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Abstract

The introduction of the computer in psychological and educational testing has enabled us to record
response times on test items in real time, without any interruption of the response process. This
article reviews key principles for probabilistic modeling of these response times and discusses a
hierarchical model that follows from the principles. It then shows the potential of the model for
improving the current practices of item calibration, adaptive testing, controlling test speedednes,
and detection of cheating.
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A response to a test item is always the result of two equally important factors — the test
taker and the item. The very reason why we test a person is an interest in his or her
ability. But it would be naive to consider an interest in the ability as a reason to neglect
the properties of the item. In fact, we can only infer a test taker's ability level from his
responses to the extent that we are able to separate its effect on them for those of the
items. Hence the crucial question, how to separate these two kinds of unknown effects?

The question is not new; it has been addressed in a long tradition in test theory, which
dates back all the way to Binet's scaling of the items in the first intelligence test (Binet &
Simon, 1995), and runs via Thurstone's (1925) pioneering work on scale theory,
Lazarsfeld's (1950) idea of latent structure analyses, to the more recent developments in
item response theory. Although the tradition is thus much older, we had to wait for
Lazarsfeld for the current terminology of latent variables and parameters. All of his work
rests on the fundamental distinction between what is manifest and latent: the only thing
observed in testing are responses (manifest data), but what we are actually interested in
are the unknown abilities (latent variable) and properties of the items (latent parameters).

One of the most lucid discussions of how to disentangle latent effects was given by
Rasch (1960). The solution consists of the specification of a formal model for the
interaction of the latent effects on the responses. Suppose we have (dichotomously
scored) responses Uij to items i=1,...,| and persons j=1,...,J. Let 6’J denote the
latent ability of person j and b* the latent difficulty of item i . Rasch argued that the
probability of a correct response to an item should be a function of the ratio

0—' )
b
or, for 6 =exp(d;) and b =exp(h), the difference
0, -h. 2)
As function, for simplicity, he chose the logistic
W(x)=[1+exp(-x)]". 3)

Substitution of (2) into (3) gives the well-known Rasch model for the probability of a
success on an item,

PriU; =1]6;} =[1+exp(—(6; b)), “
as a function of the unknown ability &; .

It is key to note that the left-hand side of the equation is the probability of a manifest
response whereas its right-hand side contains the latent parameters representing the
person and item effects. Separating these effects requires thus nothing but a model with
explicit parameters for them that explains their interaction. Therefore, measuring a test
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taker's unknown ability just amounts to statistical estimation of his or her parameter from
the observed responses.

One of the highlights in Rasch's monograph is his illustration of the universality of the
principle of modeling latent effects, using Maxwell's re-analysis of Newton's concepts of
mass and force (Rasch, 1960, chap. 7). When Newton introduced his famous laws of
motion, it was already known how to measure the acceleration of a body but still unclear
how to deal with the notions of mass and force, let alone how to measure them. Clearly,
an acceleration g; is the result of a force F; by an agent ] acting upon a physical body
i with mass M. Newton's second law equates the manifest acceleration to the ratio of
the latent force and mass; that is, as

Fi
g = H (%)

Analogous to ability measurement, the equation allows us to determine the force that
acted on a body by adjusting its acceleration for its mass.

Of course, although the parallel between (1) and (5) is striking, and it will even be
continued in a fundamental equation of response-time modeling presented below, the
assumption of a ratio is not necessary. If it were, all of physics would have been built
around ratios between pairs of variables — a clear contradiction with its current, highly
complex body of knowledge. What counts is formal modeling with separate parameters
for each effect and a structure that reflects their interaction. Also, for probabilistic
modeling, except for convenience, it is hard to make a principled choice for a specific
function as the logistic in (4). In the empirical examples presented later in this paper, we
use a modification of the logistic function with two additional item-specific parameters to
represent more complicated item effects. The use of explicit parameters for each effect
still allows us to separate them.

1. Principlesof Response-Time Modeling

Thanks to the advent of the computer in testing, we are now able to record routinely the
response times (RTs) by test takers on test items. In anticipation of this development, the
recent literature on test theory has already shown several models for the analysis of RTs.
Basically, the models belong to two different categories: (i) distinct models for RT
distributions without any reference to the responses on the same items; and (ii) models
integrating responses and RTs (that is, extensions of response models that incorporate
RTs or models for RT distributions that include response features).

A prominent example of a model in the first category is Rasch's gamma model for
reading speed, which models RTs independently of the responses to the items. [Actually,
Rasch seemed uncertain as to the status of the parameters in this RT model. He referred
to them as ability and difficulty parameters, just as in his Poisson model for reading
errors; see his comment on these parameters (Rasch, 1960, p. 42).] Gamma distributions
were also used for RT modeling in Maris (1993). But they are not the only type of
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distributions that have been proposed for RTs; for example, Tatsuoka and Tatsuoka
(1980) based their RT model on the Weibull distribution.

Examples of response models that incorporate RTs are the versions of the Rasch model
by Roskam (1987, 1997) and Verhelst, Verstralen and Jansen (1997). The major
difference between these two models is the addition of the logRT and a separate
parameter for the speed of the test taker as an extra term to the parameter structure of the
Rasch model in (4), respectively. The best known version of a model for a RT
distribution that includes response modeling is Thissen's (1983) model, which regresses
the log RT simultancously on new RT parameters as well as the typical parameter
structure used in dichotomous response models.

Before choosing any RT model, we reflect on the principles that should guide our choice.
The discussion in the following sections is derived from van der Linden (2009a).

1.1 SingleTest Taker and Item

The RT model should be specified for a single test taker responding to a single item. For
models at this level, it is always possible to move up and derive results for aggregated
RT distributions across items and/or persons; for instance, to explain such distributions
across adaptive testing (Hornke, 2000, 2005) or in item banks (Scrams & Schnipke,
1999). On the other hand, models specified directly at a higher level of aggregation do
not allow for any result at a lower level. For some of the current models, because of the
lack of explicit indices for their parameters, it is even difficult to determine at which
level they should apply (e.g., Tatsuoka & Tatsuoka, 1980).

1.2 Random RTs

Each RT observed for a combination of a test taker and item should be treated as the
realization of a random variable, even though the event cannot be replicated because of
memory and/or learning effects. For simple tasks for which such effects are absent or
completely negligible, e.g., quick decisions, judgments, or motor tasks, experimental
research on reaction times in psychology has presented overwhelming evidence of
randomly varying RTs (e.g., Luce, 1986). Models that regress responses on observed
RTs (e.g., Wang & Hanson, 2005) go against this principle.

1.3 Statusof Parameters

The previous two principles seem to suggest that RT models follow structures typical of
item-response theory. Both should allow for person and item effects in the form of
appropriately indexed parameters, the major difference being only in the type of
distribution they explain (responses vs. RTs). However, it would be inappropriate to
assume anything beyond an analogy, for instance, common parameters.
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Speaking in favor of this is the earlier identical interpretation of the person and item
parameters as ability and difficulty parameters in the Rasch (1960) models for reading
speed and reading error. This interpretation ignores the fact that latent parameters are not
measured directly and, hence, can derive their meaning only from the manifest variable
that is modeled.

For instance, persons parameter in response models can only be interpreted referring to
the differences in the probability of success on items between test takers. Likewise,
differences between person parameters in RT models reflect differences in time
distributions between persons. These points are missed if we refer to both using the same
predicate of "ability". For reasons that will become clear below, we will refer to
differences in RT distributions between persons as differences in speed.

Similarly, we should not reify item parameters; that is, avoid assigning any existence to
them beyond the effects of the items on the response and RT distributions they represent.
An item is more difficult because it does have a higher error rate (not the other way
around). But a higher error rate is not the same thing as a tendency to a longer response
time. The latter depends, for instance, on the amount of material that has to be read or the
number of computation steps that are involved. We will refer to items that require longer
processing time as more labor- or time-intensive items.

Of course, under certain conditions, ability and speed parameters may correlate across
test takers. Likewise, difficulty and labor intensity parameters may correlate across
certain types of items. But such (positive or negative) correlations should not be taken to
be evidence of their representing identical effects.

1.4 RT and Speed

In contradiction with the tradition of latent variable modeling, which forces us to
carefully distinguish between manifest RTs and the latent parameters required to model
their distribution, the psychological literature on reaction times seems to have
confounded these quantities. A prime example is the typical way in which speed-
accuracy tradeoffs are reported, as proportions of successes plotted against average
response times (e.g., Luce, 1986, chap. 6). Confounding time with speed, however,
would be the same error as asking our colleagues how long it takes them to drive to
work, and then conclude that the one with the shortest time drives fastest. The missing
factor, of course, is the distance driven. Similarly, equating raw RTs on an item with
speed overlooks the amount of labor required to solve it.

In fact, response time, speed, and labor intensity relate in the same fundamental way as
the probability of success, ability, and difficulty in (1) and acceleration, force, and mass
in (5). RTs are measured directly, but a test taker's speed and the labor intensity of an
item are not measurable in any direct way. They are related, however, through the
definition of speed as the amount of labor per time unit: Let t; denote the amount of
time spent on item i by test taker j, 4" the amount of labor required by the item, and
T] the (average) speed at which the test taker works. The standard definition of speed of
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labor is the amount of labor over time; that is, 7; = /'/t; . Moving the response time to
the left-hand side of the equation, we get

—
Il

, (6)

N |_h
AN AsY

which, again, models a manifest quantity as a ratio of two latent effects. This
fundamental equation is the core of the lognormal model for RTs discussed in the next
section.

1.5 Speed-Accuracy Tradeoff

Another issue that needs further clarification is the relationship between speed and ability. A
main motive of the earlier modeling of RTs on test items was an attempt to account for a
speed-accuracy tradeoff between the responses and RTs on test items. Psychology had
demonstrated such tradeoffs for numerous tasks, and the analogy between experimental
subjects working on them and test takers responding to items seemed too convincing to
ignore. Obviously, the resulting models belong to the category that we have indicated earlier
as integrate models for responses and RTs; examples are those by Roskam (1987, 1997),
Thissen (1982), and Verhelst, Verstralen, and Jansen (1997).

A speed-accuracy tradeoff, however, is a within-person relationship that manifests itself
as a decrease of accuracy when a subject speeds up. Speed-accuracy experiments in
psychology are designed to induce changes in speed in subjects and observe the effects
on their accuracy. However, psychological and educational tests are usually built on the
assumption of constant speed and ability during testing. Observed violations of the
assumption, such as a slow start or hurrying toward the end of the test, are typically
viewed as flaws in the design of the test (e.g., unclear instructions; time limit too tight)
that need correction.

The assumption of constant ability underlies the presence of one fixed ability parameter
per person in the response model. A long history of fitting response models with such
parameters confirms the reasonableness of the assumption. Further, the presence of a
speed-accuracy tradeoff implies constant speed as a main condition for constant ability.
Thus, in somewhat of an ironic twist, the speed-accuracy tradeoff actually forces us to
ignore the relationship between speed and ability when modeling responses and RTs on
test items!

It would be incorrect to accept a negative correlation between responses and RTs across
test takers as evidence of a speed-accuracy tradeoff. Figure 1 shows how the same type
of tradeoff could lead to different correlations across test takers. Each of the curves
represents a hypothetical tradeoff within a test taker. During the test, most likely on the
basis of a combination of the instructions to the test and personality factors, test takers
decide on their level of speed and, in doing so, fix their level of accuracy (ability).
Depending on these individual decisions, the results can be a positive, negative or zero
correlation between speed and ability.
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Figure1:
Positive, negative, zero correlation between speed and accuracy for the same test takers and
underlying speed-accuracy tradeoffs

1.6 Conditional Independent Responsesand RTs

A final issue that needs clarification is the dependence between responses and RTs.
Descriptive studies of testing data suggest negative correlations between them (incorrect
answers take more time) (e.g., Hornke, 2000, 2005). Although our intuition appears to
support this finding ("low ability students muddle along for a longer time and then give a
wrong answer"), we should be aware of the fact that, for each combination of test taker
and item, we have only one response and RT, and to draw any conclusion we have to
aggregate them across items and/or persons. Such aggregation is known to lead to
artefacts. For instance, when aggregating across test takers with different levels of
ability, responses on different test items correlate, but given a level of ability they tend to
be independent ("local independence™). The same holds for RTs aggregated across test
takers operating at different speed, whereas correlation between speed and ability across
test takers leads to correlated responses and RTs on the same item.

In addition to all earlier requirements, such as separate subject and item parameters,
random responses and RTs, etc., the modeling framework in the next section assumes
conditional independence between responses and/or RTs but also explains correlations
observed at a higher level of aggregation.

2. Hierarchical Model of Responsesand RTs

The previous desiderata imply distinct models for the response and RT distributions for a
single test taker on a single item. Both models require separate person and item
parameters, which can be interpreted only in terms of effects on response probabilities
and RT distributions. Unless the goal is modeling changes in persons over time, the
person parameters in both models are fixed constants; in particular, it is inappropriate to
treat the person parameters in the response and RT model as functions of each other to
reflect a speed-accuracy tradeoff. Finally, although it makes sense to assume conditional
independence between responses and/or RTs given the person parameters, their models
should be part of a hierarchical structure that explains the dependences between them
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across items and/or test takers. The following two-level modeling framework meets these
principles.

2.1 First-Level Models

The model for the RT distribution by a test taker on an item follows from the basic
equation in (6) in two simple steps: First, it is well known that RT distributions tend to be
skewed, the skew being the result of the presence of a natural lower bound but the
absence of any upper bound on RTs. A standard way of removing the skew is a
logarithmic transformation of (6),

Int; = 4 -7, (7

with £ =Inf" and 7; =In7] . Second, to allow for the random nature of RTs, we add a
random component to the previous result:

Int, = 8 —7, + &, with & ~ N(0,c). (8)

The final result is identical to the following lognormal model for the distribution of the
RT:

%

1 2
p(ty;7),00,8) = tij\/ﬂexp{_a[% (Int; — (5 ~7 ))] }’ ©)

where 7; € (—e0,0) is the speed at which | operates during the test, and /3 € (—oo,o0)
and ¢ € (0,00) are parameters for the labor-intensity and discriminating power of item
i, respectively. Because £ represents the effect of the item on the mean logtime, we
also refer to it as its time intensity. Observe that ¢; is the inverse standard deviation of
the RT distribution. The choice of the inverse allows us to interpret ¢; as a
discrimination parameter, analogous to the one in the response model below.

The introduction of the RT model has no consequences whatsoever for the response
model. Both are distinct, and the responses and RTs are assumed to be conditionally
independent. In the applications below, we used the 3-parameter logistic (3PL) model,
one of the mainstream models in educational testing. The model can be written as

exp(3 (0, —h)]

p6)=PrU; =116,)=¢ +(1—Q)m,

(10)

where 0, is the parameter for the ability of test taker j, and &, b, and ¢ are
parameters for the discriminating power, difficulty, and height of the lower asymptote of
the response probability of item i , respectively.

Notice that (10) defines the probability of a correct response; unlike (9), it is not the full
probability function for a random variable with a Bernoulli distribution. Although their
two parameter structures may suggest so, the two models are therefore not analogous.
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For instance, /4 —7; is the mean of the log RT on the item, but &, —h is not the mean
response, which is p,(6,) . Also, the fact that Int; — a quantity measured with a natural
unit; e.g. seconds — is part of the argument of (9) gives all of its parameters a scale with a
fixed unit; we only need one additional constraint to fix its arbitrary zero (e.g., &, =0).
On the other hand, the response model in (10) has both an arbitrary unit and origin. For
more details on this issue, see van der Linden (2010).

2.2 Second-Level Models

The previous two models are for the marginal distributions of the response and RT by a
test taker on an item. Although these distributions are assumed to be independent, as
already noted, responses and RTs may show substantial correlation across test takers
and/or items. To allow for such dependencies, two separate second-level models are
required, one for the joint distribution of the person parameters in (9) and (10), and
another for the distribution of their item parameters.

Suppose that the data are aggregated across test takers in a population P . We assume
that their parameters have a multivariate normal distribution. That is,

(0,7) ~ MVN(ly,, 2y, ) )

with [, the vector of the population means of # and 7 and X, their covariance
matrix.

The joint distribution of all item parameters is modeled analogously as

(a,b,C,O(,,B) ~ MVN(“abcaﬂ’zabcaﬁ)a (12)

with Py.s the vector of the means of all item parameters and 2., their covariance
matrix.

The full two-level model is represented in Figure 2. Observe that, in spite of the fact that
the two models are for the same item and person, the two lower-level models have no
direct arrows between them. This symbolizes the fact that the responses and RTs are
independent, the response parameters have no impact on the RTs (and the other way
around), and the parameters in the two models are entirely distinct.

2.3 Statistical Treatment

The lognormal model in (9) was proposed in van der Linden (2006), the extension
involving the complete hierarchical framework in van der Linden (2007). Klein Entink,
Fox, and van der Linden (2009) extended the framework with covariates for the person
parameters. The choice of the specific component models in (9)—(12) is not necessary,
though; they can be replaced by any other model with the same basic distinction between
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Figure 2:

Hierarchical framework for modeling responses and RTs, with distinct models for the
response and RT on an item as well as the dependencies between their parameters across
person and items. (Reproduced with permission from W. J. van der Linden (2007). A
hierarchical framework for modeling speed and accuracy on testitems. Psychometrika, 72,
287-308.)

item and person parameters. An alternative RT model is the Box-Cox normal model in
Klein Entink, van der Linden, and Fox (2009). Also, when the responses are polytomous,
or the assumption of unidimensional ability is untenable, a response model for the
appropriate response format or dimensionality should be substituted for the 3PL model in
(10).

The full hierarchical framework lends itself excellently to a Bayesian approach with
Gibbs sampling from the posterior distribution of all parameters. For various versions of
Gibbs sampling, see the previous references. Bayesian posterior checks for the fit of the
RT model were given in van der Linden (2006), whereas model checks based on the
Bayes factor and the deviance information criterion (DIC) were derived in Klein Entink,
Fox, and van der Linden (2009). Lagrange multiplier tests for the assumptions of
conditional independence between responses and/or RTs are presented in Glas and van
der Linden (2010) and van der Linden and Glas (2010). For a software package written
in R, see Fox, Klein Entink, and van der Linden (2007).

Generally, in empirical applications of the modeling framework with the above models,
we have found good fit to the response and RT data, with varying patterns of correlations
between the item and person parameters in datasets for different types of tests. Typically,
the item difficulties and time intensities showed modest to strong positive correlation, but
the correlation between speed and ability ranged from positive to negative; for a review,
see van der Linden (2009a).
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3. Applicationsof RT Modeling

We review applications of the above type of joint response and RT modeling to four
different problems in psychological and educational measurement: item calibration,
adaptive testing, test design and speededness, and the detection of cheating.

In addition, the same type of modeling has been used to explain the cognitive structure of
responses and RTs for certain content domains. For instance, Klein Entink, Kuhn, and
Fox (2009) extended the framework with covariates for the item parameters in the
response and RT model to explain the difficulties and time intensities of the items in a
figural matrix test. Similar modeling with covariates for the person parameters was used
by Goldhammer (2010) to test different hypotheses about speed and ability in reasoning
tasks.

3.1 Test-ltem Calibration

Before they are used operationally, test items ought to be pretested. This should be done
in order to check their behavior, to calibrate them using IRT, and test the fit of the
response model to the data. The use of the full model in (3)—(12) extends the traditional
stage of item calibration with the estimation of the item parameters in the RT model in
(9) as well as the second-level parameters involved. The RTs are recorded automatically
with the responses, so from a practical perspective no extra efforts are required. As
mentioned above, software for the calibration of the items with respect to all parameters
is available in the R package in Fox, Klein Entink, and van der Linden (2007).

Two basic options for the calibration are: (i) separate estimation of the parameters in the
response and RT model from their respective datasets and (ii) joint estimation of all
parameters from the total set. Because of the second-level links between the response and
RT parameters in (11)—(12), an important advantage of joint estimation is improved
accuracy of estimation. For example, we are able to estimate the difficulties of the items
more accurately when this is done jointly with their time intensities.

The improvement is a nice illustration of a statistical principle known as " using
collateral information" or " borrowing strength from the estimation of other parameters."
The logic of the principle is illustrated using Bayesian estimation of the item parameters
& =(a,b,c) in the response model in combination with the item parameters
1, = (¢, B) in the RT model. For clarity of presentation, and without loss of generality,
we ignore the estimation of all other parameters.

If the & parameters are estimated separately from the RT parameters, the estimation is
based on the posterior distribution of & given the response vector, u;. The distribution
has density function

f(& Tup) e f(uis &) F(S), (13)
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where f(u;;&) is the probability of the response data given the item parameters and

f(&) is the prior distribution of & . In the current context, it makes sense to avoid
specifying a subjective prior distribution and use an empirical Bayes approach with the
(trivariate normal) marginal distribution of & in (12) as prior distribution.

Now suppose we follow the second option and estimate the item parameters & both
from the responses and RTs. We then have to replace (13) by the posterior distribution of
& given u; and t;, which can be shown to have density function

f(& lupt) e F(ug) F(G 1) (14

The only difference between the two posterior distributions is the replacement of the
prior distribution of f(&) by f(& |t); that is, the posterior predictive distribution of
& given t;, which has the density

F& 1) = [T 1m)f O |t)dn. (15)

Figure 3 illustrates how the posterior distribution in (14) is derived: The first factor
f(u;;&) in (14) is the probability of the response vector captured by the response model
in the left-hand side of the figure. The second factor, f(& |t;), is built up in the right-
hand side of the figure. The first step is the calculation of the posterior distribution of
item parameter 7, in the RT model given the vector with the RTs for the item, t;. The
posterior distribution is then combined with the conditional probability of the item
parameters & in the response model given 77, . The result gives us the posterior
prediction distribution of & given t;. The calculation steps are summarized in (15).

Item Domain
l-'-ahcuﬁ’ ZabcuB

Figure 3:
Link between item parameters in the response and RT models that allows us to borrow the
information in the RTs when estimating the item parameters in the response model (and the
other way around).
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Suppose again that the first option is based on the marginal distribution of & in (12) as
prior distribution for the item parameters. The replacement of f (&) by f(& |t;) in the
second option results in the following gains:

1. The conditional distribution of & given t is generally much narrower than the
marginal distribution of & , which means more (empirical) information about & and

therefore more accurate estimation.

2. The conditional distribution of & given t depends on the actual vector of RTs for
the item. It thus replaces a common prior f(&) for all item parameters by a
separate prior f(& |t) for each individual parameter. The use of these RT-based,
item-dependent priors avoids the typical bias toward the location of a common prior
in traditional item calibration.

A recent empirical study in van der Linden, Klein Entink and Fox (2010) shows some
light on the potential gains involved in joint parameter estimation. The study only
involved manipulation of the correlation between the person parameters € and 7 in (11)
. Specifically, it did not yet include the covariance matrix of the item parameters in (12).
The observed gains were thus entirely due to the presence of more informative posteriors
for the @ parameters (see the next section) when sampling from the posterior
distributions of & in the MCMC approach that was used.

Some of the results are presented in Figure 4. The upper panel shows the mean-square
error (MSE) of the estimates of the difficulty parameters by from a sample of N =300
test takers. The lower panel shows the reduction in MSE due to the use of the RTs. The
average reduction for a correlation of p,, =.75 was approximately 20%. The dotted
curve in the lower panel is Fisher's information about b in the sample of test takers. It
reveals that the reduction is larger than the average exactly where it is most needed,
toward the two ends of the scale. This feature is due to the use of the more informative
posterior updates based on the responses and RTs. Because of the extra information, the
posterior distribution moved faster toward the true item difficulty parameters when they
were at one of the two ends of the scale than the distributions with the updates based on
the responses only.

Again, addition of the direct correlation between the item parameters in the response and
RT model to the study would have led to additional — and most likely: much stronger —
reduction of the MSEs of the item parameters.

3.2 Adaptive Testing

The same principle of borrowing information can be used for the estimation of ability
parameter €. An attractive application is computerized adaptive testing, in which the
ability estimates are updated in real time to select items optimal at the updates. RTs can
be used to boost the empirical information in the ability estimates, which is particularly
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MSE of the difficutly parameters by estimated without RTs (upper panel) and reduction in the
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6 and t (sample size N=300). (Reproduced with permission from W. J. van der Linden, R. H.,
Klein Entink, & J.-P. Fox (2010). IRT parameter estimation with response times as collateral

information. Applied Psychological Measurement, 34, 327-347.)
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helpful in the beginning of the test when traditional estimates have not yet converged and
the adaptive algorithm runs a substantial risk of selecting items too far away from the
true ability of the test taker.

In this adaptive environment, the update of a test taker's ability estimate both from the
recorded responses and RTs is relatively straightforward. Analogous to (14), the
posterior predictive density of &, given the test taker's responses u; and RTs t; has
density function

£0, 1ujt)) e f(u;:6) (1)) (16)

The density is calculated using the steps in Figure 5 analogously to those for the
posterior distribution of the item parameters in Figure 4.

The use of logtimes instead of the RTs measured in regular units (e.g., second) yields a
normal version of the model in (9), which has the normal distribution of P as a
conjugate distribution. For this case, the posterior predictive density f(6;[t;) in (16) is
also normal, and we can derive closed-form expressions for its mean and variance. For
the selection of the K th item in the adaptive test, i.e., after a vector t,_, with the RTs on
the first k-1 items, they can be written as
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Figure5:
Link between person parameters in the response and RT models that allows us to borrow the
information in the RTs when estimating the ability parameters (and the other way around)
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and

=1-Zer o (18)

(van der Linden, 2008). The only modification required is thus the replacement of the
typical standard normal density used as a common prior for all test takers in adaptive
testing by the normal density with the individual mean and variances in (17)—(18) after
each new item.

Figure 6 gives an empirical example of the gains in the MSE of the ability estimates for a
typical adaptive test after the administration of 10 and 20 items, taken from van der
Linden (2008). It shows that a 10-item adaptive test with the use of RTs and a correlation
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Figure6:

MSE of the ability estimates after adaptive testing for n=10 (upper panel) and n=20 (lower
panel) without and with the use of RTs (py, =.2, .4, .6, and .8) (Reproduced with permission
from W. J. van der Linden (2008). Using response times for item selection in adaptive testing.
Journal of Educational and Behavioral Satistics, 33, 5-20.)
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between ability and speed equal to .6 yields similarly accurate estimates of & as a 20-
item version without the use of RTs.

3.3 Test Design and Speededness

A test is speeded to the degree that test takers run the risk of not completing all of its
items. Before introducing a new test form, it is important to address its degree of
speededness. Traditionally, the degree has been determined by pretesting a trial version
of the form and determining how many test takers guess randomly at the end of the test
because they run out of time. A more recent approach involves the use of mixture Rasch
modeling to detect the transition from serious response behavior to random guessing
(Boughton & Yamamoto, 2006; Yamamoto & Everson, 1997). The results are then used
to re-assemble the form and/or adjust the time limit for the test.

The use of the RT model in (9) allows us to diagnose the speededness of a test form more
directly, both at the level of the RTs on the individual items and the total time on the test. In
addition, it can be used to select time limits in agreement with the intended level of
speededness, or even to assemble new forms to meet an existing limit with the intended
degree.

Examples of checking test forms for speededness at the level of the individual RTs are
given i