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Marginal maximum-likelihood procedures for parameter estimation and testing the fit
of a hierarchical model for speed and accuracy on test items are presented. The model
is a composition of two first-level models for dichotomous responses and response
times along with multivariate normal models for their item and person parameters. It is
shown how the item parameters can easily be estimated using Fisher’s identity. To test
the fit of the model, Lagrange multiplier tests of the assumptions of subpopulation
invariance of the item parameters (i.e., no differential item functioning), the shape of the
response functions, and three different types of conditional independence were
derived. Simulation studies were used to show the feasibility of the estimation and
testing procedures and to estimate the power and Type I error rate of the latter. In
addition, the procedures were applied to an empirical data set from a computerized
adaptive test of language comprehension.

1. Introduction

Concurrent modelling of responses and response times (RTs) has a long tradition in

psychological and educational assessment (Luce, 1986; Roskam, 1987; van Breukelen,

2005; Verhelst, Verstralen, & Jansen, 1997). An important motive for this tradition was

the wish to allow for the speed–accuracy trade-off, that is, the trade-off between
working fast with low accuracy slow and slowly with high accuracy.

The joint model for responses and RTs on test items considered in this paper was

presented in van der Linden (2006, 2007, 2008). The model differs from previously

proposed models in its hierarchical or multi-level structure. Previously proposed

models either integrate speed parameters or RTs into traditional single-level response

models (Verhelst et al., 1997) or, reversely, response parameters into RTmodels (Thissen,

1983). The present model consists of two item response theory (IRT) measurement

models – one for the responses and another for the RTs. Both are nested under a
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second-level model which represents the speed–accuracy distribution in the population

of respondents.

Allowing for the speed–accuracy distribution on a second level of modelling

supports the investigation of a phenomenon that was an important motivation for the

development of multi-level models in the first place: the ecological fallacy (see, for

instance, Snijders & Bosker, 1999). This fallacy emerges because the association
between two variables on a lower level (say, an individual level) and a higher level (say, a

group or population level) may be quite different or even opposite. Van der Linden

(2007) argues that this phenomenon is also relevant in modelling the observed

relationships between responses and RTs, and that conclusions that ignore the multi-

level structure may be quite misleading.

Van der Linden (2006, 2007) presents fully Bayesian methods for estimation and

testing of the model. In the present research, we adopted a frequentist, likelihood-based

alternative. The motivation is that we recognize that Bayesian and frequentist
approaches both have their advantages and disadvantages. The advantage of a Bayesian

approach, particularly when implemented through Markov chain Monte Carlo (MCMC)

sampling from the posterior distribution, is the easy calculation of the posterior

distribution of any function of the estimates. However, the likelihood approach has a

long-standing, more rigorously developed tradition of statistical tests for model fit. In the

likelihood approach, van der Linden and Glas (2010) present a number of person-fit

tests which assume that the item parameters and the level 2 parameters are known. In

the present paper, a marginal maximum-likelihood (MML, Bock & Aitkin, 1981)
estimation procedure of these parameters is outlined. Further in the MML framework,

we follow the tradition of Lagrange multiplier (LM) testing to develop specific tests of

the assumptions of subpopulation invariance (i.e., absence of differential item

functioning, DIF), the shape of the response functions, and three types of conditional

independence. Below, the MML framework will be outlined first and then the tests will

be presented. Also, results from simulation studies of the feasibility of the estimation and

testing procedures as well as the power Type I error rates of the tests are presented. The

paper concludes with an application of the estimation and testing procedures to a data
set from a computerized adaptive test of language comprehension.

2. The model

The model consists of a hierarchical framework of four different component models on

two different levels. The two first-level models are for the distributions of the responses

and RTs for a fixed person on a fixed item. The two second-level models are for the
distribution of the person parameters in the first-level models in the population of test

takers and the distribution of the item parameters in the domain of items that is sampled.

On the first level, the probability of a correct response is given by the three-

parameter logistic (3PL) model (Birnbaum, 1968; Lord, 1980); that is,

Pr {Uni ¼ 1; un;ai; bi; ci} ¼ ci þ ð12 ciÞfðun;ai; biÞ;
¼ ci þ ð12 ciÞ½1þ exp ð2aiðun 2 biÞÞ	21;

ð1Þ

where un [ R is the ability of test taker n and bi [ R, ai [ Rþ, and ci [ ½0; 1	 are the

difficulty, discrimination, and guessing parameters for item i, respectively. If the guessing

parameter is set to zero, the model specializes to the two-parameter logistic (2PL) model.
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For the distribution of RT Tni of test taker n on item i, we use the log-normal model

f ðtni; tn;ai;biÞ ¼
ai

tni
ffiffiffiffiffiffi
2p

p exp 2
1

2
½aiðlog tni 2 ðbi 2 tnÞÞ	2

# $
; ð2Þ

where tn [ R is the speed at which test taker n operates on the test, bi [ R is the

time intensity of item i, and ai [ Rþ is its discrimination parameter. The rest of this

paper uses the fact that the model is equivalent to that of a normal distribution for the

logarithm of the RT, log Tni.

On the second level, it is assumed that the first-level person parameters are an

independent and identically distributed (i.i.d.) sample from a bivariate normal
distribution; that is,

ln ¼ ðun; tnÞ , MVNðmP ;%PÞ: ð3Þ
Likewise, the first-level item parameters are assumed to be an i.i.d. sample from a

multivariate normal distribution,

ji ¼ ðai; bi; ci;ai;biÞ , MVNðmI ;%I Þ: ð4Þ
The model is identified ifmP ¼ 0 and diagð%PÞ ¼ 1, wheremP and %P are the mean and

covariance matrix as defined in (3). The restriction that the mean of the ability

parameters un is equal to zero is analogous to the restriction that is usually imposed in

MML estimation (Bock & Aitkin, 1981). Note that the difference bi 2 tn is the expected

value of log tni in a normal distribution and the restriction that the mean of the speed

parameters tn is equal to zero removes the trade-off between bi 2 tn from (2).

3. MML estimation of the model parameters

In MML estimation, a distinction in made between structural and incidental parameters.

The structural parameters are estimated from a log-likelihood marginalized with respect

to the incidental parameters. In the present case, our interest is in the estimation of the

item parameters j i, the mean item parameters mI , the diagonal and lower-diagonal

elements of%I , and the lower-diagonal elements of%P. Hence, the ability parameters ln
are to be treated as the incidental parameters. The asymptotic case we consider is thus

for the sample size of test takers, denoted by N, going to infinity.

The structural parameters are collected in a vector h, that is, h contains the item

parameters j i (i ¼ 1; … ;K , where K is the number of items in the test), the mean item

parameters mI , the diagonal and lower-diagonal elements of %I , and the lower-diagonal

elements of %P. The log-likelihood of the parameters h is given by

log LðhÞ ¼
XN
n¼1

log

ð ð
pðun; tnjln; jÞ gðlnjmP ;%PÞ dln þ

XK
i¼1

log hðjijmI ;%I Þ; ð5Þ

where pðun; tnjln; jÞ is the probability of the response pattern of person n, and

gðlnjmP ;%PÞ and hðjijmI ;%I Þ are the normal densities of the person and item

parameters, respectively, and j is the vector of all item parameters. Note that (5)
assumes independence of ln and j i.

The marginal likelihood equations for h can be easily derived using Fisher’s identity

(Efron, 1977; Louis, 1982). This identity equates the first-order derivatives of the

marginal likelihood in (5) with respect to h to the expected first-order derivatives of
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a so-called ‘complete data’ log-likelihood. In the present case, the complete data are the

response data un and tn and the latent incidental parameters ln. So, we define

vnðhÞ ¼ ›

›h
log pðun; tn;ln;hÞ:

(We will use vn(.) as a generic operator for a first-order derivative of log pðun; tn;ln;hÞ
with repect to any subset of the parameters in h; so the dimension of vnð:Þ is equal to
its argument.)

From Fisher’s identity, it follows that the first-order derivatives are given by

›

›h
log LðhÞ ¼

XN
n¼1

E½vnðhÞjun; tn;h	

¼
XN
n¼1

E
›

›h
log pðun; tnjln; jÞ

����un; tn;h

� �

þ
XN
n¼1

E
›

›h
log gðlnjmP ;%PÞ

����un; tn;h

� �
þ

XK
i¼1

›

›h
loghðjijmI ;%I Þ; ð6Þ

that is, the first-order derivatives are equal to the posterior expected first-order

derivatives vn(h) of the complete data likelihood where the complete data comprise un,
tn, and ln, for n ¼ 1; … ;N.

The power of Fisher’s identity is that the derivatives of the complete-data likelihood

are generally easy to derive, while the derivation of the first-order derivatives of the

observed data likelihood can be quite cumbersome. For instance, it is straightforward to

obtain the maximum-likelihood (ML) estimate of the covariance matrix of the person

parameters as

%P ¼ 1

N

XN
n¼1

lnl
t
n:

Inserting this into (6) results in

%P ¼ 1

N

XN
n¼1

E lnl
t
n un; tn;hj� �

;

where

E lnl
t
n un; tn;hj� � ¼ ð

· · ·

ð
lnl

t
n f ½lnjun; tn;h	dln;

and the posterior density has the form

f ½lnjun; tn;h	 ¼
Q

ipðuni; tnijji;lnÞ gðlnjmP ;%PÞÐ
· · ·

Ð Q
ipðuni; tnijji;lnÞ gðlnjmP ;%PÞdln :

Further, the likelihood equations for mI and %I are

mI ¼ 1

K

XK
i¼1

ji
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and

%I ¼ 1

K

XK
i¼1

jij
t
i :

The equations for the item parameters are derived analogously. Let Pni and fni stand for

Pr {Uni ¼ 1; un;ai; bi; ci} and fðun;ai; biÞ as defined in (1). Then, the expressions for the

first-order derivatives of the item parameters, say, vn(ai), vn(bi), vn(ci), vn(ai), and
vn(bi), are given by

vnðaiÞ ¼ ðuni 2 PniÞð12 ciÞfnið12 fniÞðun 2 biÞ
Pnið12 PniÞ ; ð7Þ

vnðbiÞ ¼ ðPni 2 uniÞð12 ciÞfnið12 fniÞ
Pnið12 PniÞ ; ð8Þ

vnðciÞ ¼ ðuni 2 PniÞð12 fniÞ
Pnið12 PniÞ ; ð9Þ

vnðaiÞ ¼ a21
i 2 ai½log tni 2 ðbi 2 tnÞ	2; ð10Þ

and

vnðbiÞ ¼ a2
i ½log tni 2 ðbi 2 tnÞ	: ð11Þ

Inserting these expressions as elements of the vector vn(j i) intoXN
n¼1

E½vnðjiÞjun; tn;h	 þ %21
I ðji 2 mI Þ; ð12Þ

and equating to zero gives the likelihood equations for the item parameters. Note that in

Bayesian terminology, the structure of (12) leads to a so-called shrinkage estimator: the

first term,
PN

n¼1E½vnðjiÞjun; tn;h	, depends on the data, while the second term,
%21

I ðji 2 mI Þ, depends on the distribution of j i. Therefore, the usual ML estimate of the

parameters j i is shrunken towards the common mean of the parameters mI.
Computation of the standard errors of the parameter estimates is a straightforward

generalization of the method for the 3PL model presented in Glas (1999). These

estimates are found upon inverting the approximate information matrixXN
n¼1

E½vnðhÞjun; tn;h	 E½vnðhÞjun; tn;h	t: ð13Þ

Note that the information matrix is a sum over persons of outer products of a vector of

first-order derivatives and its transpose.

3.1. Computation
The estimation equations are solved simultaneously. In practice this is done by Newton–

Raphson, the expectation–maximization (EM) algorithm, or a combination of both
(Bock & Aitkin, 1981). The EM algorithm (Dempster, Laird, & Rubin, 1977) is a general

iterative algorithm for ML estimation in incomplete data problems. It handles missing

data, first, by replacing missing values by their distribution; second, by estimating new

parameters given this distribution; and third, by re-estimating the distribution of the
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missing values assuming the new parameter estimates are correct. This process is

iterated until convergence is achieved. The multiple integrals above can be evaluated

using adaptive Gauss–Hermite quadrature (Schilling & Bock, 2005). A critical point

related to using Gauss–Hermite quadrature is the dimensionality of the latent space, that

is, the number of latent variables that can be analysed simultaneously. Wood et al.

(2002) indicate that the maximum number is 10 for adaptive quadrature, 5 for non-
adaptive quadrature, and 15 for Monte Carlo integration.

4. Testing the model

4.1. Preliminaries
The LM test of Aitchison and Silvey (1958) has been used extensively to diagnose
violations of various IRT models given the response data (Glas, 1999; Glas & Dagohoy,

2007; Glas & Suárez Falcón, 2003). For a general introduction to this type of test,

which is also known as the Rao score test, see, for instance, Lehmann (1999, sect. 7.7) or

Silvey (1975, sect. 7.4). The LM test is a locally most powerful test (see Cox & Hinkley,

1974). The arrangement of the LM test is the same as those of the likelihood-ratio test

and the Wald test; all these three tests are used for testing a special model against a more

general alternative. The tests are asymptotically equivalent. Further, using simulation

studies, Glas and Hendrawan (2005) show that in an IRT framework they are also
equivalent for small sample sizes. The reason for choosing the LM test rather than one of

the two other tests is that the LM test only needs the estimates of the parameters of the

IRT model, whereas the other two tests also need estimates of the parameters of

alternative models associated with the model violations targeted. That is, the LM test

supports the evaluation of several model violations for all individual items in one

estimation run.

The test is defined as follows: consider some general parametric model as well as a

special case of the model, the restricted model. This model is derived from the general
model by imposing constraints on its parameter space. In many instances, this is

accomplished by setting one or more of its parameters equal to a constant. The LM test

is based on the evaluation of the first-order partial derivatives of the log-likelihood

function of the general model at the ML estimates of the restricted model. The elements

of the vector of first-order derivatives for the unrestricted parameters evaluated at the

estimates are equal to zero because the estimates are solutions to the likelihood

equations. Hence, the size of the elements of the vector of first-order partial derivatives

for the restricted parameters determine the value of the LM statistic: the closer they are
to zero, the better the model fits.

More formally, let us consider a null hypothesis about a model with parameters h0

This model is derived from a general model with parameters h by fixing one or more

parameters to known constants. We partition h0 as h0 ¼ ðht
01;h

t
02Þt, and postulate

known constants c for subvector h02. Thus, the null hypothesis is h02 ¼ c. In the

applications below, the restricted model is always of the type c ¼ 0. The first- and

second-order partial derivatives of the log-likelihood function are hðhÞ ¼ ›log LðhÞ=›h
and Hðh;hÞ ¼ 2›2log LðhÞ=›h ›ht, respectively. (h(.) and H(.,.) will be used as generic
symbols for the vector of first-order derivatives and the matrix of the opposites of the

second-order derivatives of the log-likelihood function. The variables with respect to

which the derivatives are taken are the arguments of h(.) and H(.,.) and can be any

subset of h or h0.).
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The LM statistic is given by

LM ¼ hðh0ÞtHðh0;h0Þ21hðh0Þ: ð14Þ
For the null hypothesis h0 ¼ ðht

01; c
tÞt, since the partial derivatives are evaluated at

the ML estimates of the free parameters h01, we have that hðh01Þ ¼ 0. Hence, (14)
simplifies to

LMðcÞ ¼ hðcÞtW21hðcÞ; ð15Þ
where

W ¼ Hðc; cÞ2Hðc;h01Þ Hðh01;h01Þ21Hðh01cÞ: ð16Þ
The LM statistic has an asymptotic chi-square distribution with degrees of freedom equal

to the number of parameters in h2 (Aitchison & Silvey, 1958). The LM test is equivalent

to the efficient score test (Rao, 1947) as well as the modification index commonly used

in structural equation modelling (Sörbom, 1989). From Sörbom (1989), it follows that

the value of the LM statistic is proportional to the expected increase in the conditional

likelihood should the additional parameters be estimated. In sections 4.2–4.11, we will

introduce LM statistics targeted at the detection of DIF, violation of the postulated shape

of the item response function or the RT distribution, and violations of conditional (or
‘local’) independence.

4.2. Differential item functioning
DIF arises when equally proficient members of two or more groups show different

response behaviour. As an example, assume that boys and girls show different

behaviour, e.g., boys perform better on science and mathematical items but worse on

language items. By itself, however, this finding need not indicate DIF. DIF arises when,

for a given item, boys and girls equally proficient in science, mathematics, or language
perform differently on the item, for instance, because the item refers to irrelevant

knowledge ubiquitous among boys but less so among girls.

4.3. DIF in item responses
There are several techniques for detecting DIF, and most of them are based on the

evaluation of differences in the response probabilities between groups conditional on a

measure of proficiency. In the framework of the LM test, the same idea can be

implemented as follows.

First, we define an indicator variable to distinguish between the two groups, say, a
reference and a focal group. (The generalization to more than two groups is

straightforward.) Define yn as

yn ¼
1 if n belongs to the focal group;

0 if n belongs to the reference group:

(
ð17Þ

Second, DIF is modelled to be a function of this variable. We use the approach in Glas

(1998, 2001) by introducing the following more general alternative to the 3PL model:

Pr {Uni ¼ 1; un; di;Y n} ¼ ci þ ð12 ciÞ½1þ exp ð2aiðun 2 bi 2 yndiÞÞ	21; ð18Þ
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where di is a (positive or negative) shift in the difficulty of item i for the focal group. The

regular 3PL model follows upon the restriction di ¼ 0. So the LM statistic is used to test

the hypothesis H0 : di ¼ 0 against H1 : di – 0.

Third, note that the alternative model is derived from the special model by adding

only one parameter. Therefore, the statistic has an asymptotic chi-square distribution

with one degree of freedom, and (15) specializes to

LMðdiÞ ¼ hðdiÞ2
Hðdi; diÞ2Hðh01; diÞtHðh01;h01Þ21Hðh01; diÞ

����
h¼ĥ; di¼0

; ð19Þ

where (using the definitions given above) hðdiÞ ¼ ›log L=›di is the first-order derivative

of the log-likelihood of the model extended with respect to di, Hðh01; diÞ is

2›2log L=›h01›di, and H(h01, h01) is defined as in (13). Note that h(di) and H(di, di) are
scalars, andH(h01, di) is a vector because di is a scalar. Note further thatH(h01, h01) is the
observed information matrix, which is available when the MML estimation equations
are solved.

The actual expression for h(di) can be derived easily as follows. Comparing the null

and alternative models in (1) and (18), it can be seen that the roles of the parameters bi
and di are similar, except for the fact that the latter is multiplied by ynwhile the former is

not. Therefore, vnðdiÞ ¼ ynvnðbiÞ. Applying Fisher’s identity, we obtain

hðdiÞ ¼
XN
n¼1

ynE½vnðbiÞjun; tn;h	; ð20Þ

that is, the first-order derivatives are similar to the first-order derivatives with respect to
bi (disregarding the prior distribution of bi, of course), except that they are now

summed only over the students in the focal group.

4.4. DIF in RTs
The second test is for DIF with respect to the RTs of an item by a focal and a reference

group, the idea being that an item becomes more suspicious if it has different time

distributions for test takers from the two groupswhowork at the same speed on the test.

The approach is analogous to that for different item functioning with respect to

the responses: an additional parameter di is introduced that gauges the shift in the time

intensity parameter, bi, for the focal group. Therefore, the model under the alternative

hypothesis becomes

f ðtni; tn;ai;bi; ynÞ ¼
ai

tni
ffiffiffiffiffiffi
2p

p exp 2
1

2
½aiðlog tni 2 ðbi 2 tn 2 yndiÞÞ	2

# $
: ð21Þ

In this alternative model, the expected log-time, bi 2 tn 2 di, is a linear function of the

item and person, just as in (2), plus the additional parameter di. If di ¼ 0, the null model
holds. In the alternative model, dk is a free parameter. Thus, the hypotheses to be tested

are H0 : di ¼ 0 against H1 : di – 0. For this test, the LM statistic defined by (14) and (15)

can be used with h02 ¼ di ¼ 0.
The expression for hðdiÞ ¼ ›log LðhÞ=›di can be found using Fisher’s identity

analogous to the earlier derivation of the MML equations. It immediately follows that the
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first-order derivatives of the log-likelihood function, hðdiÞ are given by

hðdiÞ ¼
XN
n¼1

ðlog tniÞyn 2
XN
n¼1

ynEððbi 2 tnÞjun; tn;hÞ: ð22Þ

Substitution of this expression into (16) yields

LM ¼
PN

n¼1ðlog tniÞyn 2
PN

n¼1ynEððbi 2 tnÞjun; tn;hÞ
� �2

W
; ð23Þ

as the LM statistic, whereW is defined by (16). Note thatW is now a scalar, which can be

interpreted as the variance of h(di) given the parameter estimates. The statistic has an

asymptotic chi-square distribution with one degree of freedom. It is also interesting

to note that the numerator of (23) is based on the differences between the observed

log-times of the test takers in the focal group and their posterior expected means; that is,
on their posterior residuals.

4.5. Shape of the item response function
Traditionally, the shape of the response functions in IRT has been evaluated by pooling

the ability estimates into a number of adjacent intervals and comparing the average

observed and expected responses for the respondents in the same interval. However, a
requirement for a pooled statistic to lead to a Pearson type chi-square test is that all

parameters are estimated from the same pooled data (e.g., Lindgren, 1968, sect. 9.1.1),

which clearly is not the case in this application. Orlando and Thissen (2000) suggest an

alternative in which the pooling of the test takers is based on observed number-correct

scores rather than on model parameter estimates. An analogous approach will also be

pursued here.

For a test targeted at item k, we partition the sample of respondents using a set

of intervals for the total score on all other items. So, let the item of interest be labelled
k and the other items i ¼ 1; 2; … ; k2 1, kþ 1; … ; I . Let uðkÞ

n be the response data

without item k. Further, let r uðkÞ
n

� �
be the total score on this partial response pattern,

r uðkÞ
n

� � ¼ XK
i¼1
i–k

uni: ð24Þ

The range of rðuðkÞ
n Þ is partitioned into Sk intervals. Define

w s;uðkÞ
n

� � ¼ 1 if rs21 # r uðkÞ
n

� �
, rs;

0 otherwise;

(
ð25Þ

for s ¼ 1; … ; Sk with r0 ¼ 21 and rSk ¼ 1. So wðs;uðkÞ
n Þ is an indicator function

assuming a value equal to 1 if the number-correct score for response pattern u (k) is

in interval s.
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A more general alternative to the 3PL model is

Pr {Uni ¼ 1; un; di}

¼ ci þ ð12 ciÞ 1þ exp 2ai un 2 bi 2
XS21

s¼1

wðs;uðkÞÞdis
� !� !" #21

; ð26Þ

where di ¼ ðdi1; … ; diS21Þ. Note that w(s, u (k)) is equal to 1 only for one of the S

intervals, so the summation in (26) selects precisely one of the parameters from di.
Parameter di gauges the shift in item parameter bi for score group s. Finally, note that

there is no parameter dS; that is, the highest score level is used as a baseline. (If dS was

also present, the model defined by (26) would be overidentified.)

The application of the LM statistic to test the model is analogous to the application to

DIF. If di ¼ 0, the null model holds. In the alternative model, di is a free parameter that
can be interpreted as a shift in the item parameter bi In order to test whether the

parameter significantly differs from zero, the LM statistic in (14) and (15) can be used

with h02 ¼ 0 ¼ d. The statistic has an asymptotic chi-square distribution with S 2 1

degrees of freedom.

4.6. Shape of the response function for the RTs
Analogous to the test of the shape of the response function, the test based on the RTs

is of the shape of their distribution. An alternative to the RT model is

f ðtni; tn;ai;bi; diÞ ¼ ai

tni
ffiffiffiffiffiffi
2p

p exp 2
1

2
aiðlog tni 2 ðbi 2 tn 2

XS21

s¼1

wðs; tðkÞÞdisÞÞ
" #2( )

;

ð27Þ
wherew(s, t (k)) is defined analogously tow(s, u (k)). Observe that di introduces a shift of
the density but that otherwise its shape remains the same. The appropriate test is thus

of the hypothesis di ¼ 0, which can be performed using an LM statistic with S 2 1

degrees of freedom.

The expression for h(d) is found just as (11) was derived. The expression for the first-
order derivative with respect to dsi is

hðdsiÞ ¼
XN
n¼1

wðs; tðkÞÞðlog tnkÞ2
XN
n¼1

wðs; tðkÞÞEðbi 2 tnjtn;hÞ: ð28Þ

Note that the first-order derivative is the difference between the observed and expected

log-time for the persons in interval s.

4.7. Simple case
The simplest form of the two tests emerges if only two interval levels are considered;

that is, for S ¼ 2. For example, for the test based on the responses, one could set a cut-off

score somewhere in the middle of the total score range and test whether students with

a high rest-score r(u (k)) perform better or worse than expected on the target item k.

The null distribution for this version of the test has one degree of freedom.
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4.8. Local independence
As pointed out in van der Linden and Glas (2010), the hierarchical structure in (1)–(4) is

based on three assumptions of conditional independence, namely between (i) responses

on different items given u, (ii) RTs on different items given t, and (iii) responses and RTs

on the same item given u and t. They propose three statistical tests of model fit based on

the assumption that the item parameters are known. Here, we derive analogous tests
under the assumption that all structural parameters are unknown but estimated using

the MML method.

4.9. Independence between responses
The alternative model is identical to that for a test of conditional independence for the

3PL model with MML estimation of the item parameters in Glas and Suárez Falcón

(2003). Suppose the test is for the pair of items (i, k). The alternative model,

Pr {Uni ¼ 1; un; dik;unk} ¼ ci þ ð12 ciÞ½1þ exp ð2aiðun 2 bi 2 unkdikÞÞ	21; ð29Þ

allows for dependence between Uni and Unk; it implies different distributions for Uni

given Unk ¼ 0 and 1, where the size of the differences between the two distributions

depends on the value of dik. Since the regular 3PL model follows for dik ¼ 0, we test the

hypothesis H0 : dik ¼ 0 against H1 : dik – 0. Using (15) and (16), we derive the test

statistic

LMðdikÞ ¼ hðdikÞ2
Hðdik; dikÞ2Hðh01; dikÞtHðh01;h01Þ21Hðh01; dikÞ ; ð30Þ

where hðdikÞ ¼ ›log LðhÞ=›dik is the first-order derivative of the log-likelihood of the
model extended with dik, H(h01, dik) is a vector 2›2log LðhÞ=›h01›dik, and H(h01,h01)

is defined by (13). The statistic is evaluated using the MML estimates of the parameters

in the null model. The test has an asymptotic chi-square distribution with one degree

of freedom.

The actual expression for h(dik) can be derived very easily. Comparing the null and

alternative models in (1) and (29), it can be seen that the roles of the parameters bi
and dik are similar, except for the multiplication of the latter by unk. Therefore,

vnðdikÞ ¼ unkvnðbiÞ. Applying Fisher’s identity, we obtain

hðdikÞ ¼
XN
n¼1

unkE½vnðbiÞjun; tn;h	: ð31Þ

Observe that the first-order derivatives are similar to those with respect to bi
(disregarding the prior distribution of bi, of course) but that they are now summed only

over the test takers who responded correctly to item k.

4.10. Independence between RTs
As already noted, the RT model in (2) can be viewed as a normal density for log Tni. This

fact suggests a bivariate normal distribution for the log-times on the pair of items (i, k) as
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an alternative model:

f ðlog tni; log tnkjtn; rikÞ ¼
aiak

2p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
12 r2ik

p exp
21

2ð12 r2ikÞ
c2
ni 2 2rnikcnicnk þ c2

nk

� �# $
;

ð32Þ
with additional parameters jrikj # 1, where

cni ¼ aiðlog tni 2 ðbi 2 tnÞÞ: ð33Þ

The hypotheses to be tested are H0 : rik ¼ 0 against H1 : rik – 0. Under the null

hypothesis, (32) factorizes into the product of the two densities for the RTs on item i

and item k in (2). For test taker n, the complete data log-likelihood of the log RTs on

items i and k can be written as

‘ðrikÞ ¼ const:2
1

2
log 12 r2ik

� �
2

1

2 12 r2ik
� � c2

ni 2 2rikcnicnk þ c2
nk

� �
: ð34Þ

The first-order derivatives with respect to rik are given by

›‘ðrikÞ
›rik

¼ rik þ cnicnk

12 r2ik
2
rik c2

ni 2 2rikcnicnk þ c2
nk

� �
12 r2ik
� �2 : ð35Þ

Setting rik ¼ 0 and applying Fisher’s identity results in

hðrikÞ ¼
XN
n¼1

E½cnicnkjun; tn;h	: ð36Þ

The test statistic is given by

LMðrikÞ ¼
hðrikÞ2

Hðrik; rikÞ2Hðh01; rikÞtHðh01;h01Þ21Hðh01; rikÞ
; ð37Þ

where the matrices H(rik, rik), H(h01, rik), and H(h01,h01) follow from (13) as before.

Again, the statistic is evaluated using the MML estimates of the parameters in the null

model only. It has an asymptotic chi-square distribution with one degree of freedom.

4.11. Independence between response and RT
The alternative model is

f ðtni; tn; diÞ ¼ ai

tni
ffiffiffiffiffiffi
2p

p exp 2
1

2
½aiðlog tni 2 ðbi 2 tn 2 unidiÞÞ	2

# $
: ð38Þ

In this model, the parameter di introduces a shift in the distribution of Tni given Uni ¼ 1

for test taker n relative to that givenUni ¼ 0. The hypotheses to be tested are H0 : di ¼ 0

against H1 : di – 0.

The complete data log-likelihood can be written as

‘ðdiÞ¼ log pðui; t i; di; tÞ ¼ const:2 1
2

XN
n¼1

j2ni; ð39Þ
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with

jni ¼ aiðlog tni 2 ðbi 2 tn 2 unidiÞÞ: ð40Þ

The first-order derivatives with respect to di are

›‘ðdiÞ
›di

¼ 2aiunijni: ð41Þ

Setting di ¼ 0 and applying Fisher’s identity results in

hðdiÞ ¼ 2a2
i

XN
n¼1

uni{log tni 2 bi þ E½tnjun; tn;h	}: ð42Þ

The test statistic is given by

LMðdiÞ ¼ hðdiÞ2
Hðdi; diÞ2Hðh01; diÞtHðh01;h01Þ21Hðh01; diÞt ð43Þ

where hðdiÞ ¼ ›log LðhÞ=›di is the first-order derivative of the log-likelihood of the

model extended with di, H(h01, di ) is 2›2log LðhÞ=›h01 ›di, and H(h01, h01) is defined

by (13). The statistic is evaluated using the MML estimates of the parameters in the

null model. The statistic has an asymptotic chi-square distribution with one degree

of freedom.

5. An example with simulated data

First, a small example with simulated data will be presented to show the feasibility of the

estimation and testing procedures. An important limitation of the procedures is that the

model may contain a large number of parameters so that the information matrix in (13)
quickly becomes large when the number of items increases. This happens because

every item contributes five item parameters. For instance, for a test of 20 items,

the number of item parameters is already 100. In addition, we have 5 free parameters

in mI, 15 in %I, and 1 in %P . Thus in all, we would have 121 parameters, and the

inversion of the information matrix would approach the limit of what is possible with

reasonable precision.

The estimation procedure itself could be based on the EM algorithm, and matrix

inversion would then play no role. However, computation of the standard errors would
still would require inverting the information matrix. Further, as can be verified from

(16), the inverse of the information matrix also plays a role in the LM statistic. In fact, the

term Hðh01;h02Þ0Hðh01;h01Þ21Hðh01;h02Þ is the variance in h(h02) lost by the

estimation of h01 (Glas & Suárez Falcón, 2003). Therefore, one of the topics investigated

in this simulation was to simplify the estimation of this variance component, which was

achieved by ignoring the covariances between the items, assuming that the matrix

H(h01,h01) had a block-diagonal form with 5 £ 5 submatrices for every item with each

submatrix a covariance matrix for five item parameters.
Although data sets of many different sizes were generated, for lack of space we only

report the results for an example of 10 items and 1,000 respondents. The covariance

between the latent person parameters un and tn was set equal to 0.40. In order to keep

the tables small, we considered an example with the guessing parameter fixed at 0.20
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for all items. This parameter was not estimated but imputed as a constant during the

estimation. The a, a, b, and b parameters of all items were drawn from a four-variate

normal distribution. The means and standard deviations of the a and a parameters were

1.00 and 0.30 whereas those of the b and b parameters were 0.00 and 1.00, respectively.

The results for one randomly chosen replication are shown in Tables 1–3; the results for

the other replications were entirely comparable.
The generating values of the item parameters are shown in the four columns under

the label ‘True values’ in Table 1. The estimates and their standard errors are given in the

remaining columns. Note that the estimates are quite close to their generating values,

and that the generating values are well within their confidence bands. Table 2 gives the

values of the LM statistics for the violations of local independence between the

responses in (30) and the RTs in (37), respectively. Both statistics were calculated for all

pairs of consecutive items. The columns labelled ‘LM’ give the exact values of the

statistics, the columns labelled ‘LM*’ their approximate values computed using a
block-diagonal information matrix.

Table 1. Parameter recovery: true values and MML parameter estimates

True values Estimated values and standard errors

Item a b a b a SE(a) b SE(b) a SE(a) b SE(b)

1 1.90 1.92 0.89 0.68 1.75 0.39 1.83 0.31 0.88 0.04 0.66 0.04

2 1.06 0.34 1.15 0.76 1.11 0.19 0.44 0.11 1.08 0.04 0.71 0.05

3 1.19 1.81 0.66 1.82 1.21 0.30 2.14 0.30 0.64 0.04 1.73 0.04

4 0.95 1.95 0.89 20.16 1.03 0.24 2.02 0.23 0.89 0.04 20.17 0.04

5 0.87 1.08 0.50 20.11 1.10 0.16 1.23 0.12 0.46 0.04 20.14 0.04

6 0.95 0.85 0.69 1.75 0.83 0.16 0.74 0.11 0.73 0.04 1.72 0.04

7 0.70 0.08 0.99 1.67 0.80 0.14 0.04 0.09 1.00 0.04 1.66 0.05

8 1.12 0.98 0.92 20.42 1.03 0.17 0.92 0.12 0.98 0.04 20.45 0.04

9 1.04 21.65 0.99 0.47 0.98 0.19 21.74 0.14 0.98 0.04 0.37 0.04

10 1.06 20.13 1.31 1.41 1.33 0.20 20.19 0.10 1.30 0.05 1.34 0.05

Table 2. LM tests for local independence

Between item responses Between response times

Item pair LM p LM* p LM p LM* p

1, 2 0.89 .35 0.37 .55 1.17 .28 1.08 .30

2, 3 1.24 .26 0.25 .61 0.96 .33 0.91 .34

3, 4 0.86 .35 0.39 .53 0.22 .64 0.21 .65

4, 5 0.10 .76 0.05 .82 1.79 .18 1.69 .19

5, 6 0.18 .67 0.08 .78 0.07 .79 0.07 .79

6, 7 0.63 .43 0.29 .59 0.00 .95 0.00 .95

7, 8 0.83 .36 0.21 .65 0.10 .76 0.09 .76

8, 9 0.12 .73 0.06 .81 0.00 .96 0.00 .96

9, 10 0.70 .40 0.05 .82 7.79 .01 7.30 .01

Note. LM is the statistic for the whole information matrix, LM* for the block-diagonal matrix.

Both statistics have one degree of freedom.
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For the tests of local independence between the item responses, ignoring the

covariances between the parameter estimates of different items resulted in inflated

significance probabilities and, as a result, a loss of power. However, such effects were

hardly noticeable for the tests of local independence between the RTs. More

importantly, in all the examples of more than 20 items, for which no results are reported

here, the differences between LM and LM* were negligible for all test statistics

introduced in this paper.

Table 3 gives an example of the results for the LM tests of local independence
between responses and RTs in (43). The set-up of the simulation was similar to the two

previous examples, except that a violation of local independence with an effect size of

d ¼ :50 was created for item 10. The third column of Table 3 shows that the LM test for

item 10 was highly significant, while the other nine tests were not significant at all.

Further, columns 4–7 of the same table present information about the estimated size of

the violations. Formula (42) shows that the first-order derivative can be interpreted as a

difference between observed and expected log RTs. The differences for the part of the

sample with an incorrect response are in columns 4–5, those for the correct response in
columns 6–7. In order to evaluate these differences, they should be weighted by their

standard errors. This is exactly what is done in the expression of the LM statistics.

6. A simulation study of Type I error rate and power

The Type I error rate of a test is the probability of rejecting the null hypothesis of

model fit when the null model actually holds. In the present study, the error was

controlled at the 5% significance level. On the other hand, the power of a test is the

probability of rejecting the null hypothesis when the model is violated. One could call

this power also a detection or hit rate. For all tests introduced above, both the actual
Type I error rate and the power were studied using simulated data. Hence, for both error

rates the data were generated according to the null model and the alternative model

(i.e., the null model with the alternative parameter added). In all studies, the sample

sizes were equal to 500, 1,000, or 4,000. The item and person parameters were drawn as

Table 3. LM tests for local independence between RTs and item responses with violation of local

independence introduced for item 10

Subgroup U i ¼ 0 Subgroup U i ¼ 1

Item LM p Observed Expected Observed Expected

1 0.59 .44 20.11 20.12 20.30 20.26

2 0.88 .35 21.16 21.14 21.12 21.15

3 0.39 .53 1.61 1.66 1.61 1.60

4 0.76 .38 21.08 21.11 21.27 21.25

5 0.58 .45 0.12 0.13 0.21 0.18

6 0.60 .44 21.88 21.90 21.96 21.93

7 1.11 .29 1.21 1.17 1.15 1.17

8 1.60 .21 20.42 20.38 20.28 20.31

9 0.06 .81 20.10 20.11 20.11 20.09

10 15.97 .00 21.80 22.02 22.00 21.95

Note. The LM statistics have one degree of freedom.
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in section 5. The number of replications was 100 for each combination of sample size

and test length.

In the simulations with the null model as the generating model, the Type I error rates

were computed as the number of tests significant at the 5% level aggregated over all

items. The results showed that the control of the Type I error rate was generally good;

there were no main effects of sample size and test length. Further, there were no striking
differences between the versions of the statistic based on the complete and block-

diagonal information matrices. The results are not reported in detail because the

simulations below also show excellent control of the Type I error.

In this section, only the results for the tests of DIF in RTs, the shape of the RT

distributions, and local independence between RTs are reported because the results for

the other tests were entirely comparable. For the tests of the shape of the RT

distributions, two score groups were formed (i.e., Sk ¼ 2 for all k) and the cut-off score

was always equal to zero. As a result, the sizes of the two groups were approximately
equal. The simulations for the tests of DIF were based on equal group sizes, too.

6.1. Differential item functioning
Three different values were chosen for the effect size: d ¼ :1, .2, and .5. Following the

terminology of Cohen (1988), these effect sizes can be labelled as minimal, small, and

large. The item and person parameters were the same as in the study of the Type I error

rate. For each of the 100 replications, model violation was created for one randomly

chosen item. The results are given in Table 4, where the labels ‘DIF’, ‘Shape’, and ‘LID’

refer to the tests of DIF, shape of the RT distributions, and local independence between

the RTs, respectively.
The columns labelled ‘Hits’ contain the proportion of replications for which the tests

of DIF were significant at the 5% level when there was actual DIF. So, these columns give

an estimate of the power of the test. The columns labelled ‘False alarms’ contain the

proportions of significant results for the items conforming to the null model aggregated

over replications. These columns give estimates of the Type I error rate.

Note that the tests of DIF displayed the largest proportion of hits; in most instances,

this proportion was equal to 1.00. Note further that the proportion of hits for the tests of

DIF had main effects for the test length and sample size. Finally, the control of the Type I
error rate for the other two tests (i.e., their proportions of false alarms) remained

generally close to their nominal significance level. The main exceptions occurred for the

large effect size in combination with a short test. Our explanation is that for such cases

the imposed model violation was so strong that it led to a global violation affecting all

items. The two other statistics had both the proportion of hits and false alarms at the

nominal significance level. From a model-diagnostic perspective, it is desirable that the

statistical tests have power against specific model violations, so this is a positive result.

6.2. Item response functions
The results of the simulation studies with respect to the power of the three tests to

detect violation of the item response function are shown in Table 5. The power is
reported in the columns labelled ‘Hits’. In the present case, the test of DIF had no power

but the test of the fit of the items response function had the highest power. The test of

local independence had also power to detect violation, although, of course, its power

was less than that of the specific test. In both cases, there were clear main effects of the
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effect size d, sample size, and test length. Further, it can be seen that the Type I error rate

was well under control.

6.3. Local independence
The results for the detection of violations of local independence are shown in Table 6.

The test of violation of local independence now attained the highest power. Again, there

were clear main effects of the effect size d, the sample size, and the test length. The test

of the item response functions also had considerable power, but that of the test of DIF
hardly exceeded its nominal significance level. For all three tests, the Type I errors were

virtually similar to their nominal levels.

7. An empirical example

An empirical example is given to show how the procedure works in practice. The data

were a small part of a large data set collected in a pre-test of a computerized adaptive test

of Dutch language comprehension for non-native speakers. The test had no time limit.

Table 4. Detection of DIF

DIF test IRF test LID test

N K d Hits False alarms Hits False alarms Hits False alarms

500 10 .1 .69 .06 .05 .04 .05 .03

.2 1.00 .07 .05 .04 .05 .03

.5 1.00 .15 .07 .04 .05 .04

20 .1 .68 .06 .05 .05 .04 .06

.2 1.00 .07 .08 .05 .05 .06

.5 1.00 .09 .05 .05 .07 .06

40 .1 .74 .07 .10 .06 .08 .07

.2 1.00 .07 .07 .07 .08 .07

.5 1.00 .08 .06 .08 .09 .08

1,000 10 .1 .90 .06 .05 .04 .05 .04

.2 1.00 .10 .05 .04 .03 .04

.5 1.00 .22 .12 .04 .05 .04

20 .1 .94 .06 .09 .04 .06 .06

.2 1.00 .07 .07 .05 .07 .06

.5 1.00 .10 .07 .05 .05 .07

40 .1 .96 .06 .05 .07 .06 .07

.2 1.00 .06 .06 .08 .09 .07

.5 1.00 .07 .07 .08 .06 .08

4,000 10 .1 1.00 .08 .07 .05 .07 .06

.2 1.00 .23 .12 .05 .05 .07

.5 1.00 .45 .31 .05 .05 .08

20 .1 1.00 .05 .07 .05 .12 .11

.2 1.00 .10 .05 .05 .11 .11

.5 1.00 .23 .16 .06 .08 .12

40 .1 1.00 .06 .07 .06 .13 .14

.2 1.00 .06 .06 .06 .13 .14

.5 1.00 .10 .07 .07 .08 .13
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We present the results of 317 test takers on 12 items (the complete data set consisted of

2,000 test takers responding to more than 200 items). The item administration design
consisted of 11 tests, with between 7 and 11 items. Each item was administered to

approximately 200 test takers.

The analyses were performed both for the IRT model with (3PL) and without the

guessing parameter (2PL). Because the results were quite close, we only present

those for the analysis without the guessing parameter. The parameter estimates and the

standard errors are given in Table 7. The second panel of the table gives the estimate of

the correlations between the item parameters. Note that the correlations between the

item parameters in the response and RT models were small. The last panel gives the
correlation between the two latent dimensions. The correlation was negative, so test

takers of higher ability tended to have shorter RTs. The correlation was low (2 .15) but

the absolute magnitude was substantially higher than the point biserial correlation

between item responses and RTs, which was 2 .05. This result is in line with the often

found phenomenon that latent correlations are higher than manifest correlations

because they suffer less from the attenuation effect caused by the unreliability in

the variables.

Table 5. Detection of violation of the item response function

DIF test IRF test LID test

N K d Hits False alarms Hits False alarms Hits False alarms

500 10 .1 .05 .06 .24 .06 .09 .03

.2 .06 .06 .71 .07 .12 .04

.5 .08 .06 1.00 .08 .23 .04

20 .1 .05 .06 .27 .05 .14 .06

.2 .06 .06 .86 .05 .18 .05

.5 .05 .06 1.00 .06 .29 .05

40 .1 .09 .07 .49 .08 .19 .08

.2 .08 .07 .96 .07 .20 .08

.5 .09 .07 1.00 .07 .29 .09

1,000 10 .1 .06 .10 .26 .05 .14 .03

.2 .05 .07 .94 .05 .24 .04

.5 .07 .05 1.00 .06 .42 .05

20 .1 .05 .06 .37 .05 .20 .06

.2 .05 .05 .97 .06 .23 .06

.5 .05 .06 1.00 .04 .37 .06

40 .1 .06 .06 .60 .07 .18 .07

.2 .05 .06 1.00 .07 .29 .08

.5 .07 .06 1.00 .06 .43 .07

4,000 10 .1 .05 .05 .69 .05 .21 .07

.2 .05 .05 1.00 .09 .53 .04

.5 .05 .05 1.00 .05 .90 .04

20 .1 .07 .05 .91 .06 .34 .11

.2 .08 .05 1.00 .06 .59 .21

.5 .05 .05 1.00 .07 .88 .10

40 .1 .07 .05 .97 .06 .44 .12

.2 .03 .05 1.00 .05 .60 .12

.5 .05 .05 1.00 .06 .86 .12
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Table 8 gives the outcomes of the tests of local independence. The first panel gives

those for the tests of local independence between the item responses. The last four

columns give the average item scores given an incorrect response (label U i21 ¼ 0) and
a correct response on the previous item (label U i21 ¼ 1). Note that the observed and

expected averages are very close. To assess the magnitude of these differences, the LM

statistics and their significance probabilities in columns 2 and 3 should be used. None

of the tests was significant at the 5% level. The second panel of Table 8 gives the

outcomes of the tests of local independence between the responses and RTs. The last

four columns give the mean log-time given an incorrect response (label U i ¼ 0) and a

correct response on the item (label U i ¼ 1). The observed and expected average RTs

are close. However, in the second and third column, it can be seen that 5 out of 12
tests are significant at the 5% level. In particular, the first and last item have highly

significant LM tests. Finally, the last panel of Table 8 gives the outcomes of the tests for

local independence of the RTs. The last column gives the correlations computed using

(33) and (36). In particular, the correlation between the items 1 and 2 and between

items 10 and 11 was relatively high.

Table 6. Detection of violation of local independence

DIF test IRF test LID test

N K d Hits False alarms Hits False alarms Hits False alarms

500 10 .1 .06 .05 .09 .04 .11 .04

.2 .07 .06 .13 .05 .41 .04

.5 .05 .06 .23 .05 .95 .04

20 .1 .07 .06 .11 .05 .17 .05

.2 .05 .06 .12 .06 .40 .06

.5 .05 .06 .14 .05 .93 .06

40 .1 .07 .07 .14 .08 .17 .07

.2 .06 .07 .17 .08 .38 .07

.5 .09 .07 .18 .08 .90 .07

1,000 10 .1 .05 .05 .11 .05 .12 .04

.2 .06 .05 .12 .04 .69 .04

.5 .05 .05 .40 .04 1.00 .04

20 .1 .05 .06 .14 .05 .13 .06

.2 .06 .06 .12 .05 .64 .06

.5 .05 .06 .26 .05 .98 .06

40 .1 .05 .06 .10 .07 .11 .08

.2 .07 .06 .12 .07 .60 .07

.5 .06 .06 .14 .07 1.00 .07

4,000 10 .1 .05 .05 .19 .05 .38 .06

.2 .05 .06 .49 .05 1.00 .06

.5 .06 .05 .91 .07 1.00 .05

20 .1 .05 .05 .12 .05 .18 .12

.2 .05 .05 .29 .05 .99 .12

.5 .07 .05 .57 .05 1.00 .11

40 .1 .05 .05 .12 .06 .20 .13

.2 .06 .05 .19 .06 .95 .13

.5 .06 .05 .27 .06 1.00 .13
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8. Discussion

The model considered in this paper implies some definite assumptions about the

relation between speed and accuracy in a data set. It consists of two separate IRT

measurement models, and represents a speed–accuracy distribution on a second level of

modelling. The IRT measurement models imply the assumption of local independence;

that is, given the IRT model parameters, all responses and RTs are assumed to be

independent. The present paper presents a general framework for testing these explicit

assumptions, not only the assumptions regarding local independence, but also the

assumptions regarding parameter invariance and the shapes of the response functions.
The estimation and testing procedure is established in a framework that has been well

proven for other IRT models: MML estimation and LM tests. Besides parameter

estimates, the MML estimation procedure also provides standard errors of the parameter

estimates, and these can be used to test hypothesis concerning the level 2 distributions,

for instance, the hypothesis that the covariances are zero.

As an alternative for the generally used MML procedure, Bayesian procedures in

combination with MCMC computational methods have come into prominence.

Bayesian estimation procedures for IRT models were first developed by Albert (1992).
Simulation studies have shown that estimates obtained by the Bayesian approach for the

standard IRT models (2PL, 3PL) are generally not superior to estimates obtained by the

MML procedure (see, for instance, Baker, 1998). However, the Bayesian approach also

applies to complicated IRT models, where the MML approach poses serious problems.

Recently, a fully Bayesian approach has been adopted for the estimation of IRT models

with multiple raters, multiple item types, and missing data (Patz & Junker, 1999), testlet

structures (Bradlow, Wainer, & Wang, 1999), models with multi-level structure on the

Table 7. MML parameter estimates

Item a SE(a) b SE(b) a SE(a) b SE(b)

Estimates of the item parameters

1 0.75 0.39 21.46 0.28 1.76 0.02 2 4.17 0.06

2 0.95 0.38 20.99 0.25 1.60 0.06 2 3.83 0.06

3 0.67 0.39 21.87 0.33 0.88 0.07 2 2.11 0.08

4 0.82 0.47 21.62 0.39 1.06 0.14 2 2.36 0.10

5 1.21 0.46 22.02 0.37 2.13 0.02 2 2.92 0.08

6 1.10 0.49 21.79 0.34 1.11 0.04 2 2.76 0.06

7 1.45 0.58 21.73 0.41 1.65 0.02 2 2.74 0.07

8 0.69 0.59 21.42 0.31 1.49 0.03 2 2.38 0.10

9 0.36 0.45 21.87 0.35 1.12 0.03 2 1.77 0.11

10 2.22 0.98 0.29 0.40 0.64 0.05 2 1.80 0.10

11 0.86 0.54 21.55 0.30 0.59 0.04 2 2.03 0.07

12 0.66 0.70 21.93 0.46 0.14 0.14 2 1.50 0.21

Estimates of correlations between item parameters

a 1.00

b .72 0.15 1.00

a .03 0.18 2 .17 0.18 1.00

b .01 0.11 .00 0.12 2 .76 0.11 1.00

Estimates of correlation between person parameters

rðu; tÞ ¼ 2:15, SEðrðu; tÞÞ ¼ 0:09
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ability parameters (Fox & Glas, 2001) and the item parameters (Janssen, Tuerlinckx,

Meulders, & de Boeck, 2000), and multidimensional IRT models (Béguin & Glas,

2001). The motivation for the recent interest in Bayesian inference using MCMC

procedures is that the complex dependency structures in the models mentioned require

Table 8. LM tests for local independence

U i21 ¼ 0 U i21 ¼ 1

Item LM p Observed Expected Observed Expected

Responses

2 1.88 .17 0.61 0.66 0.79 0.77

3 0.49 .49 0.80 0.82 0.90 0.89

4 2.67 .10 0.71 0.77 0.87 0.84

5 0.00 .95 0.71 0.74 0.86 0.86

6 1.56 .21 0.72 0.72 0.88 0.87

7 0.46 .50 0.62 0.67 0.85 0.85

8 0.01 .93 0.80 0.75 0.86 0.86

9 3.51 .06 0.89 0.88 0.87 0.90

10 0.88 .35 0.69 0.60 0.64 0.64

11 0.17 .68 0.82 0.81 0.89 0.89

12 0.11 .74 0.90 0.86 0.92 0.91

U i ¼ 0 U i ¼ 1

Responses and response times

1 449.03 .00 4.20 4.44 4.76 3.90

2 0.74 .39 4.24 4.08 3.40 3.44

3 7.02 .01 2.97 2.13 1.81 1.93

4 3.24 .07 2.60 2.17 1.94 2.03

5 6.82 .01 2.47 3.05 3.17 2.79

6 1.79 .18 3.45 2.81 2.50 2.61

7 0.09 .77 2.36 2.47 2.63 2.59

8 0.39 .53 3.17 2.31 4.08 2.72

9 2.07 .15 2.34 1.91 1.95 2.00

10 8.19 .00 2.30 2.02 1.75 1.90

11 0.02 .88 2.32 2.20 2.16 2.17

12 30.96 .00 1.81 1.60 1.37 1.55

Items Residual correlation

Response times

1, 2 22.86 .00 2 .34

2, 3 0.14 .71 2 .08

3, 4 6.64 .01 2 .15

4, 5 4.27 .04 2 .12

5, 6 10.62 .00 .35

6, 7 0.28 .60 2 .14

7, 8 0.33 .57 2 .08

8, 9 0.30 .59 2 .07

9, 10 0.00 .97 2 .05

10, 11 22.70 .00 2 .32

11, 12 9.40 .00 2 .18

Note. The LM statistics have one degree of freedom.
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the evaluation of multiple integrals to solve the estimation equations in an MML

framework. These problems are avoided in an MCMC framework. However, the integrals

needed to estimate and test the model as it is considered here are only two-dimensional,

so MCMC methods are not inevitable. Future research using simulation studies can shed

more light on the relative performance of the two competing approaches in terms of the

precision of item parameter estimation, the associated standard error estimates, and the
computation time.

More important, however, is the circumstance that testing of model fit in a Bayesian

framework is less developed than in a frequentist framework. A much used Bayesian

diagnostic tool is the posterior predictive check, which is also applied to IRT models

(Glas & Meijer, 2003; Hoijtink, 2001; Sinharay, 2005). However, Bayarri and Berger

(2000) have shown that posterior predictive checks have less than adequate behaviour

of posterior p values and often fail to detect model violations. Bayesian analogues of the

tests presented here are therefore much needed.
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Glas, C. A. W., & Suárez Falcón, J. C. (2003). A comparison of item-fit statistics for the three-

parameter logistic model. Applied Psychological Measurement, 27, 87–106.

Hoijtink, H. (2001). Conditional independence and differential item functioning in the two-

parameter logistic model. In A. Boomsma, M. A. J. van Duijn, & T. A. B. Snijders (Eds.),

Essays on item response theory (pp. 109–130). New York: Springer.

Janssen, R., Tuerlinckx, F., Meulders, M., & de Boeck, P. (2000). A hierarchical IRT model

for criterion-referenced measurement. Journal of Educational and Behavioral Statistics,

25, 285–306.

Lehmann, E. L. (1999). Elements of large-sample theory. New York: Springer.

Lindgren, B. W. (1968). Statistical theory (3rd ed.). New York: Macmillan.

Lord, F. M. (1980). Applications of item response theory to practical testing problems.

Hillsdale, NJ: Erlbaum.

Louis, T. A. (1982). Finding the observed information matrix when using the EM algorithm.

Journal of the Royal Statistical Society, Series B, 44, 226–233.

Luce, R. D. (1986). Response times: Their roles in inferring elementary mental organization.

Oxford: Oxford University Press.

Orlando, M., & Thissen, D. (2000). Likelihood-based item-fit indices for dichotomous item

response theory models. Applied Psychological Measurement, 24, 50–64.

Patz, R. J., & Junker, B. W. (1999). Applications and extensions of MCMC in IRT: Multiple item

types, missing data, and rated responses. Journal of Educational and Behavioral Statistics,

24, 342–366.

Rao, C. R. (1947). Large sample tests of statistical hypotheses concerning several parameters with

applications to problems of estimation. Proceedings of the Cambridge Philosophical Society,

44, 50–57.

Roskam, E. E. (1987). Toward a psychometric theory of intelligence. In E. E. Roskam & R. Suck

(Eds.), Progress in mathematical psychology (pp. 151–171). Amsterdam: North-Holland.

Schilling, S., & Bock, R. D. (2005). High-dimensional maximum marginal likelihood item factor

analysis by adaptive quadrature. Psychometrika, 70, 533–555.

Silvey, S. D. (1975). Statistical inference. London: Chapman & Hall.

Sinharay, S. (2005). Assessing fit of unidimensional item response theory models using a Bayesian

approach. Journal of Educational Measurement, 42, 375–394.

Snijders, T. A. B., & Bosker, R. (1999). Multilevel analysis: An introduction to basic and

advanced multilevel modeling. London: Sage.

Sörbom, D. (1989). Model modification. Psychometrika, 54, 371–384.

Thissen, D. (1983). Timed testing: An approach using item response theory. In D. J. Weiss (Ed.),

New horizons in testing: Latent trait test theory and computerized adaptive testing.

New York: Academic Press.

van Breukelen, G. J. P. (2005). Psychometric modeling of response speed and accuracy with mixed

and conditional regression. Psychometrika, 70, 359–376.

Item responses and response times 625



van der Linden, W. J. (2006). A lognormal model for response times on test items. Journal of

Educational and Behavioral Statistics, 31, 181–204.

van der Linden, W. J. (2007). A hierarchical framework for modeling speed and accuracy on test

items. Psychometrika, 72, 287–308.

van der Linden, W. J. (2008). Using response times for item selection in adaptive testing. Journal

of Educational and Behavioral Statistics, 33, 5–20.

van der Linden, W. J., & Glas, C. A. W. (2010). Statistical tests of conditional independence

between responses and response times on test items. Psychometrika, 75(1), 120–139.

doi:10.1007/s11336-009-9129-9

Verhelst, N. D., Verstralen, H. H. F. M., & Jansen, M. G. (1997). A logistic model for time-limit tests.

In W. J. van der Linden & R. K. Hambleton (Eds.), Handbook of modern item response theory

(pp. 169–185). New York: Springer.

Wood, R., Wilson, D. T., Gibbons, R. D., Schilling, S. G., Muraki, E., & Bock, R. D. (2002). TESTFACT:

Test scoring, item statistics, and item factor analysis. Chicago: Scientific Software

International.

Received 17 February 2009; revised version received 30 September 2009

626 Cees A. W. Glas and Wim J. van der Linden


