 gives an example of this model with 3 vehicles
loading at the depot.

Note that we may lose loading capacity with this model, since vehicles
that load only during a part of a sample interval are considered to occupy
a dock during the whole sample interval. By making the size of the sample
intervals appropriately small, we may resolve this loss of loading capacity. In
Section 5, we conduct a sensitivity analysis on the size of the sample intervals.

The sample interval model allows for a separation of concerns with re-
spect to the inter- and intra-route constraints. The inter-route constraints
are evaluated by counting the number of loading activities for each sample
interval. Next, the relevant start times of each route are limited. The earliest
relevant start time is the start time of the compact route (recall, a route is
compact if the completion time is minimal, and the route duration is min-
imal given this minimal completion time). The other relevant start times
are the start times of the successive sample intervals later than the earliest
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Figure 1: Example of sample interval model

relevant start time, and for which the route is still feasible. The determina-
tion of relevant start times, which requires re-evaluation of the intra-route
timing constraints, is limited and can be done without explicit knowledge of
the inter-route constraints. Figure 2 shows the resulting dock schedule after
balancing the workload (assuming that only one loading dock is available)
under the relevant start times.

4 Solution Approach

We propose to solve the VRP with loading dock constraints using column
generation. The inter-route constraints are evaluated in the master problem,
the intra-route constraints in the column generator. Section 4.1 describes
the column generator in detail.

For the restricted master problem (RMP), we consider the following gen-
eralization of the model presented in Cordeau et al. [16]. We closely follow the
notation used there, being Ωk the set of feasible routes for a vehicle of type
k ∈ K and K the set of different vehicle types. Our model accommodates a
heterogeneous fleet.

Unlike the model in [16], we avoid symmetry by aggregating all routes
with vehicles of the same type. We can do that since from our model as-
sumptions all routes that only differ by the specific vehicle used have the
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Figure 2: Example of sample interval model after balancing

same cost, provided that these vehicles are of the same type.
For each route ω ∈ Ωk, let ckω be the cost of this route and let θkω be a

binary variable equal to 1 if and only if route ω is selected. Furthermore, let
vkω indicate that route ω uses a vehicle of type k, being then equal to 1, and
aiω indicates if order i ∈ N is delivered within route ω. Next, bktω indicates if
route ω, which uses a vehicle of type k, is loading at the loading dock during
sample interval t. Finally, let nk be the number of vehicles of type k available
and nk

t the number of docks available for vehicles of type k during t. Here
we assume that the docks are specific for a vehicle type, which is a common
situation in the UK for loading single and double deck trailers.

min
∑

k∈K

∑

ω∈Ωk

ckωθ
k
ω (1)

st:
∑

k∈K

∑

ω∈Ωk

aiωθ
k
ω = 1 ∀i ∈ N (2)

∑

ω∈Ωk

vkωθ
k
ω ≤ nk ∀k ∈ K (3)

∑

ω∈Ωk

bktωθ
k
ω ≤ nk

t ∀t ∈ T, k ∈ K (4)

θkω ∈ {0, 1} ∀k ∈ K,ω ∈ Ωk (5)
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We aim at minimizing total costs in (1) while (2) forces each order to
be delivered from a route. The number of available vehicles of each type is
limited by (3) while (4) ensures enough dock capacity per sample interval
and per vehicle type.

We remark that constraints (2) are equalities, i.e. defining a partition
model; since the specificities of our problem prevent obtaining good solutions
by removing possibly doubly covered rows which are allowed in a cover model.
One of the reasons is the deprecation of waiting times in routes, which often
arise when eliminating one order from a route.

Our approach is as follows:

• Start with a set of dummy columns that ensures feasibility of (2) by
delivering one order per route. These will have prohibitively high costs
and consume neither real vehicles in (3) nor docks in (4), i.e. vkω and
bktω are all equal to 0.

• For each set of columns, we consider a restricted Master Problem de-
fined only on them.

• Solve the Linear Relaxation of the restricted Master Problem to obtain
the shadow prices of all constraints.

• Request new columns with negative reduced costs from the generator.

• Repeat until no new columns are added or no improvement in the
objective function is registered for a prespecified number of iterations.

• Optionally eliminate columns which seem less promising.

• Solve the integer version of the last obtained restricted master problem

4.1 Column Generator

To generate the columns, we use the Dynamic Programming (DP) based on
the famous DP algorithm for the Traveling Salesman Problem (TSP) of Held
and Karp [17]. This algorithm for the TSP can be described as follows. The
TSP considers the problem of visiting a set V = {0, 1, ..., n− 1} of n cities
exactly once, starting and ending at city 0, and minimizing the total travel
distance. The travel distance between each pair of cities i, j ∈ V is given
by cij. A state (S, j) , j ∈ S, S ⊆ V \0 in the DP algorithm represents a
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path with minimal travel distance, starting at city 0, visiting all cities in
S exactly once, and ending in city j. The cost C (S, j) of a state is given
by the length of this path. In the first stage, the costs of the states are
determined by C ({j} , j) = c0j, ∀j ∈ V \0. Next, in each successive stage
the costs of the states are calculated with the recurrence relation C (S, j) =
mini∈S\j {C (S\j, i) + cij}. Finally, the length of the optimal TSP tour is
given by minj∈V \0 {C (V \0, j) + cj0}.

All intra-route constraints in the problem definition — such as vehicle
capacity, time windows, driving hours regulations — can be incorporated in
this framework as described by Gromicho et al. [18]. Also the costs for the
TSP can be easily altered to represent the reduced costs for the new column.
The shadow prices of the sample intervals are hereby ignored, as the start
time is determined after the DP algorithm. For each vehicle type, a TSP is
solved using the bounding described in [18] to get reasonable computation
times. The number of solutions expanded in each stage of the DP algorithm
(H) as well as the number of expansion per solution (E) are bounded.

During the DP algorithm, the best b feasible (possible intermediate) solu-
tions are kept as possible columns. For each of these b best routes, we create
multiple columns for the RMP by considering several different start times.
First, for each route the latest start time is determined for which the comple-
tion time of the route is minimal; this is the first start time considered. This
is done as starting earlier would introduce avoidable waiting times during
the route. After this, the start time is repeatedly shifted to the start loading
at the dock at the start times of the following sample intervals. This shift
is performed at most s − 1 times to limit the number of columns generated
in case the time windows are not restrictive. This results in at most b × s

generated routes which are returned as columns to the RMP. Note, all but
one of these routes start at the start of a sample interval to minimize the
number of sample intervals that intersect the loading at the loading dock.
The only exception for each route is the first start time considered (the start
time of the compact route).

4.2 Extensions

As mentioned in Section 4, our model already accommodates for a heteroge-
neous vehicle fleet. However, each type of vehicles may have its own set of
loading docks assigned to it. If some docks can accommodate multiple vehi-
cle types, a new subproblem is added to the problem: assigning the routes to
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a dock. When a route is assigned to a dock, it should not switch to another
dock for another sample interval, because this takes time and is disapproved
in practice.

To accommodate for this subproblem, the docks should be divided in
different dock types D where every dock of a specific type should be able
to handle the exact same set of (types of) vehicles. We change the model
by choosing explicitly a feasible dock type for each route, adding multiple
columns for the same route if the vehicle type can be accommodated by
multiple dock types.

To incorporate this in the RMP, we add the dock type d ∈ D to the
notation of θ and Ω ( ω ∈ Ωdk and θdkω ). Furthermore, the superscript k

on bktω and nk
t is changed to d (bdtω, n

d
t ), to reflect the dock type that is used

by route ω. For each route generated by the generator for vehicle type k,
multiple columns are added to the RMP for each dock d ∈ D that can load
vehicles of type k.

5 Case Study

We test our solution approach on two case studies. Case 1 contains a dataset
from a large retailer in the UK; Case 2 contains a dataset from a large retailer
in the Netherlands. We implemented the column generation approach in
C++, and embedded it in the vehicle routing software ORTEC Transport and
Distribution (OTD). This software already contains an implementation of the
DP algorithm used as column generator. This implementation can handle a
vary wide range of realistic constraints. We extended the DP algorithm with
the possibility of using reduced cost as the objective, and with providing
multiple columns at once. The latter was done by providing the best b

solutions found for the subproblem. We ran our tests on a PC with 3.00
GHZ Duo CPU and 3,25 GB of RAM.

We run three tests with the case studies. First, we investigate the impact
of the loading dock constraints. We do this by solving each case two times,
where we relax the loading dock constraints the second time. Second, we
investigate the impact of the size of the sample intervals. Third, we investi-
gate the impact of adding flexibility by introducing some avoidable waiting
time (recall that avoidable waiting time is waiting time that can be avoided
by departing later from the depot, without making the route infeasible). In
the case of the UK retailer, time windows are very strict (often even limited
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to one minute). Therefore, delaying the start of a trip beyond the earliest
relevant start is often infeasible. We investigate the impact of adding some
flexibility by allowing to introduce a limited amount of ‘avoidable’ waiting
time.

5.1 Description of the test set

5.1.1 Case 1

Two vehicle types are distinguished: single deck trailers and double deck
trailers. Both trailer types have their own dedicated loading docks: 10 for
single deck trailers and 2 for double deck trailers. Therefore, the master
problem contains two loading dock constraints. The loading time for each
vehicle is fixed at 30 minutes.

Each trailer type results in a separate subproblem (single deck trailers
and double deck trailers have different characteristics, such as capacities,
but within each type the characteristics are the same). Besides a difference
in capacity, single deck and double deck trailers also differ in costs: 0.30 per
kilometer and 30 per hour for the single deck trailers, 0.50 per kilometer and
50 per hour for the double deck trailers.

The case contains 313 orders. There are 150 vehicles available: 120 single
deck trailers and 30 double deck trailers. Time windows are often very strict,
limited to 1 minute (these time windows actually represent appointments for
a delivery time, instead of a delivery time window). Since we only consider
compact routes (waiting time in a route that can be avoided by delaying the
start of the route is not allowed), this often leads to only one feasible start
time for a given visit sequence.

In addition to time windows, vehicle capacities, and loading dock con-
straints, the problem also contains restrictions with respect to drivers’ hours
regulations. Since the case considers day planning, the relevant rules are
limited: a break of at least 45 minutes should be taken after at most 4.5
hours of driving or at most 6 hours of working. For scheduling the breaks
and making the routes compact, the labeling algorithm of Goel ([19]) has
been embedded in the column generator. For performance reasons, only the
‘cheapest’ label is maintained at each state of the DP algorithm.
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5.1.2 Case 2

Case 2 contains only one vehicle type. There are 329 orders and 200 vehicles
are available to serve them. The costs of these vehicles is 0.33 per kilometer,
35 per hour, and 100 fixed cost per used vehicle. There are 10 loading docks
available and the loading time is variable, depending on the amount to be
loaded. The drivers’ hours regulations are the same as in Case 1.

5.2 Impact of loading dock constraints

We first investigate the impact of the loading dock constraints in both cases.
We set the size of the sample intervals to 30 minutes. If we relax the loading
dock constraints, the maximum number of simultaneous loading activities in
the solution for Case 1 is 22 single deck trailers. This is more than double the
amount of available loading docks for these trailers. In Case 2, the maximum
number of simultaneous loading activities is 14. In other words, ignoring the
loading dock constraints may lead to heavy congestion at the depot.

When we include the loading dock constraints, the solution cost for Case 1
increases by 16%. This is to be expected due to the large congestion issue
to be solved by balancing the workload at the depot. Moreover, the very
strict time windows in Case 1 does not allow to solve the workload balancing
problem by delaying the start times of the vehicle routes; reordering the stops
is really necessary. For Case 2, the impact of the loading dock constraints is
much less. The solution cost even decreases by 1% when including the loading
dock constraints (this can be explained by the heuristic solution method).
Since the congestion problems at the depot are much less than in Case 1
and the time windows are wider, there are many more options to solve the
workload balancing problem

5.3 Sensitivity analysis: impact size of sample inter-

vals

We investigate the impact of the size of the sample intervals on computation
time and solution quality by reducing it to 15 and 5 minutes. Table 1 shows
that the size of the sample intervals has the biggest impact on the results
of Case 2. The solution cost reduces by 7% when reducing the size of the
sample intervals from 30 to 15 minutes, against 23% more computation time.
A sample interval duration of 5 minutes is best for Case 1. For Case 2, a 15
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minutes sample interval duration gives the best trade off between solution
quality and computation time.

Sample interval Case 1 Case 2
duration (min.) Cost CPU Cost CPU

5 97% 103% 93% 139%
15 100% 100% 93% 123%
30 100% 100% 100% 100%

Table 1: Relative change in solution cost and computation time with respect
to 30 minute sample interval duration

5.4 Sensitivity analysis: impact allowing avoidable wait-

ing time

By allowing to advance the start of the loading time, we get more room
for scheduling the loading activities at the depot. However, this introduces
avoidable waiting time at the customers, which is disrespected in practical
applications. To investigate the impact of allowing some avoidable waiting
time, we solve the two cases again for several values of allowed waiting time.
Table 2 shows that, in general, solution cost decreases with increasing allowed
avoidable waiting time.

Max allowed avoidable Case 1 Case 2
waiting time (min.) Cost Cost

0 100% 100%
15 95% 99%
30 95% 98%

Table 2: Relative change in solution cost with respect to 0 minute avoidable
waiting time

6 Conclusions

We considered a rich VRP in which inter-route constraints in the form of a
limited number of loading docks play a restrictive role. Our model makes
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some simplifying assumptions, such as grouping the start times into equal
intervals. We proposed a heuristic solution method based on column gen-
eration, where we solve the final master problem for the columns generated
for the relaxed master problem. As column generator, we used a truncated
dynamic programming heuristic. We compared our approach with the naive
approach that just neglects dock capacity, and did a sensitivity analysis on
the duration of the sample intervals. Moreover, we investigated the impact
of allowing extra waiting time at the depot to solve the workload balancing
problem.

We believe that the applicability of this framework is very strong due
to the effect of complexity taming provided by column generation: most of
the complexity goes into the generator and this is relieved from the task
of assembling multiple routes, since it generates individual routes that were
assembled by the master problem. For the generator, we could successfully
use the rich dynamic programming framework of Gromicho et al. [18].
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