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STELLINGEN

behorende bij het proefschrift:

‘MULTILEVEL SOLUTION OF THE EHL LINE
AND POINT CONTACT PROBLEMS’

. De oorzaak van de instabiliteit van eenvoudige Gauss-Seidel relaxatie
toegepast bij het oplossen van elastohydrodynamische smeringsproble-
men is dat de (locale) drukveranderingen resulteren in te grote cu-
mulatieve veranderingen van de integralen die de elastische deformatie

beschrijven.
Dit proefschrift hoofdstuk 4 en 5

. Bij de analyse van de invloed van de microgeometrie op de drukverde:
ling en smeerfilmdikte in elastohydrodynamisch gesmeerde contacten
kunnen de veranderingen van deze microgeometrie ten gevolge van de
elastische deformatie niet verwaarloosd worden. :

Dit proefschrift hoofdstuk 7

. Extrapolatie van de effecten van oppervlakteoneffenheden op drukver-
deling en smeerfilmdikte in een elastohydrodynamisch gesmeerd contact
berekend onder stationaire condities, naar situaties waarbij de oneffen-
heid door het contact beweegt, geeft misleidende resultaten.

Dit proefschrift hoofdstuk 8

. Door de structuur van de Reynoldsvergelijking is voor veel twee-dimen-
sionale smeringsproblemen, ook wanneer elastische deformatie geen rol
speelt, het gebruik van lijnrelaxatie bij de berekening vau Jdc drukver-
deling in de smeerfilm een noodzakelijke voorwaarde voor een efficient
multigrid-algoritme.

- Juist bij het gebruik van multigrid technieken dient men zich te realise-
ren dat een zeer nauwkeurige oplossing van de modelvergelijkingen niet
per definitie ook een accurate beschrijving van de fysische werkelijkheid
is.



6. Wanneer een universiteit onder druk van overheidsbezuinigingen streeft
naar een toename van de hoeveelheid door het bedrijfsleven betaald
onderzoek ondermijnt zij haar bestaansrecht als dit ontaardt in het
vervangen van fundamenteel onderzoek door “marktgericht kluswerk”.

7. Het verdient aanbeveling om, in navolging van de waarschuwing op de
verpakking van tabaksartikelen, de wervingsadvertenties voor promo-
vendi te voorzien van de tekst:

Waarschuwing

Dit onderzoek kan schadelijke bijwerkingen hebben
voor uw sociale contacten en relatie(s).

8. Aangezien beleid, strategie en plan een samenhang tussen maatregelen
gericht op het bereiken van een herkenbaar en realiseerbaar doel sug-
gereren, lijkt het verstandig om, ter voorkoming van verwarring, tot
nader order deze woorden niet te gebruiken in combinatie met milieu
en media.

9. Een noodzakelijke voorwaarde voor een promotie is de aanvaarding van
het risico dat de grootste ontdekkingen misschien pas komen nadat het
proefschrift gedrukt is.

10. Door de sterke verontreiniging van bodem en grondwater wordt de
struisvogelpoliticus met uitsterven bedreigd.

Enschede, 22 februari 1991 C.H. Venner
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Samenvatting

Het onderwerp van dit proefschrift is elastohydrodynamische smering (EHL). Dit is
het type smering dat zich bijvoorbeeld voor doet in kogellagers en tussen tandwielen.
Meer in detail gaat dit proefschrift over het numeriek oplossen van het elastohydro-
dynamisch gesmeerde lijn en punt contact probleem. Na een korte introductie van
het onderwerp wordt een historisch overzicht gegeven van de belangrijkste ontwikke-
lingen op het werkgebied tot aan de presentatie van de eerste numerieke oplossingen
van een EHL contact probleem in 1951, Dit historisch overzicht wordt gevolgd door
een overzicht van algoritmes voor het numeriek oplossen van EHL problemen die
sindsdien zijn gepresenteerd met een beschrijving van de voor en nadelen van de
diverse algoritmes,

Dit overzicht heeft als conclusie dat, ondanks de grote vooruitgang die in de
loop der jaren is geboekt, de meeste algoritmes belangrijke beperkingen hebben
op het gebied van stabiliteit enfof rekentijd. Door deze beperkingen is het tot
dusver niet mogelijk geweest om een aantal problemen die voor de praktijk van
groot belang zijn op te lossen. Met name om te kunnen bepalen wat de gevolgen
zijn van oppervlakte oneffenheden voor de drukverdeling en de smeerfilmdikte in
praktische belastingssituaties zijn snellere en meer stabiele algoritmes nodig.

De ontwikkeling van zulke algoritmes is het onderwerp van het eerste deel van dit
proefschrift. Na een beschrijving van een fysisch mathematisch model voor elasto-
hydrodynamisch gesmeerde contacten volgt een uitleg van een tweetal zogenaamde
multigrid technieken. Deze multigrid technieken maken het in principe mogelijk om
de modelvergelijkingen snel en nauwkeurig op te lossen. Vervolgens worden de sta-
biliteits problemen geanalyseerd en opgelost. Dit resulteert in een algoritme voor
zowel het lijn als het puntcontact probleem waarmee, zoals ook aangetoond wordt,
zelfs op een mini computer de drukverdeling en filmdikte in het contact met een
grote nauwkeurigheid snel kunnen worden berekend.

Het tweede deel van dit proefschrift is toepassingsgericht. Hierin worden onder
andere het “standaard” (ideaal gladde oppervlakken) lijn en punt contact probleem
uitgebreid beschouwd. Deze problemen zijn opgelost voor een grote varieteit aan
belastingscondities, zelfs voor extreem hoge belastingen. Vervolgens wordt aange-
toond dat met de ontwikkelde algoritmes bovengenoemde studies naar de effecten
van oppervlakte oneffenheden op drukverdeling en filmdikte voor realistische be-
lastingscondities uitgevoerd kunnen worden. Het effect van verschillende soorten
oneffenheden wordt besproken voor zowel lijn als puntcontact situaties. Daarbij
komen ook dynamische aspecten aan de orde.

De studie naar de invloed van oppervlakte oneffenheden heeft geleid tot enkele
interessante nieuwe inzichten zowel met betrekking tot de smering van dit soort
contacten in het algemeen als met betrekking tot het falen van een EHL contact ten
gevolge van oppervlaktevermoeiing. Als afsluiting van het proefschrift wordt een
aantal aanbevelingen gedaan voor toekomstig onderzoek.
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Abstract

This thesis deals with the subject of elastohydrodynamic lubrication (EHL). This
is the type of lubrication that for example accurs in roller bearings and between
gear wheels. In particular, this work is directed towards the numerical solution
of the elastohydrodynamically lubricated line and point contact problems. This
thesis starts with an introduction to the subject followed by a brief historical review
going from the earliest achievements in the field of fuid film lubrication to the
first numerical solutions of an EHL contact problem that were presented in 1951,
Subsequently the different algorithms for the numerical solution of EHL contact
problems that have been presented since are reviewed and their advantages and
drawbacks are discussed.

From this review it is concluded that, in spite of the considerable progress that
has been made over the years, most of these algorithms have significant computing
time and/or stability limitations. As a consequence a number of problems of great
practical interest could not be simulated. For example to accurately study the effects
of surface features on the pressure profile and film thickness for practical loading
conditions, of essential interest for surface fatigue life predictions, requires faster
and more stable solvers.

The development of such solvers for both the line and point contact problems is
the subject of the first part of this thesis. Following the explanation of a physical
mathematical model describing the lubrication of EHL contacts, first the numerical
techniques that basically enable the fast solution of the model equations are outlined.
These techiques are usually referred to as “multigrid” or more in general “multilevel”
techniques. Subsequently the stability problems are analysed and solved. This
results in solvers that enable the solution of the EHL line and point contact problem
using large numbers of gridpoints on a small capacity computer.

The second part of this thesis directs attention towards applications. For both
the line as well as the point contact situation the “standard” EHL problems, i.e.
assuming perfectly smooth surfaces, are solved for a wide range of load conditions,
including extremely high loads. Furthermore, it is shown that the newly developed
algorithms meet the aforementioned demands by applying them to more complex
(realistic) EHL line and point contact situations. In particular, the effects of several
surface features upon pressure profile and film thickness for practical (high) loading
conditions are investigated for both line and point contact situations. Also transient
effects are discussed.

The study of surface features has led to some interesting new insights both in
general as well as with respect to the surface fatigue life of EHL contacts. Finally,
this thesis is concluded with some recommendations for future research.
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Chapter 1

Introduction

Friction and wear are two closely related phenomena that play an important role
in everyday life. For example, imagine that friction wouldn’t exist. That would
have a tremendous impact. The slightest force would put objects in eternal motion,
and many everyday activities such as simply walking from one spot to another
or turning a page of a book, e.g. this thesis, would be very complicated if not
impossible. Obviously, it would be hard to live without friction at all. Nevertheless,
in many situations friction is a nuisance and should be reduced to a minimum, see
for example figure 1.1.

Ffriction Ff; F_fz

FIGURE 1.1: An example of a situation where a minimumn friction is desired.
Ff: + F!‘z < Ffrict:’on

In particular in the design and the operation of technical equipment it is often
important to minimize the power loss caused by the friction in the various contacts
between machine parts in relative motion, e.g. in bearings and transmissions, in
order to obtain a maximum efficiency. Furthermore, wear of the surfaces of these
contacting parts should be controlled at & minimum level and if possible avoided at
all since uncontrolled wear may lead to an unexpected breakdown with sometimes
expensive and maybe even dangerous consequences.



2 Chapter 1: Introduction

An effective way to reduce friction and wear is lubrication. For example the lubrica-
tion of the main bearings of an engine with oil. The geometry of the bearing and the
crankshaft and their relative motion enable the formation of a thin cil film separat-
ing the bearing from the shaft. If the thickness of this film is large enough to fully
separate the two surfaces all shear resulting from the different surface velocities will
take place in the lubricant film. Hence, wear will be nearly absent and the coefficient
of friction will be small. Typically it is 0(0.01} whereas the coefficient of friction in
a dry contact situation is in general O(0.1). This type of lubrication that is char-
acterized by the fact that the lubricant film separating the contacting elements is
generated by the motion and the geometry of their surfaces is commonly referred to
as Hydrodynamic Lubrication. If the lubricant film fully separates the surfaces and
carries the entire contact load it is also referred to as full film lubrication.

In many situations the shape of the lubricant film is exclusively determined by

the geometry of the running surfaces. However, in the case of concentrated contacts
such as the contacts between gear teeth and between roller (ball) and raceway in
rolling element bearings displayed in figure 1.2, this is no longer true.
Because of the high pressures in the contact the shape of the lubricant film is strongly
effected by the elastic deformation of the contacting elements. The lubrication of
such contacts, commonly referred to as Elasto-Hydrodynamic Lubrication {EHL), is
the subject of this thesis. In particular this thesis is directed to the development of a
numerical algorithm enabling a fast calculation of the pressure profile and the shape
of the lubricant film in elastohydrodynamically lubricated- contacts. The algorithm
is subsequently employed in the analysis of various contact situations. The presented
results are of particular interest with respect to surface fatigue life predictions of
EHL contacts.

Before going into detail the remainder of this chapter provides some background
with respect to the research contained in this thesis. The next section presents a
more detailed introduction to EHL and explains the different types of EHL contacts

FIGURE 1.2: Two examples of lubricated concentrated contacts.
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that are generally distinguished. This introduction is followed by a brief historical
review going from the earliest achievements in the field of fluid film lubrication
via some milestones in the history of EHL to the first numerical solutions of an
EHL contact problem that were presented in 1951. Following this pioneering work
many algorithms for the numerical solution of EHL problems have been presented
over the last few decades. Section 1.3 presents a survey and discusses characteristics,
advantages and drawbacks of the most widely applied algorithms. Finally section 1.5
briefly discusses some experimental techniques that enable verification of the results
of numerical calculations and this chapter is concluded with an outline of the research
contained in the following chapters.

1.1 Elastohydrodynamic Lubrication

Elastohydrodynamic lubrication is defined as the type of hydrodynamic lubrication
in which the interaction between the elastic deformation of the contacting elements
and the fluid film formation can not be neglected.

Two examples of EHL contacts were already shown in figure 1.2. In these situ-
ations, i.e. in contraformal contacts between steel surfaces, the maximum contact
pressure can range up to 3.0 GPa. Even in everyday life these contacts play an
important role. For example the successful operation of a car depends on at least
200 EHL contacts.

The elastic deformation is not the only characteristic element in EHL studies,
The fluid film formation in such contacts is also strongly affected by the lubricant
behavior. It is well known that, for most lubricants, the viscosity increases rapidly
with increasing pressure and obviously at the high pressures mentioned above this
effect can not be neglected. On the contrary, the viscosity-pressure relation and in
general the lubricant rheology has become an essential element in the study of EHL
contacts.

The EHL theory is not restricted to the aforementioned highly loaded contacts
between steel surfaces. It applies to all situations where the stiffness of one or both
of the running surfaces is small compared to the pressure in the lubricant film. A
typical example is the contact between a steel rod and a rubber seal. .

When studying EHL contacts it is not necessary to consider the often rather
complex geometry of the contacting machine elements. Since the film thickness and
the contact width are generally small compared to the local radius of curvature of
the running surfaces, the geometry of the surfaces in the contact area locally can
be accurately approximated by paraboloids. This approximation allows a further
simplification of the contact geometry. As will be shown, it can be reduced to the
contact between a paraboloid and a flat surface.

In general two types of problems are distinguished: the line contact problem and
the point contact problem. In the case of the line contact problem the contacting
elements are assumed to be infinitely long in one of the principal directions. In fact,
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FIGURE 1.3: The EHL line contact and the reduced geometry employed in the
theoretical analysis;
R =reduced radius of curvature: R = R{' + R;'.
h =gap width.

the radius of curvature of the paraboloids approximating the surfaces in this direc-
tion is infinitely large. In the unloaded dry contact situation the surfaces touch along
a straight line. If a load is applied a strip shaped contact region is formed because
of the elastic deformations. Figure 1.3 shows the most widely used approximation
of the line contact situation: Two parabolically shaped surfaces with local radii of
curvature R; and R; moving with velocities uy and u, respectively, Figure 1.3 also
shows the reduced geometry generally used in the theoretical analysis of this type
of contact.

Figure 1.4 shows the most widely used approximation of the more general point
contact situation: Two parabolically shaped surfaces with local radii of curvature
Ry, and Ry, in the x direction and Ry, and Ry, in the y direction. The z direction
is chosen to coincide with the direction of the surface velocities u; and ug. Figure 1.4
also shows the reduction of this geometry to the contact between a single paraboloid
with radii of curvature R, and R, and a flat surface. R. and R, are generally referred
to as the reduced radii of curvature in = and y direction respectively.

In the dry contact situation, i.e. in the absence of a lubricant, both surfaces
nominally touch in a point in the unloaded situation whereas the shape of the
contact region when a load is applied depends on the ratio of the reduced radii of
curvature in z and y direction. In general it is an ellipse, and therefore this type
of contact is also referred to as an elliptic contact. Examples of point contacts are
the contact between a ball and the inner or the outer raceway in a ball bearing
and the contact between two crowned disks. A special case of an elliptic contact is
the circular contact which occurs if the reduced radii of curvature in both principal
directions are equal.

Both line and point contact problem will be addressed in this thesis. With
respect to the point contact problem only the circular contact situation is studied,
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FIGURE 1.4;: The EHL point contact and the reduced geometry used in the the-
oretical analysis;
£, = reduced radius of curvature in « direction: R = R} + Ryl
R, = reduced radius of curvature in y direction: R;' = Ry} + R}
h = gap width

because it contains all characteristic elements of 2-D EHL and this work is mainly
directed towards the development of algorithms for the solution of the problems.

1.2 EHL, a retrospective view

Nowadays it is widely accepted that Beauchamp Tower’s [T1] (1883) experimen-
tal investigation of friction in lubricated journal bearings, leading to the accidental
discovery of substantial pressures in the oil film, laid the foundation for the under-
standing of fluid film lubrication.

Tower’s experimental work provided the stimulus for Reynolds’ theoretical anal-
ysis [R1] (1886). In his paper Reynolds derives the basic differential equation of fluid
film lubrication, nowadays well known as “The Reynolds Equation”. This equation
relates the pressure in the lubricant film to its geometry and the velocities of the
moving surfaces. Reynolds not only derived this differential equation but also pre-
sented its approximate solution for restricted situations. Furthermore, he compared
his theoretical predictions with Tower’s experimental results, Hence, Reynolds was
the first who provided the engineers with a mathematical tool for the design of
bearings. One of the earliest examples of the application of Reynolds’ equation
in bearing design was the tilting pad thrust bearing, patented by Michell [M1,M2]
(Australia, 1905) and Kingsbury [K1](US, 1910).

Following the successful application of Reynolds’ theory to journal and thrust
bearings, Martin {M3] (1916) and Giimbel [G1] (1916) focussed the attention on the
more complicated problem of gear lubrication. They recognized that the conjunc-
tion between the gear tecth could be accurately represented by two cylinders and
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FIGURE 1.5: Pressure profile (P) and film thickness (H) calculated by Petruse-
vich [P1].

solved Reynolds’ equation for this geometry. Assuming the cylinders to be rigid
and the lubricant isoviscous, they deduced a relationship between the minimum film
thickness and the operating conditions. However, the film thicknesses predicted by
this formula were very small compared to the known surface roughness of gears.
Hence, it was concluded that the successful operation of gears almost without wear
as observed in practice could not be ascribed to the fluid film action.

It took some 30 years before this contradiction between theory and practical
observations was solved and two effects beneficial to fluid film formation in non-
conformal contacts were recognized: the elastic deformation of the surfaces due to
the high contact pressures and the increase of viscosity with increasing pressure.
Ertel [E1] (1939) and Grubin [G2] (1949) were the first to include both effects in the
theoretical analysis. From the solution of Reynolds’ equation in the inlet region,
with the elastic deformations according to the dry contact theory of Hertz {H1] and
the linear relation between the logarithm of the viscosity and the pressure proposed
by Barus [B1] (1893), they derived an approximate expression for the lubricant film
thickness in the center of the contact. This formula yielded film thicknesses which
were more than one order of magnitude larger than Martin’s predictions for similar
conditions. Moreover, it predicted film thickness values that were much larger than
the surface roughness in many practical contact situations. Hence, it was confirmed
that also in non-conformal contacts separation of the surfaces by a lubricant film
can be obtained. Although the formula derived by Ertel and Grubin was, as a result
of the different approximations, only valid in a limited parameter regime, their work
provided the basis for todays EHL theory.

Shortly afterwards Petrusevich [P1] (1951) presented the first “numerical” so-
lutions of the line contact problem. These solutions simultaneously satisfied both
Reynolds’ equation and the elasticity equation in a number of discrete positions
throughout the conjunction. In addition, the exponential Barus viscosity pressure
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relation was used. The results revealed details about the pressure distribution and
film shape in the contact region and contain all characteristic features of medium
to highly loaded EHL solutions (see figure 1.5): a more or less semi-elliptic pressure
distribution, a uniform film in the contact region and a dip in the film thickness pre-
ceded by a very local pressure maximum near the outlet. This second maximum in
the pressure distribution became the subject of discussions for many years to come
and is nowadays generally referred to as “the Petrusevich spike” or “the pressure
spike”.

1.3 Numerical solution methods

Following the pioneering work of Petrusevich, and stimulated by the introduction of
the digital computer and its increasing availability to scientists, many algorithms for
the numerical solution of EHI contact problems have been presented over the last
few decades. In general the applied mathematical model consists of three equations:

» The Reynolds equation, describing the pressure generation in the lubricant
film for a given film thickness.

o The elasticity equation or film thickness equation for the computation of the
elastic deformations and the film thickness for a given pressure distribution.

o The force balance equation demanding that the integral over the pressure in
the lubricant film balances the externally applied contact load.

The solutions for the pressure (P) and the film thickness (H) must simultaneously
satisfy all three equations. Furthermore, the solution is subject to the condition that
all pressures should be larger than, or equal to the vapor pressure of the lubricant,
This condition, the so called cavitation condition, is imposed because, for physical
reasons, fluids can not be subjected to pressures below this vapor pressure. The
fluid will cavitate and the pressure will equal the ambient pressure. Since this vapor
pressure is generally already small compared to the atmospheric pressure it certainly
will be much smaller than the pressures in an EHL contact and therefore it can be
assumed to be zero. Because of this cavitation condition the exit boundary becomes
a free boundary.

The algorithms used to solve the set of equations resulting from discretization
of the aforementioned constituting equations, are classified into two categories. The
direct methods versus the inverse methods. This division is entirely based upon the
different way in which Reynolds’ equation is treated in the solution process. In both
methods the elasticity equation is used only to calculate the elastic deformation for
a given pressure distribution. In addition, in both methods the same procedure 1s
followed to solve the force balance equation. Because the latter equation can be
solved in a very cheap and straightforward manner, the specific details with respect
to this equation are disregarded for the moment.
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1.3.1 Direct methods

Although the specific iterative procedure applied varies for the different algorithms,
they have in common that the Reynolds equation is solved for the pressure given
the film thickness. This seems to be the most natural way to solve the system of
equations. Indeed, Reynolds’ equation was originally derived to obtain the pressure
distribution in a conjunction in which the film shape is a priori known.

1.3.1.1 Gauss-Seidel relaxation

One of the most straightforward direct algorithms to solve the set of discrete equa-
tions consists of a simple Gauss-Seidel type of relaxation to solve the pressure distri-
bution from Reynolds’ equation. After each or after a number of iterations the elastic
deformation is recalculated. This sequence is repeated until a pressure profile and
film shape have been obtained that simultaneously satisfy all three equations within
a desired accuracy. Such an algorithm was used for the solution of the point contact
problem by among others Hamrock and Dowson [H2], Chittenden et al. [C1,02] and
Zhu and Cheng [Z1]. Furthermore, Hamrock and Jacobson [H3] applied it to the
line contact problem.

This approach has several disadvantages. Asymptotic convergence of the process
is generally slow and if n is the number of points on the grid used, then at least
O(n) relaxations are required to obtain a converged solution. Since the calculation of
the elastic deformation in all grid points requires O(n?) operations the complexity
of the algorithm is at least O(n®). This obviously leads to excessive computing
times for large n, which are unfortunately needed to accurately solve the point
contact problem. Moreover, the relaxation process appears to be unstable for highly
loaded situations. Even for moderate loads rather large underrelaxation factors were
needed to stabilize the relaxation process. Although underrelaxation may stabilize
the scheme it unfortunately also reduces the speed of convergence.

Advantages of the method are the straightforward implementation of the cavi-
tation condition and the small storage capacity required.

1.3.1.2 Newton-Raphson system approach

The Newton-Raphson algorithm is based on the linearization of the system of equa-
tions around some approximate solution. In this “working point” the Jacobian
matrix, i.e. the matrix consisting of the derivatives of all discrete equations with
respect to all variables, is evalualed, inverted and used to calculate a new approxima-
tion. This process is repeated until a solution simultaneously satisfying all equations
within the desired accuracy, is obtained. The basic algorithm is described in detail
by Okamura [01] and with some variations it is still widely used nowadays, see for
example [lamrock et al. [H4] and Sadeghi and Sui [S1]. One of the advantages of
this algorithm is that in general, convergence close to the solution is fast and that,
if it converges, only a few iterations are required. With respect to EHL problems
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however, it has some severe drawbacks, as was for example pointed out by Lubrecht
[L1]:

¢ Because of the elastic deformations, the Jacobian matrix to be inverted during
each iteration, is a full matrix. Since this inversion requires O{r®) operations
the overall complexity of the algorithm is also O(n®). Hence, accurate solution
of point contact problems with large n will lead to excessive computing times.

® On top of that both the total computer storage needed for the elements of
the Jacobian matrix as well as the total computing time needed for their
calculation are O(n?).

® The Jacobian matrix becomes almost singular with increasing load, making
the solution of highly loaded situations rather cumbersome.

¢ Because of the simultaneous solution of ali pressure updates in each iteration,
the implementation of the cavitation condition is rather troublesome. In the
case of line contact situations these problems can be avoided simply by scaling
the coordinate in the direction of flow, e.g. [B2). The scaling introduces the
location of the exit boundary as a separate unknown to be solved for in the it-
eration process. Since this location is only a single unknown the scaling doesn’t
result in a complication of the equations. However, in the two-dimensional case
the location of the exit boundary varies over the domain. In that case such a
scaling introduces not only a number of unknowns to describe its location but
also the derivatives of the exit boundary with respect to both coordinates in
the equations. This seriously complicates the problem. Therefore, extension
of this approach to the point contact problem seems impossible. The only
way out is treating the Reynolds equation with the cavitation condition as a
cornplementarity problem as proposed by Oh {02] and Kostreva [K2]. That
approach however, is rather time consuming and tedious to implement.

Most likely because of these drawbacks the majority of the papers dealing with the
application of the global Newton-Raphson method to EHL problems is dedicated to
the line contact problem and only a limited number of successful applications of this
method to point contact problems have been reported so far.

Over the years improvements to the aforementioned technique have been re-
ported: Houpert and Hamrock [H5] found a way to overcome the load limitation,
and recently Chang et al. {C3] reduced the complexity to O(n?) by truncating the
Jacobian matrix to a tridiagonal matrix. They discarded the terms that reflect the
global relation between the film thickness and the pressure caused by the elastic
deformation integrals. The truncation allows a more efficient updating of the pres-
sures. However, since these terms become increasingly important for higher loads,
it will only increase the difficulties to obtain converged solutions for highly loaded
situations.
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1.3.1.3 Multigrid techniques

The high complexity of the algorithms discussed above, seriously limits the num-
ber of nodes that can be used in the analysis, and thus the accuracy that can be
obtained. This problem was partly overcome by using local grid refinement tech-
niques and large mainframe or super computers. The benefit of faster hardware
however, is limited. The gain in computing time that can be obtained by means
of a faster computer is only a constant factor. Consequently, with an algorithm of
O(n3) complexity, the increase in number of nodes it allows is only proportional
to the cubic root of this constant. For example, to solve a point contact problem
with half of the original mesh size in the same time, requires a computer that is 64
times faster. Moreover, if a Newton-Raphson algorithm is used it should also have
16 times the storage capacity. Therefore, Lubrecht [L1,L2] shifted the attention to
the development of faster software, i.c. developing an alternative solution method
of lower complexity.

The presented algorithm was based on Gauss-Seidel relaxation of the Reynolds
equation whereas convergence of the process was accelerated using so-called Multi-
grid techniques. A brief outline of these techniques is presented below. For an
introduction to the subject the reader is referred to Briggs [B3]; the application of
these techniques to a variety of problems is extensively described by Brandt [B4].

The concept of multilevel (Multigrid) fast solvers is based upon a certain under-
standing of the convergence behaviour of iterative processes such as simple Gauss-
Seidel relaxation. In many situations it can be shown that error components with
a wavelength of the order of the mesh size, i.e. high frequency components, are
efficiently reduced by the relaxation process.

On the other hand, error components with wavelengths much larger than the
mesh size are hardly reduced and consequently, after a few iterations convergence
slows down and the asymptotic convergence rate becomes very smail. Hence, after
a few relaxations the error in the approximation is smooth compared to the mesh
size. The remaining error, in fact, can be accurately represented and solved on a
coarser grid. Therefore, instead of continuing the relaxation process when, after a
few relaxations, convergence slows down, one switches over to a coarser grid for the
solution of the error. Once an accurate approximation to the error is obtained on
this grid it is used to correct the solution on the fine grid.

Solving the error on a coarser grid generally means solving a similar problem
as the original one. So, the same iterative procedure can be applied. However,
compared to the computational cost of iterations on the fine grid, the amount of
work needed for the solution of the error on the coarse grid is much smaller. The
first reason for this reduction is that the number of nodes on the coarse grid is
smaller and consequently one iteration on this grid requires less operations. The
second reason is that, because of the larger ratic between wavelength and mesh size,
the iterative process on the coarse grid converges faster and a given error reduction
requires less iterations.
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The same reasoning applies to the iterative solution of the error on the coarse grid.
If the number of nodes on this grid is still relatively large the convergence will slow
down again after a few iterations. The remaining error on this grid will be smooth
and can be accurately approximated and solved on an even coarser grid. This process
can be repeated until a grid is reached on which the problem can be solved in only
a few iterations. The result is used to correct the solution of the problem on the
next finer grid and so on until the finest grid is reached again. Hence, to solve
the problem on some grid, a set of coarser grids is used. On each grid only a few
iterations are carried out and only on the coarsest grid the problem is really solved.
Usually the number of nodes on the coarsest grid is very small so this requires only
a few iterations. :

The total number of operations needed to solve a problem up to the level of the
discretization error with the aforementioned procedure is generally equivalent to the
amount of work of 10 to 25 iterations on the finest grid, independent of the number
of nodes on that grid, e.g see [B4].

The complexity of Lubrecht’s algorithm was, because of the evaluation of the
elastic deformation integrals, still O(n?). Nevertheless, the large reduction in com-
puting time obtained with the Multigrid techniques, enabled him to solve both
stationary line and point contact problems with a relatively large number of nodes
on a small capacity computer. As a result, extensive parametric studies for both
problems could be performed. For the line contact problem this parameter study re-
sulted in an accurate formula to predict the minimum film thickness as a function of
the operating conditions. Also the effects of longitudinal and transversal harmonic
furrows and ridges and the effects of an isotropic bump on both pressure distribution
and film thickness in a circular contact situation were investigated. A characteristic
example of a pressure distribution and the associated film thickness in a circular
contact calculated by Lubrecht is presented in figure 1.6: A semi-ellipsoid pressure
distribution in the central region of the contact. In the inlet region the pressure
smoothly builds up to this semi-ellipsoid whereas in the outlet region the pressure
is zero. Instead of a single spike the cavitated region is preceded by a spiked region
in the pressure profile. The film thickness displays another characteristic element
of EHL point contact solutions, i.e. the formation of so cailed side lobes. The film
thickness in these side lobes can be much smaller than the film thickness in the
central region of the contact.

Lubrecht’s algorithm was not suited to solve the problem for highly loaded situ-
ations. As mentioned above, the simple Gauss-Seidel relaxation process is unstable
for high loads and, with increasing load, underrelaxation and local relaxation with
local film thickness updates were needed to stabilize the relaxation process. In that
way, solutions up to a maxirmum Hertzian pressure of + 2.0 GPa were obtained.
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FIGURE 1.6: Pressure profile (P) and film thickness (H) in a circular contact
calculated by Lubrecht [L2].
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1.3.2 Inverse methods

As an alternative, Reynolds’ equation can be regarded as an equation for solving
the film thickness given a certain pressure profile. This so-called inverse solution
technique was introduced by Ertel [E1] in 1939. Driven by stability problems en-
countered when applying a direct iterative algorithm, Dowson and Higginson [D1]
(1959) were the first to develop an algorithm for the numerical solution of the EHL
line contact problem based on the inverse solution of Reynolds’ equation.

The inverse algorithms are based on the fact that the problem is only solved if the
film thickness calculated with the Reynolds’ equation, hereafter referred to as the
hydrodynamic film thickness, equals the film thickness calculated from the elasticity
equation. This leads to the following iterative scheme: For a given approximation
of the pressure profile both the hydrodynamic film thickness and the film thick-
ness based on the elastic deflections are calculated. Subsequently, the differences
between those two results are used to adjust the pressure profile. This sequence is
repeated until the hydrodynamic film thickness deviates less than some prescribed
convergence criterion from the elastic deflection film thickness.

Dowson and Higginson [D1] solved the line contact problem for a variety of oper-
ating conditions and from the results they derived a formula predicting the minimurn
film thickness as a function of the operating conditions that is still widely used. Fol-
lowing their work, the inverse approach was extended to point contact problems by
Evans and Snidle [E2,E3].

The inverse method has the following disadvantages:

* Solving Reynolds’ equation for the film thickness means solving a cubic -
equation, with basically three solutions. Since only one of those solutions
will be the appropriate one, some problems associated with the selection of
the proper root have to be solved.

e Contrary to the direct iterative solvers, the inverse method is only stable for
highly loaded situations. Therefore, Evans and Snidle [E2,E3] only used the
inverse method in the Hertzian contact region of the conjunction and applied
a direct solver in the inlet region.

¢ The relation used to calculate the pressure changes, given a certain deviation
of the hydrodynamic film thickness from the elastic film thickness, is based on
experience and insight and its mathematical or physical foundation is not well
understood.

® Because the film thickness equation is an integral equation over P the film
thickness is relatively insensitive to local changes in the pressure. Therefore,
solution of the problem in the case of rough surfaces may be difficuit.
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o The complexity of the approach is most likely close to O(r®) leading to ex-
cessive computing times for large n.

o The solution process is very sensitive to the accuracy of the first approximation.

An advantage of the inverse method is that implementation of the cavitation con-
dition is, similar to the Gauss-Seidel direct solver, very straightforward and storage
requirements are small.

The combined direct-inverse technique of Evans and Snidle was further improved
by Kweh et al. [K3]. Circular contact solutions with maximum Hertzian pressures
ranging from 1.0 to 4.0 GPa are presented. The same approach was successfully used
to investigate the effects of sinusoidal roughness in elliptical contact situations by
Kweh et al. [K4] and Barragan de Ling et al. [B5]. Furthermore, a basically similar
algorithm was presented by Seabra and Berthe [52,53].

In spite of the aforementioned disadvantages this combined inverse-direct ap-
proach is the only one so far that has enabled accurate solution of the point contact
problem for maximum Hertzian pressures up to 3.3 GPa which is the practical limit
in the case of roller bearings. Beyond this value gross plastic deformation of the
raceways starts to occur.

1.4 Variational method

An alternative approach leading to a solver for the EHL line contact problem was
proposed by Verstappen [V1]. This approach is based on variational principles. The
resulting algorithm uses an iteration in time to maintain stability with increasing
load and has some interesting elements in it. For example the introduction of a
preconditioner as a result of which the matrix to be inverted at each time step is no
longer a full matrix. It is a pentadiagonal matrix instead. This preconditioning is
the more interesting since it is claimed that it can be applied in any solver of the line
contact problem based on the inversion of the full matrix. In particular, it should
enable a reduction of the complexity of the aforementioned global Newton-Raphson
schemes to approximately O(n?).

1.5 Experimental verification

The theoretical investigations resulted in the conclusion that even in the case of con-
tacts between non conforming surfaces, complete separation of the running surfaces
can be obtained. Furthermore, the dependence of the film shape, pressure distribu-
tion and other important properties on the operating conditions was studied. Such
results of course, need experimental verification. Because of the high pressures in
the contact and the small film thickness, that is not an easy task. Several techniques
based on different physical principles have been developed over the years. Most of
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FIGURE 1.7: (a} Interferogram of a circular contact measured by Gohar [G4)].
(b) Film thickness contour plot calculated by Lubrecht [L2] for
identical conditions.

these techniques can only be used to measure some average film thickness. How-
ever, with the two techniques discussed below also details about the film shape in
the contact region can be revealed. The most popular one is the optical interfer-
ometry. This technique was for example used by Kirk [K5], Gohar and Cameron
(G3], Foord et al. [F1], Koye and Winer [K6], Gohar [G4] and it is still widely used
nowadays, for example see Kweh et al. [K3].

As was demonstrated by Lubrecht [L2], see figure 1.7, the optically measured film
thickness profiles show good qualitative agreement with the results of numerical cal-
culations. Both results display the characteristic horseshoe shaped film thickness in
the central region with the aforementioned side lobes where the overall minimum
values occur. In addition, Kweh et al, (K3] reported also a good quantitative agree-
ment between the measured central film thickness and the central film thickness
calculated numerically for the same lubricating conditions.

Optical interferometry is limited to film thickness measurements. Information
regarding the pressure distribution can not be obtained directly in this way. For that
purpose, Safa et al. [$4,55] and Baumann et al. [B6] performed measurements using
micro transducers, vacuum deposited on one of the running surfaces. Depending
on the type of transducer, this technique aliows measurement of the pressure, the
film thickness or the temperature in the conjunction. Because of the high pressures
and the high shear rates in the contact these measurements are very difficult to
perform and, so far, only results for relatively lightly loaded line contact situations
have been presented, see for example figure 1.8. Note that these measurements
confirm the occurrence of a second local maximum in the pressure profile, i.e, the
“mysterious” gpike. However, the transducers are generally not small enough to
accurately measure its height.
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FIGURE 1.8: Pressure profiles measured by Baumann et al. [B6] using micro-
transducers.

1.6 Outline of this thesis

The accurate prediction of the effect of surface roughness on the fatigue life of EHL
contacts in practically relevant situations requires algorithms that allow solution of
the line and point contact problems with a large number of nodes in a reasonable
computing time, also for highly loaded situations. To give an estimate of what such
studies require: for the point contact problem the algorithm must allow solution of
the problem with roughly 500 x 500 nodal points.

From the previous sections it is clear that none of the algorithms presented
so far is able to accomplish this task in limited times, not even on high speed
computers. One might argue that, viewing today’s rapid development of faster and
faster computers, the next generation of super computers may be fast enough. As
was explained in section 1.3.1.3, the high complexity of the algorithms severely limits
the increase in number of nodes that a faster computer will allow. In addition,
computing time on super computers is generally quite expensive. Therefore, the
alternative of developing a solver of lower complexity is adopted in this thesis.

In principle multigrid techniques do have the prospect to solve problems, with
the above mentioned number of nodes, in limited computing times on small capacity
computers. Therefore, these techniques were adopted as a starting point for further
research. The results of this research are presented in the following chapters.

This thesis can be divided into two parts. In the first part, i.e. the chapters 2 to 5
emphasis is on the theory of EHL and the necessary mathematics needed for under-
standing of the fast numerical solution of the EHL line and point contact problems.
Chapter 2 explains the mathematical model describing the isothermal EHL line and
point contact problems. The different equations are derived and, for convenience,
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they are reworked to a dimensionless form. Next, chapter 3 explains the two mul-
tilevel techniques on which fast solvers for both problems will be based. First the
“standard” muitilevel techniques to accelerate the convergence of a relaxation pro-
cess, i.e. the procedure briefly outlined in section 1.3.1.3, are explained in detail.
Secondly, a recently developed multilevel algorithm multilevel multi-integration for
the fast numerical evaluation of multi-integrals such as the elastic deformation inte-
grals is explained. In particular, it is demonstrated that, using this algorithm, the
computing time needed for the calculation of the elastic deformation in both the line
as well as the point contact situation can be reduced from O(n?) to O(nlnn). Given
a suitable relaxation scheme these two multilevel techniques in principle enable the
solution of the entire problem (line or point contact) in O(nInn) operations if n is
the number of nodes on the grid.

With respect to the relaxation scheme, an efficient multilevel solver requires a
relaxation process that effectively reduces high frequency error components. For
lightly to moderately loaded line and point contact situations this is no problem.
As was shown by Lubrecht [L2] a simple Gauss-Seidel relaxation scheme serves well.
Unfortunately this scheme, as many other algorithms developed over the past few
decades, is unstable for the highly loaded conditions that occur in practical situa-
tions. Hence, to obtain solvers of the aforementioned low complexity first alternative
relaxation schemes must be developed that remain stable in extreme loading condi-
tions and, in addition provide good error smoothing. This subject is addressed in
the chapters 4 and 5.

First chapter 4 describes the step by step development of such a relaxation scheme
for the line contact problem with the help of a seties of linearized model problems.
Subsequently, it is explained how to merge this relaxation process with the multilevel
techniques into a fast solver for the problem. The chapter is concluded with the
presentation of the results for an example load situation obained with the solver.
In particular, it is demonstrated that, because of its low complexity (Q(nlnn)),
the algorithm enables solution of the problem with a large number of nodes, e.g.
((100.000), on a mini-computer.

Next chapter 5 describes a similar approach leading to a fast solver for the circular
contact problem. Again the alternative relaxation scheme is developed with the help
of the analysis of a series of linearized model problems. Similar to what is discussed
in chapter 4, it is explained how to combine this relaxation process with both the
muitilevel solution as well as the multilevel multi-integration algorithm into a solver
of complexity O(nInn). By means of an example the low complexity of the solver is
demonstrated and particularly it is shown that it is indeed possible to solve the point
contact problem with the number of nodes mentioned at the start of this section in
reasonable times on a mini-computer.

Having developed “a set of tools” the second part of this thesis directs attention
towards applications. The chapters 6 to 10 present the results of the application
of the solvers for the line and point contact problem to a variety of EHL contact
situations. First the results obtained for line contact problems are presented. In
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particular, chapter 6 gives the results of a parametric study of the so-called standard
line contact problem, i.e. it discusses the situation in which the surfaces are perfectly
smooth. Secondly, chapter 7 addresses a more complex situation, i.e. it studies the
effect of surface features. Assurning steady state conditions the effects of some large
scale features such as indentations, bumps, and waviness on the pressure profile and
film shape are studied for conditions derived from an actual bearing application. In
addition to these results for large scale features the effects of a small scale feature,
i.e. surface toughness, are studied and pressure profiles and film shapes calculated
using the input of an actually measured surface trace are presented.

The analysis of the effects of surface features on the pressure profile and the film
shape introduces the need for a time dependent approach since generally the surface
feature moves through the contact. This subject is adressed in chapter 8. The solver
for the line contact problem described in chapter 4 is extended to transient situations
and the results of the simulation of the overrolling of an indentation, a bump and
waviness are presented and discussed. These transient studies have resulted in some
interesting new insights and demonstrate the importance of such transient studies.

TFollowing these line contact results next the circular contact problem is ad-
dressed. First chapter 9 presents the results of the application of the solver devel-
oped for this problem to a parametric study of the idealized situation in which the
surfaces are perfectly smooth. Secondly chapter 10 presents the results obtained in
some more complex situations, i.e. it shows the effects of some surface features on
both pressure profile and film thickness.

As a result of covering both the numerical mathematical side, i.e. the theory
needed for the understanding of the development of fast solvers for the EHL line
and point contact problem, as well as the engineering side, i.e. the application
of the solvers to situations of practical interest, this thesis has become quite an
extensive work.

However, in spite of all results and answers presented in the chapters 4 to 10
there are still many subjects to be studied, questions that remain unanswered, and
new questions to be answered. Therefore this thesis is concluded with a brief outline
of some interesting topics for future research.




References 19

References

(B1]

{B2]

[B3]

(B4]

[BS]

[B6]

[C1)

[C2]

(C3]

[D1]

(D2]

(E1]

[E2]

Barus, C., 1893, “Isothermals, isopiestics and isometrics relative to viscosity,” Am,
J. of Science, 45, 87-96.

Bisset, E.J., and Glander, D.W., 1988, A highly accurate approach that resolves
the pressure spike of elastohydrodynamic lubrication,” ASME JOT, 110, 241-246.

Briggs, W.L., 1987, “A Multigrid Tutorial,” STAM, Philadelphia, Pennsylvania,
ISBN 0-89871-221-1

Brandt, A., 1984, “Multigrid ‘Techniques: 1984 Guide with applications to fluid
dynamics,” available as G.M.D.-Studien No. 835, from G.M.D.-F1T, Postfach 1240,
D-5205, St. Augustin 1, W. Germany.

Barragan de Ling, FdM, Evans, H.P., and Snidle, R.W., 1989, “Micro-
elastohydrodynamic lubrication of circumferentially finished rollers: The influence of
temperature and roughness,” ASME JOT, 11, 730-736.

Baumann, H., Von Frey, D., and Haller, R., 1988, “Druck und Tem-
peraturverteilungen in EHD-Kontakten,” Tribologie und Schmierungsiechnik, 35
Jahrgang, 2, 84-96,

Chittenden, R.J., Dowson, D., Dunn, J.F., and Taylor, C.M., 1985, “A
theoretical analysis of the isothermal elastohydrodynamic lubrication of concentrated
contacts I. Direction of lubricant entrainment coincident with the major axis of the
Hertzian contact ellipse,” Proc. R. Soc. Lond., A 397, 245-269.

Chittenden, R.J., Dowson, D., Dunn, J.F., and Taylor, C.M., 1985, “A
theoretical analysis of the isothermal elastohydrodynamic lubrication of concentrated
contacts II. General case, with lubricant entrainment along either principal axis of
the Hertzian contact ellipse or at some intermediate angle,” Proc, R. Soc. Lond., A
387, 271-204,

Chang, L., Conry, T.F., and Cusano, C., 1989, “An efficient, robust multi-level
computational algorithm for elastohydrodynamic lubrication,” ASME JOT, 111,
193-199.

Dowson, D., and Higginson, G.R., 1959, “A numerical solution to the elasto-
hydrodynamic problem,” J. of Mech. Eng. Science, 1, 1, 6-15.

Dowson, D., and Higginson, G.R., 1966, “Elasto-hydrodynamic lubrication, the
fundamentals of roller and gear lubrication,” Pergamon Press, Oxford, Great Britain.

Ertel, A.M., 1939, “Hydrodynamic lubrication based on new principles,” Akad.
Nauk SSSR Prikadnaye Mathematica i Mekhanika, 3, 2, 41-52

Evans, H.P., and Snidle, R.W., 1981, “Inverse solution of Reynolds’ equation of
lubrication under point-contact elastohydrodynamic conditions,” ASME JOT, 108,
530-546.



20 Chapter 1: Introduction

(E3] Evans, H.P., and Snidle, R.W., 1982, “The elastohydrodynamic lubrication of
point contacts at heavy loads,” Proc. R. Soc. Lond., A 382, 183-199.

{F1] Foord, C.A., Wedeven, L.D., Westlake, F.J., and Cameron, A., 1969, “Op-
tical elastohydrodynamics,” Proc. Instn Mech. Engrs, 184{1}), 487-505.

{G1] Giimbel, L., 1916, “Uber geschmierte Arbeitsrider,” Z. ges. Turbinenwesen, 13,
357.

[G2] Grubin, A.N., and Vinogradova, LE., 1949, “Investigation of the contact of
machine components,” Kh, F. Ketova (ed.}) Central Scientific Research Institute for
Technology and Mechanical Engineering (Moscow), Book No. 30, (DSIR translation
No. 337)

[G3] Gohar, R., and Cameron, A., 1963, “Optical measurement of oil film thickness
under ehd lubrication,” Nature, 200, 458-459.

[G4] Gohar, R., “Oil film thickness and rolling friction in elastohyrodynamic point con-
tact,” ASME JOT, 98, 223-229.

[H1] Hertz, H., 1881, “Uber die Beriihrung fester elastischer Kérper,” J. fir die reine
und angew. Math., 92, 156-171.

[H2] Hamrock, B.J., and Dowson, D., 1976, “Isothermal elastohydrodynamic lubri-
cation of point contacts, part 1-Theoretical Formulation,” ASME JOT, 98, 223-229,

[H3] Hamrock, B.J., and Jacobson, B.O., 1984, “Elastohydrodynamic lubrication of
line contacts,” ASLE transactions, 27,4, 275-287.

{H4] Hamrock, B.J., Lee, R.T., and Pan, P., 1988, “Pressure spikes in elastohydro-
dynamically lubricated conjunctions,” ASME JOT, 110, 279-284.

[H5] Houpert, L.G., and Hamrock, B.J., 1986, “A fast approach for calculating
film thicknesses and pressures in elastohydrodynamically lubricated contacts at high
loads,” ASME JOT, 108, 411-420.

[K1] Kingsbury, A., 1910, “Thrust bearings,” US Patent No. 947242.

{K2) Kostreva, M., M., 1984, “Elasto-hydrodynamic Lubrication: A nonlinear comple-
mentarity problem,” Int. Journ. Num. Meth. in Fluids, 4, 377-397.

[K3] Kweh, C.C., Evans, H.P., and Snidle, R.W., 1989, “Elastohydrodynamic lubri-
cation of heavily loaded circular contacts,” Proc. Insin. Mech. Engrs, 203, 133-148.

[K4] Kweh, C.C., Evans, H.P., and Snidle, R.W., 1989, “Micro-elastohydrodynamic
lubrication of an elliptical contact with transverse and three-dimensijonal sinusoidal
roughness,” ASME JOT, 111, 577-583. :

{K5] Kirk, M.T., 1962, “Hydrodynamic lubrication of perspex,” Nature, London, 184,
(4832), 965-966.




References 21

K6} Koye, K., and Winer, W.0., 1981, “An experimental evaluation of the Ham-
rock and Dowson minimum film thickness equation for fully flooded E.H.D. point
contacts,” ASME JOT, 103, 284-290.

[L1] Lubrecht, A.A, ten Napel, W.E., and Bosma, R., 1986, “Multigrid, an alter-
native method for calculationg film thickness and pressure profiles in elastohydrody-
namically lubricated line contacts,” ASME JOT, 108, 551-556.

(L2] Lubrecht, A.A.. 1927 “The numerical solution of the elastohydradynamically lu-
bricated line- and point contact problem using multigrid techniques,” PhD Thesis,
University of Twente, Enschede, ISBN 90-9001583-3.

M1} Michell, A.G.M., 1905, “Improvements in thrust and like bearings,” Britisch
Patent No. 875.

[M2] Michell, A.G.M., 1905, “The lubrication of plane surfaces,” Z. Math. Phys., 52,
2 123-137.

[M3] Martin, H.M., 1516, “Lubrication of gear teeth,” Engineering (London), 102, 199.

[01] Okamura, H., 1982, “A contribution to the numerical analysis of isothermal elas-
tohydrodynamic lubrication,” Proc. §th Leeds-Lyon Symp. on Tribology, Leeds, 313-
320.

[02] Oh, K.P., 1985, “The numerical solution of dynamically loaded elastohydrodynamic
contact as a nonlinear complementarity problem,” ASME JOT, 108, 88-95.

[P1] Petrusevich, A.I., 1951, “Fundamental conclusions from the contact-hydrodynamic
theory of lubrication,” Izv. Akad. Nauk. SSSR {OTN}, 2, 209

(Ri] Reynolds, O., 1886, “On the theory of lubrication and its application to Mr
Beauchamp Tower’s experiments, including an experimental determination of the
viscosity of olive oil,” Phil, Trans. R. Soc., 177, 157-234.

[S1] Sadeghi, F., and Sui, P.C., “Compressible elastohydrodynamic lubtication of
rough surfaces,” ASME JOT, 111, 56-62.

(52] Seabra, J., and Berthe, D., 1989, “Flastohydrodynamic point contacts part 1:For-
mulation and rumerical solution,” Wear, 130, 301-318.

(S3] Seabra, 1., and Berthe, D., 1989, “Elastohydrodynamic point contacts part 2:
Influence of surface speeds, sarface waviness and load on the contact behaviour,”
Wear, 130, 319-335.

(84] Safa, M.M.A., 1982, “Elastohydrodynamic studies using thin film transducers,”
PhD thesis, Dep. of Electrical Engineering, Imperial College of Science and Technol-
ogy, London.



22 Chapter 1: Introduction

[$5] Safa, M.M.A., Anderson, J.C., and Leather, J.A., 1982/1983, “Transducers
for pressure, temperature and oil film thickness measurement in bearings,” Sensors
and Actuators, 3, 119-128,

[T1) Tower, B., 1883, “First report on friction experiments (friction of lubricated bear-
ings),” Proc. Instn mech. Engrs, Nov. 1883, 632-659.

[V1} Verstappen, R.W.C.P, 1989, “Elastohydrodynamic lubrication: a dynamic varia-
tion method,” PhD Thesis, University of Twente, Enschede, The Netherlands, ISBN-
50-9003079-4.

[Z1] Zhu, D., and Cheng, H.S., 1988, “Effect of surface roughness on the point contact
EHL,” ASME JOT, 110, 32-37.




23

Chapter 2
EHL Theory

In this chapter a mathematical model describing the isothermal EHL contact sit-
uation, i.e. the lubricant flow past deformable boundaries, will be discussed. As
described before, the model consists of three equations: The Reynolds equation
that relates the pressure in the lubricant film to the geometry of the gap and the
velocities of the running surfaces. The film thickness equation for the computation
of the elastic distortion of the surfaces caused by the pressures in the film and the
force balance equation demanding that the integral over the pressure balances the
externally applied contact load.

Because of the high pressures in the lubricant film the variation of lubricant
properties such as the viscosity and the density with pressure must be accounted
for. Hence, the model is completed with some empirical relations describing the
variation of the viscosity and the density with pressure.

2.1 The Reynolds equation

Consider the situation displayed in figure 2.1: The flow between two moving surfaces
z = zy(z,y,t) and z = zo(z, y,t) with velocity vectors U; = (1,01, wy) and U, =
(ug, va,ws) respectively.

FIGURE 2.1: fluid flow between two moving surfaces.
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Assuming a narrow gap and a Newtonian lubricant behaviour, the velocities in the
flow can be solved from the Navier-Stokes equations and the boundary conditions.
Substitution of the results in the equation of continuity, i.e. demanding conservation
of mass, yields an equation for the pressure in the film. This equation was derived
by Reynolds [R1] and is generally referred to as the Reynolds equation.

2.1.1 Conservation of momentum

For a Newtonian fluid the geueral equation describing the conservation of momentum
in the flow is the Navier-Stokes equation, e.g. Milne Thomson [M1}:

p%ZPF_W’“%V[WV'UH?[V'(UV)]U-FVX[ﬂ(VxU)] (2.1)

where: p = hydrostatic pressure
1 = viscosity

U = velocity vector

p = density

F = external force field

Assuming the external force field and the mass-inertia terms to be negligible com-
pared to the viscous terms {creeping flow) this equation reduces to:

Vp= Vv U420V G9IU+Tx(vx U] (22)

In a cartesian coordinate system the equations for the z, y, and z direction read:
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where u, v and w are the fluid velocities in z, y, and z direction respectively.

In most lubrication situations the gap is narrow, i.e. if & is the characteristic
size in z direction and L is the characteristic size of the domain in both z and ¥
directions then ¢ = hA/L < 1. Hence, all derivatives with respect to the z and y
direction will be much smaller than their equivalents with respect to the z direction.
This narrow gap assumption leads to a significant simplification of the equations.
For a detailed analysis the reader is referred to Reynolds [R1] and Langlois [L1]. If
only the terms of lowest order in ¢ are considered the equations (2.3) to (2.5) reduce
to:

o ( 6—w+n@)+

dp d f du

% = 5 (Tj‘a—z) (2.6)
dp 8 [ dv

3 = 8 (Wa) (2.7)
d

a_i =0 (2.8)

These boundary conditions are based on the assumption that no slip occurs at
the surfaces. Note that, as a result of the narrow gap assumption, the pressure is
independent of z. Consequently, since the fluid flow is assumed to be isothermal,
the viscosity will not vary over the height of the gap. Integration of equations (2.6}
and (2.7} using the boundary conditions at z = z; and z = 2, renders the following
expression for the velocities u and v:

14 —u
= 53—5(22 —(z1+ z)z+ z12) + %‘H)-(Z —21) +u (2.9)
1 dp,, (va — vy)
v = %a(z — (=21 + 22}z + z129) + (_z:;)'(z —z)+u (2.10)
Introduction of 2’ = z —z;,i.e. 0 < 2' < h, where h = z; — 2 is the gap width gives:
19 z
= ﬂa;g(zﬂ —h2') + (up — 'H-I)E + (2.11)
19 k4
v o= ﬂgg(zm —h2"y + (v, — Ul)g + 0 (2.12)
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2.1.2 Conservation of mass

The equation for the conservation of mass in the flow is the equation of continuity.
In absence of a fluid source the mass balance for a volume V enclosed by the surface
S entirely in the flow reads, e.g Batchelor [B1]:

d
- V=—[pU-nd 2.13
T v pd S/p ndS (2.13)

where: § = surface of volume
n = outwards normal on surface

Considering the volume in the gap shown in figure 2.2 equation (2.13) will be satisfied

if;
%(ph) + % ( th(pu)dz') + a% ( th(pv)dz') =0 (2.14)

2 = kz,y,t)
Z (z+dz,y +dy,0)

y d
¥ 10 y
]4_ (2,9,0) dr

T

FIGURE 2.2: Contro! volume in the gap.

Note that in this equation the time rate of change of the volume resulting from
the vertical velocity of the running surfaces is accounted for, although the vertical
velacities in the flow are neglected because of the narrow gap assumption.

Substitution of u and v from equations {2.11) and (2.12) in (2.14) yields the
Reynolds equation:

a

3 3
i, {ph ap d {ph 6—p—ph(v1+vz)/2}——i@=0 (2.15)

— = —ph{us +u) /2y +— 4§
Oz | 129 0z phlur + )/ }+6y 129 3y a

In this work it will be assumed that the projections of both surface velocities on a
plane z = constant are parallel and that the z axis is chosen to coincide with this
direction. Hence, v, = vy = 0 and equation (2.15} can be written as:
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where u, = u; + u; denotes the sum of the velocities of the running surfaces. The
three terms in the right hand side represent three different effects that account for
the pressure generation in the lubricant film and are commonly referred to as the
wedge effect, the streteh effect and the squeeze effect. In this study u, is assumed
to be constant, i.e. the stretch effect is not taken into account.

The pressure is subject to the boundary condition that it equals the ambient
pressure at the edges of the domain. This pressure is generally defined as zero, i.e.
the pressure solved for is in fact the pressure rise from the ambient level. Hence, if
the domain is given by: {(z,y) € Rz, < z < 2, A —¥a £ ¥ < Yo} the boundary
conditions are:

p(ze,y) = plas,y) =0
P(I,—ya)

il
=
5
@
R

[

2.1.3 Viscosity-pressure

The increase of viscosity with increasing pressure is one of the two dominant effects
accounting for the fluid film formation in EHL contacts. One of the most widely
used viscosity pressure relations is the exponential Barus equation, e.g. Barus [B2]:

1(p) = o e (2.17)
where: 7o = the viscosity at ambient pressure i
a = the pressure viscosity coefficient, typically a az 2 1078 Per
y

The advantage of Barus’ equation is its simplicity. However, it is accurate for rela-
tively low pressures only. The predicted viscosities for pressures larger than approx-
imately 0.1 GPa are too high, e.g. see Lubrecht [L1].

A more accurate viscosity pressure relation was proposed by Roelands [R2]. The
equation is accurate for pressures up to 1 GPa. In S.I. units Roelands’ equation
reads:

2(p) = 70 exp {(m(no) +9.67) (-1 +(1+ i)')} (2.18)

with: z = pressure viscosity index, typically 0.5 < z < 0.7.
In this work z=0.68 will be used
Po= a constant: pp = 1.9810° Py
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By defining:

the Roelands equation can be written as:

7(p) = moexp {ﬂ [-1 + (1 + f)] } (2.19)

o, po and z are mutually dependent:

2 = (in(no) + 9.67)

2.1.4 Density-pressure

In the analysis of gas lubricated bearings the compressibility of the lubricant is
obviously an effect that can not be neglected. If the lubricant is a mineral oil
however, the variation of the density with the pressure is usually negligible. In the
case of EHL contacts this assumption does not hold. Because of the high pressures
the compressibility of the oil must be taken into account. The following relation
proposed by Dowson and Higginson [D2] is used throughout this work:

0.5910° + 1.34p

0.5910° + p (2:20)

2(p} = po

where: pg = density at ambient pressure

This relation limits the compressibility of the lubricant to approximately 30 %. Con-
sequently, the effect of the compressibility of the lubricant on the fluid film formation
will be much smaller than for example the effect of the elastic deformation of the
surfaces. An alternative relation between density and pressure will be discussed in
the recommendations for future research.

2.1.5 Cavitation

Since the lubricant is assumed to be a fluid, pressures lower than the vapour pressure
are physically impossible. The fluid will cavitate and the pressure remains constant.
Cavitation will for example occur in the outlet region of the conjunction where the
gap is widening. This effect is not accounted for in the Reynolds equation presented
above. On the contrary, in such regions the equation will allow the pressure to
decrease without limit and may predict large negative pressures. The occurrence of
cavitation is therefore accounted for separately. Since in most situations the vapour
pressure of the lubricant is small compared to the ambient pressure it certainly will
be much smaller than the pressures in the contact and therefore the condition is
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imposed that the pressure should be larger than or equal to zero. As a result of this
condition the problem to be solved is a complementarity problem and the outlet
boundary of the pressurized region becomes a free boundary.

2.2 The film thickness equation

The Reynolds equation can be used to solve the pressure in the gap when its geom-
etry is known. However, because of the elastic deformation of the surfaces the gap
width depends on the pressure. In order to solve the problem a relation between
pressure and film thickness is required. The film thickness equations for both the
line and the point contact problem are presented in this section. With respect to
the calculation of the elastic deformations the contacting bodies are considered as
semi-infinite elastic bodies. This assumption will be justified as long as the elas-
tic deformations are small compared to the radii of curvature of the undeformed
surfaces. Furthermore, it is assumed that the material is isotropic and that the
deformations are small enough to justify the application of linear elasticity theory.

2.2.1 Line contact

The undeformed surfaces are approximated by parabola’s. Hence, the equation for
the film thickness reads:

2
h(z) = ho + 2—"”&- + d(z) (2.21)
where: B = reduced radius of curvature: B! = Ry + R;!
d(z) = elastic deformation
hy = a constant

The elastic deformation d(z) is obtained by summation of the deformation of both
running surfaces caused by the pressure profile. These deflections are calculated in
the following manmner: First the elastic deformation resulting from the line loading
of an elastic half-space is calculated, see figure 2.3.

Y
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FIGURE 2.3: The line loading of an elastic half space



30 Chapter 2: EHL Theory

A line load of intensity g per unit width distributed along the y axis acts on the
surface z = 0 in the direction normal to this surface. Under plane strain conditions,
i.e. no deformation in y direction, the displacement v{z} in z direction of a point of
the surface resulting from this load is:

T

To

v(z) = _%:E_'w In

(2.22)

where: ¢ = load per unit width
xo = distance where v =0
E = Young’s modulus
v = Poisson’s ratio

For details with respect to the analysis the reader is referred to Johnson [J1j. A sim-

ilar analysis for plane stress conditions was presented by Timoshenko and Goodier
[T}

From equation (2.22) the elastic deformation caused by a distributed load p(z) can
be obtained by integration:

o(z) = —Wﬂlﬂ;" ’_m j “Ia

Hence, the expression for the elastic deformation d(z) in equation (2.21) reads:

= e g [

(:r;—:r:') p(zdz" + C {2.23)

(z -2

Io

p(zdz" + C (2.24)

Note the subscripts indicating that the elastic properties of the two contacting ele-
ments are not necessarily the same. With respect to the singularity in the integral
it is noted that the so called Cauchy principal value must be taken.

Introduction of the reduced elastic modulus:

2 _ (=), (1=

E E, E,

leads to the following equation for the film thickness:

2 oo
W) = hoo + o — / In

7 mr r 1
R AEo ) Py ) p(z"ydx (2.25)

where hgg is a constant.
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2.2.2 Point contact

Similar to the line contact situation, see section 2.2.1, the undeformed surfaces are
approximated by paraboloides. The expression for the gap width reads:

22 y?
= —+d 2.2
) = ho + 57+ o + d(as) (226)
where: R, = reduced radius of curvature in z direction:
R;' = R} + Ry,
R, = reduced radius of curvature in y direction:

- ~1 -1
Ry 1= Rly + RZy
d{z,y) = elastic deformation

The analysis leading to an expression for the elastic deformations is similar to the
analysis presented in the previous section for the line contact problem. First the
displacements are calculated for a point load acting on an elastic half space, see
figure 2.4:

ANANRNN } 2
/

i z

FIGURE 2.4: The point loading of an elastic half space

The displacement v(z,y,z) of a point (z,y,2) produced by a concentrated point
force F acting normally to the surface z = 0 at the origin is, e.g. Love [L2]:

F2 L 0P

vw, 4 2) = drprd  dwp(d + p) r

(2.27)

with: » = V2T +y? § 27
#,A = Lamé constants

The Lamé constants A and y are related to Poisson’s ratio » and Young’s modulus

E according to:
Ev E

T AT

(2.28)
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Hence, the displacement in z direction of a point at the surface is given by:
(1 —v4)F 1
rkE \/(mz +4?)

The elastic deformation of the surface of the elastic half-space caused by a distributed
normal load p{z,y) is obtained by integration:

v(z,y) = (2.29)

plz',y")dz'dy’

v(z,y) = I_V _mjm[ \/(? ') + (y — v')?

+C (2.30)

As in the line contact situation, the elastic term in the film thickness equation
is obtained by summation of the elastic deformations of the individual surfaces.
Consequently the film thickness equation reads:

2

_ i (a',y")da'dy’
h(:c’y)—hm+2RI+ 3 WE, Ir \/m_z —— @

2.3 The force balance equation
The entire contact load exerted on the contacting elements is carried by the lubricant
film. Hence, the integral over the pressure in the film must equal the applied load.

This condition is generally referred to as the force balance equation and in the case
of the line contact problem it reads:

] /mp(x)d:r: - w (2.32)

where: w = external load per unit width

The equivalent equation for the point contact problem is:

_mj_O;jm plz,y)dzdy = F (2.33)

where: F' = external load

The force balance equation determines the value of the integration constants in the
film thickness equations (2.21) and (2.31).
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2.4 Dimensionless equations

In both line and point contact situations the number of parameters can be signifi-
cantly reduced by the introduction of suitable dimensionless groups and variables,
Different dimensionless groups have been proposed over the years. For specific details
with respect to these groups and the relations between them the reader is referred
to appendix A. The dimensionless equations presented in this paragraph are mainly
based on the Hertzian dry contact parameters. Hertz's theory, see [H1), gives the
pressure profile, the geometry of the contact region, and the elastic deformatjon of
the contacting elements in the case of a loaded contact between two parabolically
shaped elastic bodies. For the line contact situation the Hertzian pressure profile is
given by:

— 2 3
p(z) ={ Phy/1= (/b if Ja| <b (2.34)
0 otherwise

Pi is the maximum pressure, generally referred to as the mazimum Hertzian pressure:

2w
Ph=— (2.35)

and b denotes the half width of the region where the bodies are in contact:

8wh
b= B (2.36)

where w is the external contact load per unit width, R is the reduced radius of
curvature and E’ is the reduced elastic modulus. In the case of a circular contact
the Hertzian pressure profile is given by:

ey | VI @I —(faF i |2 44 <a
Ploy) = { 0 \/ otherwise (237)

where pj, is the maximum pressure:

3F

= — 2.
P orat (238)
and a denotes the radius of the contact circle:
3FR,
a = R {2.39)

2K

F is the external contact load, R, the reduced radius of curvature in z direction

(circular contact B, = R,) and E' is the reduced elastic modulus of the contacting
bodies.
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2.4.1 Line contact

If both contacting elements are assumed to be infinitely long in y direction and the
stretch effect is neglected the Reynolds equation (2.16) reads:

8 (ph®dp d(ph) dph)

6—1' (7@) - 6”,—6$ hd 12—at =0 (240)

with the cavitation condition p > 0 in the domain and p = 0 at the boundaries.

After substitution of the following dimensionless variables:

P/ po
’?/TI{J
z/b
p/p
hR/b2
tu,/(26)

E 0 n

My e
|

il

with py, and b given by (2.35) and (2.36) respectively, this equation reads:

0 (pHOP\ _ O(pH) _0(H)
ax \ 7 0Xx ax ar

with the cavitation condition P > 0 in the domain and P = 0 at the boundaries.
The dimensionless parameter A is given by:

_ bnou, R
Ypa

The dimensionless viscosity 7 is defined according to:

=0 (2.41)

A

7(P) = exp(@ P) (2.42)
with @ = o p,, if the Barus equation is used and if Roelands’ equation is applied:
P
w0 e{(52) (rae B} e
0

Furthermore, the dimensionless density j is unity for an incompressible lubricant
and if the lubricant is assumed to be compressible 5 is given by:

0.5910° +1.34 P py

p(P) = 2.
PP) = =511 P oo (244)
The dimensionless film thickness equation reads:
Xz 1 e
H(X) = Hoo + 5 ~ ~ [ In}X — X'|P(X")dX' (2.45)




2.4 Dimensionless equations 35

where Hy, is a constant.

The corresponding dimensionless force balance equation is given by:

/ TPx)x-T =0 (2.46)
—eo 2

From the dimensionless equations describing the EHL line contact problem it can
be observed that, if the Jubricant is assumed to be incompressible and if Barus’
equation is used the problem reduces to a twe parameter problem. All solutions can
be characterized in terms of the two parameters & and A (or alternatively the Moes
non-dimensional parameters M and I, see appendix A). If Roelands’ equation is
applied and the lubricant is assumed to behave compressible the results can still be
presented in terms of these two parameters provided « and either Tjo OT Z are given.
In this thesis line contact calculations with Roelands equation for a compressible
lubricant will be carried out for given values of & and z. Unless explicitly stated
otherwise, a= 1.7 10~® and z= 0.68 will be used.

2.4,2 Circular contact

For the two dimensional circular contact problem the Reynolds equation (2.16) reads:

9 (ph8p) 8 [ph®dp d(ph) ., 08(ph) _
dz ( 7 3:1:) Oy ( n Oy _SH’W - 12—85_ =0 (2.47)

with the cavitation condition p > 0 in the domain and p = 0 at the boundaries.

Substitution of the dimensionless variables:

il

p/po
7/
z/a

y/a
p/pa
hR/a*
tu,/(2a)

il

M Ry e
I

with p, and a given by (2.38) and (2.39) results in the following dimensionless
Reynolds equation:

0 (BHOP\ 8 (FHYOP\  0(pH)  o(H)
ax (Tﬁ) aY( 7 Ei?)*’\ ax " ar =0 (2.48)

with the cavitation condition P > 0 in the domain and P = 0 at the boundaries.
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The dimensionless parameter A is given by:

A= GUQU,Ri
T @’y

As for the line contact problem the dimensionless viscosity 7 is defined by equa-
tion (2.42) if Barus’ equation is used and by equation (2.43) if Roelands’ equation is
applied. Similarly the dimensionless density p is unity for an incompressible lubri-
cant and given by equation (2.44) if the lubricant is assumed to behave compressible.
Substitution of the same dimensionless parameters in the film thickness equation
gives:

xX* y? 2 o5 o0 P(X,YdX'dY'
HX,Y)=Ho+—+5+3 f f ( ) (2.49)
2 2 Te—ood —00 /(X _Xr)2+(Y —Y')?

where Hyg is a constant.

Finally the corresponding dimensionless force balance equation reads:

2

T =0 (2.50)

] * j ¥ P(X,Y)dXdY —
—ood —o0

From the dimensionless equations it follows that, if the lubricant is assumed to
be incompressible and if Barus’ equation is used, the problem is a two parameter
problem. All solutions can be characterized in terms of & and A (or the Moes
dimensionless point contact parameters M and L, see appendix A). An approach
that still applies if Roelands’ equation is used and the lubricant is assurmned to behave
compressible however, in that case a and either fo or z must be given. In this work
calculations with Roelands’ equation and a compressible lubricant are performed for
given values o and z. Fortunately for mineral oils these two parameters do not vary
too much. Unless explicitly stated otherwise, a= 1.7 1078 and z= 0.68 will be used.
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Chapter 3

Multilevel techniques

Only in some restricted line contact situations can the pressure profile in the film
be solved analytically, for example if the bodies are assumed to be rigid and the
variation of the viscosity and the density with pressure is disregarded, e.g. Martin
[M1] and Gimbel [G1]. However, in general a numerical approach is required. The
equations are discretized on a grid covering the contact domain. Subsequently the
resulting set of discrete equations is solved using some iterative procedure. A brief
discussion of the variety of algorithms for the numerical solution of EEL problems
developed in the last few decades, has already been presented in chapter 1. The
complexity of most of the solvers is relatively high, i.e. O(n?) or O(n*). Conse-
quently the study of features requiring large n such as the study of the effects of
surface roughness on the pressure profile in the film and the consequences for bearing
fatigue life becomes rather awkward, if not impossible.

Restricting ourselves to local relaxation processes this high complexity is caused
by two effects. Firstly there is slow convergence of the relaxation process for large
numbers of nodes. This slowness can be effectively overcome by means of “standard”
multilevel techniques, i.e. employing a set of coarser grids to accelerate convergence.
These techniques are outlined in detail in section 3.1. An algorithin for the solution
of both EHL line and point contact based on these techniques was developed by
Lubrecht [L1].

The second reason for the high complexity is the computation of the integrals
describing the elastic deformation. Section 3.2 presents a recently developed multi-
level technique multilevel multi-integration for the fast evaluation of such integrals.
This technique has been developed by Brandt and Lubrecht [B1,L2] and as a result
the computing time needed for the calculation of the elastic deformation can be
reduced from O{n?} to O(nInn), where n is the number of nodes on the grid.

Together these techniques basically enable the solution of both EHL line and
point contact problems in O(nlnn) operations. This chapter gives a general de-
scription of both techniques. The details regarding the application to the solution
of the EHL line and point contact problem are discussed in chapter 4 and 5 respec-
tively.
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3.1 Multilevel solution

Ever since the development of the first multilevel solvers for elliptical partial dif-
ferential equations, multilevel techniques have been developed for the solution of a
wide variety of scientific problems. For an overview of recent developments in the
field the reader is referred to [M2]. The present section explains the basic theory
and techniques for the fast solution of an elliptical partial differential problem. All
aspects necessary for the understanding of the development of a solver for EHL prob-
lems are covered. For additional information on the multilevel solution of partial
differential equations the reader is referred to Brandt [B2]. The reader is further
referred to the introduction to multilevel solution techniques written by Briggs [B3].

3.1.1 Relaxation

Consider the following problem:
Lu=f on (3.1)
with appropriate boundary conditions on 2.

where: £ = differential operator
u = solution
f = right hand side function

Discretization of the problem on a uniform grid characterized by its meshsize k gives:

Lryh = f* on (3.2)
where: I* = discretized differential operator
u = vector consisting of the solution in all grid points
f = vector approximating the right hand side function in all points

Assume that this discrete problem is solved using some relaxation process. Starting
with a first approximation u? of the solution a new approximation of the solution
ul is calculated according to the rule characteristic for the relaxation process under
consideration. This sequence is repeated until an approximation of the solution has
been obtained that satisfies some prescribed tolerance.

It is characteristic for many relaxation processes that the asymptotic speed of
convergence is small. Typically the error reduction per relaxation sweep is O(1—h”)
where p is usually 2 or 3. Consequently, for small A (large number of nodes n), many
relaxation sweeps are needed to solve the problem up to some fixed accuracy.

Using Fourier analysis techniques it can be shown for simple cases that this slow
convergence is due to the fact that, whereas high frequency components in the error
are efficiently reduced by the relaxation, it hardly effects low frequency components.
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This behaviour is illustrated in the following example, the solution of the 2-I Poisson
problem with a simple one-point Gauss-Seidel relaxation.

Error smoothing: Example

The equation to be solved reads:

Pu  H?
5;; + 53’_"; =f (3.3)

with some suitable boundary conditions. The usual second order discretization of this
equation on a uniform grid with mesh size h results in the following equation for each
interior grid point (zy, ¥, ):

B2 (W tm + Sigrm + ey + Uma1 — 4Um) = fim (3.4)

The approximation of the solution before relaxation is denoted by #;m- One relaxation
sweep consists of visiting all sites (I,m) in lexicographic order replacing &;m by 4,
to satisfy equation (3.4) in the particular gridpoint. It is characteristic of Gauss-Seidel
relaxation that the changes applied in the previously visited sites are taken into account
while relaxing a gridpeint, Hence, ), is solved from:

W™ (Umrm + g tm + Ty + Gmpy — 48 0) = fim (3.5)

The error at site (I, m) before relaxation is given by:
Btm = Um — U (3.6)

whereas the error after relaxation at this site is defined as:
l_”l,m = Ulm — ﬁ!,m (37)

Substitution of & and @ from equations (3.6) and (3.7) in equation (3.5) results in the
following equation relating the error after relaxation to the error hefore relaxation:

Vi-tm + Btrym + Oymet + Tmr ~ 48 = 0 (3.8)

This equation shows that the error in (I,m) after relaxation is a weighted average of
neighboring values of both # and ©. Hence, if the error before relaxation is smooth the
error after relaxation must be much smoother.

This smoothing effect can be quantified by means of a so-called “local mode analysis”.
Becanse of the local nature of the relaxation process, i.e. the effect of changes applied at
a specific site on points several meshsizes away decays exponentially with the distance,
the analysis can be restricted to the interior of the domain. The grid is regarded to be
embedded in a rectangular domain allowing expansion of both ¢ and 7 into Fourier series:

Bim = 3 A(f)eiBri+62m) (3.9)
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Brm = 3 A(g)e O™ (3.10)
where § = (8;,82).
The summations are over a subset of the square | 8 | = max(| 6, |, [f2]) < .
Since the relaxation maps a specific Fourier component on itself, it is sufficient to consider
the effect of the relaxation on only one component. From equation (3.8) the following
relation between the amplitude of a component before and after relaxation can be derived:

(e"el + eiaz) A(el,gz) + (e""el + g2 _ 4) /‘1(91,92) =0 (3.11)

Consequently the amplification factor of the § component due to one relaxation sweep is:
_ A(01a82) . e‘:ﬁl + eingz

u(8) = A(81,0,) T |4 = e — iz (3.12)

This amplification factor as a function of (#y,8;) is shown in figure 3.1.
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FIGURE 3.1: u(f,,0;) for Gauss-Seidel relaxation on 2-D Poisson problem.

From figure 3.1 it is obvious that, since p(8) — 1 as § — 0, the relaxation hardly re-
duces low frequency components. As a result asymptotic convergence rates are small. In
reality, i.e. taking into account the boundary conditions, the asymptotic reduction per
relaxation of these components is (1 — O(h?)). High frequency components on the other
hand are very effectively reduced as is illustrated by the asymptotic smoothing rate. This
asymptotic smoothing rate ji is defined as the maximum amplification factor for those

error components that can not be represented on a (coarser) grid with, for example, twice
the mesh size:
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B = max p',(el,GQ) (3.13)
WIZIQISW
For the situation considered here, i.c. one point Gauss-Seidel relaxation applied to the
solution of the 2-D Poisson problem with the usual 5-point discretization 7 = 0.5. Hence,
after only three relaxations the high frequency components are reduced by almost an
order of magnitude. Obviously after a few relaxations the error in the solution will mainly
consist of components with a wavelength large compared to the mesh size h.
This completes an example of a local mode analysis, In general such an analysis, also
referred to as “smoothing rate analysis”, provides the basis for a multilevel algorithm for
the numerical solution of a partial differential problem.

The convergence behaviour shown in the example above is characteristic for many
relaxation processes. After a few relaxations the error in the approximation will be
smooth compared to mesh size of the grid. Such a smooth error can be approximated
accurately and solved on a coarse grid. This is the basic idea behind the multilevel
solution technique. Instead of continuing the relaxation process when, after a few
relaxations, convergence slows down, one switches over to a coarser grid for the
solution of the error. Once an accurate approximation to the error is obtained on
this grid it is used to correct the solution on the fine grid.

Two different schemes are discussed. The most straightforward is the so called
Correction Scheme (CS). However, this scheme, explained in section 3.1.2, is re-
stricted to linear problems. For non linear problems, e.g. the EHL problem, the Full
Approzimation Scheme (FAS) must be used. This scheme is described in section
3.1.3.

3.1.2 Correction scheme

Consider again the solution of the problem:
Dt = P on O* (3.14)

After some relaxations an approximation #" to the solution u” has been obtained.
The error in this solution is defined as:

h h

v u" -

h (3.15)

Using %" residuals can be calculated according to:

]

i~

rh = fh_ phgh (3.16)
By definition LAu* = f*. Hence, this equation can be written as:

rh - thh _ Lh,gh (317)
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Assuming L" to be a linear operator this equation reduces to:
Lhuh — @*y = o* (3.18)
Substitution of v* from equation (3.15) results in an equation for the error:
LM = o (3.19)

As was stated in the previous section, after some relaxations, the error v* will be
smooth compared to the mesh size. Hence, it can be represented and solved on a
coarser grid. For reasons of simplicity only one coarse grid with mesh size H=2h
is assumed for the moment. A coarse grid approximation v¥ to v* is solved from

equation (3.19) on grid H:

R (3.20)

LH is the representation of the matrix operator L* on the coarse grid whereas If is
a restriction operator from the fine grid to the coarse grid. After an approximation
7 to v¥ has been calculated it is used to correct the approximation #* on the fine
grid according to:

@t =" + IE" (3.21)
where If is an interpolation operator. Because the corrections calculated on the
coarse grid are smooth, a linear interpolation (bilinear interpolation if the problem
is two dimensional), generally provides sufficient accuracy.

3.1.3 Full approximation scheme

If L* is a non linear operator the correction scheme is not applicable since the
step leading from equation (3.17) to equation (3.18) is not allowed. Therefore, an
alternative coarse grid equation for the solution of the error must be derived. This
equation is again obtained from equation (3.17):

rh = Lrh — Lhgh (3.22)
Substitution of u* = " + v* from equation (3.15) gives

b= LME* o) — DA (3.23)
This equation can be written as:

LMt + ot = Lhat + o (3.24)

Equation (3.24) is usually referred to as the FAS increment equation and will be
used to obtain an approximation of the error on the coarse grid. Defining a coarse
grid variable:
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W =1 4 o7 (3.25)
the coarse grid representation of equation (3.24) reads:
LHgH = " (3.26)
where IH is referred to as the FAS right hand side:
=gy + (3.27)

From an approximation #¥ to the solution ¥ of equation (3.26) a coarse grid ap-
p

proximation 7 of the error v* can be calculated according to:

oM = gfl — [Hgh (3.28)

This approximation is used to improve the fine grid solution according to:

g* =@t + (" - IFh) (3.29)

3.1.4 Intergrid operators

Two different inter-grid operators have been used in the two preceding sections,
i.e. a restriction operator f}7 and an interpolation operator I%. 1f v* is a fine grid
function then Ifv" is a coarse grid function. Hence, if ny is the number of nodes on
the fine grid and n. is the number of coarse grid points the restriction operator Y
can be written as a n. x ny matrix. The most straightforward restriction operator
is denoted as injection. The value of Jf'v* in a coarse grid point is simply the value
of v* in the fine grid point coinciding with this coarse grid site. Alternatively, the
value If'v" in a coarse grid point can be obtained by taking a weighted average
of the values of v* in the coinciding fine grid point and some sites adjacent to it.
Figure 3.2 illustrates the restriction from a fine to a coarse grid for both operators
in the one dimensional situation. The stencil of injection is given by:

I =10,1,0] (3.30)

whereas the stencil of full weighting reads:

I =-[1,2,1] (3.31)

ol R

In the two dimensional situation the stencil of 7 reads:

000
F=1010 (3.32)
000
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1 P
" ' I ' ' ' \ / h
H —- * ” H
injection Sfull weighting
FIGURE 3.2: Restriction operators ford = 1
in the case of injection whereas for full weighting it reads:
1 1 21
= T B (3.33)
1 21

The second inter-grid operator is the interpolation from the coarse to the fine grid
denoted by the symbol T}y, 1f v¥ is a coarse grid function then If;v™ is a fine grid
function. Assuming ny fine grid nodes and n. coarse grid points, the interpolation
operator I}, can be written as a n; X n. matrix. If ¢ is a coarse grid function, then
Ihof is a fine grid function obtained by multi-polynomial interpolation of some
specified order, e.g. linear interpolation in the case of a one dimensional problem,
see figure 3.3. Let the subscript ¢ denote a point of the fine grid and I a coarse grid
point. Assuming that the even fine grid points coincide with the coarse grid points,
i.e. i = 2I, the value of [Ihv*"]; is defined as:

Ao Hy — ) VI 1=21
b v .
1 2 % 1
H

FIGURE 3.3: Linear interpolation d = 1
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3.1.5 Coarse grid correction cycle

If the number of nodes on the fine grid is large, the number of nodes on a coarse grid
with H = 2h may still be relatively large and after a few relaxations convergence on
the coarse grid will slow down again. Obviously, the same reasoning as presented in
the preceding section applies to the solution of the error on this grid. After a few
relaxations the error on this grid will be smooth and can be described accurately on
a grid with mesh size 2H. This process of coarsening can be repeated recursively
until a grid is reached where the number of nodes is so small compared to the original
fine grid that the equations can be solved exactly or almost exactly in only a few
operations.

To describe the coarse grid correction in the case of a sequence of grids the
superscripts b and H are replaced by the superscript & indicating the level. The
coarsest grid is referred to as level 1. In general, the mesh size on level & is given
by 21=*h!, where ! is the mesh size on the coarsest grid. Other coarse to fine grid
mesh size ratio’s are possible but in general the ratio 2 is very convenient and will
be assumed throughout this thesis. The problem to be solved on a given level k is
written as:

Lry* = f* (3.35)
The recursive description of the coarse grid correction for level k then reads:

o If £ = 1, i.e. the coarsest grid, solve the problem exactly or carry out ug
relaxations to solve the problem nearly exactly.

s ifk>1
— Perform vy relaxation sweeps on (3.35), resulting in a new approximation
—k
T
— Calculate the coarse grid right hand side, e.g. if the correction scheme is
employed calculate If~r¥,
— Perform -y coarse grid correction cycles on the level k — 1 equation.

— Correct the solution on level k using the results of level k — 1 e.g. if the
correction scheme is used:

b gt bt (3.36)

— Finally, perform v, additional relaxation sweeps on (8.35) starting with
#* yielding the final new approximation to u*,

7

The sweep counts v, and v, are usually either 0,1 or 2 whereas g is in general larger,
e.g. vo = O(v1+ 12). The coarse grid correction cycle for 4 = 1 is generally referred
to as the V(m,;)-cycle. For the situation of 4 levels (grids), this cycle is displayed
in figure 3.4. Figure 3.5 shows the coarse grid correction cycle with v = 2 for the
same nummnber of levels. This cycle is generally referred to as the W{ry,1) eycle.
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Level

FIGURE 3.4: V(1,12) cycle.

FIGURE 3.5: W (v, ) cycle.
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3.1.6 Performance

An estimate of the error reduction that is possible with a coarse grid correction
cycle can be obtained from the smoothing rate analysis. Assuming that the low
frequency components of the error are solved on the coarser grids, the error reduction
is determined mainly by the efficiency of the relaxation process to reduce the high
frequency components. Hence the reduction factor per cycle is:

alre) (3.37)

where i is the asymptolic smoothing rate defined as the maximum amplification
factor for the error components that can not be described on the coarse grid:

max  p(6q,8;) (3.38)
nfag|f|<n

ji
For example, the asymptotic smoothing rate for Gauss-Seidel relaxation with lexi-
cographic ordering on the 2-D Poisson problem (see section 3.1.1) is 0.5. Hence, a
correction cycle with 1 =2 and »; =1 gives an error reduction of almost one order
of magnitude. Note that this reduction is independent of the number of nodes on
the grid.

Next the amount of work a coarse grid correction cycle costs is investigated. For
that purpose the Work Unit (WU) is introduced. One work unit is defined as the
amount of work equivalent to one relaxation on the finest grid. Let WUV denote
the amount of work of one V(u1,1,) cycle. If the intergrid transfers and the larger
number of relaxations, vy, on the coarsest grid are neglected it follows from the
theory of geometrical series that:

(1 4 )
(1-279)
where d is the dimension of the problem. Equation (3.39) shows that, if one relax-
ation requires O(n) operations a V cycle also costs O(n) operations.

For example for the model problem (d = 2) a V(2,1) cycle adds up to the amount
of work of approximately 4 relaxation sweeps on the finest grid. Three relaxations
are actually performed on this grid (, + v, =3) so all the work done on the coarser
grids equals the equivalent of only one fine grid relaxation. Consequently, in an
amount of work equivalent to four relaxations on the finest grid the error is reduced
by an order of magnitude, independent of n. The power of the multilevel approach
for large n is clearly demonstrated by the fact that, if no coarser grids are used, a
similar reduction requires O(n) relaxations, i.e. O(n) WU.

WUV < WU (3.39)

3.1.7 Full multigrid

The solution of the system of discrete equations is an approximation to the solution
of the continuous differential problem with an accuracy limited by the discretization
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error. In fact one is only interested in the solution of the differential problem.
Consequently, any approximation that differs by less than the discretization error
from the exact solution of the discretized problem, is as good an approximation
to the solution of the continuous differential problem as the exact solution of the
discretized problem itself. An approximation that satisfles this criterion will be
denoted as a converged solution,

Because the discretization error is usually O(RP) it decreases with decreasing
mesh size and, starting with an arbitrary first approximation, O{lnn) coarse grid
correction cycles are needed to obtain an approximation with an error smaller than
the discretization error. However, if a converged solution of the discrete problem on
a coarser grid is used as a first approximation, only O(1) cycles are required.

Since coarser grids are used to accelerate convergence anyway, they might as
well be used to generate an accurate first approximation. This first approximation
is subsequently improved by coarse grid correction cycles. Applying this idea recur-
sively results in the solution process that is generally referred to as the Full Multigrid
(FM@) algorithm. For the situation of 4 levels using one V{v;, ;) cycle per level
the FMG algorithm is shown schematically in figure 3.6.

The double circles indicate the converged solutions at each level. I} denotes
the interpolation of the converged solution of a coarse grid to the next finer grid to
serve as a first approximation. In many situations the same multi-linear interpola-
tion can be applied as is used for the interpolation of the corrections in the coarse
grid correction cycle. However, in some situations it should be of a higher order.
Therefore it is represented by a different symbol, i.e. I}, instead of I}y, In the next
section the subject of convergence is treated in more detail. In general a FMG algo-
rithm with one or two coarse grid correction cycles per level is sufficient to solve the

Level

FIGURE 3.6: FMG — 1V (14, 14)
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problem within discretization error. Using the FMG algorithm the total amount of
work units needed to solve the problem becomes independent of n. Neglecting the
intergrid transfers, the total amount of work in the case of one V{v,14) cycle per
level is approximately:

{1 + v2)

-2y
Hence, in the case of the example presented in section 3.1.1, such an algerithm
provides a solution of the problem in a computing time equivalent to the computing
time of approximately 6 relaxations on the finest grid. In fact, only 3 relaxations
are actually performed on this grid.

WU (3.40)

3.1.8 Convergence

An additional advantage of the FMG algorithm is that, employing the sequence
of solutions computed on the different grids, it is easy to check the order of the
discretization error and to test if the solutions have indeed converged below the
level of the discretization error. For that purpose the following difference norm is
calculated for all pairs of converged solutions (the solutions marked by a double
circle in figure 3.6) @* and &*°1;

ERR(k,k—1) = H'Y | ~ IF'a* (3.41)

where the summation takes place over all coarse grid points. H denotes the mesh
size on level k — I whereas A is the mesh size on level k, H=2h. d is the dimension
of the problem. The multiplication factor H? is used to obtain a number that is
independent of the level.

ERR(k,k — 1) will be made up of several parts:

e The discretization error on level k, i.e. the difference between the exact solu-

tion u* of the discretized problem on this particular grid and u, the solution
of the continuous differential problem represented on the same grid:

RS |u — ut] (3.42)

¢ Similarly, the discretization error on level k — 1:

HY Yy - o] (3.43)

o The algebraic error on level k, that is, the error in the approximation @ to
the exact solution u* of the discrete problem.

WYl — o (3.44)
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o The algebraic error on the coarsest of the two grids, level k£ — 1, similarly
defined as:

Hdz |’l_1k—1 _ uk—ll (3‘45)

By calculating solutions on both grids using one additional V or W cycle, both
solutions (#" and #7) can be obtained with algebraic errors being much smaller
than the error in the original solutions (generally smaller by an order of magnitude
as can be checked using the residuals). If the difference between the value of the norm
{3.41) for the original solutions and its value for the solutions with smaller algebraic
errors is small, both will be dominated by the discretization error. Obviously, the
discretization error is the same in both situations, hence, the algebraic error must
be small compared to the discretization error and the solutions are said to have
converged below truncation error of the discretized equations.

The norm defined in equation {3.41) also serves as a check of the order of con-
vergence of the discrete approximation to the continuous solution of the differential
problem. For that purpose simply calculate the ratios ERR(k, k—1)/ ERR(k—1,k-2).
With increasing k, i.e. decreasing mesh size, this ratio converges to 277 where p is
the approximation order obtained in practice. It may deviate from the theoretically
expected value because of singularities or boundary effects.

3.1.9 Time dependent problems, the F cycle.

The previous sections outlined the multilevel techniques developed for the fast nu-
merical solution of problems governed by elliptical partial differential equations.
Using a suitable relaxation scheme these techniques for example enable a fast so-
lution of the stationary EHL line and point contact problem. However, one of the
interesting subjects in the study of EHL contact situations is the analysis of the ef-
fects of surface features on pressure profile and film shape in the contact region and
such an analysis requires a transient simulation since in general the surface feature
moves. This section describes one of the multilevel techniques developed by Brandt
and co-workers for the efficient solution of such a transient problem.

Consider the following discretized transient problem, where L** is a differential
operator discretized on a grid with meshsize &, time step k, u™* is the solution to
be calculated and J:"’k is a right-hand side function:

Lh,k uh,k — Ih.k (3.46)

Using the solution at the previous time step k—1 as an approximation to the solution
at the current time step &, residuals can be calculated according to:

phk = Rk phk bkt {3.47)
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Defining:
g = gk k=1 (3.48)
equation (3.46) can be written as;
Lhk(yhk=t g ghH) = LAk ghk=1 | phik (3.49)

In general, §** contains all frequencies the grid can represent, though in fact it is
very often dominated by low frequencies. Using the normal FAS or C§ coarse grid
correction cycle O(ln(n)) cycles are needed to solve the problem to the level of the
truncation error, with n being the number of nodes in spatial direction. If the first
approximation were accurate up to the level of the truncation error on the coarser
grid only O(1) cycles would be needed. To obtain a first approximation of this
accuracy is the purpose of the F cycle.

Characteristic for the F cycle is that equation (3.49) is solved on the coarse grid

first. Hence solving 5% from:

LH,k(ﬁH,k) — LH,k (Ifuh,k—l) + I’{i[h,k (350)

h,

an approximation &"* is calculated according to:

k= k-1 Th(GHE I yhk-1y (3.51)

Subsequently, normal FAS or C§ coarse grid correction cycles can be used to reduce
the error to the level of the truncation error. The same approach can be applied to
the solution of the coarse grid problem, i.e. equation {3.50). Hence, the algorithm
is defined recursively. For the case where one V(14,14) cycle is used, the solution
process per time step is as depicted in figure 3.7, in which 4 grids are used.

FIGURE 3.7: F — V{1, 11)} cycle
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The figures in the circles denote the number of relaxation sweeps carried out on
the grid. Note that in the first coarsening sequence no (0, zero) relaxations are
performed. On the coarsest grid the equations should be solved almost exactly.
Hence, v is in general larger than v and ¥, which are both usually O(1). The
double circles represent converged solutions. In this figure the first approximation
to u™* is marked by an *. This approximate solution is subsequently improved by
coarse grid correction cycles.

3.1.10 Conclusion

The multilevel techniques described in this section will be used to deal with the
slowness of convergence of the relaxation process applied to the solution of the EHL
line and point contact problem and enable a fast calculation of the pressure and film
thickness as a function of place and time. Attention is now directed towards the
integral part of the problem. Because of the elastic deformation a suitable relaxation
process when combined with the multilevel solution techniques will still result in a
solver of a relatively high complexity, i.e. O(n?). The computing time will be
dominated by the computation of the integrals describing the elastic deformation.
The next section presents a fast algorithm for the evaluation of such integrals. The
algorithm enables computation of the integrals in O(nInn) operations without loss
of accuracy.

3.2 Multilevel multi-integration

In a general formulation the subject of study is multi-integration, i.e. given a function
u, and a kernel K on a domain {2 and requested the integral w where:

w(z) = j K(z,p)u(y)dy, <€QCR (3.52)

To calculate w(x) at a certain location requires an integration over the entire domain.
The discrete analogue of multi-integration is the multiplication of a vector by a dense
matrix having certain smoothness properties. This numerical task arises in many
physical and mathematical problems, as for example: integro-differential equations,
integral equations, elasticity problems, coulombic molecular interactions and other
many-body long range interactions.

If equation (3.52) is discretized on a uniform grid with mesh size b and n =
O(h~%) nodes, the evaluation of every integral requires ((n) operations. Hence,
a total of O(n?) operations are needed for the calculation of w(z) in each of n
gridpoints. Since in many situations a large number of nodes is essential, this often
leads to rather excessive computing times, particularly if in the course of the iterative
solution of an integral or integro-differential problem, e.g. the EHL problem, the
integrals need to be evaluated more than once. Under these conditions the multi-
integration quite often consumes the major part of the total computing time. For
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example, the reader is referred to the multilevel algorithms for the solution of the
EHL line,- and point contact problem developed by Lubrecht [L1]. The application of
the multilevel solution techniques resulted in a significant reduction of the computing
time needed to solve the problems compared to the time required if conventional
methods are used. However, the complexity of the algorithms was still O(n?) because
of the calculation of the elastic deformation integrals.

Recent developments enable a reduction of this complexity. Brandt and Lubrecht
(B1] developed a multilevel algorithm for the fast numerical evaluation of such in-
tegrals. It was shown that for sufficiently smooth kernels the complexity can be
reduced from O(n?) to O(n), whereas for potential type kernels such as In [z — y]
and |z — y|* a reduction to O{nlnn) can be obtained without loss of accuracy.
This reduction is obtained by performing part of the integration on coarser grids.
Exploiting the smoothness properties of the kernel X, this can be done in such a
way that the error introduced by the coarse grid integration remains small compared
to the original discretization error on grid A. In the following subsections first an
outline is given of the multilevel multi-integration algorithm. Next, the results of its
application to a one and two dimensional sample problem with the aforementioned
kernels are presented.

3.2.1 Discretization

Define z# = zo + ik to be equidista.nt gridpoints in 2, where z € IR and ¢ =
(t12%2,...,%2) and let uf = vh(z}) and w? = w*(z}) denote the approximations to
u and w on this grid. If the function u is approx1mated by a piecewise polynomial

function &* of degree 2s — 1 satisfying d(z ) = u? equation (3.52) can be discretized
as:

j K(z,4)dy)dy = 21{,’*;* ; (3.53)

The coeflicients K"‘;‘ can often be calculated analytically. In particular, the dis-
cretization of the elastic deformation integrals for both the EHL line and point
contact situation, is outlined in appendix B. Provided u is sufficiently smooth the
discretization error in equation (3.53) is O(k**|uls,), where |w|2, is an upper bound

for the 2s-order derivatives of u.

3.2.2 General description

Before dealing with the specific situation of reducing the complexity of multi-integrat-
ion when the kernel has a singularity (singular smooth), the general idea of the
algorithm is described first. Section 3.2.2.2 outlines how to replace the original fine
grid multi-summation by a similar summation on a coarser grid in such a way that
the additional error remains small compared to the discretization error. For reasons
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of simplicity only one coarser grid with mesh size H = 2h will be used. The exten-
sion of the algorithm to situations where the kernel has a singularity is discussed in
section 3.2.4.

3.2.2.1 Notation

The running index on the coarse grid will be denoted by a capital letter. z¥ =
zg+J H represents a coarse grid point whereas z;‘ = %, -+ jh is a point in the fine
grid. The coarse grid points are chosen to coincide with the even fine grid points
satisfying =¥ = z%;. Similarly «f = u”(x_,) denotes the value of the coarse grid
function u¥ in the coarse grid point z%. Furthermore, the symbol I% will denote an
interpolation operator from the coarse to the fine grid of some specified order. The
symbol I% will be used instead of I} to indicate that the interpolation will often
be of higher order. The index on which the interpolation works will, if necessary, be
denoted by a dot. For example HHKhH represents, for each j a fine grid function
obtained by lnterpola,tlon from the coarse grid function KhH The value of the result
in the fine grid point n:J will be denoted by [T} K}‘H]J {"H denotes a discrete
kernel whose first index is in the fine grid and the second in t.he coarse grid, that
approximates K(zf, z¥).

3.2.2.2 Coarse grid integration

The coarse grid equation is obtained from the fine grid equation in two steps. First
an approximation @f to w! is derived which only involves summations over coarse
grid points. Let Kﬂ‘ be an approximation to K ,’:;‘ defined as:

KMo~ K= (0 K"”] (3.54)

where the interpolation I} is of sufficiently high order. The coarse grid function
K"H is obtained by “injection” from the fine grid function I\’ ; Ley KM "H = KM

1 20
Using A  equation (3.53) can be written as:

w = A fof‘f PR - K (3.55)
J
Since I\ is an interpolation of I\ 1tself using only coarse grid points, the operator
(K,",‘Jh - K,’::‘) is given by:

b _ johE j=2J
(K3 k! )_{ O(R? K@) (£)}  otherwise (3.56)

where 2p is the interpolation order and K**)¢)} is a 2p'* derivative of K at some
intermediate point £. Whenever K is smooth compared to u that is, if [A?? K(?7)] «
|h2*u(29)|, the second term in equation (3.55) will be small cornpared to the dis-
cretization error and w! can be approximated accurately by #” defined as:
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PRt Y KM = R Y IRK Ml =m0 ST KM () ety (3.57)
J ¥ J

where (I})T is the adjoint of #},. If n; denotes the number of nodes on the fine
grid and n. the number of coarse grid points, then I}, can be written as a n; x n,
matrix and its transpose (X})7 is a n. x ny matrix. Hence, (F};)T describes a fine-
to-coarse transfer operator, For example if I}y denotes multi-linear interpolation,
its adjoint is, apart from a constant factor H/h, the well known “full weighting”
operator, extensively used in multigrid algorithms.

Defining:
e ~d ()Tt (3.58)

equation (3.57) can be written as:
@ = H*Y KM (3.59)
J
Note that the evaluation of @} involves a summation over the coarse grid only.

The second step in the derivation of a coarse grid equation is based on the fact
that very often K(x,y) shows similar behaviour with respect to both variables.
Introducing K " being an approximation to K, I"fh, which is defined as:

K= [H KA, (3.60)

equation (3.53) can be written as:

ok .
= Ww) + R (KD - KMy (3.61)
i
where:
wh = wh, = pe Z Kfj‘uh = hdZKuJ u; (3.62)
i

K{'* is obtained from K"‘f by injection, i.e. K} = Kﬂj Similar to Kf‘;‘, K"h is an

mterpolatlon of K} itself, using only the points coinciding with coa.rse grid pomts,
i.e. the grid pomts ¢ = 2I. In particular, if K(z,y) is symmetric EH = Ik can be
used. Assuming f}; to be an interpolation of the order 2p the operator (K~ K ,";‘

is given by:

o [0 i= oI
(Ko — K _,{ O(R*K®)(¢)) otherwise (3.63)

If £ is sufficiently smooth with respect to the z direction, the second term in
equation (3.61) can be neglected and w” can be approximated by:
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wh & [Fu); (3.64)

with:

wlf = wh (3.65)

Hence, if K is smooth with respect to the x direction it is suflicient to calculate the
integrals in the points i = 27 only, using interpolation to obtain the values in the
intermediate points.

Combining the results of both steps:

o If K is sufficiently smooth with respect to the y direction w! can be accurately
approximated by @} obtained by summation over the coarse grid points, j =

2J, only.

e If K is sufficiently smooth with respect to the x direction it is sufficient to
calculate wf in the points i = 2F only, using interpolation to obtain the values
in the other points.

leads to:

wl = [ﬁf;,rw‘t‘v]l (3.66)

with:

wi =y =H*Y KFFulf (3.67)
7
where K/ is “injected” from K'Y, ie. KFfl = KM, = K}, ;.
Hence, the original multi-surnmation (3.53) can be replaced by:

o The transfer of u* to the coarse grid giving uf according to equation (3.58).
» The “calculation” of the coarse grid kernel: Kf'ff = K4t .

® Multi-summation on the coarse grid (3.67) to obtain w¥.

o Injection of the coarse grid w} to the coinciding fine grid points i = 21,
foliowed by an interpolation to obtain the values in the intermediate points,
i=2I+1.
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3.2.3 Coarse grid integration cycle

The procedure of replacing the multi-summation by a fine-to-coarse transfer, a coarse
grid multi-summation and an interpolation described in the previous section can be
applied once more to the coarse grid multi-summation and repeated recursively until
a grid is reached with a number of gridpoints proportional to v/n. On the latter grid
the multi-summation is actually performed, requiring O{n) operations. The use of
even coarser grids would not reduce the overall complexity since both the transfer
of " from the finest grid to the next coarser grid, as well as the interpolation of the
integrals from this coarser grid to the finest grid, already require ((n) operations.

Consequently, similar to the coarse grid correction cycle described in section 3.1.5,
a sequence of coarser grids is used to obtain the approximations to the integrals on
a given grid. The different grids are again referred to as levels and numbered,
starting with the coarsest grid as level 1, the next finer grid being level 2, etc. For
the situation where 3 coarser grids are employed, the multileve] calculation of the
integrals on level 4 is schematically displayed in figure 3.8.

Level

3w =2 )T

k=1k=1 __ jrkk k_ gk k-1
2 Ki7 = K3Tas wt = I w

w = (1) Ty K7}

FIGURE 3.8: Multilevel multi-integration using 3 coarser grids.

3.2.4 Singular smooth kernel

In section 3.2.2.2 the kernel I was assumed to be much smoother than the function u
over the entire domain of integration. However, the kernels in the elastic deformation
integrals, i.e. K(z,y) = In|z—y]| for the line contact problem and K{xz,y) = |z—y|™*
in the point contact situation, are what is referred to as “singular smooth”, that is
they have a singularity. In the vicinity of the singularity the 2p** differences of K
will not be small. Hence, the second terms of both equation (3.55) and equation
(3.61) will not be negligible. However, far from the singularity (Jiy — z|| 2> h or
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[l7 — || > 1 for the discrete case), the 2pt* differences of K will again be small. This
knowledge of K will be used to derive corrections for the integrals such that again
the error introduced by the coarse grid integration remains small compared to the
discretization error. Consider first the calculation of the integrals in the even fine
grid points Equation (3.55) can be written as:

wi=wy + AT 3 (KM KMyt Rt S (KM - Kbyt (3.68)

f]
[li-illem {li=éll>m

where in the one-dimensional situation || — j|| = |{ — j|. In situations with two or
more dimensions the meaning of this norm is more complicated. It depends on the
direction of interpolation as will be discussed in section 3.2.6. For the moment it is
assumed that m is determined in such a way that the last term in equation (3.68)
can be neglected. Consequently w! is approximated by:

B =wi +h* Y (KM - RMyub (3.69)
li=ill€m
with:
wyl = H¢ S KWl (3.70)
f

Hence, in case of a singular smooth kernel, the multi-summation is again performed
on the coarse grid. However, when injecting the results to the fine grid the contri-
bution coming from the region in the vicinity of the singularity is corrected.

A similar procedure applies to the calculation of the integrals in the points i = 2741.
Assuming that X has similar smoothness properties in = and y direction, and that
therefore identical interpolation operators are used in (3.54) and (3.60) equation
(3.61) is written as:

w} = [Tw!) + b 3 (KM — EMyul 4 p¢ 3 (K- KMt (371)

M
i-ill<m [t —il[>m

The last term is again neglected and w! is approximated by:

wh o (Ml + B Y (KM — Ky (3.72)
[lF=il[€£m
with:
wh = ol (3.73)

Summarizing, compared to the situation of a smooth kernel, only the step from the
coarse grid to the fine grid to obtain the integrals changes. First, as in the case of a
smooth kernel described in section 3.2.2.2, coarse grid integrals are calculated. These
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integrals are corrected and injected to the fine grid (3.69). Secondly, the corrected
integrals in the points ¢ = 2I are interpolated to the points ¢ that are not part of
the coarse grid and corrected again (3.72).

The remaining problem is to find a value of m for which the last terms in (3.68)
and {3.71) can be neglected. For a detailed analysis the reader is referred to Brandt
and Lubrecht [B1]. For example, for the logarithmic kernel in the one dimensional
situation, the condition that the coarse grid integration error should be smaller than
the fine grid discretization error gives:

m=0.Tpn*/? — 1 {3.74)

Combining this equation with the requirement of a minimum number of operations
per fine grid point gives:

m o In(n) (3.75)

Hence, the complexity of multi-integration in case of a singular smooth kernel can
be reduced from Q(n?} to O(nlnin}).

3.2.5 One dimensional example

As an example consider the following multi-integral where the exact solution can be
calculated analytically:

w(z) = _lfl ln |z — yl(1 — y*)dy, z €[-1,1] (3.76)

Discretizing the equation on a uniform grid with mesh size h, as described in ap-
pendix B, gives:

wh =3 KMl (3.77)
J
with:
uf = (1-3) (3.78)
and:

KM = (i—j+ %)h(ln(h -i+ %lh) -1) -
(= = 3)hlInli~] ~ 310~ 1) (3.19)

Equations (3.69) and {3.72) were used for the fast integration with m = 3 + 21In(n).
The coarsest grid I = 1 consisted of 8+1 points, the next finer grid 1641 etc. As much
as 16 levels (n =262144+1) have been used. To monitor the error in the multilevel
multi-integration the following error norm is defined:
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1 n
ERR, = — 3> |wf — w(a:)], (3.80)
i=0

ERRY, is the average absolute error of the integrals on level [ when the actual multi-
summation is carried out on level k , (k < ). Note that ERR} is by definition the
L, norm of the discretization error on grid . wf" is the approximation to w; on the
finest grid obtained through equations (3.69) and (3.72). Table 3.1 gives the average
errors (3.80) when sixth order transfers are used. The use of non-central operators
near the boundaries was avoided as described in [B1]. The stencil of the 6% order
restriction reads:

1
(F)" = 75[-1,0,9,16,9,0,~1] (3.81)

The results marked by an asterisk indicate the calculations where the actual multi-
summation was performed on a grid with approximately \/n nodes. When one allows
the additional error introduced by the coarse grid integration to be as large as the
discretization error on the finest grid, the sixth order transfers give good results for
20—k <17. This result is the same as that found by Brandt and Lubrecht [B1] using
different K. Hence, using sixth order transfers, up to { =11 the actual summation
can be carried out on a grid with approximately \/n points. The computing times
for the calculations presented in table 3.1 are shown in table 3.2.

The first column illustrates the O(n?) complexity if no coarser grids are used
whereas the sequence of starred results shows a complexity O(nlnn). Comparing
the computing times for these results with the computing time needed if k = {
clearly illustrates the power of the algorithm.

The result of similar calculations performed with tenth order transfers are pre-
sented in table 3.3. The computing times for the calculations presented in this table
are shown in table 3.4. Using tenth order transfers at least up to level 16, that is
n = 262144 + 1, the actual summation can be carried out on a grid with O(y/n)
points without loss of accuracy. Without the use of the multilevel algorithm, the
multi-summation on this level would require some 27 hours of computing time. As
a result of the techniques presented here this time is reduced to some 50 seconds,
that is by a factor of 2000.




3.2 Multilevel multi-integration 63
1 | k=1 k=I-1 |k=1-2 |k=1-3 |k=l4 k=1-5 k=l1-6 k=1-7
5 |9.2le-5 | 9.17e-5 | 9.10e-5 | 8.4%9e-5
6 | 2.29e-5 | 2.28e-5 | 2.26e-5 | 2.23e-5 | * 2.19e-5 2.32e-5
7 | 5.69e-6 | 5.64e-6 | 5.53e-6 | 5.34e-6 | 5.01le-6 4.73e-6 5.38e-6
8 | 1.42e-6 | 1.41e-6 | 1.3Te-6 | 1.32e-6 | 1.21e-6 | * 1.04e-6 | 9.24e-7 9.35e-7
9 | 3.55e-7 | 3.50e-7 | 3.41e-7 | 3.23e-7 | 2.87e-7 2.23e-7 1.30e-7 8.48e-8
10 | 8.80e-8 | 8.63e-8 | 8.17e-8 | 7.26e-8 | 5.45e-8 3.54e-8 | * 6.76e-8 | 1.40e-7
11 | 2.21e-8 2.00e-8 | 1.71e-8 1.13e-8 1.12e-§ 2.77e-8 6.28e-8
12 | =5.5e-9 3.88e-9 | 2.27e-9 4.07e-9 1.05e-8 | * 2.40e-8
13 | =1.4e-9 9.78e-10 | 2.64e-9
Table 3.1: Average error ERR} logarithmic kernel using 6'* order transfers
1 k=l | k=}-1 | k=1-2 { k=1-3 | k=14 | k=1-5 | k=}-6 | k=1-7
5 6.02( 0.02( 002] 0.01 0.01
6 0.09| 0.04| 0.03| 003]*0.03 0.03
7 035 012 0.07] 0.06 0.06 0.06 0.06
8 1381 043 | 019| 0.14 0.13 [ * 0.14 0.14 0.14
9 551 154 058 0.38 0.30 0.30 0.31 0.31
10 | 22.80 548 | 190 0.93 0.77 0.65 | * 0.57 0.60
111 95.80 6.33 | 2.57 1.58 1.46 1.34 1.36
12| =~384 7.84 4.17 3.11 2.90 | * 2.04
13 | =~1536 10.60 6.74
Table 3.2: Computing time in seconds for table 3.1 (HP 9000/845s)
1 | k=l k=1-4 k=1-5 k=1-6 k=1-7 k=1-8 k=1-9 k=1-10
5 | 9.21e-5 9.27e-5
6 |2.2%-5 * 2.29¢.5 2.18e-5
7 | 5.6%¢-6 5.67e-6 5.6%-6 6.30e-6
8 | 1.42e-6 1.42¢-6 | * 1.42e-6 1.42e-6 1.44e-6
9 | 3.55e-7 3.54e-7 3.53e-7 3.53e-7 3.58e-7 3.58e-7
1 | 8.86e-8 8.83e-8 8.80e-8 | * 8.74e-8 8.69e-8 8.90e-8 8.93e-8
11 | 2.21e-8 2.21e-8 2.20e-8 2.18e-8 2.17e-8 2.15e-8 2.17e-8 | 2.17e-8
12 | &5.5e-9 5.52e-9 5.50e-9 5.47e-9 | * 5.42-9 5.33e-0 5.28e-9 | 1.03e-8
13 | =1.4e-9 1.38e-9 1.37e-9 1.35e-9 1.32e-9 1.27e-9 1.17e-§ | 1.03e-9
14 | ~3.5e-10 3.42e-10 3.39e-10 | 3.32e-10 | * 3.17e-10 | 2.90e-10 | 2.42e-10
15 | =9.0e-11 8.47e-11 | 8.32-11 | 8.00e-11 7.26e-11 | 5.74e-11
16 | =2.5e-11 1.88e-11 1.68e-11 | * 1,22e-11 | 8.28e-12

Table 3.3: Average error ERR), logarithmic kernel using 10 order transfers
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k=l [ k=14 [ k=1-5 | k=1-6 | k=1-7 k=1-8 k=19 | k=1-10
0.03 0.02
0.09 || *0.04 0.03
0.35 0.06 0.06 0.07
1.38 013 [ *0.14 0.14 0.14
g 5.51 0.30 0.29 0.30 0.34 0.24
10 22.80 0.64 0.59 | *0.60 0.61 0.62 0609 0.60
11 95.80 1.52 1.33 1.29 1.34 1.29 1.29 1.29
12 =380 39 3.01 2.83 [ *2.81 2.78 2.87 2.88
13 | =1.5e3 10.21 6.70 5.77 5.62 5.57 5.91 5.93

Q1| | X e

14 | =6.0e3 16.90 | 13.03 | 12.06 | * 12.30 13.25 | 13.46
15 | =~2.4ed 29.60 [ 25.90 25.10 25.10 | 24.80
16 | =~9.6e4 54.90 51.67 | * 50.52 [ 50.56

Table 3.4: Computing time in seconds for table 3.3 (HP 9000/845s)

3.2.6 Two dimensional example

The algorithm developed for the one dimensional problem presented above can easily
be extended to two dimensions by applying the coarsening(s) procedure alternately
in the z and y directions. In that way, the transfer of the function « and the kernel
K and the correction of the integrals w are essentially the same as for the one di-
mensional situation. This approach may seem awkward at first sight but it has some
major advantages amongst which is the simplicity of generalization to even higher
dimensions without the need for complicated transfer operators. Furthermore, it
ensures that the total work will continue to be O(n Inn), since all parts of the algo-
rithm are at most of this complexity. Its disadvantage is the additional storage (50
%) required for the semi-coarsened grids.

The following multi-integration problem, where the integral can be calculated ana-
lytically, is studied:

w(e,y) = [ K(@,p,2',9)ul',y )da'dy’ (3.82)
with:

K(a:,:c', y!y’) = [(z - zl)2 + (y - yr)2]-1/2

. (1 -z yﬂ)l/’a’ 2 + yl2 <1
u(z,y) = { 0 otherwise
Q={(z,y) € B2’ +4* <1}

The second order (s = 1) discretization of equation (3.82) described in appendix B
will be used. The coarsest grid employed in the calculations consisted of (4+1)x (4+1)
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1 | k=l k=11 |k=I-2 k=I-3 k=l-4 k=1-5

2] 2.3le1 }2.32-1

3[7.68e-2 | 7.63e-2 | * 7.67e-2

4]1.5le-2 | 1.50e-2 | 1.49e-2 1.53e-2

5[4.69e-3 | 4.58¢-3 | 4.43e-3 | *4.25e3 | 4.73e-3

6| ~1.2e-3 1.10e-3 2.85e-4 | 9.30e-4 1.59%-3
7 | ~3.0e-4 3.63e-4 | * 3.06e-4 | 3.43e-4
8 | ~7.5e-5 4.32e-5 | 1.07e-4
9 | =1.8e-5 * 5.38e-5

Table 3.5: Average error ERR., in the two-dimensional singular-smooth mul-
tilevel multi-integration using 6 order transfers

nodes and the finest grid (1024+1)x(1024+1). The corrections of the integrals ac-
cording to equations (3.69) and (3.72) have been carried out over rectangles of
(2my 4 1) % (2m3 + 1) points around the singularity, where m; denotes the half-
width of the correction region in the direction of interpolation and mg is the half-
width in the perpendicular direction. The calculations have been performed using
my =3 + 0.5In(n} and m; =2. Table 3.5 gives the average error ERR} using 6%
order transfers. The first column of table 3.5 confirms that the discretization is of
2" order. The results marked by an asterisk indicate the approximations to the in-
tegrals on the finest grid obtained when the actual multi-summation is performed on
a grid with approximately 1/r points. Allowing the additional error resulting from
the coarse grid integration to be as large as the discretization error the integration
can be carried out on a grid with \/n points up to at least level 8 (n ~260.000).

Table 3.6 gives the computing time for the calculations presented in table 3.5, The
first column illustrates the O(n?) complexity if no coarse grids are used. Each time
the mesh size is decreased by a factor of 2 the computing time increases by a factor of
16. The computing times for the results marked by an asterisk demonstrate that the
multilevel techniques reduce the complexity of multi-integration to approximately

O(n). (In(n) increases very slowly with n). As a result, particularly for large n,
large reductions in computing time are obtained.

The average error and the computing times when using 8** order transfer opera-
tors are presented in tables 3.7 and 3.8 respectively. In this case the integrals can be
calculated on a grid with v/n points without loss of accuracy up to 9 levels (n = one
million). Without the multilevel techniques this computation would require some
36 days whereas with the multilevel algorithm it requires some 14 minutes. The use
of this large number of nodes may seem exaggerated for a two-dimensional problem
but for a three dimensional problemn a grid with only 100 pomts in each direction
already gives a million points.
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1 k=1]| k=1-1]| k=1-2 [ k=1-3| k=Il4 k=I1-5
2 0.12] 0.12

3 0.59 1 0.29 | *0.28

4 4531 1.13] 0.82] 0.81

5| 47.75| 6.08| 3.07|* 2.58 2.54

6| 768.80 13.41 | 10.05 9.61 9.64
7| ~1.2ed 41.63 | * 38.59 38.34
8 | ~2.0e5 153.06 151.87
9 | ~3.1eb . | *628.03

Table 3.6: Computing time in seconds for table 3.5 (HP 9000/845s).

1| k=l k=1l-1 | k=I-2 k=1-3 k=1-4 k=1-5

2| 2.31le-1 | 2.31e-1

3| 7.68e-2 | 7.92e-2 | * 8.02e-2

41 1.5le-2 | 1.52e-2 | 1.52e-2 1.51e-2

5]14.69-3 |4.72e-3| 4.77e-3 | *4.77e-3 | 4.Tle-3

6 | =~1.2e-3 1.25e-3 1.27e-3 1.26e-3 1.25e-3
7 | =3.0e-4 4.26e-4 | * 4.05e-4 | 3.54ed
8 | ~7.5e-5 7.71le-5 5.95e-5
9 1 ~=1.8e-5 * 1.28e-3

Table 3.7: Average error ERRY in the two-dimensional singular-smooth mul-
* tilevel multi-integration using 8** order transfers

1 k=l | k=l-1] k=1-2 | k=1-3| k=l-4 k=1-5
2 0.12| 0.28

3 0.59 [ 0.60 | * 0.57

4 453 | 1.87 140 1.39

5| 4775 | 8.62| 4.16| *3.72 3.73

6| =760 17.65 | 13.49 12.95 12.92
7| ~1.2e4 54.74 | * 49.31 49.30
8 | ~2.0eb 202.12 | 195.95
9 | ~3.1e6 * 835.68

Table 3.8: Computing time in seconds for table 3.7 (HP 9000/8453).
























































































































































































































































































































































































































































































































































































































































































































































































